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Engineering Numerical Analysis and BEM in Taiwan 2013

“On the Displacement Discontinuity Method”

Steven L. Crouch
College of Science and Engineering
University of Minnesota

Introduction

The displacement discontinuity method was
devised nearly 40 years ago as a way to
compute the displacements and stresses
induced by excavations in tabular ore
deposits in an assumed linearly elastic body
of rock. A tabular ore deposit is one that is
thin in one dimension and extensive in the
other two, for example, a narrow coal seam.
For such problems the seam can be treated
as a crack containing a compressible filling,
and the relative displacements between the
two  surfaces of the  crack—the
displacement discontinuities—then
determine the displacements, strains, and
stresses elsewhere in the rock. This
approach can also be used to represent the
effects of intersecting joints or faults in the
rock in the vicinity of the seam.

Since its introduction, the displacement

discontinuity method has been enhanced
and refined by a number of researchers and
used to tackle a variety of problems in
applied mechanics, including viscoelasticity,
transient thermoelasticity, and
elastodynamics. Several variants of the
basic approach have been devised to deal
with applications related to simulation of
crack propagation in brittle materials,
including hydraulic fracturing technology.

This talk gives an updated summary of the
basic method, shows the connection
between its “indirect” and “direct”
formulations, and presents a simplified
treatment of the relatively new Galerkin
formulation of the method. Finally, some
thoughts are ventured on possible future
developments and applications of the
displacement discontinuity method.



On the Displacement Discontinuity Method Overview of Presentation
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Historical background

Steven L. Crouch Original development of method; influence function approach

Applications
(with major input from John A. L. Napier,

Department of Mining Engineering,
University of Pretoria, South Africa)

Alternate development of method using Volterra’s formula

Galerkin formulation

Conclusions
Department of Civil Engineering

University of Minnesota
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The basic idea: divide a

. . An “influence function”
Historical background line crack into N elements approach
Method originally developed to address problems in mining; modeling ty = —agy (%,04) 1 i

element i

of thin vein or seam-like ore deposits. Early contributions by: i

P. Hackett (1959) — longwall mine working modeled as a crack
(Hackett attributes idea to R. Hill)

D. S. Berry (1960; 1963) — 2D and 3D mine subsidence modeling

M. D. G. Salamon (1963) — 3D “face element principle”;
development of analog computer technique

A. M. Starfield (1968) — First 2D and 3D digital computer models

F. H. Deist (1969) — “MINSIM” replaced analog computer for
designing 3D mine layouts in South Africa

Use collocation to avoid
strong singularities at
element endpoints!

By superposition...

N N
i I b i i
Ogy = ZA,C,_.AHX + é Aggduy
=1 i=1

8. L. Crouch (1973; 1976) — Coined term “displacement ) i ul i N g
discontinuity method” for general 2D model element j a5 = Z Agediig + z Agghuy
These developments were done in parallel with work by Rizzo et al. ) J= =
on boundary integral equation techniques for elasticity problems. Note: Each element has its own local %, ¥ coordinate system.
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The system of equations Derivation of formulas using displacement potentials

(Papkovitch-Neuber functions)
If there are N displacement discontinuity elements along the crack(s),

and if the shear and normal tractions (gyy), and (oyy), are specified The following expressions satisfy the displacement equations of
at each one, then, for i = 1to A, equilibrium for an isotropic, linearly elastic solid in two dimensions:
N N
i i 7] Ji i a a a
ZAxxAux +ZAX},AH} = (oe5)o o= —(1 =20 0+ 20— ) oW -y oA
J=1 =1

, a . [
uy =2(1 —v)3®+(l —ZV)K‘P—)B—)'/\

(:7)75;)0

Where v is Poisson’s ratio, A = a%/dx + d®/dy, and displacement
potentials @ and ¥ satisfy Laplace’s equation:

2N equations in 2V unknowns. a2 92
V2¢:ﬁ¢'+ﬁ¢: 0; V¥ =0
Note: If the displacement discontinuities vary linearly along the * Y
element then there are two collocation points per element and
the system of algebraic equations is 4N by 4N

Note: A similar representation is available for 3D problems in terms
of three potentials, ®(x, y,z), Wx(x,y,z), and W, (x, y, z).
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Derivation (cont’d)

The associated stress components are

appd® a? a?
O = 26 [P+ 2555 W +y 55A]
»

”
Oyy =26 [0 -y 5541

P 2
Ory =26 3V -y 55,01
Where G is the shear modulus (and again A = 0¥ /dx + a®/dy).

(1) ¥ =0,® # 0: The line (or plane) y = 0 is free from shear stress
oy for—mw<x <o

(2) ¥ #0,® = 0: The line y = 0 is free from normal stress oy, for
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Example element types (i = x or y)
Linearly varying displacement discontinuity:

Auy(x) = %(I - E) Auy(—b) +12(1 + E)m“(h)

=y (x)(Aug)y + ey () (Bug),

A crack tip element:

A (x) = Ay (—b)

1
Aug(x) = Au;(b)m(x +2a); 0=x<a

Compute ¥ and @&, then find displacements
uy and u, and Stresses oyy, oyy, and ay,,.
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Are (XD = 24, Cx, O, ) — 24, Cx, O D

To express it
terrnis of local
coordinates:

Replace x arnd 3y
with > aarad v —
there is mo
pPreferred
oriemntatiorn imn
the problern.
(Infinmnite bodx~;
isotropic
celasticity .)
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Derivation (cont’d)

A displacement discontinuity over the line segment—a<x <a,y = 0:

Auy (x) = u(x,0,) — ue(x,0-)

To express in y
terms of local
coordinates:

uy(x,04)
uy(x, 0,
a
uy(x,0.)

Auy(x) =y (x,04) = uy(x,0.)

Replace x and y
with ¥ and y — U (x,0.)
there is no
preferred
orientation in @ ; , E
the problem. Y(ix,y) = —f Auy(x)g(x — x', y)dx
(Infinite body; o
isotropic G
elasticity.) @(x,y) = -f Buy (x")g(x — x',y)dx’
-a

1
- - —— 2 2
Where (%) g v)I" x2 4y
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Applications (with emphasis on problems in geomechanics)

“Easy” problems:

* Crack closure & frictional sliding along pre-defined crack/fracture
geometries (relatively easy for both 2D and 3D)

« Crack propagation in tension (easy for 2D, less so for 3D)

Areas of need:

3D modeling of mixed mode fractures and shear bands

Elastodynamics (e.g. simulation of seismic events)

Hydraulic fracturing with fluid flow

Fracture of composite materials
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Simulation of crack growth in tension — procedure

Maximum tensile stress criterion:

+ Crack propagates in radial direction, perpendicular to
direction of greatest tension (i.e. g,4 = 0)

* 0gg must reach a critical value, V2nragg = K)., where Kj.
is the fracture toughness

1 a
Trr gy = ﬁcusilk,smﬂ + Ky (3cos0 —1)]
Org ‘ﬁ\
T8
1 9 o 3k sing
(ng—sz)osz[ 1c05*5 =5 Ky sin 1

NIVERSITY OF MINNESOTA
Driven to Discover




Simulation of crack growth — procedure (contd) A simple example — 2D simulation of crack growth (maximum

tensile stress criterion)
Compute K; and K;; numerically:
Two pressurized “starter cracks,” each 0.4 mm long
G ; G Iy Pressure p applied to starter cracks onlyin 0.5 MPa increments,
?Auy(o) Ky = qu,(ﬂ)

”4(1—\,)\J

Ky

- from O to 500 Mpa

Shear modulus: 6 = 30 x 10° Mpa

Then, use formulas Poisson’s ratio: v = 0.2

Fracture toughness: K;. = 1 MPam'/2

(1) cos 2 K;sinb, + Kyy(3cosb, — 1)] = 0; oy = 0

Starter crack B Use linearly
, 5 XD varying
(2) cos Hz" Kjcos? ﬁ: - : Ky sind, | = K, b Pf; displacement
discontinuities
- o N
Solve (1) for 6,; extend crack by amount Starter crack A p'H' 60 and crack tip
— elements.
& if (2) is satisfied (§ « 2a). b=1.0mm
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Load step 100 (pressure = 50 MPa) Load step 200 (pressure = 100 MPa)
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Load step 300 (pressure = 150 MPa) Load step 400 (pressure = 200 MPa)
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Load step 500 (pressure = 250 MPa)

|
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Alternate development of the method using Volterra’s formula

A line crack I with surfaces I'* and I'";

Displacements u; (§) at point § = (§, {,) due to displacement
discontinuities Au; (x) = ul’ (x)— uy (x);

Volterra’s formula is:
u®) = [ 76080 @dsw)
r
Tij(§,x) gives the traction in the j-direction at point x (the sample

point) due to a unit concentrated force in the i-direction at point
§ (the load point).

UNIVERSITY OF MINNESOTA

The stresses associated with displacements u; (§) are
aij(§) = J- Sijie(§x)duy (x)dS(x)
r

Numerical approximation

Divide crack I into N line segments of length S; = 2q; and write

N
= [ 76D s
=

N
@ =y L $17 (&) B (115 (%)
J=1""1

These equations can be used to develop a “direct” version of the
displacement discontinuity method. (The kernel §;, is hypersingular.)
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Consider effects from the element —a < x <a,y=0

G dy)

a
wi(6u6y) = [T =y = 6 My (dae

-a
where, for example,
g
dxdy

with  g(r= £y =) = gy 0 [G— £ 0= )7

Easy to show that

a,
Tealx =0y —§) =1 - m%— (x-£

‘g
dxdy

dg a’g
(x—&) ay o fy)a—yz
UNIVERSITY OF MINNESOTA
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Comparison with influence function approach

A simple demonstration problem: Compute i, at point (§,,§,) due
to a known displacement discontinuity Au,(x), Au,(x) over a
single element —a £ x < a, y = 0.

v Gnt .)—> Influence function approach. Integrate
Au(x), concentrated displacement discontinuity
Aty (x) Auy, Auy, over element to specify W and @;

differentiate to compute 1, at point (§,£,).

Direct” approach. Apply unit concentrated
load £y, = 1, F, = 1 at point (E\‘{y), integrate
effects of load, multiplied by Au,(x) and Au,(x),
over element to compute u, at point (§y,$y).

y
Au,(x),
Ay (x) T

VERSITY OF MINNESOTA
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Expression for u,(£,£,) :

a a2
Ta=20-M5 4+ -5)53
]
dxay

ag
Ty =-(1-2g0-=§)

dg(x—&.y—&)
a’; (= §y)

ay?

a
ue(€dy) :f Au,(x)[lﬂ -v)
-a

g(x — £y — Ey}dx

a Ag(x — &y — glx —Eny—§&y
+f Auy(x){f(l—:411)7‘9’(}f gxy {”)f(y*fy)ir g(xaxgyy E)}dx
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Galerkin formulation

@ ag(x' - &, 2g(x' — &,
u(fefy) = ffaﬁux(r'){—z(i—v) Bl 5; b)_p Lo bl

LTS

a{yz An averaging process that allows the system of equations to be
written in terms of the displacement discontinuities at the element
a aglx' —¢,, g’ - £, endpoints (i.e. the nodes), thereby avoiding internal collocation.
< My(x,){u a2t dffx &), P0Gty
-a x

dx’
j A simple illustration: How does Galerkin compare with collocation?

« N equal length elements along a straight line (N + 1 nodes)
Papkovitch-Neuber approach (with x = §,,y = {,) gives the

same result.
a Aglx—x,y)  *glx—x }
+ A DT {6 R ) AL E IR A L4 V)
,[n u),(x){( v) dx Y axay b

+ Displacement discontinuity Au,, on element J varies linearly
between nodes j — 1and j; (Auy);-y and (Auy); are the nodal
point values.

aglx —x', 22g(x —x',
201-) g(x — x F),y g(x —x y}dl,

wee) = [ o) 57

(Buy); * Stress at (x,y) due to element J
(gyy(x.¥)); is (ﬂ\-y(x.y))/

¥ (Au}/)Q//
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By superposition, the stress at point (x,y) due to the contributions 1
of all N elements is P(x) Pix)=1+ 3 (x=x) Xy Sx<x;
a

N
= ‘  —
ay(5,7) ;(aﬂﬁx‘yn, ) + /N RS PR

Can also sum over N + 1 nodal points: gy, (x,y) = Z(cr (x, )
p vy & ¥ i Xiy x; Xis1 x Px) =0; x<x andx 2 x,,

(Buty)jar Galerkin:

Formation of i-th equation in system: Compare with collocation approach for simple crack problem

All integrations can be done analytically (no special crack tip

Xid1
Oyy (X, ¥)); J P(x) 7y, (x, 0)dx = logic used for this simple example!)
| e N+1 e * ayy = (0yy)o for all N elements; get system of equations:
Z 1imf W) (0 (6,6))dlx s
=5 [T i
) z Ayydily = (gyy)os i=0t0N—1
where i(x) is a weight function =0

UNIVERSITY OF MINNESOTA NIVERSITY OF MINNESOTA
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Two co-planar cracks

Conclusions

1. The influence function formulation of the displacement
discontinuity method gives the same results as the direct
boundary integral approach using Volterra’s formula.

2. For the simple 2D crack problem considered in this
presentation, the Galerkin formulation of the method is no
more accurate than the internal element collocation
formulation for equivalent numbers of degrees of freedom.

— Analytic solution

= Galerkin 3. The displacement discontinuity method can be used to
4_Internal collocation model crack growth (and crack interactions) in complex
fracture networks. Many questions about the physics of
crack growth remain to be answered, however, especially for
3D problems.

Scaled opening displacement
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“Computational Modeling of Composite and Functionally Graded Materials”

Steven L. Crouch
Department of Civil Engineering
College of Science and Engineering
University of Minnesota

Abstract

A numerical method is described for
solving two- and three-dimensional
elasticity problems for materials with
multiple circular and spherical voids and
inclusions. The method wuses series
expansions of orthogonal functions (Fourier
series in two dimensions; spherical
harmonics in three dimensions) to represent
the displacements and tractions on all the
circular or spherical boundaries. The
solutions are expressed in terms of
truncated infinite  series and are
semi-analytical in the sense that the
numerical errors can be made arbitrarily
small by increasing the number of terms in
the series. The coefficients in the series can
be determined by using a boundary integral
approach (i.e. Somigliana’s formula) or by
superposition of the general solution for
arbitrary loading of a single circular or
spherical void, together with addition
formulas that re-expand the solution for one
void in terms of the coordinates for another.
In either case, a system of linear algebraic
equations can be formed to find the

unknown coefficients, and these equations
can be conveniently solved by iteration.

The numerical method is well-suited to
modeling elastic materials involving
numerous voids or inclusions, and these
features can be arbitrarily close together,
provided they do not actually touch.
Different types of interface conditions can
easily be adopted, including spring-type
interfaces, explicit “interphases,” partial
de-bonding, and a “membrane -type”
interface known as the Gurtin-Murdoch
model, which includes a surface tension
term and can account for size effects in
nano-composites.

An important application of the numerical
method is the computation of effective
material properties for materials with
numerous voids and inclusions. The ability
to include the interaction effects of all the
voids and inclusions allows one to
accurately determine these properties for
any arrangement of these features.



. . . Composite Materials
Computational Modeling of Composite and

Functionally Graded Materials Polymer matrix, rubber particles  Functionally graded  Fiber-reinforced ceramic
(after Sjogren & Berglund, 1999)  material

material

by
Steven L. Crouch
(with major input from Sonia Mogilevskaya,
Department of Civil Engineering,

University of Minnesota)

Department of Civil Engineering
University of Minnesota

Applications: Aerospace, electronics, marine, construction, etc.
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Interphases Nano Materials

Micrographs (Crasto et al.,1988) Micrograph (Mascia et al., Nanochannel-array Materials Quantum Dots
1993)

Filters for particle sizing, Particles made of semiconductor or metallic material
Perfect bond Uniform interphase layer Coated fibers unidirectional conductors, capable of confining electrons and/or holes in three
etc. dimensions.

UNIVER!
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William Thomson
Conventional Numerical Methods (Lord Kelvin)

o

~

Our Approach
Jean Baptiste Joseph
Fourier

Direct boundary integral method

or superposition of the solutions
for each single feature

/-'"

Approximation of the unknowns
by Fourier Series or series of
scalar or vector spherical
harmonics

1824-1907

Peter Guthrie Tait

Complex (2D problems) or real
variables (3D problems)

1768-1830

1831-1901
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Series of Orthogonal Functions

Semi-analytical Solution of the Problem of N

Particles (Fibers); Elastostatics

Fourier series (2D) Series of surface spherical harmonics (3D)

Series of surface spherical harmonics (3D)

Fourier series (2D)

N
fo)= Le™c, 10.0)= 2 XY (0.9)C

e™ = cos(mg) + isin(me) e p™ (cos6)
i

Decompose unknowns into a
series of spherical harmonics

Decompose unknowns into complex
Fourier series

Use addition theorems

r N
Associated Use addition theorems
Legendre
polynomial Set up system of algebraic equations using

orthogonal properties of spherical harmonics

orthogonal properties of Fourier series

‘ Set up system of algebraic equations using

‘ Solve the system to find coefficients

‘ Solve the system to find coefficients ‘

* Complete orthogonal system on the surface of a circle/sphere
* Any smooth function can be represented by a truncated
series of these functions with any desired accuracy
UNIVERSITY OF MINNESOTA
Driven to Discover

Evaluate fields

Evaluate fields

UNIVERSITY OF MINNESOTA
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Solutions of Transient Problems
(Example: Heat Conduction)

vor-2
Tt

@ Laplace transform

* Modified Helmholtz equation
Laplace

« Analytical solution for a single cavity domain

* Superposition for multiple cavities

4
[ T(x1) J

Inverse Laplace transform

UNIVERSITY OF MINNESOTA
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Addition Theorems

Re-expansion formulae (2D example): express Fourier series
for j-th circle in terms of quantities for k-th circle

g’“(r):R;“/(r—sz“ = R‘""(r—zk +zk—zj)'"

i

é(myfl}[ -z, j

UNIVERSITY OF MINNESOTA
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Fast Solvers
Rokhlin 1985, Greengard and Rokhlin 1987

1073

CPU time in seconds

Comparison of the Algorithm Efficiency

—— direct algorithm
—a— single-level fast multipole algorithm
—@— multi-level fast multipole algorithm

UNIVERSITY OF MINNESOTA
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| : |
10% 10° 100
number of degrees of freedom
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Applications

Elastic Composites (perfect bonding, imperfect
interfaces, interface layers, graded interfaces,
material surfaces, debonding)

Boundary Effects (free boundaries, dissimilar
materials)

Elastic-Viscoelastic Composites

B0

Transient Heat Conduction

Chemistry (diffusive reactions)

UNIVERSITY OF MINN
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Interface Models

Spring-type interface Partial de-bonding
ry r
i
In = i(PIAHFI
o = ket de-bonding
Au(r) =0
Au(t) =0 ©

Explicit presence of interphase layers
e

)
I, 0

—Hi Vi ZAQ]
vI(r)

M UNIVERSITY OF MINNESOTA
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Example — Two Inclusions with Interphase Layers

material n E/Emarrix
inhomog 0.2537 38.9
matrix 0.2647 1.0
soft 0.2647 0.067
coating

stiff 0.2647 20.0
coating

d; =107% &, =107

6 -9 terms in Fourier series

M UNIVERSITY OF MINNES
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Results
25—
I — pertectbond
K + siftconing R
20— 5 ® compliant coating

interphase
interphase

4
% N
matrix | %, inclusion | matrix

.0 _\ -+ *

™, /_\\\ /

' E

05 —| A\ . N

| ) [t
oo T T T T T T 171

00 08 16 24 32 40 48 56 64 72 80 88 96 104 12
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Example — Inclusion with Interface Crack
(Toya, 1974)

M UNIVERSITY OF MINNESOTA
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Radial and Shear Sresses; Open Circles — computed
(N=180); Solid Lines — analytical solution

W'=44.2GN /M7, v'=0.22, 41=2.39GN /i, v'=0.35

a=p=30

Angle, &

UNIVERSITY OF MINNESOTA
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Radial and Shear Displacement Discontinuities;
Open Circles — computed (N=180); Solid Lines —
analytical solution

018 0181

016 4 016
o

014 01
0124 012
010 010
Au, /2,10 Au,la10”
008 4 008 -
06 4 005 -
0044 004 -
00z 00z

00 ) .

EEEEEEEEEEE I EEEE R

Angle, @ Angle, §
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Size-dependent
Mechanics of Materials

Experimental results and direct atomistic simulations of
nano-materials indicate that:

* Mechanical behavior is inherently size
dependent

« Traditional analysis is not able to account
for size effects

* Size dependence is due to surface effects

M UNIVERSITY OF MINNESOTA
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Gurtin & Murdoch’s (1975) Model for a Material Surface

The interface I between the inhomogeneity and the matrix is modeled as
a material surface of vanishing thickness that is characterized by elastic
constants (Lamé parameters) y,, 4, and surface tension a,.

Surface constitutive equations

Surface stress
tensor S=a, 1, +(Agtoo)(tre* ), +2(us—a, )& +0,V5u

Continuity of displacements

inh __ | matrix

u u
Surface equilibrium conditions

Aon=div; S, Ao = o —gmax

UNIVERSITY OF MINNESOTA
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Mechanical Properties of the Material Surface

Elastic properties

Fleshly cleaved iron (Gurtin & Murdoch, 1978)

1y =25N/m, 2 =-8N/m P

Anodic alumina (Miller & Shenoy, 2000)

a) py =—6.2178 N /m, 4 ;=3.48912 N /m  [100] P=E’he
b) 4, =~0.3755 N /m, 2 ,=6.842 N/m  [111]

P
—

P=E°he
P=(E"h+2E%) ¢

Surface tension

07N/m<o,<2N/m (Sharma & Ganti, 2004)

M UNIVERSITY OF MINNESOTA
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2D Example

dga (GPA)

11y =—6.2178 N/m, 1,,=3.48912 N/ m
G, =0.72N/m

x ) M=o =05 =0
o (i) A=
— (idi) A0 = Hho1 Ao = Aags O = 09

0102 =0

o 2 & % 120 150 180 .
~=-- Classical solution

UNIVERSITY OF MINNESOTA
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Modeling of Graded Composite Materials

10 Hparticie/ftmatrir=10; contours of a,

ORI ]
e
é\yis\

VNS
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Modeling of Graded Composite Materials (Cont’d)
Homogenization; Computation of Effective

1.0 Hparticie/ Pmatrix=10; contours of oy,
Material Properties

e <

WA

V.
MG %)mmﬁf«

il

]

UNIVERSITY OF MINNESOTA G UNIVERSITY OF MINNESOTA
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Homogenization: RVE Homogenization

Three length scales
3.00
0, <0, <1, Embedding Method
Microscale (greater
than the size of the Macroscale (less than the 200 P
i iti (statistically  size of the composite body) .
homogeneous) g e
5
Volumetric averaging, Effective properties 100
elasticity
o, >= Ci (& — -0z
(o) =Cu ) B
0.0 0.1 02 03 04 05 0.6

Fiber volume ratio

Effective elastic
properties tensor

Embed a domain of interest in a fictitious circular domain

1 N
= dv dv
i e o)
+ Apply load at boundary of circle to satisfy (in a least squares sense)

N
boundary conditions on the (rectangular) physical domain

=l
UNIVERSITY OF MINNESOTA
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Maxwell's Approach .
Extension of Maxwell’s Approach

Maxwell JC, Treatise on electricity and magnetism,
vol.1, 3rd edition, Oxford, UK, Clarendon Press,
1892 (1st edition 1873)

Interactions among the inhomogeneities (reinforcements)
are accounted for.

* A cluster of spherical particles enclosed by a
sphere of matrix material is immersed in the
matrix

+ Atlarge distances all the particles are
considered to be located at the same point (at
the center of the sphere)

The effect on the fields due to the cluster are accounted for
via the asymptotic behavior at infinity.

.« At lar%e distances the cluster gives the same 3 €D )
coﬁntrg utiondto the field as the sphere with the ST
effective conductivit Py : . " . . ces
v uctviy 5 e * The original geometrical distribution of the inhomogeneities
(reinforcements) is preserved.

Maxwell’ s definition of the effective conductivity:

.= w — the solution is of order c,
T Kk (-c)+k,(2+¢)

where ¢=Na}/aj, is the volume fraction

=~
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Are the Fields Really the Same?
How It Works

A cluster of isotropic inhomogeneities An equivalent inhomogeneity
in an isotropic matrix. in an isotropic matrix

P
u,
Ll
e

v

« Solve the problem for the cluster; determine Ry/, per, Vey © - s
. = . - -

+  Solve the problem for the equivalent inhomogeneity . al | { /A7,

+  Compare the far-field solutions for the fields (e.g ) displacements

UNIVERSITY OF MINNESOTA UNIVERSITY OF MINNESOTA
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Results
Example: Square Symmetry

4 = 400
. . . ou] e e ¢ 0 0 0fa = V™ =0.2,v"=0.35
on| |ob ol o 0 0 0 ES
. . . CE clocloct 0 0 0| &y i:
o1 0 0 0 ¢! 0 0|2
Oy 0 0 0 0 cf 02
Q0O ool

c 3

6 material constants
—  Periodic solution (V. I. Kushch)

---  Non-interacting

UNIVERSITY OF MINNESOTA UNIVERSITY OF MINNESOTA
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Experiment and Results
Results

4 " = 400 ‘,
V™ =0.2,v"=0.35 ¥

o o
Pordly

Shear modulus is determined
through uniaxial tension test!

c

—  Periodic solution (V. I. Kushch) “In theory, there is no difference between theory and practice. But, in practice,

---  Non-interacting there is.” (Jan L. A. van de Snepscheut)
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Conclusions Conclusions (cont’d)

« Maxwell’s concept can be generalized to allow for accurate estimates
of the effective properties of composite materials.

A powerful method for simulation of the fields (including
transient fields) in elastic, viscoelastic composite, and porous
materials has been created. « The concept is attractive: No need for averaging the fields - the
method automatically provides the relationships between the average
values of fields.

The method accurately takes into account interactions
between reinforcements (particles, pores, fibers) in the
material. « The problems of the clusters in infinite domains permit accurate
solutions that precisely account for interactions.

Various effects at the fiber/matrix interfaces (e.g. perfect bond,

homogeneously imperfect interfaces, uniform interphase * The method provides reasonably accurate results in the wide range of
layers, Gurtin and Murdoch model) can be included. volume fractions and/or porosities.
* The method is efficient, fast, and provides accurate results. « The method could be useful for estimation of the overall properties of

a material based on the small samples (scanning electron
micrograph, X-ray, etc.).

A variety of mechanical (e.g. viscoelastic) models can be
incorporated.

UNIVERSITY OF MINNESOTA UNIVERSITY OF MINNESOTA

Driven to Discover =N INEeer1ny Driven to Discover

Collaborators

Jianlin Wang (2D elasticity, fast Yun Huang_ (2D viscoelastic

solutions, embedding method)
solutions, embedding method) Andrey Pyatigorets (2D viscoelastic porous media)

composites, experiment)

Volodymir Kushch (in chair);
with Andrew Drescher

Lisa Gordeliy (3D trasient heat Olesya Koroteeva (3D . .
conduction, 2D thermoelasticity, meci'm thermal p(roperlies) Hamid Sadraie (3D elasticity)
surface effects)
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Interns

Thank you for your attention.

Benoit Legros (boundary effects)  Alexandre Dejoie (boundary effects) ~Nicolas Brusselaars (dissimilar materials) Q .
uestions?

Matthieu Jammes (surface effects) ~Alessandro La Grotta (surface effects) Adrien Benusiglio
(equivalent inhomogeneity)
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Review of the dual BEM and recent development of
null-field integral equation approach by ntou/msv
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Engineering Numerical Analysis and BEM in Taiwan 2013

Review of the Dual BEM and Recent Development of Null-Field

Integral Equation Approach by NTOU/MSV

Jeng-Tzong Chen
jtchen@mail.ntou.edu.tw, Department of Harbor and River Engineering & Department of
Mechanical and Mechatronic Engineering, National Taiwan Ocean University, Keelung, 202-24,
Taiwan

Key words:
resonance, SH wave, Focusing

Abstract

In this lecture, the development of dual BEM is reviewed
since its appearance in 1986 by Hong and Chen. The
academic activity of BEM community in Taiwan is also
reported. Methods to deal with hypersigularity are also
examined. A novel method using the singular value
decomposition (SVD) for problems with degenerate
boundaries is proposed to distinguish the rank deficiency
due to the rigid body mode and the degenerate boundary.
Applications of the dual BEM to civil engineering and
military problems are reviewed. To avoid singularities, a
null-field integral equation approach in companion with
an addition theorem (or so called degenerate kernel or
separable kernel) is proposed. Several gains, exponential
convergence, free of singularity and boundary layer
effect, are achieved. Applications to circular, elliptical
(2D), spherical and spheriroidal boundaries (3D) with
emphasis on harbor resonance and SH wave scattering of
hill and canyon are done. Focusing effect in harbor

engineering and earthquake engineering are addressed.
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Review of the dual BEM and
recent development of the null-
field BIEM by NTOU/MSV
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Dept. Mechanical and Mechatronic Engineering
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‘ BEM History in Taiwan
BEM Workshop in Taiwan

= 1986 NTU IAM Rizzo, Shippy & Mukherjee
12l (Civil Engineering and Applied Mech.)

= 1998 NSC Alex Cheng and Taiwan Professors
12l (College of Engineering)

= 2010 NTOU-HRE-MSV First Taiwan BEM meeting
1 l (Mathematics and Engineering)

= 2011 NCTS(South) Second Taiwan BEM meeting
1l (Mathematics and Engineering)

= 2012 Feng Chia University Third Taiwan BEM meeting
(Mathematics and Engineering) Taiwan SIAM 2012

BEM 4-Taiwan, 2013

= Two BEM people win the academician of NAE
; Chew |
Electro

For contributions
to large-scale
computational
electromagnetics
of complex structul

S\
For contributions to
Simulation methodology
for the behavior of
fractured rock masses.

21:11March 20, 2013

BEM 4-Taiwan, 2013

MO MY Lesimainn\ BEM4-Taiwan2013.ppt Z:11March 20, 2013 ' P4
| NEWS 2013 | History (Workshop in 1986)

| was a TA at that time.

F.J. Rizzo D. J. Shippy S. Mukherjee
Winner of Rizzo Award

2013

BEM 4-Taiwan, 2013
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BEM 4-Taiwan, 2013
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NTOU/MSV team
1998
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| History (Workshop in 1998) - |
(Five generations together

%5:

C. H. Chen, NTU

I

C.S.Yeh, NTU
4B

[ . Young, NTU

it

=

< b

H.-K. Hong, NTU

C.R. Chou, NTOU

B e i s
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" History (Workshop in 1998) - 11
(Five generations together sl

oW

i
A. H.-D. Cheng,
Mississippi Univ.

. =
J. T. Chen, NTOU

PO T

21:1iMarch 20, 2013

S. S. Hsiao, NTOU

1. L. Chen, NKMU

BEM 4-Taiwan, 2013

BEM Il1-Taiwan, Oct.06, 2012

BEM 4-Taiwan, 2013
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Oct. 16, 2010, NTOU HRE/MSYV, Keeiuni

BEM 4-Taiwan, 2013
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‘ICOME 2012, Kyoto, Japan Dec.12-14, 2012
(Hosted by [ 1571 & 5% Prof. Nishimura)

BEM 4-Taiwan, 2013
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BEM in Taiwan
2013 BEM Workshop in Taiwan
= Host @ 21 A

A5 L

Keynote speake

-

Y
Dean S L Crouch
Academician, NAH
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BEM 4-Taiwan, 2013

P BEFrIpIRA

»Taiwan SIAM i end &
IS S At o s

> Mathematics £ Engineering ' & %
-‘“ — a T
|~ S N— e — W

(d #F {5 deeh)

Mathematics & Engineering . .
g aiwan SIAM) may bridge the gap Time Evolution

A

Wan
Taiwan
J §l§§%"‘ i 1\ BEM 4-Taiwan, 2013

: = series meeting

BEM in Taiwan
2014 BEM Workshop in Taiwan
= Host ¥ 1 jhdkc & 5%

FAEEFE

BEM 4-Taiwan, 2013
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pverview of numerical methods

Numerical Methods
Mesh Methods Meshless Methods
Null-field BIEM

[ I ]
|Finite Difference Methudl | Finite Element Method | |Boundary Element Method | Degenerate kernels

A
\ \
ZHHE
f ] 4 2 AVAVAY
(0 VAVAVAVAVAV/
S \VAVAVAVA,
PDE- variational Integral Equation

o

BEM 4-Taiwan, 2013
20104117 iQarch 20, 2013 can

(A -

-
-.—&‘;4 = a‘: s A

A -

‘wrkshop an Trefe Ve 1 and Method of Fundamental &

dwint Internat

Mareh 15-1%, 20 g, Taiwan
BEM 4-Taiwan, 2013
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Alternatives to solve crack problems

Multi-domain BEM by Liggett (before 1984)
Special Green's function

Dislocation model

DDM by Crouch

Dual BEM (single-domain BEM since 1980)

BEM 4-Taiwan, 2013

& -

21:11March 20, 2013




Liggett book (198%) —

= The singularities that
occur when the base
point and field point
coincide are not

integrable ???

Media Flow

Mlljlti.-.domain BE
e (Defore 1983)

Philip L-F. Liu

. AL BEgT-_mZm—
963 21:11March 20, 201359

Citing records (updated Feb, 2013)
Rizzo, 1967 Hong and Chen, 1988 Chen and Hong, 199
QAM ASCE-EM ASME, AMR

Numerical Numerical
Methods in Methods in
Engineering Engineering

IINME

21:11March 20, 2013
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Natural gl)’Ep;fsingular Dual

BAZHAE-
Ep @R A
e BEM BEM 7= #fids £

Pt g F AR
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Py BEM 4-Taiwan, 2013
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'BEM highly-cited papers
( Feb. 25, 2013)

1967 Rizzo QAM 396 BEM
1976 Crouch IINME 209 DDM
1988 Hong & Chen ASCE-EM 123 Dual BEM
1992 Portela & Aliabadi IUNME 313 Dual BEM
1997 Mukherjee couple IUNME 181 BNM
1999 Chen & Hong ASME-AMR 163 Dual BEM

BEM 4-Taiwan, 2013
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Dual Integral Equations by Hong and Chen(1984-1986)

Singular integral equation =——— Hypersingular integral equation
Cauchy principal value —p Hadamard principal value

(Mangler principal value)
Boundary element method =P Dual boundary element method

1969 111111 1986 [111111

normal > | degenerate
boundary boundary

—
21:11March 20, 2013 gt 2

1\ m &=/

‘ Degenerate boundary

O geometry node

I the Nth constant
or linear element

[UHE=[THu}

- [LKt} =[MKu}
l_. 5) 66) ns) s 6
ate 08 6m 097 -t 0w 0 45 ", aonsenois s 50 ose o
l_> 22 2 = 24 cate a0
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o5 ous o3 s 009 009 03 -Lesy

5() 65 n(s)
- oo ause asio 0sse 0sse 0327 090
om0 r o o527 n4se 0ise 0519 0164

M) ooz oms + oms ases s oszz 0aso ) [ e o

055 o oms < i
Er I = I min -
0027 o5 oise owo a7 o« oms| OC) o om0 o0

0805 02 0N OSI2 LiSk 064 0305 x
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'Dual BEM, DDM and Dislocation theory

Neuber-Papkovitch function Higher order element
by Shou K.J

BEM 4-Taiwan, 2013
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’ X-ray detection (= iFIZ )

; R é.x_ﬁ. 7
=7~ %=Crack initiation o o

Stress reliever’
Fih (DT Xoray resulta.

21:11March 20, 2013

’ Successful experiences in Taiwan
since 1986 (degenerate boundary)

crack (fracture)

incomplete partition (acoustics)

sheet pile (seepage)

breakwater (ocean engineering)

thin airfoil (aerodynamics)

comb drive (electromagnetics, MEMS)

BEM 4-Taiwan, 2013
21:11March 20, 2013

FEM simulation

21:11March 20, 2013

’ Solid rocket motor (Army ~ fi- FF?])

\nmLeLATI,
TER LA

P

FNNAR . ML RS

Faz

Al s
.

R 35 = R =25 4

BEM 4-Taiwan, 2013
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Stress analysis




BEM simulation (Army)

21:11March 20, 2013 o T ' P31

Application to V-band structure:
E = 19950 kefimm” , v=0.27, Pari's law: 8 = C(AK)"
#0125 o= 3.63kef / mm’ C 4.6 %107 =33, k="

BEM 4-Taiwan, 2013
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V-band structure (Tien-Gen missile)

[]
L)
S
- LT "
LR L CTTEE Y |
VRSHRTER

BEM 4-Taiwan, 2013
21:11March 20, 2013 P.32

Seepage flow (Laplace equation)

~ Sheet pile
"~ Cutoff wall

21:11March 20, 2013 ' P.35

FEM simulation

e VR RAkEER

BEM 4-Taiwan, 2013
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Meshes of FEM and BEM

FEM MESH BEM MESH

BEM 4-Taiwan, 2013
21:11March 20, 2013 P.36




Free surface seepage flow

using hypersingular formulation
FEM (iteration No.49) BEM(iteration No.13)

- % Initial guess
Initial guess % g
i
- 1™
. NI N . 2 ~
After iteration |+ L T N\ After iteration
& e
o \ g SN

) .
- h )

) >+ Remesh area — 1
e Remesh line

BEM 4-Taiwan, 2013
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Reflection and Transmission

- kh=5
Deep water theory (Ursell, 1946)
©  Multidomain BEM (Liu et al., 1982)
120 | UT method of DBEM (Combined LM, 320 elements)
g LM method of DBEM (Combined UT, 320 elements)
0.80 —
E
=
2 4
5
[
0.40 —
0.00 —

000 040 080 120 1.60
BEN ¢ Taiwan, 2013
21:11March 20, 2013 P.40

Incomplete partition in room acoustics
(Helmholtz equation)
uT LM

587.6 Hz mode 1. 587.2 Hz
\@ééj ~ &'%6/
— O ] s
=0 [ 1443.7 Hz mode 2. 14443 Hz
Vi+ k=0 MM}
=0 . b
- hii)

=0 Slefe— =0
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Cracked torsion bar

& DBEM ARKA INTEGRAL (90 ZLEMENTS, 381 IVPTS)

————— DESW LINAR INTRORAL (13 KERYEL)
——A— DEEW LINRAR INTECRAL

{ur xeRer)

M [(abr/2)

000 1 @

040
crack length/d

BEM 4-Taiwan, 2013
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Water wave problem with breakwater
(the modified Helmholtz equation)

oblique incident

Vzu(i)—ﬂ,zu(i) =0 water wave
y Top, view
Free gater surface 0
O breakwater ° X
= .
“, 0breakwater 7
X

S

BEM 4-Taiwan, 2013
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* Fatigue e and residual strength calculations

COMPUTATIONAL

ECILANICS PUBLICATIONS

25, Brige Sovel

‘Bump contour contribution (2-D)

U s 0 T s,/‘\”u )
X X

\—ﬂu(x)/

1.
/\ HFP or HPV
1m(x)—gu(x)
- L0\ M se— %
o X o X

1 — <
W
BEM 4-Taiwan, 2013 _ 1 2
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Contruc mesting
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‘Bump contour contribution (3-D)
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density ?
T}a/ylor)
expansion
(Kisu, 1988)

CPV (Cauchy)
1 2 1
:[%dx =:[§dx+'s[§dx

O
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‘ Who is responsible for the discontinuity of the
double-layer potential ? (boundary, kernel or

Gauss’ theorem [VU-ndB = [ v2UdD :{
) 2

ue) :“(X)*%‘szx(s"’“”%‘ﬁ(s’ %)= p0) =U() VU (x, )AD(S)

27,xeD'
0, xeD*®

T(xs) = T'(x,5), x<s
s T4(X,8),Xx>s

=

BEM 4-Taiwan, 2013

Singular and hypersingular integrals

Conventional approach (bump contour, CPV and HPV)

i
G el

Null-field BIEM (degenerate kernel)

BEM 4-Taiwan, 2013
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éingular and hypersingular integrals

Conventional approach (bump contour, CPV and HPV)
T

S
&
2D EEIZB:@

Null-field BIEM (degenerate kernel)
S

2D

begenerate kernel (Laplace 2D for a circle

Expand fundamental solution by using degenerate kernel

U'(s,x)=24,()B8 (x), x|,
U(s,x) =

U‘(s,x}:iﬂ_.(.ﬂﬂ_(a), x| > s,
0

U'(R,6; p,¢) = %[In R —Z—[gjm cosm(8—¢):|, R>

1
U0 "
s,X) = .
U’(R,B:p.qﬁ):%{lnp—i%[%) cosm(&—qﬁ)}, R<

BEM 4-Taiwan, 2013
21:11March 20, 2013 P49

BEM 4-Taiwan, 2013
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‘ Key point-Addition theorem (degenerate kernel)

Addition theorem
Degenerate kernel

p e/ =g e/
U Gs.x) = %F‘(X)G‘(S)’ o2k S sin(a+B)=sinacos B +cosasin B
SFE)G (X, £<& cos(a + ff) =cosa cos f—sinasin
i a=b+r
Jo(klal) =Js(k|b+r])
: 0 = 3 (23, KIB DI, k] pen)

- (- e _ &
X e*F — g« _gagh =

= e’
....................... g F=d-b=c—d
o - . .
i 23— Tk |7 =Tk é—d )= T, (k| & +(~d)])
o, = b i
Objectivity = 3 T,k IE DI k1 e S

i

BEM 4-Taiwan, 2013
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PSS E— Subtraction theorem (Two-point function)

‘Boundary integral equation and
null-field boundary integral equation (3D)

Exterior case

Interior case

X® e U (s, x) = ikh{? (kr)
X T(s,x)= 8Ua(; x)
2 Y ey
)= on,

|47ru(x) = [TG0u()dBE) - [0 6 DE)BE), x<D UB |
27u(x) = C.PY RS4RI raR )i (§ FOIERYB (U1 {8 B
| 0= [T Y(E)B(E) - [(OE NE)BE), x<DF B |

Degenerate (separable) form of
fundamental solution (Laplace 1D)

if}ub@,ts]. L=t
i

Uis, x) == |
S F(5)G,(x), s> x T(s.x)
U(s, X) =
- o -
o S an, — ~ =
" continuous jump
1 1(><—s),><zs —%,xzs
U(s,x):jx—s\: i T(s,X) T
E(s—x),x<s 7 X<S
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Null-field BIEM
Px) = [ K (5.0 wls)dB(s)
Degenerate kemel Fundamental solution
Ele Y 468 (. |{<kH —iHP ey

4
i |5 = el

K55 3)m E
=0

| No principal value | | CPV and HPV |
Advantages of present approach
1. Mesh-free generation
2. Well-posed model

. Principal value free

. Elimination of boundary-layer effect

. Exponential convergence

BEM 4-Taiwan, 2013
21:11March 20, 2013 P.54
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Null-field BIEM since 2003 by NTOU/MSV

(Navier Equation) (Laplace Equa(iun\ ( Helmholtz Equation ) (Biharrnonic Equation) (BiHelmholtz Equation

2010
2008
JoM 1INME
Stokes flow 2008
Plate ‘CM
- . .
¥
JoM 2009
2010

CMC & MRC
2006
ASME-JAM

N
O :

2007 ASME-JAM

Flexural wave

_,\

Plate

Only circular boundariesO
L

BEM 4-Taiwan, 2013
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Magneto-electro-elasticity (remote shears, far-field electric
fields, far-field magnetic fields)

Multiple circular inclusions Multiple elliptical inclusions 72y = 0

. . I

— AL EESY

= @) ¥ E O -(mechanics
:: ; " - " :‘j i = V=0
O O

RRRRARERRRI

Chen & Lee, in preparation 2013

il

i f[ IITTTT (electronics
Chen & Lee, in preparation 2013
ek vep=0
magneticy

hysics of Fluid

\Extensmn to elllptlcal boundary (2D)D

2013 revision

ASM-JVA 2011 1SS 2011 _AP An. 2
:

CMZOlO e e R

Free vibration i

AT

Elliptical bar — YieeetvTT 2002 _I_Watel’dwavtzi
Wave gmde ) rapped mode
Composites B 2013 GJI 2012 EABE 2013 revision
i
@
£

Formulation for the harbor-resonance problem

Governing equation:
(V2 +Kk*)u(x, %) =0, (x,%)eD
Dispersion relationship: {
PELSIOn, . X
ktanhkh =< 1
Incident wave: \
u' (%, %,) =
Reflected wave:
U (X %,) = Ut (=%, %)
Amplification factor:
M= ‘A u (%, %,

/" Region|

|k(xﬁcosl9m+xzs|n ine )

BC on the wall of the harbor :

au(x,%,)
on

=0, (%) €B"

BC along the coastline :
(X %)
an

‘A(u'+u”]e =0, (x,%)eB°

BEM 4-Taiwan, 2013
21:11March 20, 2013
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Anti-plane problems with remote shears (elasticity)
Mulliple circular inclusions Multiple eIIipticaI inclusions

E ﬂ @ @ @& @
C§ o
. @ e
" (mechanics
Chen & Wu, JAM 2007

Lee & Chen, Composites-B 2013
Chen & Kao, IINME 2008 (RMM)

Piezoelectricity (remote shears and far-field electric fields-electricity)
Multiple circular inclusions Multiple elliptical inclusions —J Jj

Viw=0

ot ® ®@5®

ssssssssne e

@' 8 8 @ V2w =0
; &> (mechanics
O@ . V- 3§

75 'ITITTTITT F(electronics)

Chen & Wu, EABE 2006
Chen, Chen & Kao, CMC 2009 (RMM)

LLbbLEE)

Lee & Chen, Submitted 2013

Subdomain approach of a circular harbor

(a) Lee’s model, JFM,1971

(b) Wu's model, 2010

BEM 4-Taiwan, 2013
21:11March 20, 2013
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‘ Decomposition of the harbor-resonance problem

. Region Il

‘ Analog between the harbor resonance
and the hill scattering

arbor reso scattering

Medium Water Soll
Assumptio Constant water depth Homogeneous soil
n
T Linearized water wavetheory
———— Inviscid, Incompres| = Linear elastic =3 ’
(deal flow) | Physics
- S S
Wave type Gravity wave SH wave
Governing (V2 +K*)u(x)=0 (V2 +K*)u(x)=0
equation Mathematics }
Neumann Neumann
Boundary . i Traction-f
Condition HTPErmeanie . L sots rmacuor
aupdharber wall and coa8tii)' ™ (ground e) pes

Response curve of the circular harbor with a 60°

opening at the center of harbor

Amatcaionfacor .

SO . S

e

Present method (2010) J.J. Lee, JFM (1971)

BEM 4-Taiwan, 2013
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Displacement amplitudes versus x/a

0, =0 and ka=r

inc.

Wa=10,n=10

lul 1 i

T
x;a

Present method (2010)

Shyu et al., 2009

T
I

Tsaur and Chang, GJI, 2009

BEM 4-Taiwan, 2013
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Response curve of the circular harbor with a 60

opening at a location of T, =07, 6, =135°

Present method (2010) J.J. Lee, JFM (1971)

BEM 4-Taiwan, 2013
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Displacement amplitudes versus x/a

T
P Y I

; T B T
0,. =0 and ka=0.57 and27

Present method (2010), Shyu, 2009
9, =0 and ka=37

in

: x/a °
21:11March 20, 2013
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Harbor resonance Hill scattering

Different physics problems, but is the same mathematical model

BEM 4-Taiwan, 2013
21:11March 20, 2013

\ Applications of the null-field BIEM to
Geomechanics by NTOU/MSV

®SDEE 2008 e T

alluvial valley

OSDEE 2011

semi-circular hill

oGJl 2012
semi-elliptical hill

eUnpublished 2013 ("
concave and convex el
elliptic-arc topography

21:11March 20, 2013

History of focusing effect
(earthquake)

1963 Skopje earthquake

1967 Venezuela earthquake
1994 Northridge earthquake
1995 Kobe earthquake

2000 Dawvis et al., Science

BEM 4-Taiwan, 2013
21:11March 20, 2013
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\ Conclusions

Part |

= Overview of BEM development in Taiwan
Part 11

= Dual BEM in Taiwan (1984-2002)

Part I11

= Null field BIEM (2003-2013)

BEM 4-Taiwan, 2013
21:11March 20, 2013

Focusing effects
Harbor. resonance Hill scattering
(Ejrawty wave) (SH-wave)

. — ‘:Z
circular —_— @ - - |
T I I I E

EABE 2013 revision I

SDEE 2011

s f \ i
elliptical
- et o it
Joint International Workshop on Trefftz Method V1
hethos of F ol Solutions . 2033 GJ1 2012

BEM 4-Taiwan, 2013
21:11March 20, 2013
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‘The end (B3E 2 8
Thanks for your kind attentions
Welcome to visit the web site of MSVLAB/NTOU

http://msvlab.hre.ntou.edu.tw/

_azssehry;, WEARLG
Bysz52 BaEy 2
.."'l

Chcean Lisiversiay . &

£ -

BEM 4-Taiwan, 2013
21:11March 20, 2013
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Abstract

In practice, a complete 3D BEM analysis for
engineering problems usually requires millions of
computations of the fundamental solutions. While the
fundamental solutions for both 2D and 3D isotropic
elasticity and those for 2D anisotropic elasticity have
been well established, relatively slow progress has
been made for the corresponding fundamental
solutions of 3D anisotropic elasticity. This is mainly
due to the lack of very explicit closed forms for
expressing them.
3D

anisotropic bodies were firstly derived in a seminal

The associated Green’s functions for

paper by Lifschitz and Rosenzweig in 1947 [1]. It was
expressed as a line integral around a unit circle with
the integrand containing the Christoffel matrix defined
then,

reformulations of the Green’s functions into simpler

in terms of elastic constants. Since
analytical forms have been a focus of lots of
researches in the past (see, e.g. Synge [2], Barnett [3],
Ting and Lee [4], Nakamura and Tanuma [5], Wang
[6], Sales and Gray [7], Pan and Yuan [8], Tonon et al.
[9], Lee [10], Phan et al. [11], and Wang and Denda
[12]). Instead of directly calculating the Green’s
functions, Wilson and Cruse [13] interpolated a
database of the fundamental solutions generated in

advance for a given material based on the solution of

Boundary Element Method, BEM, Green’s function, 3D generally anisotropic bodies

their BEM

calculations. However, the difficulty may arise that,

Lifschitz and Rozentsweig [1] in

for highly anisotropic materials, a large number of
pre-calculated points are required to attain accuracy.
For avoiding such pre-calculations, the best strategy
would be to compute the fundamental solutions
directly at the exact positions of all involved field
points. For this, Sales and Gray [7] employed the
calculus of residues to transform the integrand of the
line integral for the Green’s function into a rational
function. However, the main concern of the
Sales—Gray algorithm lied in its numerical instability
This

was, however, overcome by an extension of the work

when multiple poles of the residue are present.

by Phan et al [11], employing the Radon transform
along with the calculus of residues. Wang [6] derived
an explicit algebraic expression for the displacement
Green’s function which involved contour integration
over a rectangular parallelepiped and presented a
strategy for determining its derivatives. Following
this work, Tonon et al. [9] implemented the
formulations in a BEM analysis, where distinct roots
of the sextic equation were assumed. In the recent
work by Wang and Denda [12], the Green’s function
for displacements in their BEM implementation was

expressed in terms of a contour integral over a
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semi-circle, whose analytical solution was obtained
over triangular boundary elements with a piecewise
linear interpolation function. As compared with the
formulation presented by Wang [6], a relatively
simpler explicit form for the 3D anisotropic Green’s
function was presented by Ting and Lee [4]. The
closed-form solution is expressed primarily in terms
of Stroh’s eigenvalues and remains valid for repeated
eigenvalues. By following the Fourier integral
solutions developed by Barnett [3] and using the
Cauchy residues theorem, Lee [10] further derived the
explicit expressions for the derivatives of the 3D
anisotropic Green’s function in a high-order-tensor
form. By extending the work of Ting and Lee [4],
Lee [14] further derived the algebraic forms for the
first-order derivatives, expressed in the spherical
coordinates; however, no explicit expressions for the
2" order derivatives were presented. Very recently,
their algebraic expressions for the 2™ order
derivatives were derived by Shiah and Tan [15] by
following the same approach of Lee [14] and
implemented in their BEM analysis of stresses inside
anisotropic bodies.

Although the formulations derived by Lee [14]
as well as those by Shiah and Tan [15] are remarkable
for both accuracy and efficiency, great programming
efforts will be involved due to their tedious algebraic
forms. For improving the computational efficiency
and conciseness of the formulations, Shiah et al. [16]
used a double Fourier series, based on the
formulations given by Ting and Lee [4], to represent
the 3D anisotropic Green’s function for displacements
in terms of the spherical coordinates. Also, by directly
taking differentiations, derivatives of the Green’s
function up to the 2"-order were presented. The
formulations presented by Shiah et al. [16] are fully
explicit and extraordinarily concise in form. The
present work is to apply their revised formulations to

study the stress concentrations in 3D anisotropic

bodies by a few numerical examples. Also, for
verifications, the results are compared with the finite

element analyses by ANSYS.
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INTRODUCTION

The Boundary Element Method (BEM)

® particularly well-suited for investigating stress
concentrations in linear elastic mechanics

® well developed for isotropy and 2D anisotropy

® for 3D anisotropic elasticity, the developments
are relatively limited in number

» Main reasons: time consuming and
expensive to evaluate the non-explicit forms
of the fundamental solutions.

The Boundary Integral Equation (BIE)

For displacements at interior point p:

U, (p) +[fL 4 (Q)T; (P, QS = [ (U, (p.Q)S

For displacement derivatives/strains at

U (P) +(f U, QT3 (P.Q)ES = [ 1, QU (p.Q)S

Stresses

O-ij = Cijmn (um,n +un.m)/2

OUTLINE OF PRESENTATION

e Introduction

* The BIE & Green’s functions

¢ Derivatives of the fundamental solutions
* Fourier series representations

e Examples

» Conclusions

INTRODUCTION (contd.)

+» Fracture mechanics studies in 3D anisotropic
elasticity using BEM include:

* V.Sladek and J. Sladek (1982)*

* E.Pan and F. G.Yuan (2000)

* J.Rungamornrat (2006)

* J.Rungamornrat and M.E. Mear (2008)

* A.Saez, M. P Ariza and ). Dominguez (1997)**
» C.S.Chen, C.H. Chen and E. Pan (2009)**

*No numerical implementation

o
¥ Transverse isotropy

Fundamental Solutions (contd)

o Lifschitz and Rosenzweig (1947): line integral around a
unit circle

» Continuing works:
Synge (1957), Barnett (1972), Ting and Lee (1997),
Nakamura and Tanuma (1997), Sales and Gray (1998),
Wilson and Cruse (1978), Pan and Yuan (2000),
Tonon et al. (2001), Lee (2003),
Phan et al. (2004), Wang (2007),
Wang and Denda (2007), Lee (2009),
Shiah and Tan (2011)



Fundamental Solutions (contd)

@the challenge - improve on its explicitness;
efficiency of numerical evaluation

@ This talk presents an alternative means to
compute the Green’s function and its
derivatives.

< Green’s functions employed:

®Solution by Ting &Lee (1997) - for displacements
U;

® Construct the fundamental solutions, including
Uiy Ujjm » Ujjmn by the Fourier series

Fundamental Solutions (contd)
Introducing:

Q=Q,=Cy.n;n;, R=R,=Cy,n;m,, T =T, =Cy,m;m,

ijks 11 Ms o

I(p)=Q+p(R+R")+p’T x
1 4
V00=Us= g M = \T\ an %
sourceg”
- f' with components, f'"), is the adjoint of T X1

q, are algebraic functions of p,, the Stroh’s
eigenvalues

Fundamental Solutions (contd)

m(x)=H[x]/47rr ; H[x]:i iqnﬁ") \

‘T‘ n=0
) _ () () el
FIJ 7. lﬂ(l+l)(j+1)(|+2)(J+2) 7r(|+1)(]+2)(|+2)(]+1)’ (I' J » 1’ 2’ 3)
T =T

pars pg 'rs?

I =v T +T V

pars pg'rs  'pgYrs?

pq rs Qrs + Trs qu i3 quvrs !
1—‘pqrs Qrs +Vrstqr

\H-ae, J

FUNDAMENTAL SOLUTIONS

1 por__
Uy =g I, 2 k@) dy where Z=2Z,, (K) =Cykjk,

field point: x (X, X,, X;)

[n, m, x/r] => right-handed triad
n = (cos ¢ cos b, cosgsin b, —sin @),
m = (-siné, cos g, 0),

y=x/r

Fundamental Solutions (contd)

by Ting, T.C.T.; Lee,V.G. (1997)

4
UX)=H[X]/ 471 H[x]:\_ll'_‘ 3 q,F
n=0

3
R A B & Al ookl S0,
Zﬂlﬂzﬂg{ e{z (pr- pm)(pt-mz)} } 44

2= =
qn= 1 Re p: p1+1p\+2 fOr n= 3’4’
2B.5:5; C

Mm

(pt'pm )(p( 'ﬁuz )

I
s

Al

Fundamental Solutions (contd)

/

~

(PP (P-P,)°(P— P

1
Uij‘l A7%r? [ 43 yl pqrs (ysM iprj + quSHPrj )]
L
@; —20 N
_2xi 3 ijamn (P¢) iamn ( p‘)x( o s phzj
ijkimn
J ‘T‘Z = (p[ ey pt+1)2 ( Py = Priz )Z
B.(p)I(p)T

(Duklmn (p)= 0 (P) L' (P) L' (P)

Bij(p):n,nj+(n,mj+minj)p+m,mip2 /




Fundamental Solutions (contd)

/ 27y, Y. Hj \

=2C e (Yo YsM oy + Yo YoM iy + Yo YsM i)

" il YsYi ( mnghigkprj T Nmnthpvgk))
ij,mn r— 2.3
Az’r +YsYn Nmnqllgkpr] mnqllprgk]

( )

+C ..C

G ity yq Y, ( N hmnsriigkp T hmnslprklj )
( )

+YqYn Nlmnsrjlgkp Imnslprgk]

Kyl:sin(pcosa,yzzsin(psina,yS:cosw /

Fourier series representation

® Gaussian quadrature:

k k

/%(vm‘"’:%zzwp ( w (775(:)'”9&)

p=1g=1
® |ntegrand

fuglm,n) (9’ ¢) — Huv (0’ ¢) e—i(mﬁ+n¢)

1st Order Derivatives

U _au.j or +6Uij 66+6Uij 6¢
i =
or o 00 ox  0p o,

i z o {—cos@(siw—i n cos¢)} forl-1

-imsin@/sing

U =t i im‘ﬂ)e,(mmm{—sinﬁ(sin¢—incos¢)} -

+imcosé/sing

i i Ame [ (cosg+insing)] forl=3

Fourier series representation

u(r,0,¢)= H[g ¢]

H(B, ) periodic with an interval width 21
for both spherical angles; i.e.

Hw(e, ¢+27r)= HW(H, ¢)
Represent H(6, @) by double Fourier series

» @)= Y 3 A8 €™, (1,v=1,2,3)

m=—o n=—mn

L e

Fourier series representation

Green’s function is thus written as:

9¢ 4rZZlmn)lm0+n¢

m=-a n=-a

o Coefficients 1™ need to be evaluated ONCE
only for a given material (independent of the no. of
field points).

* Typical values: o = 16;k = 60 for highly anisotropic
materials.

2nd Order Derivatives

6Uij,| or anjJ 00 anj,I o¢
ik = T U A e Bh Bon
or Ox, 060 0Ox, Op OX,

Zsin¢c059[cose(sin¢—i ncos¢) J

+imsin@/sing
(sin@—imcos)(sing—incosg)
-im(cos@+imsing)/sing

B Dsg[(cos:;ﬂ insing) J

+in(sing—incosg)

e.g.

'l n=

rt

i Z (mn)ewmw sing
sm¢

+C0s¢cosé

+imsing(cosg—insing )/sin’ ¢




Examples: Nb crystal cylinder

Consider a/R=0.4, 0.5

H=2R

C*,,= 246 GPa; C*,,= 134 GPa;
C*,,= 28.7 GPa.

Material axes rotated CCW with respect to
X1, X; and X3, by 150, 30° and 45°,
respectively

21876
15352
wn
00
040
721

15352
209.89
150.59
221
0.96
-0.18

Determination of SIF’s

> Use of special crack front elements

14172
15059
221.69
12.22
-1.36
-1.04

-10.01 040
221 0.9

1222 -1.36

4529 -7.04
-1.04 3642
0.96 -10.01

» Shape functions with the appropriate near field
variations

> Work in 3D isotropy and transverse isotropy:
e.g. - M.L. Luigi and S. Rizutti (1987)

EXAMPLES

- S.B. Liu and C.L. Tan (1995)
- A. Saez, MP. Ariza and J. Dominguez (1997)

721
-0.18
-1.04
0.96
-10.01
48.22

¢ Example I: Penny shaped crack in a transversely
isotropic infinite medium (Graphite epoxy: C;,=13.92 MPa,
C1,=6.92 MPa, C,;=6.44 MPa, C;,=160.7 MPa, C,,=7.07 MPa)

X3

\<xz
Xl

216 elements, 604 nodes

Examples: Nb crystal cylinder

S= Juf +ul+u? (1109 atr/R=0.75

[ — a/R=0.4 a/R=0.5

0 FEM BEM |[% Diff.|| FEM BEM | |% Diff.|
0° | 0.1104 | 0.1078 2.39 0.1240 | 0.1213 2.15
450 | 0.1236 | 0.1209 2.16 0.1390 | 0.1363 191
90° | 0.1362 | 0.1335 1.99 0.1529 | 0.1502 174
135° | 0.1381 | 0.1351 215 0.1562 | 0.1531 2.01
180° | 0.1203 | 0.1175 2.30 0.1349 | 0.1322 2.03
225° | 0.1040 | 0.1011 2.80 0.1161 | 0.1131 2.58
270°| 0.1033 | 0.1003 2,91 0.1167 | 0.1133 2.92

8 elements with 228 nodes

Determination of SIF’s (contd.)

® Traction formula: i Sisptacemnt
element on crack faces

(K =) 7l
(K )a :(t:)A\/H
(KIII)A :(t;)A‘/H ‘

traction singular
element

Example |: Results

Analytical solution: Case (1) - For remote tension 03;= 0, in isotropy
and tranverse isotropy,
K, /o,\za = 0.637

BEM Solution: K, /g,n/7a = 0.633 (isotropy); 0.638 (trans. isotropy).
Analytical solution: Case (2) - For remote shear 0,;=7, at the top and
bottom faces,

Isotropy: K, /7,«[7a = 0.7490sin6, K, /z,\[ra =05243c0s6 ]
Transverse isotropy: [K, /Tu‘\/ﬁ =0.8115sin6, K, /TUJE =0.4617c0s6]



Example | (contd.)

Case 2:

Angle

0 deg. Ky Ki Ky Ki

) 0 05190 ) 0.4555

(0.5243) (0.4617)

30 0.3734 0.4494 0.4053 0.3943
(0.3745) | (0.4540) | ().4057) (0.3999)

60 0.6467 0.2594 0.7016 0.2280
(0.6486) | (02621) | (0.7028) | (0.2309)

90 0.7471 0 0.8102 0
(0.7490) (0.8115)

K, =K, Ir,Jma, K =K, Ir,\N7a

Example 2 (contd)

lk‘-{\__‘
07 \\K
ER .
T 06 ~——g,
£ T——n
5 o5
B
E 04 - BEM ANSYS
= K e
& 03 A
g K 4
E
£ 0 K o
@
& 01+
B - -
00 PRSBPRPRERE: S Emmal
D}D 228 450 57!5 Sﬂlﬂ
8 (degrees)

" > 3 S
10 48 46 94 0z G 02 40 46 48 i 0 02 06 06 48 1

Niobium Alumina

Example 2: Cylindrical bar (Zn crystal) with a penny
shaped crack under remote tension; material axes
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CONCLUSIONS

® The Fourier series forms of the fundamental o2
solutions for 3D anisotropic bodies are very
explicit in form and efficient in computation.
® Programming of the formulations requires very
minor efforts. THANKYOU!
® Implementation in the BEM makes this method
more advantageous in practical applications.

Thank you for your interest!
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Analysis of Rock Fracture Mechanics Using the BEM
Chao-Shi Chen”

*chencs@mail.ncku.edu.tw, Department of Resources Engineering,

National Cheng Kung University, Tainan 70101, Taiwan

This paper introduced a numerical technique based on the boundary element method (BEM)

for the analysis of linear elastic fracture mechanics (LEFM) problems on stress intensity factor, SIF,

and modeling crack propagation path involving anisotropic rocks. The most important feature of

this analysis is that it is a single domain method, and yet it is very accurate, efficient and versatile,

i.e. material properties in the medium can be anisotropic as well as isotropic. Problem domain can

be finite, infinite or semi-infinite. The crack can be of multiple, branched or internal type with a

straight shape. Furthermore, cases of the fracture toughness and bi-materials can also be analyzed.

Key words:

propagation, anisotropic rock.

1 Introduction

Defects are commonly originated from the free
surface. They are inherent to the structural materials or
are developed during manufacturing and fabrication.
Thus, study of surface cracks is fundamental to fracture
analysis of the involved structure. Regardless of how a
surface crack is initiated or introduced in a component,
accurate prediction of the fracture conditions is very
important in solid mechanics. There are 3 basic modes of
crack tip deformation in the fracture process: mode I
(tension, opening), mode II (in-plane shear, sliding), and
mode III (out-of-plane shear, tearing), which presents the
displacements of the crack surfaces of a local element
containing the crack tip. Any deformation of the crack
surface can be obtained from superposition of these basic
deformation modes. Cracks within the earth crust may be
either shear fractures of the type or tension fractures.
Tension fractures are opening mode cracks. Shear
fractures are more complicated and often form as a
mixed mode crack. Mixed mode cracking means that 2
or 3 of the above modes are active during failure.
Commonly opening mode failure is combined with one

of the other two modes. The fracture mechanical safety

Stress intensity factor, SIF, single-domain Boundary Element Method, BEM, crack

of a solid elastic structure can be designed depended on
these SIFs [1]. Therefore, evaluation of SIFs along the
crack tip in linear elastic fracture mechanics has been
considerably investigated. However, accurate calculation
of SIFs for crack surface is still an important
computational issue in fracture mechanics.

Whittaker et al. [2] classified the experimental
sample types to determine the SIFs, and concluded the
following various methods to determine the SIF: (i)
analytical methods (i.e. complex stress function, weight
function, stress concentration, integral transformation),
finite

(i) numerical methods (i.e. finite element,

difference, finite volume, boundary element, boundary
(iii)

photo-elastic, compliance, acoustic emission), and (iv)

collocation), experimental  methods  (i.e.

estimative methods (i.e. superposition). Numerical

techniques in fracture mechanics have become
indispensable tools for solving all kinds of science and
engineering problems. The evaluation of the SIFs may
have direct practical applications in obtaining the safety
factor of the elastic structures in engineering design. Due
to the varied engineering conditions in this research area,

it is imperative to develop new numerical methods or to
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explore alternative techniques for the purpose of solving
the complicated problems and to improve the efficiency
and accuracy of existing or new numerical methods.
Recently, the two most popular techniques in
computational continuum mechanics, namely finite
element method (FEM) and boundary element method
(BEM), are used in the analysis of stress of strain for
practical engineering problems. The BEM is firmly
established in many engineering disciplines as an
effective alternative computational tool the FEM. The
BEM has proven to be a powerful numerical technique
that has some advantages over the domain-based method
such as finite element method. The BEM is a numerical
computational method of solving linear partial
differential equations which have been formulated as
integral equations. It can be applied in many areas of
engineering and science including fluid mechanics,
acoustics, electromagnetics, plasticity, and fracture
mechanics. The BEM is used in the fracture analysis of
structures and rocks, because of the complex shape and
continuously changing path of the propagating crack.
The main attraction of BEM is reduction in the
dimensionality of the problem: for two-dimensional
problems, only the line boundary of the domain needs to
be discretized into elements. The simpler modeling of the
body means that regions of high stress concentration can
be modeled

in more detail as necessary high

concentration of elements is confined to one less
dimension. Another important feature of the boundary
element formulation is that it provides a continuous
modeling of the interior since no discretization of the
interior is required; this leads to a high resolution of
internal stresses and displacements.

The critical value of the SIFs is defined as the
fracture toughness when the crack propagation initiates.
In addition, the fracture toughness can be defined as a
measure of the ability of a material to resist the growth of

a preexisting crack under stress. Thus, rock fracture

toughness is the most fundamental parameter in fracture

mechanics, and can be obtained by experimental
procedures if the SIFs are known for a given body under
a certain type and magnitude of loading. In the laboratory,
there are many testing methods suggested by the
International Society for Rock Mechanics (ISRM) for
determining the mode I fracture toughness of isotropic
rocks, such as chevron bend (CB) specimen method,
short rod (SR) specimen method, cracked chevron
notched Brazilian disk (CCNBD) method, and cracked
straight through Brazilian disk (CSTBD) method
(Ouchterlony, 1988). Disadvantages of these methods
include complicated loading fixtures, complex sample
preparation, limitations due to the isotropic behavior of
rocks, and limited only to mode I conditions. Recently,
most investigations in linear elastic fracture mechanics
have focused on fracture toughness determination for
mixed-mode. In engineering, we often need to consider
the problems of mixed-mode crack. However, no
suggested method has been accepted as the standard by
the ISRM, even though a broad range of testing methods
has been used to evaluate the fracture toughness
parameters under mixed-mode loading. The fracture of
brittle materials occurs at a shear stress approximately
equal to the tensile fracture stress. Hence, it is important
from an engineering point of view to study the combined
mode I or mixed-mode as appeared in [3-9]. Therefore
fracture  becomes

consideration of mixed-mode

significant and necessary in fracture mechanics
investigation.

The boundary element method (BEM) has gotten
extensive application to engineering because of reduced
order, discretization error only on the boundary and low
computational complexity. For plane problem, using the
source point serving as origin, the tangent and normal
direction of integral element to establish local coordinate
system, analytical solutions are obtained for all integrals
of linear element. Therefore, analytical solutions for the
variables in the region calculated can be acquired; and it

guarantees the accuracy and continuity of the variables
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of region near the border. This study concentrates on the

development of the single-domain BEM using the
FORTRAN programming language, which is then
applied to anisotropic rock of fracture mechanics
problems.

2 Methodology

2.1 Single-domain Boundary Integral Equation

The traditional displacement boundary integral
equation for linear elasticity can be expressed as

Cy(spu;(s)+ J; Tz, 8 )u;(z,)dl (z,) 6))

= jr U, (z0,5)t,(z)dT(z,)

where i, j, k=1, 2; T; and U; are the Green’s
functions of traction and displacement; u; and ¢ are the
boundary displacements and tractions; C; are quantities
that depend on the geometry of the boundary and are
equal to J;/2 for a smooth boundary; z;, and s, are the
field and source points on the boundary I' of the domain.

Discretization of Equation (1) gives a linear system
of algebraic equations, which can be solved for the
unknown displacements u; and tractions # on the
boundary. However, for a cracked elastic medium,
Equation (1) is not sufficient for solving all the
unknowns along the outer boundary of the problem as
well as along the two sides of the crack surfaces because
of the geometric singularity associated with the crack
surface.

In the single-domain BEM formulation of Pan [10]
for cracked anisotropic media, the displacement integral
equation is collocated only on the outer boundary and the
traction integral equation only on one side of crack
surface. The displacement integral equation applied to
the outer boundary results in the following form (s;, 5 €[5

only, Figure 1)
Cy(spp)+u,(s, 5)+ -[FE T(z, 55 8.5)4,(2, )AL (2, )
TGl (2 c) — (2 T ()

=J UyGinsin)ty ep)dl ()

2

where I'c has the same outward normal as I'c;. Here,

the subscripts B and C denote the outer boundary and the

crack surface, respectively.
The traction integral equation (for sk being a
smooth point on the crack) applied to one side of the

crack surface is (s ¢ €l ¢+ only)
0-511 (Sk,C) +n, (Sk,(T)J.r CImiI(Tij,k (S4co ZrB )”,'(Zk,ﬁ )dl'(z, )

(50 T (02 (21 0) =1, (2 T (2 )

=n, (sk,C)L_B szikprk X(ScoZip )t,' (2,5)dT(z, )

(€)

where C;,,; is the 4th-order stiffness tensor; #,, is the unit
outward normal to the contour path; the gradient tensors

T;x and Uy denote differentiation with respect to sy .

Counterclockwise to '

build the domain,

Material (1 ]I

Material (2)

'y Displacement equation
I'c Traction equation
—— Assumed for bi-material case

Figure 1 Geometry of a two-dimensional cracked domain.
The internal stresses a(z;) are determined by the equation

(4) and following expression
0, (2,)+ J:.B Chix T\ (SkcrZin )u, (2,5)dT(z; )

+ J].( CoisTi s i Zk,(‘)[u/(zk,(?+) —u, (Zk,cu)]dr(zk.(:)

= J-l"s ClmikUy"k (SpcrZis )tjdr(zk,B)

“)

For given solutions (related to the body force of
gravity, rotational forces, and the far-field stresses), the
boundary integral equations (2) and (3) can be
discretized and solved numerically for the unknown
boundary displacements (or displacement discontinuities
on the cracked surface) and tractions. In solving these
equations, the hyper-singular integral term in (3) can be
handled using an accurate and efficient Gauss quadrature
formula, which is similar to the traditional weighted
Gauss quadrature but has a different weight [11].

Previously, fracture mechanics problems in
isotropic or anisotropic case (or bi-materials case) were

mostly handled by the multiple-domain BEM in which
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each side of the crack surface is put into different
domains and artificial boundaries are introduced to
connect the crack surface to the un-cracked boundary
(shown in Figure 2). For the bi-material case,
discretization along the interface is also required if one
uses the Kelvin-type (infinite domain) Green’s functions.
But we present a single-domain BEM formulation in
which neither the artificial boundary nor the
discretization along the un-cracked interface is necessary

(as shown in Figurel).

l—‘i nterface

~TTTT]

Figure 2 Geometry of a 2-D cracked domain
(multiple-domain BEM).

2.2 Calculation of Stress Intensity Factors

The mixed mode stress intensity factors (SIFs) for
anisotropic media can be determined by using the
extrapolation method of the relative crack opening
displacement (COD), combined with a set of the shape
functions. The relative COD is defined as [10]

3
Au, =" ¢.Auf (5)
k=1

where the subscript i denotes COD component and
the superscript k (1,2,3) denotes the CODs at nodes
&= —E,O,E, respectively. The shape functions f; are

those introduced by [10]
f =22 B+ 1[5 - 8¢+ 1) + 3G+ 1)
f, =T+ 1[-5+18¢+ 1) +9E+ 1D (6)
f =22 EH A1 — 4G+ 1) +3(E+ 1))

For this case, the relation of the CODs at a distance

r behind the crack-tip and the SIFs can be found as [10,
12, 13]

2
Auy = 2\/% (Hy1 Ky + Hy2Kyp)

- (7
r
Au, = 2\/; (Hz; Ky + HpoKyp)
where
_ H2P11—1oP12 | — P11-P13
Hn N Il’l’l( H1—H2 )' le Im( H1—H2 ) (8)
_ H2P21—12P22Y | — P21—-P3;
H21 - Im( H1—H2 )’ sz Im( H1—H2 )

Substituting the CODs into the equation (5) and
equation (7), we obtain a set of algebraic equations
which the SIFs KI and KII can be solved. A sign
convention for the corresponding SIFs is shown in
Figure 3. Using the relative COD, the sign of SIFs can

then be determined.

Crack tip Crack tip

Mode | (opening mode) Mode 11 (sliding mode)

Ki=0 Ky=0

Figure 3 Sign convention used for determining SIFs in
mode I and mode II.

2.3 Calculation of Fracture Toughness

In this paper, we consider a thin circular disc of
radius R and thickness t with a central crack of length 2a,
loaded by a pair of concentrated and diametral
compressive loads W (Figure 4), the normalized SIFs

defined as F; and Fy; are equal to

Fi=Ky/Ko; Fii=Ki/Ko (9)
w
KO = E ma (10)

where K; and Kj; are the SIFs of mode I and II.
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Figure 4 Geometry of cracked Brazilian disc

Substituting the normalized SIFs (F;, Fy) at the
crack tip into Equation (9), we get the critical values of
SIFs (Kic, Kyc) which are defined as the Fracture
Toughness.

In fracture mechanics, there are three criteria
commonly used to predict the crack initiation angle: the
maximum tensile stress criterion, or o-criterion [14]; the
maximum energy release rate criterion, or G-criterion [15]
and the minimum strain energy density criterion, or
S-criterion [16]. Among them, the o-criterion has been
found to predict well the directions of crack initiation
compared to the experimental results for
polymethylmethacrylate [17, 18] and brittle clay [19].
Because of its simplicity, the o-criterion seems to be the
most popular criterion in mixed mode I-II fracture
studies [2]. Therefore, the o-criterion was used in this
paper to determine the crack initiation angle for
anisotropic plates to predict the crack propagation.

For anisotropic materials, the general form of the
elastic stress field near the crack tip in the local Cartesian
coordinates x” —y" in Figure 5 can be expressed in

terms of the two stress intensity factors K; and Kj; as

follows [12]

Tl

—_— |
e

Crack tip

Figure 5 Crack tip coordinate system and stress

components.
Ky
Oy = Re

e ( Mo
2mr

M1 — K2\ /cos B + p, sin O

_$]
4/ €cosB + p,sin®

+ K1 1 % _ ui
2mr H1—Hz \\/cosO+p,sin®  \/cos@+u;sin@

_ _Ki 1 H1 Mo
O,/ = e — — =
y 2mr pi—pp \/cosO+u,sin®  \/cosO+p;sin@

+ Ki1 1 1 _ 1
2mr H1—Hz \\/cosO+p,sin®  \/cos@+u;sin@

K q 1 1 1
T 1 11 = ! 12 bl
Xy V2mr p1—Hz \/cosO+p;sin®  \/cosO+p,sin@

Ki1 1 15 _ n2
+v2nr Re [ul—uz <\/C059+u1 sin®  /cosO+p, sine)] an

Using coordinate transformation, the stress fields
near the crack tip in the polar coordinates (r, 0) in Figure
5 is as follows

O'XII+0'yH O'XH—O'yII )
0g = - €0s 20 — 1t 1, sin 20
2 2 Xy

(12)

GXII_O- n

To = —————5sin20 + T,y cos 20

If the maximum o-criterion is used, the angle of
crack initiation, 6y, must satisfy

6209
002

dog _

50 <0

0 (ort.9 =0)and (13)

A numerical procedure was applied to find the angle
0, when o4 is a maximum for known values of the
material elastic constants, the anisotropic orientation
angle y and the crack geometry.

Since the proposed BEM formulation is simple and

can be used for any kind of crack geometry, it is
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straightforward to extend to analyze the crack
propagation in anisotropic materials. The process of
crack propagation in anisotropic homogeneous material
under mixed mode I-II loading is simulated by
incremental crack extension with a piecewise linear
discretization. For each incremental analysis, the crack
extension is conveniently modeled by a new boundary
element. A computer program has been developed to
automatically generate new data required for sequentially
analyzing the changing boundary configuration. Based
on the calculation of the SIFs and crack initiation angle
for each increment, the procedure of crack propagation
can be simulated. The steps in the crack propagation

process are summarized as follows (Figure 6)

)] compute the SIFs using the proposed BEM
formulation;
(i1) determine the angle of crack initiation

based on the maximum circumferential

stress criterion;

(1i1) extend the crack by a linear element of
length selected by the user along the
direction determined in step (ii);

(iv) automatically generate the new BEM
mesh;

V) repeat all of the above steps until the crack

is near the outer boundary.

new crack tip

Crack tip

Figure 6 Process of crack propagation by increasing the
number of linear elements

3 BEM in fracture mechanics applications

We concentrate on the development of the

single-domain BEM using the FORTRAN programming

language, which is then applied to anisotropic rock of

fracture mechanics problems. In this section, the
following numerical examples are presented to verify the
computer program and to show the efficiency and
versatility of the present BEM method for problems
related to fractures in anisotropic rock.
3.1 Stress intensity factors
Example 1: Isotropic Cracked Brazilian Disc

The geometry of the problem is that of a thin
circular disc of radius R and thickness t with a central
crack of length 2a, loaded with a pair of concentrated
and diametral compressive load W, as shown in Figure 4.
Two cases are analyzed: (1) a/R = 0.5, the crack angle 3
varies between 0 and n/2, and (2) p = 45°, a/R varies
between 0.1 and 0.7. The two normalized SIFs, Fy and Fy,
calculated with the BEM program for these two cases,
are compared with those obtained numerically by
Atkinson et al. [4] and Chen et al. [6]. The results are

shown in Tables 1 and 2. In general, a good agreement is

found among these three methods.

Table 1 Normalized SIFs for a central slant in an
isotropic Brazilian disc subjected to a concentrated load

(@/R=0.5.)
B(rad.) Atkms[Z? ctal. Chen et al. [6] This study

Fi Fu Fi Fu Fi Fu

0 1.387 0 1.339 0 1.343 0
/16 0.970 | -1.340 | 0960 | -1.275 | 0.952 | -1.281
2n/16 0.030 | -2.113 | 0.074 | -2.061 | 0.056 | -2.052
3n/16 -0.946 | -2.300 | -0.903 | -2.275 | -0.915 | -2.262
/4 -1.784 | -2.132 | -1.737 | -2.103 | -1.749 | -2.098
Sn/16 -2.446 | -1.728 | -2.377 | -1.711 | -2.395 | -1.714
6m/16 -2.885 | -1.188 | -2.826 | -1.197 | -2.851 | -1.202
Tn/16 -3.127 | -0.604 | -3.092 | -0.614 | -3.123 | -0.617

/2 -3.208 0 -3.180 0 -3.213 0

Table 2 Normalized SIFs for a central slant in an
isotropic Brazilian disc subjected to a concentrated load

(B=45)
/R Atkms[Z? ctal Chen et al. [6] This study
Fi Fu Fi Fu Fi Fu

0.1 -1.035 | -2.010 | -1.020 | -1.968 | -1.018 | -1.965
0.2 -1.139 | -2.035 | -1.116 | -1.995 | -1.116 | -1.992
0.3 -1.306 | -2.069 | -1.272 | -2.036 | -1.277 | -2.029
0.4 -1.528 | -2.100 | -1.484 | -2.069 | -1.492 | -2.065
0.5 -1.784 | -2.132 | -1.737 | -2.103 | -1.749 | -2.098
0.6 -2.048 | -2.200 | -2.020 | -2.148 | -2.039 | -2.139
0.7 N.A. N.A. -2.337 | -2.213 | -2.364 | -2.224
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Figure 7 Square plate with two parallel cracks.
Example 2: Two parallel cracks in the finite plate with
an offset under a uniform tension.

The geometry is that of a square plate and is shown
in Figure 7. For the comparison, crack length is taken as
2a=2. The stress intensity factors at cracks tip A and B
are listed in Table I together with those from Dwyer [20],

who used an edge function method and the results from

used a body force integral equation method, and those of
Ryoji and Sang-Bong [23], who used a multi-domain
BEM formulation. As it can be seen in this table that the

results are in agreement.

material #1 \ Interface

material #2 ! \ /ox
, ’
/ \

’ o s ,

Figure 8 A horizontal crack under uniform pressure in
material #1 of an infinite bi-material.

Table 4  Comparison of SIFs (horizontal crack)
idaand | GHO This stud
d2a | Gu/Gy | Noguchi[22] fg23] g Y
FI F[[ FI FII 1:I 1:‘II
0.05 0.25 1.468 0.286 1.468 0.292 1.476 0.285
0.5 0.25 1.197 0.074 1.197 0.072 1.198 0.071
0.05 2.0 0.872 -0.087 0.869 -0.085 0.871 -0.088
0.5 2.0 0.935 -0.024 0.934 -0.023 0.936 -0.023

3.2 Effect of degree of anisotropy on SIFs
After accuracy checking, we then treat more
challenging problems involving anisotropic plate to run

our BEM program for determining SIFs.
Table 5 Three sets of dimensionless elastic constants

(v=0.25).
Rooke and Cartwright [21] for an infinite body. It is E/E E/G
obvious from Table 3 that these are very close to those Condition | 1/31/2123 2.5
Condition 11 1 0515253545
obtained by the other researchers. Condition 11 I 2.5
Table 3 Comparison of normalized SIFs for two parallel -
cracks with an offset in the finite plate. :
Rooke and . Condition 1 0.25
tip Dwyer [20] Cartwright [21] This study Condition 11 0.25
F, Fu F, Fu F, Fu Condition 11 0.05 0.15 0.25 0.35 045
A 1725 | -0.197 | 1.770 | -0.216 | 1.738 [ -0.1992 ' ]
B 1.866 | -0.0693 | 1.860 | -0.0813 | 1.868 | -0.0801 Example 1: Anisotropic case
Example  3: Horizontal Crack in Material #I. In order to evaluate the influence of material

(Bi-material case)

A horizontal crack under uniform pressure P is
shown in Figure 8. The crack, whose length is 2a, is
located distance d from the interface. The Poisson’s
ratios for materials #1 and #2 are vy = vi = 0.3, and the
ratio of the shear modulus Gy,/Gy; varies. A plane stress
condition is assumed. The results are given in Table 4 for
various values of the shear modulus ratio. They are

compared to the results of Isida and Noguchi [22], who

anisotropy on the SIFs, consider the rectangular plate of
Figure 9. The material is transversely isotropic with the
plane of transverse isotropy inclined at an angle v with
respect to the x-axis. The material has five independent
elastic constants (E, E’, v, v’, and G’) in the local
coordinate system: E and E’ are the Young’s modulus in
the plane of transverse isotropy and in a direction normal
to it, respectively; v and v’ are the Poisson’s ratios

characterizing the lateral strain response in the plane of
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transverse isotropy to a stress acting parallel and normal
to it, respectively; and G’ is the shear moduli in the
planes normal to the plane of transverse isotropy. In this

example, the anisotropic orientation, y varies from 0° to

180°.

RN

&

\
N
Sl
=3
o
R
¥~

H

TEEY
\
Figure 9 Two collinear cracks in the finite plate under
uniaxial tension and orientation of the planes of
anisotropy, v varies from 0° to 180°.

Three sets of dimensionless elastic constants are
considered and are defined as conditions I, II, and III in
Table 5. The numerical results are plotted in Figures
10-12 for condition I, II, and III, respectively. The inner
tip B results for the isotropic case (E/E’=1, E/G’=2.5,
and v’=0.25) are also shown for comparison as solid
lines in Figures 10—12. Analysis of Figures 10—12 reveals
several major trends can be underlined as follows.

(1) For conditions I and II, the orientation of the
planes of plate anisotropy with respect to the horizontal
plane has a strong influence on the value of the inner tip
SIFs. The influence is small for condition III. This means
that the effect of E/E’ and E/G’ on the SIFs is more
important than that of v’.

(2) The variation of the SIFs with the anisotropic
orientation, v is periodic with a 90° period.

(3) There is a greater variation in the SIFs with the
orientation angle, y for materials having a high degree of

anisotropy (E/E’=3 or 1/3; E/G’=0.5 or 4.5).

(4) Figure 10 indicates that the maximum absolute
values of the SIFs occur when the loading is parallel to

the plane of transverse isotropy (y=90°).

10

—— E/E' = [ (isotrapic)
PO e Y |
e 12

Normalized S1Fs

05

[1] i) A ) &0 100 120 148 164 180
Orientation , y (degree)

Figure 10 Variation of F; with the material orientation
angle y for condition I (B=0°, E/G’=2.5, v’=0.25).

20

——— FEAGT = 203 (isotropic)
----- EG - 05
———-EG'=15
—-—--FEG"=35
s e EAG - 45

Normalized SIFs

o 20 an = &0 g 10 14

160 180
Oricntation, w (degree)

Figure 11 Variation of F; with the material orientation
angle y for condition II (B=0°, E/E’=1, v’=0.25).

20

v 025 (isetropich
------- v 0.05
v =015

Normalized SIFy
T

[ 20 a0 a0 80 1o 120 140 160 180
Orientation, ¢ (degree)

Figure 12 Variation of F; with the material orientation
angle y for condition III (8=0°, E/E’=1, E/G’=2.5).
Example 2: Effect of crack angle § when w=0"
The variation of the SIFs with the crack angle 3 for

conditions I, II, and III is considered in this example by
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taking, y=0°, and P to vary from 0° to 90° as shown in

Figure 13. The variations of the inner tip SIFs with the
crack angle P are shown in Figures 14—16 for conditions

I, 11, and III, respectively.

YRR
\

Figure 13 Two inclined cracks in a finite plate under
uniaxial tension and orientation of the planes of
anisotropy, y=0°, and [ to vary from 0° to 90°.

For all conditions, the mode I SIF reaches a positive
maximum value when the cracks are perpendicular to the
applied load (i.e. B=0") and the distance between two
inner tips is closer. On the contrary, the mode 1 SIF
decreases smoothly to be a minimum value when the
crack is parallel to the load (i.e. p=90°). The mode IT SIF
vanishes when the crack angle p=0" or 90° and reaches a
maximum absolute value when the crack is oriented at
about f=30" to Bp=45". Comparison with condition I to
condition IIT we found that E/G’ has the greatest effect
on the mode I SIFs, and E/E’ has the next greatest, and

that the influence of v’ is almost negligible.
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(h) Crack angle, f# (degree)

Figure 14 Variation of F; in (a) and Fy; in (b) with the
crack angle B for condition I (=0°, E/G’=2.5, v’=0.25).
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Figure 15 Variation of FI in (a) and FI I in (b) with the
crack angle B for condition II (f=0°, E/E’=1, v’=0.25).
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Figure 16 Variation of FI in (a) and FI11 in (b) with the
crack angle B for condition III (B=0°, E/E’=1, E/G’=2.5).
3.3 Crack Propagation Path Simulation
Example 1: On Anisotropic Material

To demonstrate the proposed BEM procedure when
predicting crack propagation in the anisotropic materials
under mixed-mode I-II loading, the propagation path in a
CSTBD specimen is numerically predicted and
compared with the actual laboratory observations. In
these experiments, a crack initially inclined with respect
to the applied stress is allowed to grow under
concentrated diametrical loading. The Brazilian tests on
CSTBD specimens with a diameter of 7.4 cm, a
thickness of 1 cm, and a crack length of 2.2 cm are
conducted to observe the actual propagation paths and
are compared with the numerical predictions.

Details of the experimental procedure can be found
in the paper by Ke et al. [24]. The five elastic constants
of anisotropic marble are E = 78.302 GPa, E’ = 67.681
GPa, v = 0.267, v’= 0.185, G = 30.735 GPa, and G’ =

25.336 GPa, respectively. The ratios of E/E’ and E/G’ are

1.156 and 3.091, respectively. Since the value of E/E’ =
1.156, this marble can be classified as a slightly
anisotropic rock. Two specimens with the material
inclination angle y = 45°, defined as the AM-4, and
DM-4, have crack angles 8 = 0° and B8 = 45°
respectively. After Brazilian tests with cracked
specimens, the paths of crack propagation for AM-4 and
DM-4 are shown in Figures 17 and 19, respectively. It
can be observed that the crack propagates nearly
perpendicular to the crack surface in the initial stage and
then rapidly approaches toward the loading point. The
proposed BEM procedure is also used to simulate crack
propagation in the CSTBD specimens. The outer
boundary and crack surface are discretized with 28
continuous and 20 discontinuous quadratic elements,
respectively. Figures 18 and 20 are the comparisons of
crack propagation paths between experimental
observations and numerical predictions in AM4 and
DM-4, respectively. Again, the proposed BEM procedure
accurately simulates the crack propagation in these
anisotropic specimens. According to the simulations of
foregoing examples, it can be concluded that the
proposed BEM is capable of predicting the crack

propagation in anisotropic rocks.

Figure 17 Photograph of specimen AM-4 after failure
(v =0°and B =45°).
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Figure 18 Propagation of a crack at the center of a
CSTBD specimen with y = 0° and B = 45°. Comparison
between experimental observations and numerical
predictions for specimen AM-4.

igure 19 Photograph of specimen DM-4 after failure
(y=45" and B =45").
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Numerical result
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Figure 20 Propagation of a crack at the center of a
CSTBD specimen with y =45° and f = 45°. Comparison

between experimental observations and numerical
predictions for specimen DM-4.

Example 2: On Anisotropic Bi-material

In these experiments, a crack initially inclined with
respect to the applied stress is allowed to grow under
concentrated diametrical loading (as shown in Figure 21).
The anisotropic elastic properties for rocks of types (1)
and (2) are given in Table 6. The ratios of E/E’ and E/G’
are 1.635 and 4.301, respectively. Since the value of E/E’
= 1.635, this rock of type (1) can be classified as a
slightly anisotropic rock. Two specimens with the
material inclination angle y = 45’ and 0°, defined as the
SSD-1 and SSD-2, have crack angles f = 45" and 90°,
respectively. After Brazilian tests with cracked
bi-material specimens, the paths of crack propagation for
SSD-1 and SSD-2 are shown in Figures 22(a) and 23(a),
respectively. It can be observed that the crack propagates
nearly perpendicular to the crack surface in the initial
stage and then rapidly approaches toward the loading
point. The proposed BEM procedure is also used to
simulate crack propagation in the CSTBD specimens.
Figures 22(b) and 23(b) are the comparisons examples; it
can be concluded that the proposed BEM is capable of

predicting the crack propagation in

anisotropic

bi-material rocks.

(a) (b)

Figure 21 Geometry of a cracked straight through
Brazilian disc (CSTBD) specimen of anisotropic
Bi-material rock under diametrical loading.
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Table 6 Elastlc properties for rocks of type (1) and (2)

Rock , G’ s s
types (GPa) (GPa) M v (GPa) Gpa) | BF | EG
() | 2804 | 17.15 | 015 | 0.12 | 12.19 | 6.52 | 1.635 | 4.301
(2) | 3895 | — | 0254 | — | 15530 | —

(a)

_T \{

\\_&_’/

N ——

-4+

—— Experimental result
- SDBEM simulation

(b)

Figure 22 Comparison between experimental
observations and numerical predictions for specimen
SSD-1: (a) photograph of specimen SSD-1 after failure y
=45° and = 45° and (b) propagation of a crack at the
center of a CSTBD specimen with y = 45° and 8 = 45°.

—— Experimental result
--~~ SDBEM simulation

b
Figure 23 Compariso(n )between experimental

observations and numerical predictions for specimen
SSD-2: (a) photograph of specimen SSD-2 after failure y

=0° and B = 90° and (b) propagation of an interfacial

crack at the center of a CSTBD specimen with y = 0°

and = 90°.
3.4 Fracture Toughness of Anisotropic Rock
From the experimental investigations carried out the
following parameters were obtained: unit weight vy
=16.59KN/m’, water content ® = 0.11%, uniaxial
compression strength g, = 76.43 MPa for v = 0°, and q,
= 22.93 MPa for y =90°. The elastic constants of the
marble were determined by conducting Brazilian tests
with gluing a 45° strain gage rosette on the center of
each disc. Details of the procedure can be found in the
paper by Chen et al. [6]. The five elastic constants of
anisotropic marble are E = 78.302GPa, E’= 67.681GPa, v
= 0.267, v’ = 0.185, G = 30.735GPa, and G’ = 25.336
GPa, respectively. The ratios of E/E’, and E/G’ are 1.156
and 3.091, respectively. Since the value of E/E’ = 1.156,
this marble can be classified as a slightly anisotropic
rock.
Using a thin line saw with a thickness of 0.05 cm to

cut down the V-shaped convex parts, the Cracked
Straight Through Brazilian Disc (CSTBD) specimens
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were made. After preparation, the CSTBD specimens had
a crack with a thickness of about 0.05cm and a ratio
between the crack length and the disc radius a/R of about
0.3. A total of 39 CSTBD specimens were prepared with
different values of the dip angle of the planes of rock
anisotropy v = 0°, 15°, 30°, 45°, 60°, 75°, and 90° with
different values of the angle P between the crack and
loaded diameter. The test specimen characteristics are
listed in Table 7. All specimens were brought to failure
under a line load at a slow deformation rate of
0.5mm/min. by using a 100t MTS loading system. The
testing requires only recording of the maximum load.
The procedure used to determine the fracture toughness
of the marble in mode I (Kic), mode II (Kyc) and

mixed-mode (K, Ky;) was as follows

@) Determine the elastic properties of the
marble;
(i1) Use the BEM to calculate the normalized

SIFs (F; and Fy; ). The input geometry ( v,
B, and a/R) should obviously be the same
as that in the experiments;

(iii) Conduct diametral loading of a CSTBD
specimen with a certain crack angle B and
record the failure load; and

(iv) Calculate the fracture toughness using
Equations (9) and (10).

The results of the BEM analysis are shown in
Figures 24 to 30.These seven figures can then be used to
determine the angle B; corresponding to pure mode I (K
= 0) and the angle By corresponding to pure mode II (K;
= 0). Furthermore, in order to determine the fracture
toughness under mixed-mode loading, we select the
angles By = 10°, 20°, 30°, 45° and 60° for y = 0°, 15°,
30°, 45°, 60°, 75°, and 90° to evaluate the mixed-mode
fracture toughness. From the failure loads recorded by
laboratory testing of discs oriented with an initial crack
inclined at B; , By or Py, the critical SIF or fracture
toughness in mode I (Kic), mode II (Kjc) and that in

mixed-mode I-1I (K; and Kj; ) could be determined.

The values of the failure load W; and the fracture
toughness for the marble are reported in Table 8 when
=0°, 15°, 30°, 45°, 60°, 75°, and 90°. The negative sign
of Kjc and Kjjc in Table 8 is associated with the adopted
sign convention of the mode I and mode II SIF.

From the theoretical analysis, it can be established
that pure mode I type fracture occurs when By is about 0°
and pure mode II type fracture occurs when By is about
25° to 28° for seven different material orientation angles.
Table 8 lists the maximum failure load, mixed mode
fracture at different crack inclination angles (B) and
material orientation angles (y). It can be found that the
absolute values of both K;c and Kjc decrease as
increases and the values of the tensile strength [25] of
anisotropic marble also decrease as increases (see Table
9).

It means that the pure mode I, pure mode II fracture
toughness depend on the mechanical properties of rocks.
In addition, we can find that the mode I fracture
toughness (K; or Kj¢) is usually smaller than the mode II
fracture toughness (Kj or Kjyc) when the crack
inclination angle (B) is less than 60°. Therefore, KI
reaches K¢ before Ky reaches Ky, which inevitably
leads to mode I fracture. If B is larger than 60°, i.e. Ky
reaches K¢ before K; reaches K¢, it should leads to
mode II fracture. The experimental results indicate that
the mixed mode fracture toughness depends on the rock
properties, crack inclination angle and anisotropic
orientation.

3.5 Fracture Criterion

Based on the experimental results for anisotropic
marble, a regression analysis was conducted to obtain the
fracture criterion. In general, two types of fracture
criterion curves, i.e. elliptic and quadratic curves, were
considered. The experiment results were distributed over
the first and the second quadrant, but the elliptic equation
form (Ky/Kic)* + (Ki/Kye)* =1 is only suitable for the
first quadrant.

Therefore, the quadratic equation form Ky/Kjc =
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a(Ki/Kie)* + b(Ki/Kic) + ¢ is well suitable for applying to

the experimental results. Figure 31 shows the fracture
criterion of anisotropic marble. The equation of the
fracture criterion of a quadratic fit which was found
suitable for anisotropic marble is given as
Ki/Kpe=-0.21(K/K¢)* - 0.59(K/K ) + 0.74 (14)

If Eq. (14) is satisfied, the point (Ky/K;c, Ki/Kyic)
plots above the fracture envelope and crack initiation
will occur. Otherwise, no crack initiation will occur
when the point is below the fracture envelope.

4 Conclusions

A formulation of the BEM, based on the relative
displacements near the crack tip, is utilized to determine
the mixed-mode SIFs of anisotropic rocks. Numerical
examples for the determination of the mixed-mode SIFs
for a CSTBD specimen are presented for isotropic and
anisotropic media. The numerical results obtained by the
proposed method are in good agreement with those
reported by previously published results. In addition, the
SIFs for various crack geometry and loading type such as
multiple cracks under far-field tensile stress and a
cracked body hanging by its own weight are also
determined by the proposed BEM formulation. The
numerical results obtained by this study are in agreement
with those reported by previously published results.

This paper presents the development of BEM
procedure based on the maximum circumferential stress
criterion for predicting the crack initiation directions and
propagation paths in isotropic and anisotropic materials
under mixed-mode loading. Good agreements are found
between crack initiation and propagation predicted with
the BEM and experimental observations reported by
previous researchers of isotropic materials. Numerical
simulations of crack initiation and propagation in
CSTBD specimens of the anisotropic rock are also found
to compare well with experimental results.

Calculation of the SIFs is conducted for several
like cracks

situations, along or off an interface.

Numerical results show that the proposed method is very

accurate even with relatively coarse mesh discretization.
In addition, the proposed BEM program is not only very
accurate but also very fast. The calculation time for each
example is typically 30s by BEM code with a Personal
Computer, PC (Intel Pentium 4, 2.4 GHz CPU, 1GB
RAM).
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Table 7 the ratios Ky/K;c and K/Kye

\j 0° 15° 30° 45° 60° 75° 90°

1.000 1.015 0.861 0.785 0.687 0.605 0.414

0.362 0.851 0.717 0.706 0.297 0.268 0.522

KJ/K 0.431 0.325 0.419 0.298 0.122 0.109 0.343
TIC -0.145 -0.113 -0.094 -0.106 -0.137 -0.241 -0.422

-1.442 -1.210 -0.909 -1.065 -1.731 -1.498 -1.606

-1.987 -1.543 -2.059 -2.476

0 0.000 0.000 0.000 0.000 0.000 0.000

0.233 0.390 0.417 0.354 0.267 0.235 0.321

K. /K 0.783 0.540 0.826 0.503 0.398 0.405 0.939
WAIC 0.177 0.718 1.161 0.947 1.080 1.216 1.474

1.259 1.109 1.158 1.091 1.165 0.864 1.406

0.791 0.635 1.152 1.016
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Table 8 Measured failure load Wrand calculated values of K, Ky;, K¢ and K¢

No. Y 3 t(cm) a/R Wr(KN) K; or Ky or Remark
Kic(MPay/m) Kuc(MPay/m)

A-1 0° 0.5° 1.052 0.297 543 1.000 - I
A-2 27.8° 1.308 0.300 7.27 - —1.846 I
AM-1 10° 1.168 0.302 2.56 0.362 —-0431 I-11
AM-2 208 1.434 0.299 174 0.431 —1.446 I-11
AM-3 kIS 1.128 0.297 433 —0.145 -1.313 I-11
AM-4 45° 1.160 0.297 415 —1.442 -2.325 I-11
AM-5 60° 1.126 0.299 5.64 —1.987 —1.460 I-11
B-1 15° 0.4° 1.002 0.305 5.05 1.015 - I
B-2 27.5° 1.010 0.297 5.78 - —1.853 1T
BM-1 107 1.182 0.300 6.00 0.864 -0.723 I-11
BM-2 200 1.414 0.303 5.33 0.330 —1.001 I-11
BM-3 30° 1.150 0.297 4.52 —0.115 —1.330 I-11
BM-4 45° 1.174 0.297 3.73 —1.228 =2.055 I-11
BM-5 60° 1.068 0.297 432 —1.566 —1.177 I-11
C-1 30° 0.2° 1.090 0.297 459 0.861 - I
Cc-2 28.3° 1.040 0.297 38 - —1.181 1T
CM-1 10° 1.250 0.300 436 0.617 —0.493 I-11
CM-2 208 1.350 0.297 5.11 0.361 0975 I-11
CM-3 30° 1.100 0.298 453 —0.081 —-1.371 I-11
CM-4 45° 1.194 0.297 2.57 —(.783 —1.368 I-11
CM-5 60° 1.136 0.297 5.39 —1.773 —1.361 I-11
D-1 45° 179.5° 1.268 0.297 4.84 0.785 - I
D-2 28.1° 1.334 0.298 544 - —1.316 1T
DM-1 10° 1.292 0.297 4.10 0.554 —0.466 I-11
DM-2 20° 1.500 0.297 381 0.234 —0.662 I-11
DM-3 30° 1.106 0.297 415 —0.083 —1.246 I-11
DM-4 45° 1.100 0.298 2.50 —(0.836 —1.436 I-11
DM-5 60" 1.320 0.299 423 —1.200 —0.909 I-11
E-1 60° 179.2° 1.230 0.297 429 0.687 - I
E-2 25.3° 1.188 0.297 2.81 - —0.738 1T
EM-1 107 1.169 0.297 1.47 0.204 —-0.197 I-11
EM-2 20 1.350 0.299 1.47 0.084 —0.294 I-11
EM-3 3 1.212 0.304 2.81 —0.094 -0.797 I-11
EM-4 45° 1.188 0.297 223 —(.748 —1.196 I-11
EM-5 60" 1.122 0.303 3.37 —1.189 —0.860 I-11
F-1 75° 179.2¢ 1.240 0.300 4.07 0.605 I
F-2 25.8° 1.174 0.297 2.66 - -0.735 1T
FM-1 107 1.283 0.297 1.40 0.162 -0.173 I-11
FM-2 2 1.310 0.297 1.41 0.066 —0.298 I-1I
FM-3 a 1.022 0.297 2.62 —0.146 —0.894 I-11
FM-4 45° 1.166 0.299 2.02 —0.767 —1.142 I-11
FM-5 60" 1.062 0.299 23 —0.906 —0.635 I-11
G-1 90° 0.4° 1.252 0.297 292 0.414 - I
G-2 25.1° 1.266 0.297 275 - —=0.700 1T
GM-1 10° 1.266 0.297 1.87 0.216 —-0.225 I-11
GM-2 20 1.488 0.299 3.53 0.142 —0.657 I-11
GM-3 o 1.338 0.304 3.85 —(0.183 —1.032 I-11
GM-4 45° 1.150 0.297 1.68 —0.665 —0.984 I-11
GM-5 60 1.196 0.309 2.78 —1.025 —0.711 I-11

* Iis the pure mode I fracture toughness: I1 is the pure mode II fracture toughness and I-1I is the mixed
mode fracture toughness.

Table 9 Comparison between fracture toughness and tensile strength [25] of anisotropic marble

P Kic(MPay/m) Kyc(MPay/m) o;(MPa)
0 1.000 —1.846 40.250
15 1.015 —1.853 37.020
30 0.861 —1.278 32.2717
45 0.785 —1.232 24.753
60 0.687 —(.738 18.613
75 0.605 —0.735 17.845

90 0.414 —0.699 16.555
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Simulations of seismic signals induced by landslides by
numerical coupling of PFC and FLAC

Zheng-yi Feng ™1 Chun-Fu Lin 2

Professor, Dept. of Soil and Water Conservation, National Chung Hsing University, Taichung 402, Taiwan

Pei-hsun Tsai

*tonyfeng@nchu.edu.tw

Graduate student, Dept. of Soil and Water Conservation, National Chung Hsing University, Taichung 402, Taiwan
Associate Professor, Department of Construction Engineering, Chaoyang University of Technology, Taichung 413,
Taiwan

Key words: PFC, FLAC, Xiaolin, Hilbert-Huang Transform, Time-frequency analysis

ABSTRACT We first used the Particle Flow Code simulated results were compared for the duration of

(PFC) to simulate the rock avalanche process of landslide and frequency content with the seismic

Xiaolin landslide. The vibrational signals of the
vertical force components at five locations were
analyzed using Hilbert-Huang transform (HHT) to
spectrograms.  The

obtained  time-frequency

signals recorded during the landslide from the
Jiaxian broadband seismic station, SGSB, which is
11.4 km away from Xiaolin village. Further we

developed a two-dimensional numerical coupling
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approach using the Particle Flow Code (PFC) and
Fast Lagrangian Analysis of Continua (FLAC) code
to again simulate the rock avalanche process of
Xiaolin landslide to monitor the seismic signals for
some locations. The sliding of the rock fragments
was simulated by the PFC particles. When the rock
fragments impact on the top boundary of FLAC,
forces and displacements will be interacted between

the two codes. We again applied Hilbert-Huang

transform for monitored seismic signals to obtain the
time-frequency spectrograms for examining the
characteristics of the frequency content. The
simulated results were again compared with the
seismic signals recorded at SGSB broadband station.
For further research we plan to carry out various
parametrical studies to discuss the factors that

influence the seismic signals of landslides.
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Causes of the Xiaolin landslide

*Structural factors, weathering, and
gravitational slope deformation were
the underlying causes of the
landslide.

*Triggered by intensive rainfall.
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Abstract

* We used the Particle Flow Code (PFC) to simulate the rock
avalanche process of Xiaolin landslide.

o The vibrational signals were analyzed using Hilbert-Huang
transform (HHT) to obtained time-frequency spectrograms.

o The simulated results were compared for the duration of
landslide and frequency content with the seismic signals
recorded during the landslide from the Jiaxian broadband
seismic station, SGSB, which is 11.4 km away from Xiaolin
village.

* We coupled the Particle Flow Code (PFC) and Fast
Lagrangian Analysis of Continua (FLAC) code to again
simulate the rock avalanche process of Xiaolin landslide.

Key words: PFC, FLAC, Xiaolin, Hilbert-Huang Transform,
Time-frequency analysis
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A preliminary result

A two-dimensional numerical coupling
approach using the PFC and FLAC
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The signals are very
small at the bottom of
the model.
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How shall we cope with ?

* Enlarge the domain?

* Use “free field”?

* Use Rayleigh damping?
* Use 3-D damping?

Thank you very much
for your attention.
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National Chung Hsing University
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Key words:

Developments in computational wind engineering are
introduced. Subjects of interest include the numerical
predictions of wind effects (surrounding flow fields and
wind loads) and the corresponding dynamic responses of
structures.

The
Computational Wind Engineering (CWE) and how it is

introduction starts with the description of

distinguished from Computational Fluid Dynamics
(CFD). Compared with analytical and experimental
methods, which are commonly used in the analyses of
wind engineering problems, the merits and drawbacks of
CWE applications are described. In addition, problems
encountered in the execution of numerical calculations
are illustrated.

Examples of numerical predictions in certain selected
wind engineering problems are presented thereafter. The
unsteady flow fields of several selected topics of
bluff-body aerodynamics are demonstrated. Cases

subject to building researches are two- and
three-dimensional flows around a square or rectangular
cylinder with a uniform or boundary-later type of
approaching flow. Moreover, the result of the numerical
simulation on a plume dispersion problem is also
presented.

The numerical prediction of problems involving
fluid-induced vibration is another subject of interest. To
reflect the effect of interaction, the numerical
calculations are performed by solving two sets of

dynamic equations (respectively for the turbulent flows

Computational Wind Engineering, Finite volume Method, Large-eddy simulation

and the structure dynamics) alternatively. The dynamic
simulations of two typical examples, one for an elastic
fence in a boundary layer flow and the other for a
uniform flow past a suspended bridge deck with a
trapezoidal cross-section, are shown. Based on the
time-series numerical results, furthermore, the aeroelastic
behavior of the vibrating structure under wind action is
investigated extensively.

Finally, the scope regarding local CWE development is
stated. Future extensions on the CWE applications in
certain possible aspects, together with the associated

technical problems to be solved, are discussed.

Accordingly, the immediate tasks for the local

researchers are also illustrated.
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Computational Wind Engineering
( CWE)

e search for solutions of wind-engineering
problems

e more practical

)
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About CWE

« Comparisons with experimental and
analytical methods

Procedure of CWE

Examples of recent works
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Typical Methods

® Analytical
e Experimental
e Numerical
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Computational Fluid Dynamics
(CFD)

e cover all kinds of fluid dynamic problems

e emphases on numerical techniques,
solution algorithm, turbulence modeling,
etc.

Comparison |

Analytical Numerical

Goverrllng ODE/PDE modified equations
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Boundary harder easier
Treatment
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Achievement
Solutions continuous discrete
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Comparison 11

CWE Examples

Experimental Numerical . .
P e 2-D cylinders (horizontal) =] =] =]
Cost higher lower e 2-Dcylinder (vertical) =] =
i 2-D dual cylinders (tandem -] -
Solution partial, local all-time, whole field * y_ ( . ) . ==
Outcome e 2-D dual cylinders (side-by-side) = &
BCooumngger>; easier harder e 3-D square prism I
Soluti e Concentration/temperature fields =]
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Reliablity e Responses of a suspended bridge =
@ (interactive) @
Procedure of CWE

e Domain selection
e Governing equations

e Boundary specifications
e Equation modifications

e Execution
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Goals of CWE

e A parallel tool of analysis

o Numerical wind tunnel
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Typical Applications in CWE

e Buildings

surrounding flow
surface pressure
wind loads
dynamic responses

e Suspended bridges

wind effects
dynamic responses
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Future Improvements

e Hardware

speed, capacity of computers

e Software

Accuracy — numerical methods
turbulence modeling

Efficiency — parallel processing
multi-block computation
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Comment (1)

Due to significant improvements of computer
hardware and software, the applications of
numerical methods become more and more
convenient in the analyses of fluid & structural

dynamics.

©w

Comments (4)

By performing an alternative solution
procedure, the effect of interaction
between a vibrating structure and its
surrounding flow can be correctly

simulated by CWE methods.

©w

Comment (2)

In addition to model experiments,

CWE can be a parallel tool to analyze

wind-engineering problems.

©

Comment (5)

Improvements on CWE are still needed to
promote the resulting accuracy and the

computational efficiency.

©

Comments (3)

Besides the analyses of wind and structural
dynamics, CWE can also be applied in
problems involved concentration and

temperature variations.

@

[ 0
e

@




poaa a0y

[ o

} .I,.‘.MIT.,,.,‘.,I.L‘; i
e

D/B=1

D/B=7
e ——
e
=
Mean Flow Field (vertical plane) “
| :

B/D=1

B/D=4

/'%

= o5
L

1 DV

.,

Mean Flow Field (horizontal plane)




S/D=2

= 8
S/D=4
TN )
[ == =
Mean Flow Field (tandem)
|

Results of 3-D square Prism

e Horizontal plane =1 =

o Vertical plane = = =

W/D=2
-
{ ==
W/D=4
22
| 2
Mean Flow Field (side-by-side)
v




Concentration

Vorticity

Temperature

Iso-speed contours of mean flow

Iso-speed contours of mean flow




Indentation Fracture with coupling of DEM and FDM
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Key words:
Displacement Discontinuity

Abstract

This study presents the numerical modeling
approach with coupling of distinct element
method (DEM) and finite different method (FDM)
to simulate the quasi-brittle materials under
indentation fracture test from the displacement
continuity (elasto-plastic condition) to displacement
discontinuity (linear fracture mechanics).

To verify the feasibility of this analytical
simulation, both Biaxial compression and Brazilian
test were calibrated first by comparing the
numerical results from coupling model of
PFC*®/FLAC with experimental data (uniaxial
compressive strength, q, and indirect tensile
strength, o). Furthermore, both theoretical and
numerical  indentation fracture tests were
investigated regarding the elasto-plastic interface as
well as the initiation/propagation of crack. The
results show that this coupled numerical modeling,
which the quasi-brittle materials simulated by DEM
while indenter/cutter simulated by FDM, can be
used to understand the mechanism of indentation

fracture test. With nice correspondence between the

Distinct Element Method, DEM, Finite Different Method, FDM,, Indentation Fracture

numerical modeling, experimental results and
theoretical solution, the better understanding of the
fracture mechanism during indentation cab be
obtained. In addition, this study of indentation
fracture can be applied to underground mechanical

excavation in rock for tunnel engineering.
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Applications of Displacement Discontinuity Method

Keh-Jian Shou
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Abstract

The indirect boundary element methods are
based on the superposition of influence
coefficients and the numerical analysis
procedure, which comprises the
discretization of the boundary, superposing
the influence coefficients, set up and solve
the system of equations with the boundary
conditions, applying the obtained fictitious
loadings to calculate the stresses and
displacements for the boundary and
interior points. The displacement
discontinuity element is an indirect method
based on the fundamental solution of the
fictitious loading, 1i.e.,, displacement
discontinuity. The displacement
discontinuity method is particularly
suitable to model crack problems, as it
possesses  the  property that the
displacements at the two sides of the
element are discontinuous, physically very

similar to a crack. Therefore, the

displacement discontinuity methods are
quite popular in the simulation of fracture
mechanics and rock engineering problems.
This paper intends to demonstrate the
applications of the displacement
discontinuity methods, focusing on the
static problems in fracture mechanics and
rock engineering.

The 2D displacement discontinuity was
applied to the simulate the fault system in
central Taiwan, and the results properly
show the propagation of the faulting during
the 1999 Chi-Chi earthquake. A special 3D
displacement discontinuity method was
developed and properly applied to the
simulation  of the fracture zone
development in rock excavation. In addition,
the new developments including the
introduction of uncertainty consideration
and the application to the reliability

analysis were also investigated.
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2. Simulation of the Fracture Zone
Development in Rock Excavation

» A tunnel approaching a weak zone may trigger
slip/along the interface or may induce stress
concentrations within the weak zone leading to
collapse as well as micro seismic activity.

A weak zone can be considered as a layered
system composed of formations with different
material properties.

weak zone

tunnel

= Strength Factor

strength factor (S.F.) is adopted to
illustrate the stress concentration as well as
the potential of failure

-5.00 T T - T T
2000 -1500  -10.00 5. . 1000 15.00

approaching angle 600

= Solution for a Three-layer Medium

= (ui)[A] = (ui )[B1] + (ui )[B2] - (ui )[R]
= (aij)[A] = (oij )[B1] + (oij )[B2] - (i )[R]

NUMERICAL RESULTS

= The approaching angle 6 is defined as the angle between
the mining direction and the dip direction of the weak zone.
We let the thickness of the weak zone be t=5m, and the
distance from the mining face to the first interface of host
rock and weak zone be d= 5m.

weak zone

tunnel
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tessellation simulation of fracture zone

excavation
meshes

shear fracture
tensile fracture

= A set of pre-defined potential fractures is defined
with a Delanauy triangulation procedure.
The shear or tensile fractures activate when the
failure criterion is exceeded and the fractures are
included into the displacement discontinuity
elements.

= The final activated fractures near excavation can
be determined by a sequential activation
calculation process.

raph

— excavation
meshes 3. More Developments
— sh fract - A
T fensile fracture and Applications
y=0

2D->3D
Stochastic DD method
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Development and Application

of Stochastic Boundary Element Method

Fundamental solutions for the sdd element
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