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Semi-discrete upwind finite volume methods for the 2D
stationary radiative transport equation by GPGPU

Hiroshi Fujiwara

Graduate School of Informatics, Kyoto University,
Kyoto, 606-8501 Japan

E-mail:fujiwara@acs.i.kyoto-u.ac.jp

Abstract

We show numerical analysis and computations of a semi-discrete finite volume
method to the two-dimensional stationary radiative transport equation

ξ · ∇xI + (µs + µa)I − µs

∫
S1

p(ξ, ξ′)I(x, ξ′) dσξ′ = q,

which is a mathematical mode of near-infrared light propagation in human tissue [1].
The collocation method is conventionally used in discretization of ξ ∈ S1 [2, 3], while we
employ piecewise constant approximation. We show unique existence of the solution to
the proposed scheme, and an error estimate with some numerical examples. Since our
scheme is a semi-discrete form, its realization requires sufficiently accurate numerical
integration on each element and it consumes long computational time. To overcome
this, the effective use of GPU (Graphics Processing Unit) is also discussed in the
presentation.

References

[1] S R Arridge 1999 Optical tomography in medical imaging Inverse Problems 15 R41–R93

[2] W Han, J Huang and J A Eichholz 2010 Discrete-ordinate discontinuous Galerkin meth-
ods for solving the radiative transport equation SIAM J. Sci. Comput. 32 477-497

[3] J-L Guermond, G Knaschat and J C Ragusa 2014 Discontinuous Galerkin for the radia-
tive transport equation Recent developments in discontinuous Galerkin finite element
methods for partial differential equations 181-193
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A talk on
Clifford analysis in boundary elements and yield surfaces

Hong-Ki Hong

Department of Civil Engineering
National Taiwan University

Taipei 10617, Taiwan

E-mail: hkhong@ntu.edu.tw

Abstract

In this talk we first formulate Clifford algebra valued boundary integral equations
and develop their boundary elements for plane complex and space quaternion valued
harmonic functions, space C`3(C)-valued k-monogenic functions, and space anisotropic
vector potential functions. In the development, Dirac-type operators, Cauchy-type
kernels, Clifford algebra valued Stokes’ theorem play the fundamental roles, and a novel
procedure is devised which combines the merits of analytical evaluations of singularity
and numerical quadrature for any geometry shape. In the second part of the talk we
explore the Clifford group and its subgroups, especially Spin groups and Lorentz groups,
and their roles in characterizing the evolutions of yield surfaces. For these groups the
defining maps, namely the twisted adjoint representations may well be taken advantage
of to update the stress points automatically on the yield surfaces, evolving or not in
stress space. This offers tremendous computational benefits for structural and solid
elastoplastic (thermo-)mechanics.
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[1] R. Delanghe, 2001, Clifford Analysis: History and Perspective, Computational Methods
and Function Theory, Vol.1, No.1, pp.107-153.
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[3] Jia-Wei Lee, Li-Wei Liu, Hong-Ki Hong, and Jeng-Tzong Chen, 2016, Applications
of the Clifford algebra valued boundary element method to electromagnetic scattering
problems, Engineering Analysis with Boundary Elements, Vol.71, pp.140-150.

[4] Hong-Ki Hong and Chein-Shan Liu, 1999, Lorentz Group SOo(5,1) for Perfect Elasto-
plasticity with Large Deformation and a Consistency Numerical Scheme, International
Journal of Non-Linear Mechanics, Vol.34, pp.1113-1130.

[5] Chein-Shan Liu, Li-Wei Liu, and Hong-Ki Hong, 2016, A scheme of automatic stress-
updating on yield surfaces for a class of elastoplastic models, International Journal of
Non-Linear Mechanics, Vol.85, pp.6-22.
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Phase field model for crack propagation
and some applications

Masato Kimura

Faculty of Mathematics and Physics, Kanazawa University,
Kakuma, Kanazawa, 920-1192, Japan

E-mail:mkimura@se.kanazawa-u.ac.jp

Abstract

We consider a phase field model for crack propagation proposed in [1, 2, 3]. We
suppose that Ω ⊂ Rm (m = 2 or 3) is a bounded elastic body without crack. Let
u(x, t) ∈ Rm be the displacement field. The strain and stress tensors are denoted by
e[u] = (eij [u]) and σ[u] = (σij [u]) = Ce[u], where C = (cijkl) is the elasticity tensor.

We introduce the following smooth phase field variable z(x, t) ∈ [0, 1] to represent
the approximate profile of the crack, which satisfies z(x, t) ≈ 1 around the crack and
z(x, t) ≈ 0 for the other region. We suppose that the damaged stress tensor is defined
as σ̃[u] := (1− z)2σ[u]. Our phase field model for crack propagation consists from the
following equations:

−div
(
(1− z)2σ[u]

)
= f(x, t) (x ∈ Ω, t > 0),

α
∂z

∂t
=

(
ε div (γ(x)∇z)− γ(x)

ε
z + σ[u] : e[u](1− z)

)
+

(x ∈ Ω, t > 0),

with suitable boundary and initial conditions. In this talk, some applications of the
above model to thermal stress problem and others will be presented. This talk is based
on the joint works with T. Takaishi, G. Akagi, A. Sayadin, and T. Nakano.

References

[1] M. Kimura and T. Takaishi: Phase field models for crack propagation. Theoretical and
Applied Mechanics Japan, Vol.59, (2011) 85-90.

[2] M. Kimura and T. Takaishi: A phase field approach to mathematical modeling of
crack propagation. A Mathematical Approach to Research Problems of Science and
Technology, Mathematics for Industry, Vol.5 (2014) pp.161-170.

[3] T. Takaishi and M. Kimura: Phase field model for mode III crack growth. Kybernetika
Vol.45, (2009) 605-614.
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Applications of boundary element method to topology
optimization problems

Toshiro Matsumoto

Department of Mechanical Science and Engineering, Nagoya University,
Nagoya City, 464-8603 Japan

E-mail:t.matsumoto.nuem.nagoya-u.ac.jp

Abstract

The boundary element method is applied to solutions of topology optimization
problems. The so-called level set method [1] is used to control the boundary shape of
the material distribution by solving a reaction diffusion equation whose source term
is the topological derivative of the appropriately defined objective functional. In us-
ing the boundary element method for the analysis for the material distribution which
changes in the optimization process, the boundary of the domain is explicitly extracted
from the iso-surface of the level set function corresponding to the boundary, and then
discretized automatically into boundary elements. Based on this approach, the Robin
type boundary conditions, etc. can be applied to the newly generated boundary, and
additional objective function term can also be considered on these boundaries. As an
example of topology optimization problems, topological derivatives are shown for var-
ious boundary conditions and objective functions on the boundary generated by the
topology change. Some numerical examples are shown for two-dimensional heat con-
duction problems [2], three-dimensional acoustic problems [3], and three-dimensional
elastostatic problem.

References

[1] X Wang M Y Wang and D Guo 2004 Structural shape and topology optimization in
a level-set-based framework of region representation Structural and Multidisciplinary
Optimization 27 1–19

[2] G X Jing H Isakari T Matsumoto T Yamada and T Takahashi 2015 Level set-based
topology optimization for 2D heat conduction problems using BEM with objective
function defined on design-dependent boundary with heat transfer boundary condition
Engineering Analysis with Boundary Elements 61 61–70

[3] H Isakari K Kuriyama S Harada T Yamada T Takahashi and T Matsumoto 2014 A
topology optimisation for three-dimensional acoustics with the level set method and the
fast multipole boundary element method Bulletin of the JSME, Mechanical Engineering
Journal 1 1–13
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Applications of the kernel-free boundary integral method

Wenjun Ying 1 and Wei-Cheng Wang1,2

1. Department of Mathematics, MOE-LSC and Institute of Natural Sciences,
Shanghai Jiao Tong University,

Minhang, Shanghai 200240, P. R. China

E-mail:wying@sjtu.edu.cn

2. Department of Mathematics, National TsingHua University,
Hsinchu, 30013, Taiwan

E-mail:wangwc@math.nthu.edu.tw

Abstract

The kernel-free boundary integral method is a generalized boundary integral method
for systems of elliptic partial differential equations. It is kernel-free in the sense that
there is no need to know the analytical expressions for the kernels of the boundary
and volume integrals in the solution of the boundary integral equations for the elliptic
PDEs. Evaluation of a boundary or volume integral is replaced with interpolation of a
Cartesian grid based solution, which satisfies an equivalent discrete interface problem,
while the interface problem is solved by a fast solver in the Cartesian grid. The com-
putational work involved with the generalized boundary integral method is essentially
linearly proportional to the number of grid nodes in the domain. We will present nu-
merical experiments to demonstrate the efficiency and accuracy of the method for both
boundary value problems and interface problems including the heterogeneous interface
problem, where the elliptic PDEs on two sides of the interface are of different types.

References

[1] Wenjun Ying and Wei-Cheng Wang, A Kernel-free Boundary Integral Method for Im-
plicitly Defined Surfaces, J. Comp. Phys. 252 (2013) 606-624.

[2] Wenjun Ying and Wei-Cheng Wang, A Kernel-free Boundary Integral Method for Vari-
able Coefficient Elliptic PDEs, Commun. Comput. Phy. 15 (2014) 1108-1140.
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Computation of scattering of a plane wave from multiple prolate 
spheroids using collocation multipole method  

W. M. Lee1,* and J. T. Chen2 , †
 

1Department of Mechanical Engineering, China University of Science and Technology, Taipei, Taiwan 

2Department of Harbor and River Engineering, National Taiwan Ocean University, Keelung, Taiwan 

ABSTRACT 
Collocation multipole method is presented to solve three-dimensional acoustic 

scattering problems with multiple prolate spheroids subjected to a plane sound wave. 

To satisfy the three-dimensional Helmholtz equation in prolate spheroidal coordinates 

and the radiation condition at infinity, the scattered field is formulated in terms of radial 

and angular prolate spheroidal wave functions. Instead of using the complicated 

addition theorem of prolate spheroidal wave functions, the multipole method, the 

directional derivative and the collocation technique are combined to solve multiple 

scattering problems semi-analytically. For the sound-hard or Neumann conditions, the 

normal derivative of the acoustic pressure with respect to a non-local prolate spheroidal 

coordinate system is developed without any truncation error for multiply-connected 

domain problems. By truncating the higher order terms of the multipole expansion, a 

finite linear algebraic system is obtained and the scattered field is determined from the 

given incident acoustic wave. Once the total field is calculated as the sum of the incident 

field and the scattered field, the near field acoustic pressure and the far field scattering 

pattern are determined. Numerical experiments for convergence are performed to 

provide the guide lines for the proposed method. The proposed results of acoustic 

scattering by one, two and three prolate spheroids are compared with those of an 

available analytical method and the boundary element method to validate the proposed 

method. Finally, the effects of the eccentricity of a prolate spheroidal scatterer, the 

separation between scatterers and the incident wave number on the near-field acoustic 

pressure and the far-field scattering pattern are investigated.  

*Corresponding Author: E-mail address: wmlee@cc.cust.edu.tw,  

†E-mail: jtchen@mail.ntou.edu.tw 
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Finite difference method on a scale of Banach spaces

Yuusuke Iso1, Nobuyuki Higashimori 2, Hiroshi Fujiwara 2

1. Graduate School of Informatics, Kyoto University,
Kyoto, 6068501, Japan

E-mail:iso@acs.i.kyoto-u.ac.jp

2. Graduate School of Informatics, Kyoto University,

Kyoto, 6068501, Japan

Abstract

We consider finite difference approximation for abstract Cauchy problems on a scale
of Banach space, which contain the Cauchy problems of partial differential equations
of the normal form. We show convergence of the finite difference scheme applied to
the abstract Cauchy problems and it implies convergence of finite difference schemes
for ill-posed Cauchy problems of the normal form, of which the example is harmonic
continuation. The results hold for both the linear cases and the non-linear cases.
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