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An overview of the Boundary-Source Method of Fundamental Solutions

Kue-Hong Chen !, Yi-Kui Liu?, Jeng-Tzong Chen’
1" Department of Civil Engineering, National Ilan University, Ilan, 26047, Taiwan
2 Department of Civil Engineering, National Taiwan University, Taipei, 106319, Taiwan.
3 Department of Harbor and River Engineering, National Taiwan Ocean University, Keeling,
202301, Taiwan.

*E-mail address: khc61 77@niu.edu.tw

Abstract

In this presentation, we provide an overview of the background and major developments of a family
of techniques collectively known as the Boundary-Source Method of Fundamental Solutions
(BSMFS). The underlying concept originated from the pioneering work of Young and co-workers,
published in 2005 under the title "Novel Meshless Method for Solving Potential Problems in Arbitrary
Domains" [1]. Within the BSMFS framework, the solution is represented by a distribution of kernel
functions associated with singular or double-layer potentials. Various techniques have subsequently
been proposed to allow source points to be placed directly on the physical boundary, thereby removing
the need for a fictitious boundary. Particular emphasis is placed on the derivation and treatment of
the singular diagonal terms that appear in the influence matrix when the source and collocation points
coincide on the boundary. The mathematical foundations, theoretical formulations, and computational
implementations of these approaches are systematically reviewed. The goal of this presentation is to
provide the audience with a comprehensive understanding of these methodologies and their practical
implementation.

Keywords: Boundary-source method of fundamental solutions; Singular-layer potentials;
double-layer Potentials, Singular diagonal terms; Singularity; Hypersingularity.

Reference
1. Young, D., K. Chen, and C. Lee, Novel meshless method for solving the potential problems
with arbitrary domain. Journal of Computational Physics, 2005. 209(1): p. 290-321.


mailto:jtchen@mail.ntou.edu.tw

The 4th Annual Meeting and Conference of the Association of Computational Mechanics Taiwan &
The 17th Workshop on Boundary Element Methods

ACMT 2026 & BEM17

October 16-17, 2026

Boundary-Based Numerical Optimization for Conformal Surface

Parameterization
Mei-Heng Yueh!”
! National Taiwan Normal University
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Abstract

Surface parameterization is a fundamental tool for geometric modeling, mesh processing, and
scientific computation on surfaces. In this talk, 1 will present a boundary-based numerical
optimization approach for computing conformal parameterizations of simply connected open surface
meshes onto the unit disk. The method formulates the problem as a conformal energy minimization
problem, in which the boundary correspondence is optimized while the interior mapping is
determined by a discrete Laplace-Beltrami equation. A line-search gradient descent method with a
quadratic approximation is developed to efficiently minimize the resulting energy functional, together
with theoretical convergence guarantees. Numerical examples will be presented to demonstrate the
accuracy, efficiency, and robustness of the proposed method for surface mesh parameterization. 1 will
also briefly discuss extensions of this energy minimization viewpoint to area-preserving surface
parameterizations, highlighting how different distortion measures lead to related numerical
optimization frameworks.

Keywords: conformal parameterization; surface mesh; boundary optimization; conformal energy
minimization; numerical optimization.

Acknowledgment The author gratefully acknowledges support from the National Science and
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Boundary Element Method for Smart Laminated Composite Plates
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Abstract

Smart materials may exhibit coupled interactions among mechanical, electric, and magnetic fields, and thus
enable energy conversion among different physical forms. This study develops a boundary element
formulation for the coupled analysis of smart laminated plates composed of magneto-electro-elastic (MEE)
materials. Laminates containing any combination of elastic, piezoelectric, and piezomagnetic layers are
included as special cases of the general MEE formulation. The proposed BEM allows arbitrary material
orientations and stacking sequences and is applicable to smart laminated plates involving general bending-
extension coupling together with fully coupled MEE effects.

Within the framework of classical lamination theory, the governing equations for smart laminated plates are
organized into the same mathematical form as those of the corresponding elastic problem. The two
formulations differ only in the dimensions of the associated matrices and the physical interpretation of their
components. The mathematical analogy allows the general solutions for smart laminated plates to be derived
from the Stroh-like formalism [1] through an appropriate expansion of the relevant matrices [2]. Explicit
Green’s functions are consequently obtained for infinite plates containing elliptical holes or straight cracks,
as well as elliptical inclusions. These solutions correspond to concentrated generalized loads, including
forces, moments, electric and magnetic charges.

The derived Green’s functions are subsequently employed as fundamental solutions for the conventional and
special BEMs [3]. In the special BEMs for smart laminated plates containing holes, cracks or inclusions, the
relevant traction-free or perfect bonding conditions are exactly satisfied by the corresponding fundamental
solutions. Thus, no discretization along the hole, crack, or inclusion boundaries is required. To extend the
BEMs to problems involving multiple holes, cracks or inclusions, the subregion technique [4] is incorporated
into the proposed boundary element formulations. These BEMs are applicable to a wide range of smart
laminated composite plate problems involving various material configurations, geometries, inhomogeneities,
loading conditions, and boundary conditions.

Because no built-in finite element formulation is available in ANSYS for fully coupled MEE laminated
plates, an electro-elastic special case involving only in-plane fields is considered for validation. As shown in
Figure 1, a symmetric [P/45]s laminated plate containing a piezoelectric inclusion is subjected to uniform in-
plane electric displacement Do on the two opposite edges. In the stacking sequence, P denotes the
piezoelectric material BaTiOs, which is also used for the inclusion. The boundary element results are
compared with the finite element results obtained using the quadratic quadrilateral plane element PLANE223
in ANSYS.

Table 1 presents the normal electric displacement D, along the elliptical interface. The superscripts (1) and
(2) denote quantities evaluated on the matrix and inclusion sides, respectively. Due to the perfect bonding

O _p®@
conditions, this quantity should be continuous, Dn” =Dy , on the interface boundary. From Table 1 the

interface continuity condition is precisely satisfied by the special BEM, whereas it can only be
approximately satisfied by the finite element results. Nevertheless, close agreement is observed between the
special BEM and ANSY'S results.



Under the present computational settings, the computation requires approximately 7 seconds using the
special BEM implemented in MATLAB R2023b, compared with 30 seconds using ANSYS 2019R1. The
special BEM also eliminates the need to discretize the inclusion boundary while enforcing the associated
interface conditions exactly. Therefore, the special BEM provides a simpler discretization, exact satisfaction
of the interface conditions, and a lower computational cost than the conventional finite element method.
Additional examples involving unsymmetric smart laminated plates subjected to mechanical, electric, and
magnetic loading will be presented at the conference to further demonstrate the general applicability of the
proposed formulations. These fully coupled MEE laminated-plate problems cannot be analyzed by directly
using the built-in finite elements available in ANSYS.

Figure 1 A smart laminated plate
with an inclusion subjected to
uniform electric displacement.

Table 1 Electric displacement along the interface boundary of the inclusion.

Special BEM ANSYS
@ DY /D, D 1D, DY /D, D 1D,
0° -0.026 -0.026 -0.025 -0.026
45° -1.065 -1.065 -1.061 -1.065
90° -1.178 -1.178 -1.176 -1.178
135° -1.042 -1.042 -1.039 -1.042
180° 0.026 0.026 0.026 0.026

Keywords: Boundary element method; Smart material; Laminated composite plate;
Fully coupled analysis; Hole/crack/inclusion problem.
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A Deep Learning Surrogate for Accelerating Convex Hull Approximation in

Quantum State Separability Detection
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Abstract

Determining the separability of quantum states is a fundamental yet computationally challenging
problem in quantum information theory, especially when mixed states and higher-dimensional
systems are involved. The Convex Hull Approximation (CHA) method provides an interpretable
geometric approach by constructing a finite inner approximation of the separable-state set from
sampled pure separable states. However, improving the approximation quality requires increasing the
number of sampled extreme points, which in turn leads to substantial computational cost because a
linear programming problem must be solved for each test sample. This study proposes a deep learning
surrogate for accelerating CHA-based quantum state separability detection. Instead of directly
formulating the task as binary classification, the proposed framework learns the CHA scaling
coefficient as a continuous regression target and uses the predicted value to induce the final
separability decision. The input to the model consists of a real-vector representation of the density
matrix based on the generalized Gell-Mann basis, supplemented by auxiliary physical features that
provide additional information on spectral structure, mixedness, and separability-related properties.
The regression model is implemented using a staircase residual neural-network architecture, and
training is guided by a composite weighted mean-squared-error loss that gives higher importance to
samples near the CHA decision boundary while suppressing the influence of CHA-induced labels
that are inconsistent with the reference labels. A deep ensemble strategy is further adopted to improve
prediction stability. Numerical experiments are conducted on two-qubit and two-qutrit bipartite
systems. In the two-qubit case, the Positive Partial Transpose (PPT) criterion provides the reference
labels, while in the two-qutrit case the evaluation focuses on PPT samples and uses a CHA result
computed using a large number of sampled extreme points as the proxy reference. The results show
that the proposed surrogate improves classification consistency under low-to-moderate convex-hull
sampling settings and remains close to the proxy CHA reference under large sampling settings.
Efficiency comparisons further demonstrate that the proposed method replaces sample-wise linear
programming with fast post-training neural-network inference, substantially reducing the
computational time required for repeated CHA-based evaluations while maintaining consistency with
the CHA-based decision framework.

Keywords: Quantum entanglement; Separability detection; Convex hull approximation; Deep
learning; Residual neural network
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Interface-Aware Multiphysics Metamaterials for Seismic Resilience, Thermal

Control, and Low-Carbon Infrastructure
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Abstract

Taiwan lies along active plate boundaries and is frequently exposed to earthquakes, making
seismic resilience a continuing priority for buildings and infrastructure. At the same time, global
commitments to net-zero emissions by 2050 and increasingly extreme climate conditions are driving
demand for efficient, adaptable thermal-energy systems. Addressing these pressures separately can
lead to competing use of underground space, materials, and investment. This work therefore combines
seismic metamaterials, ground-source heat pumps, and thermal metamaterials in a coupled
framework that explicitly accounts for imperfect mechanical and thermal interfaces. The objective is
to transform subsurface infrastructure from a single-purpose protective system into a multifunctional
platform for hazard mitigation, heat-flow control, and low-carbon energy exchange.

The framework progresses from component physics to system integration. Periodic and locally
resonant subsurface arrays are designed to attenuate or redirect elastic waves [1-3], while
transformation thermodynamics and tailored conductivity provide thermal cloaking, concentration,
insulation, and heat-flux rotation [4,5]. Mechanical and thermal jump laws replace ideal continuity,
making interface stiffness and contact conductance explicit design variables [6]. These descriptions
are then coupled to co-design barriers, piles, resonators, and periodic foundations with closed-loop
geothermal exchange [7,8]. Dispersion, scattering, effective-medium, and thermo-mechanical
analyses are combined with multi-objective optimization to balance seismic, structural, and thermal
requirements.

INTERFACE-AWARE MULTIPHYSICS META-INFRASTRUCTURE

SEISMIC-WAVE CONTROL HEAT-FLUX CONTROL

Incoming ground motion Periodic / resonant inclusions: IMPERFECT

INTERFACES | — 4 A

‘ CO-DESIGNED SEISMIC + ERMAL GROUND SYSTEM |

~Hi" UiJJJ“l’H*

SHARED SUBSURFACE ELEMENTS * MULTI-OBJECTIVE DESIGN * FIELD VALIDATION

Figure 1. Interface-aware framework integrating seismic-wave control, heat-flux control, imperfect
mechanical/thermal interfaces, and dual-function seismic—geothermal ground systems.

The unified analysis links behavior at interfaces directly to performance at the infrastructure scale.
Geometry and material contrast set the available wave and heat-control mechanisms, whereas
interface quality determines how reliably those mechanisms are realized. Imperfect interfaces may
shift attenuation bands, detune resonances, cause heat leakage through a cloak, and localize stress or

11
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heat flux; when modeled explicitly, the same compliance or resistance can become a tuning
mechanism. At system scale, shared subsurface components can concurrently attenuate waves, carry
structural loads, and exchange heat, while exposing clear trade-offs among attenuation bandwidth,
thermal capacity, pumping energy, construction tolerance, and long-term durability.

Coupling seismic, thermal, geothermal, and interfacial physics provides a coherent route toward
resilient and low-carbon infrastructure. The next steps are cross-scale parameter identification,
coupled experimental validation, manufacturable detailing, and field demonstration. For earthquake-
prone and energy-constrained regions such as Taiwan, interfaces and underground elements should
be designed together as functional parts of a multifunctional system rather than treated as separate
components or secondary imperfections.

Keywords: seismic metamaterials; thermal metamaterials; thermal invisibility cloak; imperfect
interfaces; ground-source heat pumps; energy geo-structures
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A Multilevel Stochastic-Gradient Neural Solver for Boundary Integral

Equations
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Abstract

We solve second-kind Fredholm boundary integral equations by representing the unknown density
with a neural network, exploiting the spectral bias of neural network training as an implicit smoother
rather than an obstruction. We propose a multilevel training scheme that progressively refines the
quadrature grid, warm-starting each level from the previous one. The resulting GPU-trained solver
substantially outperforms GMRES run in plain MATLAB on a conventional 64-core CPU
workstation.
Keywords: second-kind Fredholm integral equations; multilevel training; neural network solvers;
stochastic optimization; neural tangent kernel
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Abstract

This talk presents a multicontinuum modeling framework for multiscale piezoelectric materials with
complex porous microstructures. Unlike standard homogenization methods, which may fail to
capture interactions across multiple pore scales, the proposed approach represents pores of different
sizes as interacting continua. Multicontinuum expansions of the mechanical displacement and
electric potential are developed, together with coupled constrained cell problems that characterize
the effective behavior. These cell solutions lead to a generalized piezoelectricity model for an
arbitrary number of continua. Numerical examples with two continua demonstrate the validity of the
proposed framework.

Keywords: Piezocomposites; Multicontinuum; Homogenization; Porous materials; Perforated media
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Abstract

The development of numerical approaches for fluid-structure interaction (FSI) has been recognized as a
crucial research topic over the past several decades. Due to the distinct differences in the governing equations
of fluids and solids, coupled with the large-deformation characteristics of fluids, integrating the two domains
poses significant challenges. The numerical method employed in this research is the Material Point Method
(MPM) [1,2]. MPM integrates the advantages of both Eulerian grid-based methods and Lagrangian particle-
based methods, effectively overcoming the limitations of mesh distortion in large-deformation problems.
Furthermore, the procedure for updating the stress tensor via the strain rate tensor in MPM is inherently
consistent with fluid dynamics formulations. Consequently, the MPM and its advanced variant, the
Generalized Interpolation Material Point (GIMP) method, have been validated as effective simulation
approaches through a series of bulk FSI problems.

However, when the scale of the FSI problem decreases to the millimeter level—such as a water droplet
impacting a deformable sheet—research employing MPM remains highly scarce. This scarcity is primarily
because surface tension, viscosity, and the incompressibility of the droplet become increasingly dominant at
this scale—factors typically neglected in bulk water—and accounting for them substantially increases both
computational costs and programming complexity. To address this challenge, this study utilizes GIMP to
simulate a water droplet impacting a deformable sheet by adopting assumptions commonly used for bulk water:
neglecting surface tension and viscosity while assuming the water is weakly compressible. By varying the
dimensions of the sheet and incorporating a series of experimental results, this work qualitatively and
guantitatively validates the feasibility of applying GIMP to this problem through the analysis of geometric
deformation, height, and diameter variations following the droplet impact. The corresponding experimental
and numerical settings for the droplet-sheet models are shown in Figures 1 and 2, respectively.

By comparing the configurations and normalized diameters of the droplet between the experimental and
numerical results, the GIMP has been validated as a useful approach, as illustrated in Figure 3. Therefore, this
study aims to provide future researchers with a straightforward and efficient computational approach for
simulating droplet impacts.
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Figure 1. Experimental setup of the droplet-sheet model. |
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Figure 2.

Computational setups of the droplet-sheet model.
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Figure 3. Comparative results obtained by the experiments and GIMP: (a) snapshots of the droplet
configurations, (b) normalized diameters.
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Abstract

The freeform optics is to transfer radiant flux from a given source into a target plane with a prescribed energy distribution
by reflective or refractive surfaces. The differential forms of two-dimensional (2D) design and three-dimensional (3D)
design are second-order ordinary differential equation (ODE) and Monge-Ampere equation, respectively, under the point
light source assumption [1,2]. A simple approach based on grid mapping is to consider that the four end points of each
source grid cell are mapped to the four end points of the associated target grid cell and the cells in each corresponding
grid pair share equal energy flux [3]. Some other advanced approaches are the optimal transport ray-mapping method and
the supporting quadratics method [4,5], where the desired freeform surface is obtained by unifying quadratics and
optimizing the energy transportation.

In this work, we propose a 3D freeform surface design method. The freeform surface is constructed by using the 2D
skew freeform model and quadric surfaces fitting without optimization process. First, the global light source domain and
illuminant target domain, denoted by Q, and Q. respectively, are partitioned into numerous subdomains Q' and ',
i =1.--n, satisfying local energy conservation. Next, a 2D skew freeform is constructed by solving a series of nonlinear
ODE:s resulting from 2D non-coplanar freeform design where the source and target illuminant distribution are computed
to represent the energy distribution in each of the corresponding subdomain pairs [6]. Finally, a 3D freeform design is
constructed by fitting quadric surfaces on a 3D skeletal frame consisting of the 2D skew freeform curves [7].
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Abstract

Quadratic unconstrained binary optimization (QUBO) is a common framework for modeling
large-scale combinatorial optimization problems in scientific computing, scheduling, manufacturing,
and resource allocation. This talk presents a neural initialization and local search strategy for
accelerating QUBO solvers based on digital and GPU annealers. From each QUBO matrix, bit-wise
structural features are extracted and used by a neural network to predict variable-wise probabilities.
Candidate binary solutions are generated by thresholding and Bernoulli sampling, refined by local
search, and used as initialization for annealing. Experiments on random QUBO matrices and synthetic
subset-sum instances show that the proposed approach reduces solving time while maintaining final
objective quality.

Keywords: Quadratic unconstrained binary optimization; Annealers; keyword 3 (3—6 keywords)
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Abstract

Oscillating water column (OWC) devices are promising wave energy converters due to their
simple design, reliability, and ability to convert wave-induced air-pressure oscillations into useful
energy, but their performance is strongly affected by resonance, chamber geometry, seabed condition,
and environmental effects. Most existing studies consider OWC devices under gravity waves over
rigid bottoms and in still water, whereas real offshore conditions may involve porous seabeds, surface
tension, and ambient currents. A porous seabed can dissipate wave energy and modify the wave field
near the chamber, while surface tension and current can shift resonance frequencies and influence
efficiency, radiation conductance, and radiation susceptance. Therefore, this study examines the
hydrodynamic response of an offshore OWC device over a permeable seabed under capillary-gravity
waves and uniform current.

The problem is formulated as a boundary value problem governed by the Laplace equation with
boundary conditions at the free surface, porous bottom, chamber walls, and far-field boundaries.
Surface tension is included through a modified free-surface condition, uniform current through the
dispersion relation and boundary conditions, and the permeable seabed through a porous-bottom
condition. The velocity potentials are obtained using the eigenfunction expansion method, while a
hybrid boundary element method and finite difference method is used for validation and for treating
the higher-order free-surface condition. The hydrodynamic performance is evaluated in terms of
energy-conversion efficiency, radiation conductance, and radiation susceptance. Results show that
seabed permeability modifies resonance through additional dissipation, surface tension shifts
resonance toward higher frequencies and smooths sharp variations, and following and opposing
currents shift the resonance in opposite directions.

Keywords: Oscillating water column; Permeable seabed; Surface tension; Uniform current;
Capillary-gravity waves.
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