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Exterior algebra Geometric algebra
aAb=—-bAa

exterior (outer) product
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Complex numbers

* A complex number

d=a tin el a.a cR t
f=ii=—1
(a,a,)
A —
Conjugate a
(1= al e iaz
] = — |

Length: |a| = \/a_ﬁz \/alz+a22.
il Rl :
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Four operations

Addition Subtraction
a+b=(a+b)+ila,+ D) a—b=(a —b)+ila,—b,)

a=a;+1a,

Multiplication Division
a_a,_ab
: . b b bb
ab e (al + laz)(bl + lbz) - CZE - albl 5 d2b2 + i(d2b1 55 albz)
= albl 73 azbz ~+ l(a1b2 -+ azbl) b |2 blz + b22 ;
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Matrix representations

A el Lo = =1 ul
E > Lol
a, + ia
— =gl +ia, = 10 .
A 0 i 0 e 0
1: — e :—1
. e e e T
a, + ia
q a:a11—|—i1a2: 10 2
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a, +ia,

0

a — lay
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Matrix representations

-
_O _1_

q = all -+ 12612 oo —Cl2 Cll
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q Cl=a11+i3a2=
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Hand-in 1
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Mulaplication table

v
1 | -1
i e
i T
I3 L =1 -1
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(Juaternion

* A quaternion

% . = ikil =+ ilik e 25](1’ k,l — 1,2,3,
a = CZO i llal e 12612 A l36l3 = [H],

Real quaternion: ay, a;, a,,a; € R Complex quaternion: ay, a;, a,,a; € C
Conjugate Conjugate

HIH ° ° ° SR H ® H ° H ° H

a—dg Lo by Ly ooy hth o b4 L
0 o D o a
lk — = lk’ k — 1,2,3, . lk T lk’ k — 1,2,3, %5:
w=vi, u,veH p w =viu, u,v € H 7

- R / H R

i : i ] |

Pure quaternion: a, = 0.
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Four operations

Addition Subtraction
a+b=(a0+b0)+i1(a1+b1) a+b=(a()—b0)+i1(a1—b1)

a = ay+1,a; + La, + 10,
b — bO A ilbl Al izbz = i3b3

Division -
Multiplication a ab ab

P bbb pp
ab # ba

-

i
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Matrix representation

HHE e RAAT N T
b | PR M K i | -1
s 2] i 1 i; —i
5 i, —i; | —1 | i
Y iy Y h 1
= eii= v s,
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Clifford algebra in 3D space

€ €€ €€
Multiplication rule I 1 L2

€.€; + €€, = 25]d, k,l - 17293° 62 6261 1 6263

€3 | eeqr | 36, |

e e
e e 0 e

| II
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Clifford algebra in 3D space

Multiplication rule
€.€; + €€, = 25](1’ k,l — 1,2,3.

A Clifford number
a = eoao

€1d; T €y T €303

€121 T €13013 T €303

T€1930173

18

Basis elements
ey = es = 1,
e, €, €3,
€12 = €16, €13 = €163, €93 = 6563,
€123 = €16263

I
A
2eg2e

Ly o
Feres

Four parts
scalar part: (a)y = ay,

vector part: (a); = e,a, + e,a, + e;a;,
bivector part: {(a), = e;,a;, + €303 + €13a3,
pseudo-scalar part: (a); = €[53a33,

a = (a)y+(a); +{a), +(a);
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Clifford algebra in 3D space

a = eydy + €14 T exdy + e3a; + e,a1) + 13013 T €y3dy3 + €130123

a € CO4(R) = ay,ay,a,,a3,a15, 013,093,013 ER - a € CO(C) = ay,ay,ay, a3, apy, 13, Ayz, A1p3 € C

Norm of a € C£5(C)

Norm of a € CZ5(R)
|CZ‘ o (<CZHCZ>O)1/2

s E i B 2 2 2 N2
la| = (a5 + af + a5 + a5 + ap, + af; + ay; + apss)

Conjugate
ék s ek, k —— 1,2,3,
ac = -C_'C—l-, a,cCc = Cf:%(R),

a=(a),—{a); — (a), +(a);

nl'RIY 19
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Four operation
Addition Subtraction
b = Z e(a; + by) a—b = Z e,(a; — by)
IeS =N
a= Z e;d;
5 S0l 131
b= ) eb
IeS
Multiplication Division
a
— =ab’!
ab = (2 e;a;)( 2 erj) * ba b
Ies Jes b= 'b=bb"! =1

20
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Clifford product
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Subalgebra

A subalgebra is a subset of an algebra, that closed under all its operations.

a=a0+€12a12€Cf;'(|R) a:a1+ia2€(]:
A 0
0 1 €12 1 1
| ] 1 1
€12 1 1 -1

nl'RIY 23
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Subalgebra

Hand-in 5
a = ao - elzalz -+ 6236123 -+ 6316131 — Cf;_(R)
1 i i i
1 2 3
1 ey ¢a | & . : .

1 1 1 . L
. (2) ll 11 — | 13 _12
32 ° ° L >

Ll 1L, =1, -] & 1
13 : : ' i
(3) Gl
€21
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Complex analysis

F- N

e

ol
......
i ..

A complex function |
' 2D Laplace operator  *

f(x) = fi(x) + ifh(x) : R? > C = p p .
fl: : Rz — R ax% I ax22 ety Az o DCD(]: = DCDC

Cauchy-Riemann operator

FiN
k

.....
y .Q.

n - Ja . d Cauchy-Riemann equatlon
. -
dxl a.X2 ajfl a]CZ - O
- 0 0 ox; 0x ,
1) = l D — O <
- 8)61 aX2 Cf 0]62 : afi — 0

ox 1 0x2

26
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Complex analysis

« A function f satisfying the Cauchy-Riemann equation is
called a holomorphic function.

« A function f satisfying the Laplace equation is called a
harmonic function.

holomorphic
functions

harmonic functions

nl'RIY 27
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(Quaternion analysis

Fueter operator

A H-valued function P p p 3
: : : Oy = Oy(x) i=— +1;,— +i,— +1
) = f,0) +1,/,00) + b () + L300 : R* - H S do, ox Coxr o
RS R i i 0 0 0 0
axo 6x1 aX2 aX3

4D Laplace operator |

-
- = /N, =040y = aHaH
Xi

k=0

nl'RIY 28
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(Quaternion analysis
The Fueter equation
afy, Oof, I Of
0x, 0x; 0Xy 0x3
of . o4 . o Odf
0X4 | 0x; 0x, 0Ox3
o, Of | of4 . df;
0x, 0Xx; 0xy 0Xx3
0f5 . o, Of | of4
0x, | 0X; 0X, 0x3

30
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(Quaternion analysis

« A H-valued function f satisfying the Fueter equation is
called a regular function.

+ A function fsatisfying the Laplace equation /\, f =0
is called a harmonic function in 4D space.

regular functions

harmonic functions

nl'RIY 31
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Clifford analysis—C?4

A (C?5-valued function
f(x) = ey fo(x) + e f1(x) + 5 /r(x) + e3f3(x) + €15 f12(%) + e13f13(x) + €x3/53(x) + €193f123(%) : R > Ct5(R)
f:R?>R
1itac gperatoar 5 3D Laplace operator
D=Dx) :=e— +e,— + e3— =00 -DD- D

0Xx; 0X, 0X3

nl'RIY 3
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Dirac equation

Df =0

Clifford analysis—C?4

Scalar part
0 0 0
i + ﬁ + ﬁ = ()
0)61 aX2 8x3

Vector part
h M B, % B B P B
ox 1 aX2 ax3 : aX2 ox 1 0x3 , aX3 axz ox 1 :
Bivector part
h W Y, % Y, K% Y
o0x 1 de 0x3 axz 0x3 o0x 1 (3x3 ox 1 aX2

Pesudo-scalar part

0 0 0
ﬁ.{.@_ﬁzo
0x3

0x 1 6)62

55
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The Laplace equation &

A f=0

Clifford analysis—C?4

»
ey

Scalar part

A3fo=0

Vector part
A3ﬂ=0, A3f2=0, A3fé=0

Bivector part
A3~]CIZ 7 Oa A3‘f23 oo O, A3ﬂ3 = ()

Pesudo-scalar part

A3 Jiz=0

36
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Clifford analysis—C?4

« A Cts-valued function f satisfying the Dirac equation is
called a left-monogenic function.

+ A function f satisfying the Laplace equation /\; f =0
is called a harmonic function in 3D space.

monogenic
functions

harmonic functions

| II
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Fundamental solutions

Dirac equation The Laplace equation
Df =0 N =0
Fundamental solution Fundamental calition

(L1 —5) U(x — s)
DC(x—5)=Cx—s5)D = o(x — ) — /Nl = B(x— 3)
C( ; 1 x—35 U ) 1 1

X—38§) = B T ) (e
Ar |x —s|’ 4z |x — 5|

DUx—s)=TKkx—39)D=—C(x =3)

| II
ml'Hl 38
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Clifford analysis—CZ'5(C)

k-Dirac operator
0 0 0
D, = D(x) := e;— + e,— + es— + ik, Helmholtz operator
Oxl aX2 6x3 2 FEr AR
. 0 0 d /[\s+k =-DD,=-D.D,
Dk=—€1——€2——€3—+ik
axl 0)62 6X3

k-Dirac equation

Dy 0 Jete(l)

A (C?;-valued function satisfying the k-Dirac equation is called a k~-monogenic
function.

nl'RIY 39
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Fundamental solutions

Fundamental solution U (x — 5) € CZ5(C)
—( A\ +k%) Ulx — s) = DDUSx — 5) = Ux — $)D D, = 5(x — 5)

1 exp(—ik|x—s])

U(x—s)=
i ) 4r lx — s

Cilx—35) =D Ulx—s5)=Ufx —s)D,

Fundamental solution C,(x — 5) € CZ5(C)
D, Ci(x —s) = Ci(x — 5)D;. = 6(x — 5),

1 —ik 1 i B gy
cho e 2)exp( | x Sl)(X—s)+ikeXp( ik|x—s])
aE i leesl o e |x — 5] | x — s

| II
ml'Hl 10
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Applications—electromagnetics

V- @g; et)M=a>£m(r§11t)e anatn &(x,1) = Re [E(e™], The Maxwell equation
. 0D (X, 1) B V - D(x) = pp(x),

X, X, 1) = Re [B(x)e'|, :

VX (X, 1) = FHx,0)+ , ‘z‘z o -‘;I((X))em]] V x H(x) — ioD(x) = J(x),
OB(X, 1) sen=refrwen], VY XE® +ioBx) =0
VX&Xt)=— : V.B(x)=0
0 py(x,1) = Re | pyxpe],

V:3Bx,1)=0

& (X, 1): the electric field

D (X, 1): the electric displacement field
B(X, t): the magnetic flux density

Z (X, t): the magnetic field strength
°F f(X, 1): the free current density

P¢(X, 1): the free charge density

| II
ml'Hl 4
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Applications—electromagnetics

The Maxwell equation
V- D(x) = j(x)

V X H(X) — ioD(x) = Jf(x),
V X E(X) + iwB(x) = 0,
V:BXx) =0,

linear and the isotropic \

medium

D(x) = ¢E(x). k-Dirac equation

| P
H(x) = ;B(X), D\ (E(x) + cB(x)) = —f,
€
1
2= % i E(X) — EI(X)el + Ez(x)ez + E3(X)e3,

\/EH
| II
ml'Hl 2

B(x) = B{(x)ey; + By(x)ey; + By(x)e .
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Applications—Elasticity

— D2
The Navier equation A >
0’ 0’ I .
A+ w)——t +p——t + b = 0, V -u=—(Du+ D).
6xkdx 0x;0x; 2

V=D,
U= «el ~+ (12%) + €3Us,
u = elbl ~+ 82b2 ~+ €3b3 :

A+uw)VV-u+u/\;u+b=0

Uu==eu +eiu, +eu : 1 1 1
e il e Dirac equation with forcing

term

b — elbl + ezbz -+ e3b3

0 0 0
V_e1_+ez_+e3

1 o
ox; ox; Oxs 5(/1 + u)D(Du + Du) + uDDu = b,

| . :
D 5(ﬂ,+,u)(Du+Du)+,uDu ==l

nl'RIY 3
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BlEs for complex variable functions

Cauchy-Riemann equation _ complex Gauss theorem

1
Def=0 Dc(x)f(x)dédn = — |  f(x)dx
JQ L Jog

Boundary integral equations for a holomorphic function f
z €€ Q (Cauchy integral formulae),

(2)
c(2)f(2) = L" f(2) : : z € 0Q (Plemelj-Sokhotzki formula),
27 J 56 z—C

z€ C\Q (Cauchy integral formulae) .

nl'RIY 16
I
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BIEs for CZ'5-valued functions

g, h: C¢ -valued functions

d>x = dx;dx,dx;: the oriented volume element (a real valued 3-

form)

n = ein + esn, + eyns: normal vector

dS: the “classical” surface element (a real valued 2-form)

do = nd$ = e;dx,dx; + e;dx,dx, + e;dx;dx,: the oriented surface
element (a vector-valued 2-form)

nl'RIY v
I
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BIEs for CZ'5-valued functions

(x —y). hh = Df(x)

Cx—y)D = o(x —y),
Ux—=y)D = — C(x—y),




BIEs for CZ5-valued functions

[ 8(x — Yf)d’x + [ Ux — (A f(x)d’x = J U(x — y)n(x)Df(x)dS(x) + J Clx — Yn(x)f(x0)dS(x)

Q Q 0Q2 02

For f(x) is harmonic

U(x — y)n(x)Df(x)dS(x) + J Clx — y)n(x)f(x)dS(x)
0€2

J 8(x — Wf()dx = J
Q

0€2

C¢5-valued Cauchy integral formulae (y € €2)

JO) = | Ulx = y)n(x)Df(x)dS(x) Clx — y)n(x)f(x)dS(x)
J 9O J 0Q2

C?5-valued Cauchy integral formulae (y € R\cIQ)

0=1 Ul—yn@Df(x)dS(x)+ | Clx—ynx)f(x)dsx)
J 9O J 0Q2

nl'RIY 19
I




BIEs for CZ'5-valued functions

For f(x) is harmonic

5(x Nf)dx = U(x Y)n(x)Df(x)dS(x) +[ C(x — y)n(x)f(x)dS(x)
0L2

86 o

C?5-valued Plemelj-Sokhotzki formula (y € 0€2)
b J U(x — y)n(x)D)f(x)dS(x)+ C-P-V-[ Clx — YIn(0)f(x)dS(x)

0€2 0€2

3()’)

|I|IIHIII 50 C.P.V.—Cauchy principal value
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Singularity-free BlEs

C?5-valued Plemelj-Sokhotzki formula (y € 0€2)
)= J U(x — y)n()D)f (x)dS(x)+ C.P.V-[ Clx — YIn()f(x)dS(x)

0€2 0€2

ai(y)
47

Exact evaluation of singularity (y € 0€2)
Ctx = ymtayasto = |

02

C.PV. J

Clx — y)n(x)[ f(x) — wx)]dS(x)+ C.P.V.J C(x — y)n(x)w(x)dS(x)
0Q

0€2

D(y)f(y

) Y
w(x) = f(y) ; D(y)f(y)

e |
: 1
Eaena o
o



o 2= “8)
B 5z K0
National Cheng Kung University

wn

Singularity-free BlEs
o/

D(y)f(y) w(x) = f(y) 4 > ; yD(Y)f )

. No solid angle

Singularity-free BIEs (y € 0€2)
= J U(x — y)n(x) [D)f(x) = DOA)| dS(x) — J Clx — y)n(x)
7.9 0

Q

(x —y)

D(y)f(y)dS(x)

+J Clx — y)n(x) |[f(x) — f(y)] dS(x)
0€2

nl'RIY 52
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Hand-in 3

(1) (2) (3)
For f(x) is harmonic C¢5-valued Cauchy Singularity-free BIEs
| o=y = | v = ymopswasey + | co—mcarcodso integral formulae (y € Q) (y € 0Q)
(4 (ya 6) Y

(6)

(5) 7) (8) 4 Bl
C?¢ 3-Va1uef1 Plemelj- C#s-valued Cauchy
Sokhotzki formula integral formulae
(O € 0Q) (v € RA\cIQ)
e —0
(10)
©) Exact evaluation of
The Stokes theorem

singularity (y € 0€2)

nl'RIY 3
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BIEs for CZ5(C)-valued functions
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BIEs for CZ5(C)-valued functions

eslee,
alee
AN
TN
.

y € R\elQ
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C?¢'5-valued BIE in terms of oriented surface element

oriented surface element do

| II
ml'Hl 56



e 2
A > g,

% B 22 ko 2%
sin National Cheng Kung University

Boundary separation

Singularity-free BIEs for a harmonic function f (y € 0Q2)

0= | U= 3ot DS - DOY)] - | Clr= 3oty =T Dty
0€2 o

Q

+J C(x — y)do(x) [f(x) _f(Y)]
0Q2

Separation of /N pieces boundary
N

0Q = Y 00,
j=1

Singularity-free BIEs for a harmonic function f (y € 0Q2)

U(x — y)do() [D@)f(x) - DOY()] - ZJ Clx - y)do(n 222

N
0= % J D))

=1 v 08 J16£2

-
N
+Y I Clx — y)do) [f(x) — )]

=

nl'RIY 57
I



NP B
% AR A 4
National Cheng Kung University

N

Discretization—field variables interpolation

=l Dl h
&)

Field variables f and Df
f®) — f) = NtWg, et x € 0Q,
(0 = [t foeli2ly e falimy o]
D(x)f(x) — Dy)f(y) = NtV &)gl!
gl = [DfGlihy . DfGlmh Do)

feelih), Df(x1)

x[j,Z])
i1l

j-th element U2

feiy Df Gy,

: [J,2] . [/.2] _
e ﬁx[j 3]; e zﬁx[ﬁ 31; NG =0-6-8 & & -] o1
Xl s B s
L F O D= <1
<o = |,
Eebe ]

nl'RIY 58
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Discretization—geometry parametrization

planar element curved element

51 & (091)9 52 & (091)9 51 oF 52 S 1 51 = (Qaﬂ)a 52 & (09271.] ;
X(61, &) = e(r:S1n & COS &5) A e5(7:S1n &5 S1n &)
x(&p,60) = (1 — & — fz)x[a] T 5136[17] + 5235[6] +ex(rcoséy)

do(x(&;, &) do(xlcy, co))

— eldedX3 o ezdxldX3 ~ 63dx1dX2

— eldX2dX3 e ezdxldX3 - e3d.X1dX2

= J(&,, &)déEdE;s — J(6), &)deidg,
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Collocation method

Singularity-free BIEs for a harmonic function f (y = x!" € 0Q)

N
0=, J { 21, & 5, N, E)BE
=1

0Q,

(x(fp 52) i X[i])
3

—6(61, 6, X [i])f (15 62) Bm} d¢,dé,g

t ) J E(&, &, xNJ(E, ENEVIE,, &)BdS(0f

flil — Bt[j]f, g[j] i Bt[j]g, Df(x[i]) i B[i]g

| II
ml'Hl 60
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Collocation method

(/1 — Billf, ol — Bills D) = Blig

nl'RIY o1
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Collocation method

Without normal or tangential derivative

A C?5-valued linear system

Ug + Cf =0,
U,C e UM, Ct4(R)),
fietth Dft™)
f = / (x.[2]) and g = Df (?6[2])

) Df(x'"
il Rl 62
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