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Complex algebra & Clifford algebra



Complex numbers
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• A complex number

a = a1 + ia2 ∈ ℂ, a1, a2 ∈ ℝ

i2 = ii = − 1

Conjugate
a = a1 − ia2

i = − i,
uv = ūv̄ = v̄ū, u, v ∈ ℂ

(a1, a2)

⃗a

Length: |a | = aa = a2
1 + a2

2 .



Four operations
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a = a1 + ia2

b = b1 + ib2

Addition
a + b = (a1 + b1) + i(a2 + b2)

Subtraction
a − b = (a1 − b1) + i(a2 − b2)

Multiplication

ab = (a1 + ia2)(b1 + ib2)
= a1b1 − a2b2 + i(a1b2 + a2b1)

Division
a
b

=
a
b

1 =
a
b

b
b

=
ab

|b |2 =
a1b1 − a2b2 + i(a2b1 − a1b2)

b2
1 + b2

2
.



Matrix representations
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1 = [1 0
0 1], i = [ i 0

0 i] i2 = [−1 0
0 −1] = − 1

a = a11 + ia2 = [a1 + ia2 0
0 a1 + ia2]

1 = [1 0
0 1], i1 = [ i 0

0 −i] i21 = [−1 0
0 −1] = − 1

a = a11 + i1a2 = [a1 + ia2 0
0 a1 − ia2]



Matrix representations
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1 = [1 0
0 1], i2 = [ 0 1

−1 0] i22 = [−1 0
0 −1] = − 1

a = a11 + i2a2 = [ a1 a2
−a2 a1]

1 = [1 0
0 1], i3 = [0 i

i 0] i23 = [−1 0
0 −1] = − 1

a = a11 + i3a2 = [ a1 ia2
ia2 a1 ]



Hand-in 1
[ i 0

0 i]

[ i 0
0 i]

[ i 0
0 −i]

[ i 0
0 −i]

[ 0 1
−1 0]

[ 0 1
−1 0]

[0 i
i 0]

[0 i
i 0]

(1)

(2)

(3)

(4)

10

5 min



Multiplication table
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i i1 i2 i3
i
i1
i2
i3

−1
−1

−1
−1

i3
−i3 i1

−i1

−i2

i2



Quaternion
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• A quaternion

a = a0 + i1a1 + i2a2 + i3a3 ∈ ℍ,
ikil + ilik = − 2δkl, k, l = 1,2,3,
i1i2 = i3 .

❖ Real quaternion: a0, a1, a2, a3 ∈ ℝ ❖ Complex quaternion: a0, a1, a2, a3 ∈ ℂ

❖ Pure quaternion: a0 = 0.

Conjugate
a = a0 − i1a1 − i2a2 − i3a3

ik = − ik, k = 1,2,3,
uv = v̄ū, u, v ∈ ℍ

Conjugate
a = aH

0 − i1aH
1 − i2aH

2 − i3aH
3

ik = − ik, k = 1,2,3,
uv = v̄ū, u, v ∈ ℍ

a0 = aR
0 + iaI

0, aH
0 = aR

0 − iaI
0



Hand-in 2
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3 min

 Please show the conjugate of a real 
quaternion  and  the 

conjugate of a complex quaternion 
.—(5), (6)

3 + i17 + i25 + i36

1 + i + i1(2 + i5) + i3(1 − i10)



Four operations
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a = a0 + i1a1 + i2a2 + i3a3

b = b0 + i1b1 + i2b2 + i3b3

Addition
a + b = (a0 + b0) + i1(a1 + b1)

+i2(a2 + b2) + i3(a3 + b3)

Subtraction
a + b = (a0 − b0) + i1(a1 − b1)

+i2(a2 − b2) + i3(a3 − b3)

Division
a
b

=
a
b

1 =
a
b

b
b

=
ab

|b |2

Multiplication

ab ≠ ba



Matrix representation
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[ i 0
0 i]

[ i 0
0 i]

[ i 0
0 −i]

[ i 0
0 −i]

[ 0 1
−1 0]

[ 0 1
−1 0]

[0 i
i 0]

[0 i
i 0]

[−1 0
0 1] [ 0 i

−i 0] [ 0 −1
−1 0 ]

i i1 i2 i3
i
i1
i2
i3

−1
−1

−1
−1

i3
−i3 i1

−i1

−i2

i2

e1 = [1 0
0 −1], e2 = [0 −i

i 0 ], e3 = [0 1
1 0]

i i1 = − e1, i i2 = − e2, i i3 = − e3,



Hand-in 3

[1 0
0 −1] [0 −i

i 0 ] [0 1
1 0]

[0 1
1 0]

[0 −i
i 0 ]

[1 0
0 −1] (1)

(2)

(3)

3 min



Clifford algebra in 3D space
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[1 0
0 −1] [0 −i

i 0 ] [0 1
1 0]

[0 1
1 0]

[0 −i
i 0 ]

[1 0
0 −1] [1 0

0 1]

[1 0
0 1]

[1 0
0 1]

[ 0 −i
−i 0 ]

[0 i
i 0]

[0 −1
1 0 ]

[ 0 1
−1 0]

[−i 0
0 i]

[ i 0
0 −i]

e1 e2 e3

e1

e2

e3

1

1

1

e1e2

e2e1

e3e1

e1e3

e2e3

e3e2

e1 = [1 0
0 −1], e2 = [0 −i

i 0 ], e3 = [0 1
1 0]

Multiplication rule
ekel + elek = 2δkl, k, l = 1,2,3.



Clifford algebra in 3D space
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Multiplication rule
ekel + elek = 2δkl, k, l = 1,2,3.

Basis elements
e0 := e∅ ≡ 1,
e1, e2, e3,
e12 = e1e2, e13 = e1e3, e23 = e2e3,
e123 = e1e2e3

A Clifford number
a = e0a0

+e1a1 + e2a2 + e3a3
+e12a12 + e13a13 + e23a23
+e123a123

Four parts
scalar part: ⟨a⟩0 = a0,
vector part: ⟨a⟩1 = e1a1 + e2a2 + e3a3,
bivector part: ⟨a⟩2 = e12a12 + e13a13 + e23a23,
pseudo-scalar part: ⟨a⟩3 = e123a123,
a = ⟨a⟩0 + ⟨a⟩1 + ⟨a⟩2 + ⟨a⟩3



Clifford algebra in 3D space
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Norm of a ∈ Cℓ3(ℝ)
|a | = (a2

0 + a2
1 + a2

2 + a2
3 + a2

12 + a2
13 + a2

23 + a2
123)

1/2

Conjugate
ēk = − ek, k = 1,2,3,
ac = c̄ā, a, c ∈ Cℓ3(ℝ),
ā = ⟨a⟩0 − ⟨a⟩1 − ⟨a⟩2 + ⟨a⟩3

a = e0a0 + e1a1 + e2a2 + e3a3 + e12a12 + e13a13 + e23a23 + e123a123

a ∈ Cℓ3(ℝ) ⇒ a0, a1, a2, a3, a12, a13, a23, a123 ∈ ℝ

Norm of a ∈ Cℓ3(ℂ)
|a | = (⟨aHa⟩0)1/2

a ∈ Cℓ3(ℂ) ⇒ a0, a1, a2, a3, a12, a13, a23, a123 ∈ ℂ



Four operation

20

a = ∑
I∈S

eIaI

b = ∑
I∈S

eIbI

S = {0,1,2,3,12,13,23,123}

Addition
a + b = ∑

I∈S

eI(aI + bI)
Subtraction

a − b = ∑
I∈S

eI(aI − bI)

Multiplication

ab = (∑
I∈S

eIaI)(∑
J∈S

eJbj) ≠ ba

Division
a
b

= ab−1

b−1b = bb−1 = 1



Hand-in 4

21

5 min

• If  and , please show  and . —(4)
• If  and , please show  and .—(5)
• If  and , please show  

and .—(6)
• If  and , please show  

and .—(1)

a = ⟨a⟩1 b = ⟨b⟩1 ab ba
a = ⟨a⟩2 b = ⟨b⟩2 ab ba
a = ⟨a⟩1 + ⟨a⟩3 b = ⟨b⟩1 + ⟨b⟩3 ab

ba
a = ⟨a⟩0 + ⟨a⟩2 b = ⟨b⟩0 + ⟨b⟩2 ab

ba



Clifford product
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Multiplication
If  and 

then  
or 

a = ⟨a⟩1 b = ⟨b⟩1

ab = a ⋅ b + a × b
ab = a ⋅ b + a ∧ b



Subalgebra

23

1 i

1 1 i

i i -1

a = a1 + ia2 ∈ ℂ

A subalgebra is a subset of an algebra, that closed under all its operations. 

a = a0 + e12a12 ∈ Cℓ+
2 (ℝ)

e12

e121

1



Subalgebra
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i1 = − e23, i2 = − e31, i3 = − e12

a = a0 + e12a12 + e23a23 + e31a31 ∈ Cℓ+
3 (ℝ)

1 i1 i2 i3
1
i1
i2
i3

1
−1

−1
−1

i3
−i3 i1

−i1

−i2

i2

i1 i2 i3
i1
i2
i3

a = a0 + i1a1 + i2a2 + i3a3 ∈ ℍ

1 e32 e13 e21

1
e32

e13

e21

Hand-in 5

(2)

(3)

3 min



Clifford analysis



Complex analysis
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A complex function
f(x) = f1(x) + if2(x) : ℝ2 → ℂ

fi : ℝ2 → ℝ

Cauchy-Riemann operator

Dℂ =
∂

∂x1
+ i

∂
∂x2

Dℂ =
∂

∂x1
− i

∂
∂x2

2D Laplace operator
∂2

∂x2
1

+
∂2

∂x2
2

=: △2 = DℂDℂ = DℂDℂ

Cauchy-Riemann equation

Dℂ f = 0 ⇔

∂f1
∂x1

−
∂f2
∂x2

= 0,

∂f2
∂x1

+
∂f1
∂x2

= 0.



Complex analysis
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❖ A  function  satisfying the Cauchy-Riemann equation is 
called a holomorphic function.

❖ A  function  satisfying the Laplace equation is called a 
harmonic function.

f

f

harmonic functions

holomorphic 
functions



Quaternion analysis
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A -valued functionℍ
f(x) = f0(x) + i1 f1(x) + i2 f2(x) + i3 f3(x) : ℝ4 → ℍ

fi : ℝ4 → ℝ

Fueter operator
∂ℍ = ∂ℍ(x) :=

∂
∂x0

+ i1
∂

∂x1
+ i2

∂
∂x2

+ i3
∂

∂x3
,

∂ℍ = ∂ℍ(x) :=
∂

∂x0
− i1

∂
∂x1

− i2
∂

∂x2
− i3

∂
∂x3

.

4D Laplace operator
3

∑
k=0

∂2

∂x2
k

=: △4 = ∂ℍ∂ℍ = ∂ℍ∂ℍ



Hand-in 6
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5 min

Please show . —(4)∂ℍ f = 0



Quaternion analysis
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The Fueter equation

∂ℍ f = 0 ⇔

∂f4
∂x4

−
∂f1
∂x1

−
∂f2
∂x2

−
∂f3
∂x3

= 0,

∂f1
∂x4

+
∂f4
∂x1

+
∂f3
∂x2

−
∂f2
∂x3

= 0,

∂f2
∂x4

−
∂f3
∂x1

+
∂f4
∂x2

+
∂f1
∂x3

= 0,

∂f3
∂x4

+
∂f2
∂x1

−
∂f1
∂x2

+
∂f4
∂x3

= 0



Quaternion analysis
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❖ A  -valued function  satisfying the Fueter equation is 
called a regular function.

❖ A  function  satisfying the Laplace equation  
is called a harmonic function in 4D space.

ℍ f

f △4 f = 0

harmonic functions

regular functions



Quaternion analysis
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Dℍ = Dℍ(x) := i1
∂

∂x1
+ i2

∂
∂x2

+ i3
∂

∂x3

3D Laplace operator
△3 = − DℍDℍ = DℍDℍ

△3 :=
∂2

∂x2
1

+
∂2

∂x2
2

+
∂2

∂x2
3



Clifford analysis—Cℓ3
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A -valued functionCℓ3
f(x) = e0 f0(x) + e1 f1(x) + e2 f2(x) + e3 f3(x) + e12 f12(x) + e13 f13(x) + e23 f23(x) + e123 f123(x) : ℝ3 → Cℓ3(ℝ)

fi : ℝ3 → ℝ

Dirac operator
D = D(x) := e1

∂
∂x1

+ e2
∂

∂x2
+ e3

∂
∂x3

3D Laplace operator
△3 = △3 (x) = DD = D2



Hand-in 7

34

6 min

Please show . —(5)Df = 0



Clifford analysis—Cℓ3
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Dirac equation
Df = 0

Scalar part
∂f1
∂x1

+
∂f2
∂x2

+
∂f3
∂x3

= 0

Vector part
∂f0
∂x1

−
∂f12

∂x2
−

∂f13

∂x3
= 0,

∂f0
∂x2

+
∂f12

∂x1
−

∂f23

∂x3
= 0,

∂f0
∂x3

+
∂f23

∂x2
+

∂f13

∂x1
= 0,

Bivector part
∂f2
∂x1

−
∂f1
∂x2

+
∂f123

∂x3
= 0,

∂f3
∂x2

−
∂f2
∂x3

+
∂f123

∂x1
= 0,

∂f1
∂x3

−
∂f3
∂x1

+
∂f123

∂x2
= 0

Pesudo-scalar part
∂f12

∂x3
+

∂f23

∂x1
−

∂f13

∂x2
= 0



Clifford analysis—Cℓ3

36

The Laplace equation
△3 f = 0

Scalar part
△3 f0 = 0

Vector part
△3 f1 = 0, △3 f2 = 0, △3 f3 = 0

Bivector part
△3 f12 = 0, △3 f23 = 0, △3 f13 = 0

Pesudo-scalar part
△3 f123 = 0



Clifford analysis—Cℓ3
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❖ A  -valued function  satisfying the Dirac equation is 
called a left-monogenic function.

❖ A  function  satisfying the Laplace equation  
is called a harmonic function in 3D space.

Cℓ3 f

f △3 f = 0

harmonic functions

monogenic 
functions



Fundamental solutions
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Fundamental solution 
C(x − s)

DC(x − s) = C(x − s)D = δ(x − s)

C(x − s) =
1

4π
x − s

|x − s |3

Fundamental solution 
U(x − s)

− △ U = δ(x − s)

U(x − s) =
1

4π
1

|x − s |

DU(x − s) = U(x − s)D = − C(x − s)

Dirac equation
Df = 0

The Laplace equation
△3 f = 0



Clifford analysis—Cℓ3(ℂ)
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-Dirac operatork
Dk = Dk(x) := e1

∂
∂x1

+ e2
∂

∂x2
+ e3

∂
∂x3

+ ik,

Dk = − e1
∂

∂x1
− e2

∂
∂x2

− e3
∂

∂x3
+ ik

Helmholtz operator
△3 + k2 = − DkDk = − DkDk

-Dirac equationk
Dk f = 0, f ∈ Cℓ3(ℂ)

❖ A  -valued function satisfying the -Dirac equation is called a -monogenic 
function.

Cℓ3 k k



Fundamental solutions
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Fundamental solution Uk(x − s) ∈ Cℓ3(ℂ)
−( △ + k2) Uk(x − s) = DkDkUk(x − s) = Uk(x − s)DkDk = δ(x − s)

Uk(x − s) =
1

4π
exp(−ik |x − s | )

|x − s |

Fundamental solution Ck(x − s) ∈ Cℓ3(ℂ)
DkCk(x − s) = Ck(x − s)Dk = δ(x − s),

Ck(x − s) =
1

4π [(
−ik

|x − s |
−

1
|x − s |2 )

exp(−k |x − s | )
|x − s |

(x − s) + ik
exp(−ik |x − s | )

|x − s | ]

Ck(x − s) = DkUk(x − s) = Uk(x − s)Dk



Applications—electromagnetics
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The Maxwell equation
∇ ⋅ 𝒟(x, t) = ̂ρf(x, t),

∇ × ℋ(x, t) = 𝒥f(x, t) +
∂𝒟(x, t)

∂t
,

∇ × ℰ(x, t) = −
∂ℬ(x, t)

∂t
,

∇ ⋅ ℬ(x, t) = 0,

: the electric field 
: the electric displacement field
: the magnetic flux density
: the magnetic field strength
: the free current density

: the free charge density

ℰ(x, t)
𝒟(x, t)
ℬ(x, t)
ℋ(x, t)
𝒥f (x, t)

̂ρf (x, t)

The Maxwell equation
∇ ⋅ D(x) = ρf(x),
∇ × H(x) − iωD(x) = Jf(x),
∇ × E(x) + iωB(x) = 0,
∇ ⋅ B(x) = 0,

ℰ(x, t) = Re [E(x)eiωt],

𝒟(x, t) = Re [D(x)eiωt],

ℬ(x, t) = Re [B(x)eiωt],

ℋ(x, t) = Re [H(x)eiωt],

𝒥f (x, t) = Re [Jf (x)eiωt],

̂ρf (x, t) = Re [ρf (x)eiωt],



Applications—electromagnetics
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The Maxwell equation
∇ ⋅ D(x) = ̂ρf(x),
∇ × H(x) − iωD(x) = Jf(x),
∇ × E(x) + iωB(x) = 0,
∇ ⋅ B(x) = 0,

-Dirac equationk
Dk(E(x) + cB(x)) =

̂ρf

ε
,

E(x) = E1(x)e1 + E2(x)e2 + E3(x)e3,
B(x) = B1(x)e23 + B2(x)e31 + B3(x)e12 .

linear and the isotropic 
medium

D(x) = εE(x),

H(x) =
1
μ

B(x),

1
εμ

=
ω
k

= c

E(x) = E1(x)e1 + E2(x)e2 + E3(x)e3,
B(x) = B1(x)e1 + B2(x)e2 + B3(x)e3,
D = ∇ .



Applications—Elasticity
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The Navier equation

(λ + μ)
∂2

∂xk∂xj
uj + μ

∂2

∂xj∂xj
uk + bk = 0,

(λ + μ)∇∇ ⋅ u + μ △3 u + b = 0

Dirac equation with forcing 
term

1
2

(λ + μ)D(Du + Du) + μDDu = b,

D [ 1
2

(λ + μ)(Du + Du) + μDu] = b .

u = e1u1 + e2u2 + e3u3

b = e1b1 + e2b2 + e3b3

∇ = e1
∂

∂x1
+ e2

∂
∂x2

+ e3
∂

∂x3

△3 = D2,

∇ ⋅ u =
1
2

(Du + Du),

∇ = D,
u = e1u1 + e2u2 + e3u3,
u = e1b1 + e2b2 + e3b3 .



Applications
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The Maxwell equation
-Dirac equation with forcing termk

Dk(E(x) + cB(x)) =
̂ρf

ε
,

The Navier equation
Dirac equation with forcing term

D [ 1
2

(λ + μ)(Du + Du) + μDu] = b .



Boundary integral equations & 
boundary element methods



BIEs for complex variable functions
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Cauchy-Riemann equation
Dℂ f = 0

complex Gauss theorem

∫Ω
Dℂ(x)f(x)dξdη =

1
i ∫∂Ω

f(x)dx

Boundary integral equations for a holomorphic function f

c(z)f(z) =
1

2πi ∫
(z)

∂Ω
f(z)

dz
z − ζ

,
z ∈ Ω (Cauchy integral formulae),
z ∈ ∂Ω (Plemelj-Sokhotzki formula),
z ∈ ℂ\Ω (Cauchy integral formulae) .



BIEs for -valued functionsCℓ3
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The Stokes theorem

∫Ω
[(gD)h + g(Dh)] d3x = ∫∂Ω

gnhdS = ∫∂Ω
gdσh

• : -valued functions
• : the oriented volume element (a real valued 3-

form)
• : normal vector
• : the “classical” surface element (a real valued 2-form)
• : the oriented surface 

element (a vector-valued 2-form)

g, h Cℓ3
d3x = dx1dx2dx3

n = e1n1 + e2n2 + e3n3
dS
dσ = ndS = e1dx2dx3 + e2dx3dx1 + e3dx1dx2



BIEs for -valued functionsCℓ3
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The Stokes theorem

∫Ω
[(gD)h + g(Dh)] d3x = ∫∂Ω

gnhdS = ∫∂Ω
gdσh

g = C(x − y), h = f(x) g = U(x − y), h = Df(x)

C(x − y)D = δ(x − y),
U(x − y)D = − C(x − y),
DD = △3

∫Ω
δ(x − y)f(x)d3x + ∫Ω

U(x − y)(△ f(x))d3x = ∫∂Ω
U(x − y)n(x)Df(x)dS(x) + ∫∂Ω

C(x − y)n(x)f(x)dS(x)

+



BIEs for -valued functionsCℓ3
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∫Ω
δ(x − y)f(x)d3x + ∫Ω

U(x − y)(△ f(x))d3x = ∫∂Ω
U(x − y)n(x)Df(x)dS(x) + ∫∂Ω

C(x − y)n(x)f(x)dS(x)

For  is harmonicf(x)

∫Ω
δ(x − y)f(x)d3x = ∫∂Ω

U(x − y)n(x)Df(x)dS(x) + ∫∂Ω
C(x − y)n(x)f(x)dS(x)

-valued Cauchy integral formulae ( )Cℓ3 y ∈ Ω

f(y) = ∫∂Ω
U(x − y)n(x)Df(x)dS(x) + ∫∂Ω

C(x − y)n(x)f(x)dS(x)

-valued Cauchy integral formulae ( )Cℓ3 y ∈ ℝ3\clΩ
0 = ∫∂Ω

U(x − y)n(x)Df(x)dS(x) + ∫∂Ω
C(x − y)n(x)f(x)dS(x)



BIEs for -valued functionsCℓ3
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For  is harmonicf(x)

∫Ω
δ(x − y)f(x)d3x = ∫∂Ω

U(x − y)n(x)Df(x)dS(x) + ∫∂Ω
C(x − y)n(x)f(x)dS(x)

y
✏ B(y, ✏)

⌦ [ clB(y, ✏)

" ! 0

y

⌦

y
✏ B(y, ✏)

⌦\clB(y, ✏)

" ! 0

1

-valued Plemelj-Sokhotzki formula ( )Cℓ3 y ∈ ∂Ω
ai

3(y)
4π

f(y) = ∫∂Ω
U(x − y)n(x)D(x)f(x)dS(x)+C.P.V.∫∂Ω

C(x − y)n(x)f(x)dS(x)

y
✏ B(y, ✏)

⌦ [ clB(y, ✏)

" ! 0

y

⌦

y
✏ B(y, ✏)

⌦\clB(y, ✏)

" ! 0

1

y
✏ B(y, ✏)

⌦ [ clB(y, ✏)

" ! 0

y

⌦

y
✏ B(y, ✏)

⌦\clB(y, ✏)

" ! 0

1

C.P.V.—Cauchy principal value
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-valued Plemelj-Sokhotzki formula ( )Cℓ3 y ∈ ∂Ω
ai

3(y)
4π

f(y) = ∫∂Ω
U(x − y)n(x)D(x)f(x)dS(x)+C.P.V.∫∂Ω

C(x − y)n(x)f(x)dS(x)

Exact evaluation of singularity ( )y ∈ ∂Ω
C.P.V.∫∂Ω

C(x − y)n(x)f(x)dS(x) = ∫∂Ω
C(x − y)n(x)[ f(x) − w(x)]dS(x)+C.P.V.∫∂Ω

C(x − y)n(x)w(x)dS(x)

y
✏ B(y, ✏)

⌦ [ clB(y, ✏)

" ! 0

y

⌦

y
✏ B(y, ✏)

⌦\clB(y, ✏)

" ! 0
-1

0
1

2

-1

0

1

20.0

0.2

0.4

0.6

f(y)qy
f(x)

D(y)f(y)

1

w(x) = f(y) +
x − y

3
D(y)f(y)
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Singularity-free BIEs ( )y ∈ ∂Ω
0 = ∫∂Ω

U(x − y)n(x)[D(x)f(x) − D(y)f(y)] dS(x) − ∫∂Ω
C(x − y)n(x)

(x − y)
3

D(y)f(y)dS(x)

+∫∂Ω
C(x − y)n(x)[f(x) − f(y)] dS(x)

y
✏ B(y, ✏)

⌦ [ clB(y, ✏)

" ! 0

y

⌦

y
✏ B(y, ✏)

⌦\clB(y, ✏)

" ! 0
-1

0
1

2

-1

0

1

20.0

0.2

0.4

0.6

f(y)qy
f(x)

D(y)f(y)

1

w(x) = f(y) +
x − y

3
D(y)f(y)

No solid angle
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3 min

Please finish the flowchart to obtain the 
singularity-free BIEs from the Stokes theorem.—(6) 

(9)
The Stokes theorem

(1)
For  is harmonicf(x)

∫Ω
δ(x − y)f(x)d3x = ∫∂Ω

U(x − y)n(x)Df(x)dS(x) + ∫∂Ω
C(x − y)n(x)f(x)dS(x)

(2)
-valued Cauchy 

integral formulae ( )
Cℓ3

y ∈ Ω

(7)
-valued Cauchy 

integral formulae 
( )

Cℓ3

y ∈ ℝ3\clΩ

y
✏ B(y, ✏)

⌦ [ clB(y, ✏)

" ! 0

y

⌦

y
✏ B(y, ✏)

⌦\clB(y, ✏)

" ! 0

1

y
✏ B(y, ✏)

⌦ [ clB(y, ✏)

" ! 0

y

⌦

y
✏ B(y, ✏)

⌦\clB(y, ✏)

" ! 0

1

y
✏ B(y, ✏)

⌦ [ clB(y, ✏)

" ! 0

y

⌦

y
✏ B(y, ✏)

⌦\clB(y, ✏)

" ! 0

1

(5)
-valued Plemelj-

Sokhotzki formula 
( )

Cℓ3

y ∈ ∂Ω

(10)
Exact evaluation of 

singularity ( )y ∈ ∂Ω

(3)
Singularity-free BIEs 

( )y ∈ ∂Ω

(4) (6)
(8)



BIEs for -valued functionsCℓ3(ℂ)
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The Stokes theorem

∫Ω
[(gD)h + g(Dh)] d3x = ∫∂Ω

gnhdS = ∫∂Ω
gdσh

g = Ck(x − y), h = f(x) g = Uk(x − y), h = Df(x)

Ck(x − y)kD = δ(x − y),
Uk(x − y)Dk = − Ck(x − y),
DkDk = − ( △3 + k2)

∫Ω
δ(x − y)f(x)d3x − ∫Ω

Uk(x − y)(( △ + k2)f(x))d3x = ∫∂Ω
Uk(x − y)n(x)Dk f(x)dS(x) − ∫∂Ω

Ck(x − y)n(x)f(x)dS(x)

+



BIEs for -valued functionsCℓ3(ℂ)

55

BIEs for -harmonic function k f(x)

c(y)f(y) = ∫∂Ω
Uk(x − y)n(x)Dk f(x)dS(x) − ∫

(y)

∂Ω
Ck(x − y)n(x)f(x)dS(x)

∫
(y)

∂Ω
=

∫∂Ω
y ∈ Ω

C.P.V∫∂Ω
y ∈ ∂Ω

∫∂Ω
y ∈ ℝ3\clΩ



-valued BIE in terms of oriented surface elementCℓ3
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Singularity-free BIEs for a harmonic function  ( )f y ∈ ∂Ω
0 = ∫∂Ω

U(x − y)dσ(x)[D(x)f(x) − D(y)f(y)] − ∫∂Ω
C(x − y)dσ(x)

(x − y)
3

D(y)f(y)

+∫∂Ω
C(x − y)dσ(x)[f(x) − f(y)]

Singularity-free BIEs for a monogenic function  ( )f y ∈ ∂Ω

0 = ∫∂Ω
C(x − y)dσ(x)[f(x) − f(y)] -1.0

-0.5
0.0

0.5
1.0

-1.0 -0.5 0.0 0.5 1.0

-0.7

-0.6

-0.5

-0.4

oriented surface element dσ

Singularity-free BIEs ( )y ∈ ∂Ω
0 = ∫∂Ω

U(x − y)n(x)[D(x)f(x) − D(y)f(y)] dS(x) − ∫∂Ω
C(x − y)n(x)

(x − y)
3

D(y)f(y)dS(x)

+∫∂Ω
C(x − y)n(x)[f(x) − f(y)] dS(x)
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Singularity-free BIEs for a harmonic function  ( )f y ∈ ∂Ω
0 = ∫∂Ω

U(x − y)dσ(x)[D(x)f(x) − D(y)f(y)] − ∫∂Ω
C(x − y)dσ(x)

(x − y)
3

D(y)f(y)

+∫∂Ω
C(x − y)dσ(x)[f(x) − f(y)]

Singularity-free BIEs for a harmonic function  ( )f y ∈ ∂Ω

0 =
N

∑
j=1

∫∂Ωj

U(x − y)dσ(x)[D(x)f(x) − D(y)f(y)] −
N

∑
j=1

∫∂Ωi

C(x − y)dσ(x)
(x − y)

3
D(y)f(y)

+
N

∑
j=1

∫∂Ωi

C(x − y)dσ(x)[f(x) − f(y)]

Separation of  pieces boundary N

∂Ω =
N

∑
j=1

∂Ωj
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Field variables  and f Df

f(x) − f(y) = Nt[ j](ξ1, ξ2)f[ j], x ∈ ∂Ωj

f[ j] = [f(x[ j,1]) f(x[ j,2]) ⋯ f(x[ j,m]) f(y)]T

D(x)f(x) − D(y)f(y) = Nt[ j](ξ1, ξ2)g[ j]

g[ j] = [Df(x[ j,1]) ⋯ Df(x[ j,m]) D(y)f(y)]T

f[ j] =

f(x[ j,1])
f(x[ j,2])
f(x[ j,3])

f(y)

, g[ j] =

Df(x[ j,1])
Df(x[ j,2])
Df(x[ j,3])

Df(y)

, Nt[ j](ξ1, ξ2) = [(1 − ξ1 − ξ2) ξ1 ξ2 −1]

f(x[ j,1]), Df(x[ j,1])

x[ j,1]

x[ j,2]

x[ j,3]

-th elementj

f(x[ j,2]), Df(x[ j,2])

f(x[ j,3]), Df(x[ j,3])

ξ2

ξ1

0 ≤ ξ1 ≤ 1,
0 ≤ ξ2 ≤ 1,
ξ1 + ξ2 ≤ 1.



Discretization—geometry parametrization
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Positions

Fundamental solutions

oriented surface elements

x(ξ1, ξ2), y(ξ1, ξ2)

U(x(ξ1, ξ2) − y(ξ1, ξ2)) =: 𝒰(ξ1, ξ2), C(x(ξ1, ξ2) − y(ξ1, ξ2)) =: 𝒞(ξ1, ξ2)

dσ(x(ξ1, ξ2))

planar element

ξ1 ∈ (0,1), ξ2 ∈ (0,1), ξ1 + ξ2 ≤ 1
x(ξ1, ξ2) = (1 − ξ1 − ξ2)x[a] + ξ1x[b] + ξ2x[c]

dσ(x(ξ1, ξ2))
= e1dx2dx3 − e2dx1dx3 + e3dx1dx2

= J(ξ1, ξ2)dξ1dξ2

curved element 
ξ1 ∈ (0,π), ξ2 ∈ (0,2π]

x(ξ1, ξ2) = e1(r sin ξ1 cos ξ2) + e2(r sin ξ2 sin ξ2)
+e3(r cos ξ1)

dσ(x(ξ1, ξ2))
= e1dx2dx3 − e2dx1dx3 + e3dx1dx2

= J(ξ1, ξ2)dξ1dξ2



Collocation method
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Singularity-free BIEs for a harmonic function  ( )f y = x[i] ∈ ∂Ω

0 =
N

∑
j=1

∫∂Ωj
{𝒰(ξ1, ξ2, x[i])J(ξ1, ξ2)Nt[ j](ξ1, ξ2)Bt[ j]

−𝒞(ξ1, ξ2, x[i])J(ξ1, ξ2)
(x(ξ1, ξ2) − x[i])

3
B[i]} dξ1dξ2g

+
N

∑
j=1

∫∂Ωj

ℰ(ξ1, ξ2, x[i])J(ξ1, ξ2)Nt[ j](ξ1, ξ2)Bt[ j]dS(x)f .

f[ j] = Bt[ j]f, g[ j] = Bt[ j]g, Df(x[i]) = B[i]g



Collocation method

61

Singularity-free BIEs for a harmonic function  
( )

f
y = x[i] ∈ ∂Ω, i = 1,2,⋯, M .

0 =
N

∑
j=1

∫∂Ωj
{𝒰(ξ1, ξ2, x[1])J(ξ1, ξ2)Nt[ j](ξ1, ξ2)Bt[ j] − 𝒞(ξ1, ξ2, x[1])J(ξ1, ξ2)

(x(ξ1, ξ2) − x[i])
3

B[i]} dξ1dξ2g +
N

∑
j=1

∫∂Ωj

ℰ(ξ1, ξ2, x[1])J(ξ1, ξ2)Nt[ j](ξ1, ξ2)Bt[ j]dS(x)f

0 =
N

∑
j=1

∫∂Ωj
{𝒰(ξ1, ξ2, x[2])J(ξ1, ξ2)Nt[ j](ξ1, ξ2)Bt[ j] − 𝒞(ξ1, ξ2, x[2])J(ξ1, ξ2)

(x(ξ1, ξ2) − x[i])
3

B[i]} dξ1dξ2g +
N

∑
j=1

∫∂Ωj

ℰ(ξ1, ξ2, x[2])J(ξ1, ξ2)Nt[ j](ξ1, ξ2)Bt[ j]dS(x)f

⋮
⋮
⋮

0 =
N

∑
j=1

∫∂Ωj
{𝒰(ξ1, ξ2, x[M])J(ξ1, ξ2)Nt[ j](ξ1, ξ2)Bt[ j] − 𝒞(ξ1, ξ2, x[M])J(ξ1, ξ2)

(x(ξ1, ξ2) − x[i])
3

B[i]} dξ1dξ2g +
N

∑
j=1

∫∂Ωj

ℰ(ξ1, ξ2, x[M])J(ξ1, ξ2)Nt[ j](ξ1, ξ2)Bt[ j]dS(x)f

f[ j] = Bt[ j]f, g[ j] = Bt[ j]g, Df(x[i]) = B[i]g
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A -valued linear system
,

, 

Cℓ3

Ug + Cf = 0
U, C ∈ ℳ(M, Cℓ3(R))

f =

f(x[1])
f(x[2])

⋮
f(x[M])

 and g =

Df(x[1])
Df(x[2])

⋮
Df(x[M])

.

Without normal or tangential derivative 
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3 min

Please finish the flowchart to obtain the 
-valued linear system from the singularity-free 

BIEs..—(1) 

Cℓ3

(4)
Singularity-free BIEs 

( )y ∈ ∂Ω

(2)
Singularity-free BIEs 

(oriented surface element)
( )y ∈ ∂Ω

(6)
Separation of  pieces boundary N

∂Ω =
N

∑
j=1

∂Ωj

(1)
Field variables  and  

interpolation
f Df

(3)
Geometry parametrization

position, FS, OSE

(7)
Collocation method

(5)
A -valued linear systemCℓ3
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