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Abstract

In this article, a non-singular and boundary-type meshless method in two dimensions is developed to solve the poten-
tial problems. The solution is represented by a distribution of the kernel functions of double layer potentials. By using
the desingularization technique to regularize the singularity and hypersingularity of the kernel functions, the source
points can be located on the real boundary and therefore the diagonal terms of influence matrices are determined.
The main difficulty of the coincidence of the source and collocation points then disappears. By employing the two-point
function, the off-diagonal coefficients of influence matrices are easily obtained. The numerical evidences of the proposed
meshless method demonstrate the accuracy of the solutions after comparing with the results of exact solution, conven-
tional MFS and BEM for the Dirichlet, Neumann and mix-type boundary conditions (BCs) of interior and exterior
problems with simple and complicated boundaries. Good agreements with exact solutions are observed.
© 2005 Elsevier Inc. All rights reserved.

Keywords: Non-singular; Meshless method; Conventional MFS; Singular fundamental solution; Double layer potential; Desingu-
larization technique; Singularity; Hypersingularity; Kernel function; Mixed-type BC; Circulants

1. Introduction

During the last decade, scientific researchers have paid attention to the meshless methods in which the
mesh or element is free. The meshless methods are the mesh reduction methods with no meshes require-
ments and only boundary nodes are necessary. The mesh reduction techniques possess great progresses
to compete with the FVM, FEM and FDM as dominant numerical methods. Because neither domain
nor surface meshing is required, the meshless methods have become very attractive for engineers in model
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creation, and important tools for scientific computing. Several meshless methods have been reported in the
literature, for example, the smooth particle hydrodynamics (SPH) method [12], the element-free Galerkin
(EFG) method [2], the reproducing kernel particle method (RKPM) [16], the method of fundamental solu-
tions (MFS) [6,11,18-21], boundary knot method (BKM) [8,9], boundary collocation method (BCM) [3-7]
and boundary node method (BNM) [22-24]. These methods are truly meshless, since no domain or bound-
ary meshes are required.

The MFS has been extensively applied to solve some engineering problems [10,11,18-21]. It is a kind of
meshless methods, since only boundary nodes are distributed. A comprehensive review of the MFS was gi-
ven by Fairweather and Karageorghis [11]. The solution procedure makes use of the fundamental solutions,
which satisfies the governing equation in the interested domain. To avoid the singularity problem, the solu-
tion is represented as a set of singular kernels or the single layer potentials on non-physical boundary (fic-
titious boundary). The kernel function is composed of two-point function which is one kind of the radial
basis functions (RBFs). The independent variable of two-point function depends on point position only. A
regular singularity-free formulation was obtained as a result, and achieving an attractive truly boundary-
type and mathematically simple meshfree method. However because of the controversial artificial boundary
(off-set boundary) outside the physical domain, the MFS has not become a popular numerical method. The
meaning of off-set boundary is an auxiliary boundary to offset a distance from the real boundary. In general
for real engineering problems especially for a complicated geometry, the off-set boundary distance is diffi-
cult to determine. The diagonal coefficients of influence matrices are divergent due to the point collocation
when the off-set boundary approaches to the real boundary. Despite its gain in singularity free, the influence
matrices become ill-posed matrices when the off-set boundary is far away from the real boundary. It results
in an ill-posed problem since the condition number for the influence matrix becomes very large. The loca-
tion of source and observation points is vital to the accuracy of the solution by implementing the conven-
tional MFS.

An improved approach called the BKM or BCM was introduced very recently, by Chen and his co-
workers [3-7], and Kang and his collaborators [14,15] as well as Chen and his co-workers [8,9]. Instead
of using the singular fundamental solutions, the non-singular kernels were employed to evaluate the homo-
geneous solution. These methods dealt successfully with many kinds of problems and eliminated the well-
known drawback of ambiguous off-set boundary. The major differences in these meshless methods come
only from the techniques used for the chosen non-singular kernels RBFs. However, the introduction of
non-singular kernels may jeopardize the accuracy of the solutions as comparing with using the singular fun-
damental solutions. Another improved method is called the Hybrid boundary node method (Hybrid
BNM), which combines the moving least squares (MLS) interpolation scheme with the hybrid displacement
variational formulation [23,24]. However, some integration is still needed as far as with the BNM or Hybrid
BNM.

In these BKM and BCM references, the methods only worked well in regular geometry with the Dirichlet
and Neumann BCs. Even though these methods can locate the source points on the physical boundary and
use the non-singular kernels, there still accompanies some difficulty at the ill-posed problems. Therefore, the
purpose of this paper is to develop a novel meshless method for solving the potential problems based on the
potential theory as well as the desingularization of subtracting and adding-back technique [13,17] to regu-
larize the singularity and hypersingularity of the kernel functions. The proposed method is to distribute the
observation and source points on the coincident locations of the real boundary even using the singular ker-
nels (double layer potentials) instead of non-singular kernels and still maintains the spirit of the MFS. The
diagonal terms of the influence matrices can be derived by using the proposed technique. Also, the influence
coefficients by numerical methods are compared with analytical solutions by using separable kernels [1] and
circulants [4] for the circular domain. Finally, a new program of the novel meshless method is constructed
to solve the Laplace problems subject to the Dirichlet, Neumann and mix-type problems. This includes con-
tinuous or discontinuous BCs with the smooth and non-smooth simple and complicated boundaries.
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2. Formulation

Consider a boundary value problem with a potential ¢(x), which satisfies the Laplace equation as
follows:

Vip(x) =0, x€D (1)
subject to BCs

d(x) =¢, x€B, (2)

Y(x) =y, xe€B, (3)
where V2 is the Laplacian operator D is the domain of the problem. The boundary conditions are described
as following: where (x) = %) and B, is the essential boundary (Dirichlet boundary) in which the potential

is prescribed as ¢; B, is the natural boundary (Neumann boundary) in which the normal derivative is pre-
scribed as iJ; and B, and B, construct the whole boundary of the domain D as well as the outside domain D*
as shown in Fig. 1. The real physical problems for the Laplace equation contain potential flow problems,
torsion bar problems, Stokes equations of the vorticity transport equations, etc. By employing the RBF
technique [8,18], the representation of the solution for interior problem can be approximated in terms of
the strengths o of the singularities ' as

sir,0)

&

(Outside physical domain) s'(r.6)
B, and B,

(Physical boundary)

X (P )

(a) (c)

(b) (d)

Fig. 1. The source point and observation point distributions and definitions of r, 0, p, ¢ by using the conventional MFS and the novel
meshless method for the interior and exterior problems: (a) interior problem (MFS), (b) exterior problem (MFS), (c) interior problem
(proposed method), (d) exterior problem (proposed method).
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p(x') = AV, x)t, )

Y(x) = BU( 2o, (5)

where AV(¢,x) is RBF in which the superscript (i) denotes the interior domain, o are the jth unknown
coefficients (strengths of the smgularltles) ¢’ is jth source point (singularity), x’ is ith observation point,

i ) (s/
N is the numbers of source points and BY(s/,x') = M% The coefficients {af} i1 are determined so that

BC is satisfied at the boundary points, {x'}",. In Fig. 1 the distributions of source points and observation
points are shown for the interior and exterior problems. The descriptions of the terminology of observation
points, source points, field points, collocation points, boundary points, two-point function, off-set bound-
ary and strength of singularity can also be found in [4,6].

By collocating N observation points to match with the BCs from Eq. (4) for Dirichlet problems and Eq.
(5) for the Neumann problems, we have the following linear systems of the form

ay  ajp v Ay |
N [P O P S ©
Ldy1 dn2 - ANy
[biy bia -+ by
e = (), )
Lbvy byp -+ byn
where
a,; =AYV X)), i,j=1,2,...,N, (8)
b, =BY(s',x'), ij=12,....,N 9)

For the mixed-type problems, a linear combination of Egs. (6) and (7) is made to satisfy the mixed-type
BCs. After solving the unknown density functions {o/ }jvzl with the linear algebraic solver, the solutions
for the interested domain are calculated from the field equations (4) and (5).

Similarly for the exterior problems, we have

P(x') = ZA<e>(sf,x")af, (10)
= "B ), (11)

=1

where the superscript of 4)(s’, x") denotes the exterior domain. After collocating N observation points with
the Dirichlet or Neumann BCs, we obtain
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(a1 aip -+ ain]
m e - e - (7). 12
Lay, anp - awn |
_?1,1 Z:h,z o by ]
ey - e = (7). (13)
Lbyi bya - by

Similar procedures as the interior problems are undertaken to obtain the field solutions for the exterior
problems. According to the dependence of the outward normal vectors in the two kernel functions for inte-
rior and exterior problems, their relationships are

A(i)(sjvxi) = _A<e) (Sjaxi)7 i #]7 (14)
A(i)(sj7xi) = A(E) (Sjﬂxi)v i= j7

BY(s/,x') = B (s, x'), i# ], (15)
B, ¥) = BO(s,X), i=)

The chosen RBFs in this study are the double layer potentials in the potential theory and were derived in
Appendix A for the exterior problems or can be found in [4,5] as

AO( ¥y = 1 (16)

-2
ij

BE)(y/ x1) = 220U Pk (17)

rij rij

where 7;; = |s/ — x'|, nj is the kth component of the outward normal vector at ', . is the kth compo-
nent of the outward normal vector at x' and y, = x} — s,. The chosen RBF is a kind of the two-point
function.

It is noted that the double layer potentials have both singularity and hypersingularity at the origin,
which lead to troublesome singular kernels and controversially auxiliary boundary in the conventional
MFS. The off-set distance between the off-set (auxiliary) boundary (B’) and the real boundary (B) de-
fined by, d, as shown in Figs. 1(a) and (b) needs to be chosen deliberately. To overcome the above-
mentioned drawback, ' is distributed on the real boundary as shown in Figs. 1(c) and (d) by using
the proposed regularization technique. The rationale for choosing double layer potential instead of
the single layer potential as used in the proposed method for the form of RBFs is to take advantage
of the desingularization of the subtracting and adding-back technique, so that no off-set distance is
needed when evaluating the diagonal coefficients of influence matrices as explained in Section 3. The
single layer potential will not be chosen as the form of RBFs, because Egs. (20) and (21) in Section
3 are not satisfied. If the single layer potential is used, the desingularization of subtracting and add-
ing-back technique will fail.



D.L. Young et al. | Journal of Computational Physics 209 (2005) 290-321 295
3. Derivation of diagonal coefficients of influence matrices for arbitrary domain
When the collocation point x’ approaches to the source point s/, Egs. (4) and (5) will become singular.

Eqgs. (4) and (5) for the interior problems need to be regularized by using special treatment of the desingu-
larization of subtracting and adding-back technique [13,17] as follows:

N N
p') = AV XN =D A (s x)or
j=1 J=1
i—1 N N ) )
=) AV X + Z AV x4 ZA(‘>(S”’ x') —A(‘)(s’,x’)] o, x'€B, (18)
J=1 J=i+1 m=1
N o N
Y(x') = ZB<‘)(S’,x’)ocf — ZB(e)(s/,x’)cc’
j=1 J=1
=) B ¥ + Z BY(s/, x")od — lZB(Q(s”Zx’) - B(‘>(s’,x’)] o, x'€B (19)
j=1 J=i+1 m=1
in which
N
A9 x)=0, x eB, (20)
=1
ZB(e)(si,xi) =0, x €B. (21)
=1

In Appendix A, the detail derivations of Egs. (20) and (21) are given. The original singular terms of
AY(s', x") and BY(s',x") in Egs. (4) and (5) have been transformed into regular terms [ZZ:1A<i>
(s",x") — AV (5" x)] and —[32N_ B (s x) — BY(s',x')] in Egs. (18) and (19), respectively. In which the
terms of 30 AW (s x) and 3.¥_ BY(s” x’) are the adding-back terms and the terms of A“(s’,x) and
BY(s', x') are the subtracting terms in the two brackets for the special treatment technique. After using
the desingularization of subtracting and adding-back technique [13,17], we are able to remove the singular-
ity and hypersingularity of the kernel functions. Therefore, the diagonal coefficients for the interior prob-

lems can be extracted out as:

Table 1
The properties of the influence matrices for the Laplace equation
Kernel function A(s/,x') = _% B(s/,x) = Zyk.;%nm B %
Exterior Interior Exterior Interior
Eigenvalue /; l)f)e) =0, vge) =4 vg) =4, Ugl) =4 583) =0, 555) =M 5[(;) =0, 55') =M

Analytical solution: % > m

— Sum of diagonal terms d‘*jvg""“l s (circular domain only)

m=0
i al ue N-1 . n N+l o m NN-D) =2 NN-D) o ®?
Diagonal value > N oo sl 7 (2)? ¥ ()’
N N N N

Numerical solution (arbitrary domain)
A1k — di A1k — di (X% ik — big) —(Cbik — big)

Where 7;; = [x' — /|, y, =xi — 92 7ir denotes the kth components of outward normal vector on x’, respectively.
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Fig. 2. Problem sketch and the nodes distribution (60 nodes) in the case 1.1: (a) problem sketch, (b) nodes distribution, (c) exact
solution.
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Fig. 3. The field solutions by using the conventional MFS (60 nodes) for the case 1.1: (a) d = 0.01, (b) d=0.5, (c) d=1.0.
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1
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12 —] MEFS (d=0.5, 60 nodes)

(b)

Fig. 4. The field solutions by using the proposed method, BEM and conventional MFS for the case 1.1; (a) ¢(x,0), (b) ¢(0,y).
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r N
_< bl,m_bl,l> b1,2 bLN
m=1
>
. b271 - < b2,m - b272) o bZﬁN .
{(//l} = m=1 {(Zj}. (23)
. . . . .
by by e — (Z by — bN,N)

L m=1 _

In a similar way, the desingularization of subtracting and adding-back technique was applied to the exterior
problems, we then have

qﬁ(xi) _ iA(e)(Sj,xi)fXj _ iA(e)(éJ,xi)O(i7 (24)
j=1 7=

Y = ZB(e) (), %) — ZB(e) (s/,x)or (25)
=1 J=1

After using Eqs. (14) and (15), the diagonal coefficients for the exterior problems can be extracted out
as:

T T T T T T T T T
-0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8

Fig. 5. The field solutions for the case 1.1 by using the novel meshless method (60 nodes).
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Fig. 6. The error analyses for the case 1.1: (a) relative error with exact solution for entire domain (60 source nodes), (b) norm error (at
radius = 0.5) versus the numbers (N) of nodes.
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Fig. 7. Problem sketch and the nodes distribution (60 nodes) in the case 1.2: (a) problem sketch, (b) nodes distribution, (c) exact
solution.
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Fig. 8. The field solutions by using the conventional MFS (60 nodes) for the case 1.2: (a) d = 0.001, (b) d=0.2, (c) d=0.5.
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—2A— BEM (60 elements)

S — —&— MFS (d=0.2. 60 nodes)

%29

Fig. 9. The field solutions, ¢(2, ¢), by using the proposed method, BEM and conventional MFS for the case 1.2.

0.54

0.1

Fig. 10. The field solution for the case 1.2 by using the novel meshless method (60 nodes).
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The diagonal terms of the two influence matrices for both interior and exterior problems can also be derived
analytically for a circular domain as shown in Appendix B. Table 1 shows the properties of the influence
matrices for both circular and arbitrary domains.

4. Numerical results

In order to show the accuracy and validity of the proposed method, the potential problems with circular,
square and arbitrary domains subject to the Dirichlet, Neumann, and mixed-type problems with continu-
ous and discontinuous BCs are considered. The results will be compared to the solutions obtained by using
the conventional MFS, BEM and exact solutions.

4.1. Example 1: Circular domain cases (cases 1.1 and 1.2)
In cases 1.1 and 1.2, the interior and exterior Dirichlet problems with discontinuous BCs are given. The

interior Dirichlet problem is considered in case 1.1. Case 1.2 is the exterior Dirichlet problem. Both figures
in the following two cases are the results with 60 source nodes.

A
y
6=0
=0 5=0]| n=1
V2 (5y) =0
§=x .
=1 X
(a)
0.
- Qe i
| — Normal vector 0.8 r
i LLLLLLALEA LI LAt Lt g en
T = = o
05 = —
= — 05
B g ; 04
ok = —
I 0000000000000 00R00R00RRRNNN 0
1 P 1
(b) 0 05 1 (c)

Fig. 11. Problem sketch and the nodes distribution (120 nodes) in the case 2.1: (a) problem sketch, (b) nodes distribution, (c) exact
solution.
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4.1.1. Case 1.1: interior Dirichlet problem
Problem sketch and the nodes distribution employing the proposed method are depicted in Figs. 2(a)
and (b), respectively. The problem is subject to Dirichlet discontinuous BC as follows:

- 0, 0<op<m,
1,p) = 28
¢(1,0) {1, T <@ <2m. (28)
0.9 1 1 1
o.a-/
S
0.7-/
K4

ol 7

(@ o1 02 03

Fig. 12. The field solutions by using the conventional MFS (120 nodes) for the case 2.1: (a) d=0.1, (b) d=0.5, (c) d=1.0.
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In this case, an analytical solution is found as follows:

o (x,y) :% arctan ( %

1—X2—y2>

(29)

The exact field solution is plotted in Fig. 2(c). We obtain the results of the field potential solutions by using
the conventional MFS for distributing source points (60 nodes) on the fictitious boundary with different

0.4 —|

0.2 —

#(x,0.5)
\

-0.2 —

0.4 —|

——®@——— New meshless method (120 nodes)
----- Exact solution

—&—— BEM (120 elements)

—— MF5 (=05, 120 nodes)

(@

0.2 0.4 0.6

0.8 1

0.8 —

0.6 —

#(0.5,y)

0.4 —

0.2 —

—@—— New meshless method (120 nodes)
----- Exact solution

—A—— BEM (120 elements)

MFS (d = 0.5, 120 nodes)

(b)

Fig. 13. The field solutions by using the proposed method, BEM and conventional MFS by adding a rigid body term for the case 2.1:

(a) ¢(x,0.5), (b) $(0.5,).
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off-set distances as depicted in Figs. 3(a)—(c). It is obvious that the relative errors of the conventional MFS
comparing with the exact solution in Fig. 2(c) for 4 = 0.01 and d = 1.0 are larger than d = 0.5, where d is the
distance between the off-set (auxiliary) boundary (B’) and the real boundary (B). This illustrates the draw-
back that the location of source is dubious by using the conventional MFS. The comparisons of results by
using the proposed novel method, the conventional MFS (d = 0.5), the BEM, and the analytical solution
are displayed in Fig. 4(a) for ¢(x,0) and Fig. 4(b) for ¢(0, y), respectively. The field solution of the present
method is plotted in Fig. 5. The results match the exact solutions very well by using the present meshless
method. To see the sensitivity analysis of the boundary layer effect, the relative error with exact solution in
the interested domain field with 800 inner points is given in Fig. 6(a). Fig. 6(b) shows the norm error of the
numerical results plotted versus number of nodes and displays the changes of norm error at radius = 0.5
with the increase of source nodes N. The norm error is defined as foz " | Pexact (0 = 0.5, 0)—

d(p =0.5,¢)" de in Fig. 6(b).

4.1.2. Case 1.2: exterior Dirichlet problem
In this case, we investigate a circular domain with the Dirichlet discontinuous BC given as follows:

- 1, 0<o<m,
1,p) = 30
91, %) {—1, n <@ <2m (30)

Problem sketch and the nodes distribution using the proposed method are depicted in Figs. 7(a) and (b),
respectively. In this case, an analytical solution is available as following:

2 2y
([)(x,y) = E arctan (m) . (31)

Fig. 14. The field solution of the case 2.1 by using the novel meshless method (120 nodes).
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The exact field solution is plotted in Fig. 7(c). We obtain the results of the field potential solutions by
using the conventional MFS (60 nodes) for different off-set distances to boundary as shown in Figs.
8(a)—(c). The relative errors of the conventional MFS are larger for 4d=0.001 and 4=0.5 than
d=0.2. This clearly illustrates the drawback of the well-known ill-posed influence matrices by using
the conventional MFS. The field results, ¢(2,¢) by using the present novel method, the conventional
MFS (d =0.2), the BEM and the analytical solutions are plotted in Fig. 9. In Fig. 10 the field solution
of the proposed technique is plotted. The present numerical results are very close to the exact solutions
by using the proposed novel method.

4.2. Example 2: square domain cases (cases 2.1 and 2.2)

In cases 2.1 and 2.2, the interior Dirichlet and mixed-type problems are given for the square domain,
respectively. The two problems considered here are all with discontinuous BCs.

y
0=0
y=0 o=l | er
V) =0 '
7=0 R
h=n X
(a)

| O Source point
A Collocation point
|- — Normal vector

IRUIRRNRRNONRRRaNIRNIANaRINY
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054

OF

TR EEREEE T IEELE

IR RN RN N R
0.5

(0

o
Y

(b)

Fig. 15. Problem sketch and the nodes distribution (120 nodes) in the case 2.2: (a) problem sketch, (b) nodes distribution, (c) exact
solution.
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4.2.1. Case 2.1: interior Dirichlet problem (discontinuous BC)
A square domain (1 x 1) subject to the Dirichlet BC is considered as

¢(x> O) =X, (]5(){7 1) = ¢(07y) = d)(l?y) =0. (32)

Problem sketch and the nodes distribution using the proposed method are depicted in Figs. 11(a) and
(b), respectively. An analytical solution is available as follows:
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Fig. 16. The field solutions by using the conventional MFS (120 nodes) for the case 2.2: (a) 4= 0.01, (b) d=0.5, (c) d=1.0.
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Fig. 17. The field solutions by using the proposed method, BEM and conventional MFS by adding a rigid body term for the case 2.2:
(a) ¢(x,0.5m), (b) ¢(0.5m, y).



D.L. Young et al. | Journal of Computational Physics 209 (2005) 290-321 311

O(x,y) = i C, sinh(nn(1 — y)) sin(nnx), (33)
where
¢ = 2D (34)

(nm) sinh(nm)

The exact field solution is plotted in Fig. 11(c). After distributing 120 nodes, we obtain the results by
using the conventional MFS for different off-set distances to boundary (d) as depicted in Fig. 12, where
d is the off-set distance between the off-set (auxiliary) boundary (B’) and the real boundary (B). It is
obvious that the relative errors of the conventional MFS comparing with the exact solution in Fig.
11(c) for d=0.1 and d=1 are larger than 4= 0.5. This illustrates the important fact that the location
of source is vital to the accuracy of the solution by using the conventional MFS. In such a situation, the
conventional MFS does not yield reliable and consistent solutions. The field solutions of ¢ (x,0.5) and ¢
(0.5,y) by employing the proposed novel method, the conventional MFS (d=0.5), the BEM and the
analytical results are plotted in Figs. 13(a) and (b), respectively. The present method predicts the accu-
rate solutions after comparing with the analytical solutions as shown in Fig. 13. Good match is ob-
served from the comparison of the two solutions. Thus the selection of the off-set distances in the
conventional MFS is avoided by adopting the present study. The field solution by using the proposed
method is plotted in Fig. 14.

2.5+

N
o
17/0!‘ L
0.5+ -

RS

0.85

Fig. 18. The field solution for the case 2.2 by using the novel meshless method (120 nodes).
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4.2.2. Case 2.2: interior mixed-type problem (discontinuous BC)
A square domain (7 X 7) subject to the mixed-type BC is considered as
d(m,y) =1, ¥(x,0)=¢(x,m)=y(0,y) =0. (35)

Problem sketch and the nodes distribution using the proposed method are depicted in Figs. 15(a) and (b),
respectively. An analytical solution is available as follows:

o(x,y) = ni::Dn cosh <(2n;1)x> cos ((Zrzgl)y)’ (36)
where
- 4(—1y"!
D= (2n — 1)mcosh (@) . 7

The field solution of the exact solution is plotted in Fig. 15(c). By collocating 120 nodes, we derive the
results by using the conventional MFS for different values of d as obtained in Fig. 16. It is obvious that
the results of the conventional MFS for d = 0.01 and d = 1.0 are larger than d =0.5 after comparing with
the exact solution in Fig. 15(c). The results of ¢(x,0.51) and ¢(0.5w,y) by using the proposed novel
meshless method, the conventional MFS (d=0.5), the BEM and the analytical solutions are plotted
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Fig. 19. The error analyses for the case 2.2: (a) relative error with exact solution for entire domain (120 source nodes), (b) norm error
at line (x,5), (c) norm error at line (3, ).
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(@) #x,y)=e"cosy, (x,y)€ B ®  @g(x,y)=e€"sinx, (x,y)e B

© @(x,y)=e""sin0.5y, (x,y)e B

Fig. 20. Problems sketches in the case 3: (a) case 3.1, (b) case 3.2, (c) case 3.3.

in Figs. 17(a) and (b), respectively. The field solution by using the proposed method is plotted in Fig.
18. To investigate the error analysis, we plot Figs. 19(a)-(c). In Fig. 19(a), the relative error with exact
solution in the interested domain with 400 inner points is plotted. Meanwhile Figs. 19(b) and (c) display
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the norm error along line y = n/2 and x = ©/2 versus the number N of boundary nodes. The norm errors
are defined as [ |Peact (%, ¥ = 1/2) — Pp(x,y = n/2) dx in Fig. 19(b) and Jo | Pexact(x = 1/2,3)—
¢(x =n/2, ) dy in Fig. 19(b), respectively. The boundary layer effect is observed in Fig. 6(a) for case
1.1 and Fig. 19(a) for case 2.2. When the observation points are calculated, in the proximity of the inte-
rior points to the boundary owing to the singularities of the double layer kernels, the precision would
deteriorate quickly. In order to reduce the boundary layer effect to some extent, the remedy may be to
refine the local source points. This has been verified from Fig. 6(b) for case 1.1 and Figs. 19(b) and (c)
for case 2.2. As the node points are refined the boundary layer effects become less obvious.
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Fig. 21. The nodes distribution (70 nodes): (a) case 3.1, (b) case 3.2, (c) case 3.3.
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4.3. Example 3: arbitrary domain cases (cases 3.1-3.3)
In cases 3.1-3.3, the interior Dirichlet problems with peanut, armor-unit and gear wheel shapes for

more complex boundaries are undertaken. Figs. 20 and 21, respectively, depict the geometry sketch
and the node distributions of these three problems. The BCs and analytical solutions for the chosen

Fig. 22. The exact field solutions: (a) case 3.1, (b) case 3.2, (c) case 3.3.
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problems are also shown in Fig. 20. The three field potential analytical solutions are plotted in Figs.
22(a)—(c), respectively, while Figs. 23(a)—(c) plot the three numerical results by using the proposed no-
vel method. Fig. 23 shows good numerical results are obtained after comparing with the exact
solutions.

(b) 2 1.5 -1 05 0 05 1 1.5 2

Fig. 23. The field solutions by using the novel meshless method (70 nodes): (a) case 3.1, (b) case 3.2, (c) case 3.3.
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5. Conclusions

In this study, we implement a novel meshless method to solve the Laplace problems for arbitrary
domains subject to the Dirichlet, Neumann and mixed-type BCs. Only the boundary nodes on the real
boundary are required. The major difficulty of the coincidence of the source and collocation points in
the conventional MFS is then circumvented. Furthermore, the controversy of the artificial (off-set)
boundary outside the physical domain by using the conventional MFS no longer exists. Although it
results in the singularity and hypersingularity due to using the double layer potential, the finite values
of the diagonal terms for the influence matrices have been extracted out by the proposed desingulariza-
tion technique to regularize the singularity and hypersingularity of the kernel functions. The ill-posed
influence matrices generated by using the conventional MFS are eliminated when using the off-set
boundary far from the real boundary. The numerical results were obtained by using the developed pro-
gram for three category examples with different BCs and shapes of domain. Solutions were compared
very well with the analytical solutions or other numerical methods such as BEM and conventional
MFS.
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Appendix A. The detail derivations of Eqgs. (20) and (21)

The null-fields of the boundary integral equations (BIEs) based on the direct method are

0 :/B %ﬁb(b‘) dB(s) — /B di(e)(s,x")%rfs) dB(s), x' €D, (A.1)
R (g 5 009 (5. x1) (s .
OZ/B gn a(n gt dB(S)‘/B Laé : ) ;f,f ) d(s), ¥err, (A2)

where the superscript (¢) denotes the exterior domain, @ is the single layer potential, and is equal to In(7;).

Let % = A9 (s,x'), and % = B®(s,x"). By employing the simple test method (3¢ (s)/on, = 0 when

¢(s) = 1), we can write Egs. (A.lj and (A.2) as follows:

/A<e) (s,x')dB(s) =0, x' € D", (A.3)

B

/B<e) (s,x')dB(s) =0, x'€Dr. (A4)
B

When the field point x’ approaches the boundary, we can discretize Eqs. (A.3) and (A.4) and as follows:

N
D A9 X =0, X eB, (A.5)
j=1
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B (s X\ =0, x' €B, (A.6)

-

I
_

J

where ¢ is the half of distance of the (j — 1)th source point and the (j + 1)th source point. When the distri-
bution of nodes is uniform, we are able to reduce Egs. (A.5) and (A.6) to the following

iA(e>(s",x") =0, x'€B, (A7)

=1

N
> B x) =0, x €B, (A.8)

=1

where/

A (5T ) = W ”gk (A.9)
BO(s,x) = 62252 (aS; <) _ 2y’fy_f;j"’_“ - ""7’? (A.10)

where 7;; = |/ — x|, ny is the kth component of the outward normal vector at §'; iy is the kth component of
the outward normal vector at x’ and y, = x; — s;. Egs. (A.7) and (A.8) are Egs. (20) and (21) in the text of
Section 3; and Eqgs. (A.9) and (A.10) are Egs. (16) and (17) in the text of Section 2.

Appendix B. Analytical derivation of diagonal coefficients of influence matrices for circular domain by using
separable kernels and circulants

By adopting the addition theorem [1], we can expand the two kernels in Egs. (16) and (17) for exterior
problems and also the corresponding two kernels for the interior problems into separable kernels which
separate the field point, x', and source point, &, as follows:

AV (¢ > e (0 - > p,
C omiy — poos(B— ) (s/,x') = ,+m§1 arr cos(m(0 — @), r>p
Als',x) = or T 24— 2rpeos(0— @) S~ !
A9 x) = = 30 75 cos(m(0 - ¢)), p>r,
m=1
(B.1)
BY(s,x) = 3 2 cos(m(0 — ¢), r>p
21 (7. _ 2 2 _ ’ T ’ ’
B(Sj,xi):a ln(”u)_ 2rp—|—(r —|—p)COS(0 (P)— m=1

Opdr (24 p2 = 2rpcos(0— @) | e (s, x) = Z cos(m(0 =), p>r
/)”"' ’ 7

(B.2)

where s’ = (r,0) and x’ = (p, ¢) in the polar coordinates. The definitions of r, 6, p, ¢ for the interior and
exterior problems are plotted in Figs. 1(c) and (d). Since the rotation symmetry is preserved for a circular
boundary, the two influence matrices in Egs. (6) and (7) are the circulants with the elements

Kl'j :K(V7 Hj,p, qu), (B3)
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where the kernel K can be 4 or B in Egs. (6) and (7) for the interior problems and Egs. (12) and (13) for the
exterior problems, 0;, ¢; are the angles of source and collocation points, respectively. By superimposing N
lumped strength along the boundary, we have the following influence matrices:

ko ki kno
kvoy ko o0 kyoa
K] = ; (B.4)
ki ky - ko

where the elements of the first row can be obtained by

in which ¢ = 0 is assigned without loss of generality. The matrix [K] in Eq. (B.4) is found to be a circulant
since the rotational symmetry for the influence coefficients is considered. By introducing the following bases

for the circulants, 7, (CN)I, (CN)z,. ..,and (Cy)N ~ ! we can expand [K] into
K] = kol +ki(Cy)' +ka(Cy)> + -+ ky_1 (Cy)V ', (B.6)
where 7 is an unit matrix and
o1 0 --- 00
o001 --- 00
Cv=1|. . . . o : (B.7)
1 00 -+ 0 0]y

Based on the circulant theory [4], the eigenvalues for the influence matrix, [K], are found as follows:
2= ko + k17 +k2(‘fz)2 + - +kN—1(Tl)N_17 [=0,1,2,...,N — 1, (B.8)

where /; and 7, are the eigenvalues for [K] and [Cyp], respectively. It is easily found that the eigenvalues 7, for
the circulant [Cy] are the roots for t = 1 as shown below:

=%, 1=0,1,2,...,N—1. (B.9)
Substituting Eq. (B.9) into Eq. (B.8), we have
A = kar, —Zk w0 1=0,1,2,...,N— 1. (B.10)

m=0

According to the definition for %, in Eq. (B.5), we obtain

knw=ky_my, m=0,1,2,... N—1. (B.11)
Substitution of Eq. (B.11) into Eq. (B.10) it yields
Zk,,,co (“ml), 1=0,1,2,...,N L. (B.12)

By setting ¢ = 0 without loss of generality, the Riemann sum of infinite terms reduces to the following
integral

1 N— N 2n
I_A_l\ll Z:O K(mA0,0) cos(mIAO)AO ~ 2—/0 cos(/0)K(0,0) do, (B.13)

T
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where A0 = 3.
B.1. Interior problem

By employing the separable kernel 4”(¢/, x') for interior problem (+> p) in Eq. (B.1) and the orthogonal
conditions, Eq. (B.13) reduces to

w_ v =0 (B.14)
v, = .
! Ny 1=0,1,2,...,N— 1.
Similarly, we have
P B (B.15)
P 1=0,1,2,... N 1, '

where vgi) and 5;“ are the eigenvalues of [4V] and [B”] matrices, respectively. By employing the invariant prop-
erty for the influence matrices, the first invariant is the sum of all the eigenvalues. The diagonal coefficients for
the two matrices for the interior problem are obtained by adding all the eigenvalues and can be shown below:

N—-1

Naj = W) (j no sum), (B.16)
m=0
e

Nb; = oW (B.17)
m=0

Hence, the diagonal elements are easily determined from the first invariant as follows:

N+1 =
aj]': 2r %E, N>> 17 (Blg)
N
N(N —1) n’
by =7 ~ N> 1. (B.19)
N

B.2. Exterior problem

Similarly, we have the diagonal terms of the influence matrices for the exterior problem as follows:
_ N—-1 =
a . =

T

N> 1, (B.20)

5 NN-1)

i = ~ 20
4r? &)

N> 1. (B.21)

The properties of the influence matrices for interior and exterior problems are shown in Table 1.
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