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Abstract

The fundamental frequency of a fixed membrane is the square root of the lowest eigenvalue of negative Laplace operator
with Dirichlet boundary conditions. A multiply connected membrane with inner cores of vanishing maximal dimensions
2¢; is considered in the present article. The modified perturbation method developed for a doubly connected membrane is
extended to provide a general formula for the fundamental frequency of the multiply connected membrane. A higher order
asymptotic approximation (as ¢; — 0) for the fundamental frequency of a membrane with inner circular cores of radius c;
is specified. It is an excellent extension of the results in the literature. Moreover, a second-order asymptotic approximation
(as ¢ — 0) for the fundamental frequency of a circular membrane of radius 1 with finitely many inner circular cores of
small radius ¢ is found and computed explicitly. The effects of the positions of the inner cores on the second-order
asymptotic approximation are investigated. The accuracy of the second-order asymptotic approximation is also shown by
the comparisons among the asymptotic approximations and the numerical values computed by other investigators.
© 2007 Elsevier Ltd. All rights reserved.

1. Introduction

The square root of the lowest eigenvalue of negative Laplace operator with Dirichlet boundary conditions in
two dimensions represents the fundamental frequency of a fixed membrane. The determination of the
fundamental frequency is important in the studies of acoustics and electromagnetism [1]. It is also important in
the study of the human eardrum and in the design of engineering devices such as microphones, loudspeakers,
pumps, compressors, pressure regulators, antennae for space communications [1,2]. The human eardrum is a
membrane with a stirrup which acts as a rigid core. However, related articles [3—7] on the fundamental
frequency of a multiply connected membrane are few. None of these articles except Wang’s [7] was concerned
about the asymptotic case in which the maximal dimensions of the inner cores of a multiply connected
membrane are vanishing.

In the present article, a multiply connected membrane with inner cores of vanishing maximal dimensions 2¢;
is concerned. The modified perturbation method [8] developed by the author for the fundamental frequency of
a doubly connected membrane is extended to provide a general formula for the fundamental frequency of the
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Nomenclature (r,0)  the polar coordinates with the origin at
the center of a circular membrane of
B; the inner core enclosed by S; radius 1
Byj, B, A,y the constant coefficients in the ex- (r;,0;) the polar coordinates with the origin at
pression of Wy as in Eq. (27) P;
Byi(N,p), Bnj(N,p), Anj(N,p) the constant coeffi- (roj, 0o;) the polar coordinates of P; in (r, 0)
cients of Uy ,(r;,0;) as in Eq. (34) R multiply connected membrane
c the radius of inner circular cores Ry simply connected membrane
2¢; the maximal dimension of B; (Rji, ¢;;) the polar coordinates of P; in (r;, 0))
Dy;, Cyj, Dy the  constant  coefficients  of S the inner boundary of R
V’z’j(rj, 0;) as in Eqs. (41)-(44) So the boundary of Ry
I the nth order Bessel function Uy, corresponding eigenfunction to Ky
K the fundamental frequency of R Vy = Véj + ng
K=Ko+Fi+---+F,+--) w corresponding eigenfunction to K
Ky eigenvalue on Ry
K, the rth zero of J; W= (ZZI Vo + Wo) + (E:Z1 Vi+ W)
Ky the fundamental frequency of Ry M
I(N)  the number of the eigenfunctions to Ky Tt (Z/‘:I Vi + W) +--)
M the number of inner cores W corresponding eigenfunction to K
P; the center of jth inner circular core Y, the nth order Newmann function
Y ~ 0.5772

multiply connected membrane. A higher order asymptotic approximation (as ¢; — 0) for the fundamental
frequency of a membrane with M inner circular cores of radius c¢; is specified by correcting the boundary
conditions, by using the results [8] for a membrane with an inner circular core, by using the translational
addition theorems for circular cylindrical wave functions [4,9], and by applying the generalized Green’s
function [10]. It is found to be an excellent extension of the results [7,8] in the literature. Moreover, by using
the generalized Green’s function [8] for a circular membrane of radius 1, by applying the results [8] for a
circular membrane of radius 1 with an inner circular core of small radius ¢, and by employing the translational
addition theorems for circular cylindrical wave functions [4,9], a second-order asymptotic approximation (as
¢ — 0) for the fundamental frequency of a circular membrane of radius 1 with M inner circular cores of small
radius ¢ is found and computed explicitly. The effects of the positions of the inner cores on the second-order
asymptotic approximation are investigated and the comparisons among the asymptotic approximations and
the numerical values [4,5,11] computed by other investigators are made.

2. Perturbation formulation

Let Ry be a simply connected membrane with boundary Sy and R be a multiply connected membrane with
the outer boundary Sy and M inner boundaries S; enclosing M inner cores B; of vanishing maximal
dimensions 2¢;, j = 1,2,..., M. All lengths have been normalized by a characteristic length L. The governing
Helmholtz equation is

AW + K>W =0, (1)

where W is the normalized vertical displacement and K is the normalized vibrational frequency,
K = frequency L \/density/tension per length.
Consider the eigenvalue problems on R and Ry, respectively,

AW + K*W =0 in R, )
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W=0onSyUSU---USy 3)

and
AW + KW =0in Ry, ()
W =0 on S,. (5)

Let Kj be the smallest eigenvalue of the problem on the membrane Ry, and W, be the corresponding
eigenfunction. By extending the modified perturbation method [8] developed by the author for a doubly
connected membrane, a general formula for the fundamental frequency K of the multiply connected
membrane R is derived below.

The fundamental frequency K of the multiply connected membrane R and its corresponding eigenfunction
W can be expressed as

and

J=1

J=1

M M M
W= <ZVO]'+ W0>+<2V1j+ W1>+"'+ (Zij-i- W}11)+"'3 (7
=

where Vo, = 0 on Ro\Bj,

AWo+ KgWo =0 in Ry, (®)
W() =0on S(), (9)
AV + K3V1;=0in Ry\B;, (10)
V]j = —W() on S', (11)
AW+ KgW, = —2KoF 1 W in Ry, (12)

M
Wi=-> ¥y onS, (13)

Jj=1
AV + K3V = —2KoF Vy; in Ry\B;, (14)

M
V2j=—W1— Z V1/ on S', (15)
I=1, I#]

AW, + KiW,y = —2KoF 1 W1 — 2KoF2Wo — F1 W, in Ry, (16)

M
W2 = — Z sz on So, (17)

j=1

m m—1 m—s
Aij + K% ij = _2K0 ZF]) V(m—p)j - Z ZFSFI V(m—s—t)j in R()\B', (18)
p=1 s=1 =1
M

Vi =W — > Vin-tyonS;, m=3,45,., (19)

I=1, 1#)
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m m—1 m—s

AWm + K(2) Wm == _2K0 ZF[) Wm—p - Z ZFSF[ Wm—x—t in R07 (20)
p=I s=1 r=1
M
sz—ZVm_,-onSo,m=3,4,5,... ) 1)
j=1
The conditions for the existence of W,, n=1,2,3,..., are provided by Fredholm Alternative theorem [10].

These conditions give formulas to the correction terms of the fundamental frequency K. The formulas are as
follows:

oW,
] 1fso Vids @
'k, fRO Wg da
oW,
- JrQKF I W + FIWo)WodA + 301, $5,5, V2 ds o)
2 —2Ky [, W3 dA ’
oW,
F fRO(ZKOZ’" IF Wi p)WOdA Z] 1§So Vi ds
" —2Ky [, W5d4 2K [, Wg d4
m—1 m—s
IS SEGF W )W dA
_IRO(ZA—I =1+ stV m—s I) 0 ’ m = 3’4’ 5’.“, (24)

2K [p, W5dA

where the derivative on Sy is the outward normal derivative.

Hence, a general formula for the fundamental frequency K of the multiply connected membrane R is found
to be the formula Eq. (6) with Eqgs. (22)-(24). However, Eqs. (22)-(24) will not be specified without the
specifications of W,’s and V,;’s. The specification for IW,’s will be done by correcting the boundary conditions
on the inner boundaries S;, j =1,2,..., M, and the specification for V,;’s will be done by correcting the
boundary conditions on the outer boundary Sy. This will be shown in the next section.

3. A membrane with M inner circular cores of small radius ¢;

A higher order asymptotic approximation (as ¢; — 0) for the fundamental frequency K of a membrane with
M inner circular cores of small radius ¢; centered at P; is specified in this section.

By correcting the boundary condition for Wy + V'j; on the outer boundary Sy to O(1/|1n¢;|), by using the
results [8, Eqs. (54) and (55)] for a membrane with an inner circular core, and by using Eq. (22), V'j; and the
first correction term F are specified as

Vi, 0) = %Uio)c]) Yo(Kor)
J
—Z InBoS) 3 Kor) Ay sin(mb;) + By cos(mb;)) (25)
m=1 Y (Kocy) Y n(Korj)(Am J m 7

and

M nB? M (n(ln Ko+ 7y — In2)B3, 1
=Z< T ) ] +Z< — S+ (26)
=1 Ky fR WO d4/ | 1’1(7 - K, IRO I/V0 dA |1nc/|

Jj=1
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where By;, B, Ay; are the constant coefficients in the expression of Wy:

Wol(rj,0;) = BoiJo(Korj) + Z Jim(Kor))(Apj sin(m0;) + B,,; cos(mb);)), (27)
m=1

(rj,0)) is the polar coordinates with the origin at P;, y ~ 0.5772, J,, is the nth order Bessel function, Y, is the
nth order Neumann function, and [12]

R G VNG
Jn(z)_;m(i) C on=0,1,2,..., (28)
Yo(2) = 2(1n2+“/)J0()——Z((Z';3 ( ot +}>(§)2/, (29)

ml R (m—2j)
O

m+21
ZZ'(m—i-)l)'(W(m+l+l)+lﬁ(l+ 1))( )( +2)’

1 1
Yy()=—y, y(m+1)= (1+2+~~-+m> -y, m=1,23,.... (30)

Notice that Vj; has O(1/|In¢;|) boundary value on the inner boundaries S; for all i#; because the
translational addition theorems for circular cylindrical wave functions [4,9] give

o0

Yo(Kor) = > Yi(KoRi) (Kory)cos (1 — 16), (1)
l=—00

Y, (Kor;) sin(p;) = Z Y1 p(KoRi)J ((Kory) sin((/ + p)g,; — 10
[=—00

x(—1Y, (32)

Y, (Kori)cos(pli) = > Y1y, (KoRi)J (Kory) cos((! + p)p; — 16))
|=—00

x(=1Y, (33)

where (Rj;, ¢;;) is the polar coordinates representation of the center point P; in the polar coordinates (r;, ;) and
p=123,....

To specify the second correction term F», the specifications of W; and V’s are required. Let Uy,
p=123,...,I(N), be the corresponding eigenfunctions to the eigenvalues Ky(#Kjy), N =1,2,3,..., of the
eigenvalue problem on the simply connected membrane Ry, then Uy, can be expressed as

Un (12 07) = Boj(N.p)Jo(Knry) + > Ju(Knr)(Awi(N . p) sin(mb);)

m=1

+ B,,j(N, p) cos(mmb))), (34)

with appropriate constant coefficients By(N,p), B,,j(N,p), and A,,;(N,p) determined by the boundary
condition on Sy, Eq. (5). Thus, by using Green’s second identity [10], by using the generalized Green’s function
G [10] for the boundary value problem consisting of Egs. (8) and (9), and by correcting the boundary
condition for WO‘*‘ZZl V1ii+ Wi on the inner boundary S; to Z?;[]O(I/Hn ¢, j=12,....,M, W is
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% V1, ds
So

B oo I(N) UN,p M aUN,p
= ZZ 5 5 3 Z VlidS .
(KN - K())” UN,p” i—1 So on

N=1 p=1

specified as

To specify Vy;’s, let Vy; = ng + V’27j with
AV, + KGV', = —=2KoF V) in Ro\B,

AV + K3V =0 in Ro\B;,

M
h __ i
sz =-W, - E Vi — sz on Sj,
=1, I#j

then

By Jo(Koc))
Yo(Koc))

m( 0])

Vi@, 0) = — F
2](J ]) 1 m(KO ])] m

(KOVJ)

1 Yo(Ko J)+Z

X(Amj Sin(mej) + ij COS(Wl@j)):|

and

JO(KOCJ)

V4009 = Do) (oK) ~ 32D

Yo(Kor,)> + Z(cm,(c,)

m=1
JIY!(KOCf)
Yn(Koc))

+ Do Yo(Kory) + Y Yu(Kor)(Coy sin(mb)) + Dy cos(mo))),

m=1

x sin(m0;) + D,y(c;) cos(mb),)) (Jm(Korj) - Ym(Korj))

where

-1 2 M
DOj = m A (Wl +l Z Vl/)((’jyej)dgf

=1, I#/
BojFlcho(K()Cj) YE)(K()C]')
Y§(Koc) ’
2n M
C,i= 7/ sin(m0;)| Wi + V ¢;,0:)do;
I Y Koo) ( )( 1 1=;¢j 11)(1 ;) d0;
AwiF1¢jJ mkoc)) Y, (Koc;)
Y2(Koc)) ’
_1 27‘[ M
D,=———— cos(mb;)| W + Vi |(c,0;)do;
s Koc) Jy di /=;¢j 7> Uj) db;

ijFl C_/'Jm(k() C/) Y;n(KOC/)
Y2 (Koc)) '

289

(35)

(36)

(37)

(38)

(39)

(40)

(41)

(42)

(43)

(44)
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Moreover, the specification for ng is made to the following. The asymptotic expansion of Jo(Ko¢;)/ Y o(Koc;)
as¢; — 0 is

Jo(Ko¢j))  —

T 1 1
TaKo) = 3 gy T 2027~ K G (43)

where y ~ 0.5772. Thus,

2n

oo I(N) 2
BoiBoj(N, p)Jo(K ncj)
Wi(c;,0;,)do; =
> 07) AU Z :; (K — KDIUn 117

X% 76 UN’p(ri’ 01) Yo(Kori) dS]
So

+on (46)

on [In ¢

2n oo I(N) 2
. BOI m, (N p)Jm(KNC)
)W ~,0-d0~_§:§:§ ! !
/0 snri) W16, 0) [ 2K — K)IUn P

ou i O
xf SOy ds| )
So n [In ¢;|
2n oo IN)
T BOiBm‘(Nap)Jm(Kch)
cos(mb;) W1(cj, 0;) d0; = .
/o S ; NZ] ,,z_: 2Ky — K)IUn,II?
Xj{ aUN,g(Vi, 0;) Yo(Kori)ds —+--, (48)
So n | In ¢
and by Egs. (31)(33),
M 2 M 1
2
/ Ve, 0;)d0; = Z 7" BorJo(Koc) Yo(KoRjp) —— ot (49)
=1, 1#; 70 I=1, 1#] [In ¢
i /271 i
sin(m0,)V 1,(c;, 0,) d0; = 0 , (50)
I=T, 1270 I=1, 1#] ”nCl'
M 2n M 1
> / cos(mt) Vi(c;, 0)do; = > 0 FymhaE (51)
1=1 1270 =7 el
Green’s second identity [10] gives
oW, oW, oW, oy
%y, ds = — -y 2
%So an sz dS %So an sz d %S/ ( Gn sz al’l WO d (5 )
Also,
oW, B ByjJo(Koc)) oWy,
fSo on Vz/ ds Fl{ YO(KOCj) So on J YO(Korj) ds

00 I n(Koc)) oWy ) /
—i—Z m(Kocj,) 5, on (Am/sm(mej)—i-ijcos(mQJ))rjYm(](orj)ds}

m=1

M 2 p2
B2.By, oW, 1
= (e 7{ S Yo(Kory)ds | - (53)
'\ 2K fRo widAJ s, oOn [In ¢l 1n ¢
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and Wronskian #~ of J,,(z) and Y,,(2) [12], # (Ju(2), Y m(2)) = 2/7z, gives

Wy, VY
%s,(@n & on Wo | ds

2 [ —dWo(r3.0)) V(7. 0))
= / T” Vhic;,0)) +]af Wole;,0)) | ¢; do;
0 J ri=c; J ri=¢;

~ Jo(Kocy) - > ~ Jm(Kocy)

= —4By;Dyi(¢c;))——=—2 Api Cri(ci)) + BiiDpi(c;)) ——2=

0 01( .1) YO(KOCj) mz:;( mj 1./( ./) nj ./( ./)) Ym(KOCf;‘)
oo

+ 4B0jD0j + 2 Z(Amjcmj + ijij)- (54)

m=1

Thus, by correcting the boundary condition for Wy + Z, V1i+ W1+ Vo on the outer boundary Sg to
E, ,0(1/(|In¢;|| In¢;])) and by Eq. (23), V2 and F, are specified as

Vhi(r,0) = Doy Yo(Kory) + > You(Kor)(Cpy sin(m0y) + Dy cos(mb))) (55)

m=1

and

M M ﬂsz«B2- ZBZ-B‘ oW,
Fr=3_%" =+ Y 74 =1 Y(Kory) ds
— | _y g3 2 AR 2 s, on
Jj=1 =1 ZKO fRo WOdA 4K0 fRo WOdA

oo [(N)

2 ByiBo; Bo;(N, 9
+ZZ i T 02 0j Boj( 21’) . j{ Un, Yo(Kor) ds
2Ko(Ky — K)IUn,pll fRO widd ) J s, on

N=I p=

2BoiBy Yo(KoR; 1
Z Z 7° Bo1 Bo; 0(20 t) . (56)
|1nc,||1nc, 2K0fR0 wsdA ) [InellIng]

=1 I=1, 1)

Therefore, a higher order asymptotic approximation (as ¢; — 0) for the fundamental frequency K of a
membrane with M inner circular cores of small radius ¢; centered at P; is specified as

K Kot i( By, ) 1 . i <n(ln Ko+7—1In 2)33,) 1
2 2 2
S\ Ko fo, Widd ) IIng)| 4 Ko [, W3d4 |In ¢;|

M M n’ B} B}, 7’ B2, By, 6}/ 4
) 0i 0i 20/ 0. v

+ Z: Z 3 5 7t 5 5 2 7{5 on 1 Yo(Kor) ds

| 22K (o, widA) 4K (fy, wida) T s
3y 7 BoiBo; By (N ) 7{ OUNs y Koy ds

=152 \2Ko(Ky — KN Un 7 [o, WdA ) J s, On '

M 2
By By Yo(KoR; 1
+Z Z n° Boy Boy 0(20 1) e 57)
|lnc, |1ncj T 2K0fR0 widA [In¢|| In ¢

This higher order asymptotic approximation agrees with the result [8, Eq. (85)] derived by the author for a
membrane with a small inner circular core, and extends the lower order asymptotic approximation [7, Eq. (8)]
derived by Wang for a membrane with M small inner circular cores.
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4. A circular membrane of radius 1 with M inner circular cores of small radius ¢

Now, consider a circular membrane of radius 1 with M inner circular cores of small radius c centered at P; .
Let (r,0) be the polar coordinates with the origin at the center of the circular membrane without the inner
cores and P; = (ry;, 0y;). By the results [8, Eqs. (96)—(98), (101)—~(104), (106)—(108)] derived by the author for a
circular membrane of radius 1 with an inner circular core of small radius ¢, a second-order asymptotic
approximation (as ¢ — 0) for the fundamental frequency K of a circular membrane of radius 1 with M inner
circular cores of small radius ¢ centered at (rg;, 0y;) is found explicitly to be

Jo(Korgp)\ 1
K= K0+Z<K()J2(KO) |lnc|

mm+wmnm&m>f”M_%mwmea
* {Z( Kol 2(Ko) 22T k)

J=1 J=1i=1

Jo(Koroj)J(z)(K()}’o,') fo2n \/1 + réj — 2}"0]' CoS 9Y1(K()\/1 + Véj — 21’0j COS 9) do
- 4KoJ3(Ko)

21 o(Koroi)Jo(Korop) oo Z Z Kpmd (K, mro;)Jp(Korm) Y ,(Ko)(cos p(0o; — o))
KoJ3(Ko) (K} = K (K pm)

p=1 m=

_HJ%(KOVOJJO(KOVO_/)YO(KO)Z( KonJo(Kouro) )1

KOJ%(KO) n=2 On - K%)Jl (KO,n)
M M
Jo(K Jo(Koro)) Y o(KoR; 1
DI e Jr o
=1 =T, 1% 2K J1(Ko) |1nc|

where y &~ 0.5772, Rj is the distance between the center points P; and P;, J, is the sth order Bessel function, Y
is the sth order Neumann function, K, is the tth zero of J;,, s=0,1,2,3,...,t=1,2,3,..., and
Ky = KO,I ~ 2.4048.
Moreover, the generalized Green’s function G has a compact expression for a circular membrane of radius
1, a more compact expression for the second-order asymptotic approximation Eq. (58), is found below.
The compact expression of the generalized Green’s function G for a circular membrane of radius 1 [8] is

1 . Yo(Ko)Jo(Kor)Jo(KoF) 1Y o(Ko)Jo(KoF)J1(Kor)
— | Jo(Kor) Y o(K(F) + —
4[ o(Kor) Yo(Ko?) KoJ1(Ko) J1(Ko)
(Jo(Kor)Jo(KoF) Y 1(Ko) + FJo(Kor) Y o(Ko)J 1(KoF))
J1(Ko)
2E D) — ] = ~
G(r’ 0, & 9) _E Z cos(m(H - 9)) |:Jm(K0r) Ym(KOi) (59)
m=1
Jm(KOV) Ym(KO)Jm(KOF) ~
, F<F
Jm(KO)
interchange r and 7 in the above result of r<7, r=7,
the translational addition theorems for circular cylindrical wave functions [4,9] give
Yo(Kor) = Y Ji(Kor)) Y i(Kor) cos (6 — b)), (60)
[=—00
Y ,u(Kor;) sin(m0;) = Z J1-m(Koro) Y ((Kor) sin(/0 — (I — m)0), (61)

|=—00
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o)
Y u(Kory) cos(mby) = Y Jim(Korop) Yi(Kor) cos(l0 — (I — m)fyy),
[=—0c0

m=1,2,3,...,and J_ij(z) = (=1)'Ji(2), Y_i(z) = (=1)'Yi(z) [12], i = 1,2,3,... . Hence,

M 2n ~ N M
~ N aG(}’,B;}’,Q)
=Y [
i=1 /0 or i pay

Y o(Ko)Jo(KoF)Jo(Ko) 7Y o(Ko)1(KoF)J(Ko)Ko
Jl(K()) JI(KO)

_ Jo(KoF)J((Ko)Ko Y1 (Ko) + Jo(KoF) Yo(Ko)(J1(Ko) + J(Ko)Ko)

vt 0)d0 = 3 { = ke YKo,

Jl (K())
—ByiJ o(Koc¢)
[W 2 o(Koro;) Yo(Kp)
> Jm(K()C)
Y n(Koc)

27 Apid —m(Koroi) Y o(Ko) sin(mby;)
m=1
_ > Jm(KOC)

—2Bmi—mK ,YK Oi
<Y m(Koc) TByid —m(Koroi) Y o(Ko) cos(m 0)]}

m=
I

- {5 > KD ¥, (Koo

m=1

Jm(KOF) Ym(KO)J:n(KO)KO:|
Jm(KO)

[_B(JiJO(KOC) 27 (K or) Y m(Ko) cos(m — m0o;)

Yo(Koc)

= J (K o
" ; A Yi((Koof:)) (Tin—p(Koror) Y m(Ko) sin(ml) — (m — p)0o)

+ J—m—p(KOVOi) Y—m(KO) Sin(Mé - (m +P)001))

e J, (K ~
= 3 B2 UK Y (Ko) costmd = (m = o)
p=1 r

+J—m—p(K0rOi) Y—m(KO) cos(m@ - (m +p)001)):| }
The translational addition theorems for circular cylindrical wave functions [4,9] give

Jo(KoT) = Z J](K()I’()j)]/(Korj) COS([@j - 1(00]‘ + ﬂ,’)),

I=—00

To(KoP)sin(pl) = > Ty (Korg)J(Kory) sin(l6; — (I — p)(0c; + ),

I=—00

Tp(KoP) cos(pl) = Y Ji_p(Koro)Ji(Kor;) cos(l0; — (I — p) 0oy + 7)),

I=—00

|

293

(62)

(63)

(64)

(65)

(66)
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p=1,2,3,.... Hence, by Law of cosine, Ji(z) = —J1(z), Y((z) = —Y(z), Wronskian #~ of J,,(z) and Y ,,(z)
[12] which is W(Jm(z), Y,u(2)) = 2/nz, and By; = Jo(Koro:) [8, Eq. (96)],

_1 2n
7271: Yo(K()C) Wl(rj, 9]) e dgj
ZJO(KOVOz)ﬁ nJo(Koro)Jo(Koro) Y§(Ko) ﬂro;KoJo(KoroJJl(Koro;)Y (Ko)
- 2 2 4
ﬂKofo(Kon)Jo(KoVo])Yz(Ko)J/ (Ko)
4J1(Ko)

B i Iim(Koroi)J m(Korop) Y (Ko) cos(mby; — mbg;)| 1 67)

m=1 Jm(KO) | In C|2

Therefore, following the derivation for the second correction term £, in Section 3, a more compact expression
for the second-order asymptotic approximation Eq. (58) is found to be
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where y ~ 0.5772, Ry is the distance between the centers of the inner circular cores B; and B;, whose center
points are P; = (ro;, 0o;) and P; = (ro;, 0o7), respectively. J is the sth order Bessel function, Y is the sth order
Neumann function, and K¢ = K| ~ 2.4048 is the first zero of Jy.

Table 1
The fundamental frequency K for a circular membrane of radius 1 with an eccentric circular core of radius 0.1 centered at (r, 0) = (r,0)

ro 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
Lin 3.325 3.328 3.188 3.083 2.980 2.868 2.780 2.700 2.620 2.500
Nagaya 3.310 3.241 3.145 3.042 2.880 2.759 2.639 2.578 2.518 —
The first-order approximation 3.075 3.056 3.001 2917 2.814 2.706 2.603 2.516 2.453 2.416

The second-order approximation 3.299 3.261 3.157 3.014 2.864 2.731 2.622 2.536 2.470 2.424
The exact value 3314
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Table 2
The fundamental frequency K for a circular membrane of radius 1 with two eccentric circular cores of radius 0.1 centered at (r, ) = (r, 0)
and (r, 0) = (rg, ), respectively

ro 0 0.08 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
Nagaya and Poltorak 3.313 3.543 3.802 3.842 3.629 3.295 3.002 2.783 2.625 2.516
The first-order approximation 3.075 3.720 3.597 3.429 3.224 3.006 2.801 2.628 2.501 2.428

The second-order approximation 3.299 3.571 3.909 3.792 3.511 3.190 2.907 2.692 2.540 2.443
The exact value 3.314 — — — — — — — — —

Table 3
The fundamental frequency K for a circular membrane of radius 1 with two eccentric circular cores of radius ¢ centered at (r, 8) = (0.5,0)
and (r, 0) = (0.5, ), respectively

¢ 0.1 0.2 0.3 0.4
Nagaya and Poltorak 3.295 3.882 4.548 5.194
The first-order approximation 3.006 3.265 3.555 3916
The second-order approximation 3.190 3.641 4.226 5.074
Table 4

The fundamental frequency K for a circular membrane of radius 1 with four eccentric circular cores of radius 0.1 centered at
(r,0) = (ro,[( — Dm]/2), j = 1,2,3,4, respectively

ro 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
Nagaya and Poltorak 4.206 4.718 5.186 4.655 3.792 3.229 2.863 2.652
The first-order approximation 4.788 4.453 4.043 3.608 3.196 2.850 2.597 2.450
The second-order approximation 4.452 4.975 4.700 4.102 3.491 3.011 2.683 2.482
Table 5

The fundamental frequency K for a circular membrane of radius 1 with four eccentric circular cores of radius ¢ centered at
(r,0) = (0.5,[(G — D=n]/2), j = 1,2,3,4, respectively

¢ 0.05 0.1 0.15 0.2 0.25

Nagaya and Poltorak 3.906 4.655 5.614 6.710 7.620
The first-order approximation 3.329 3.608 3.865 4.126 4.403
The second-order approximation 3.621 4.102 4.593 5.137 5.766

There are also some existing results on the fundamental frequency of a circular membrane with
inner circular cores. In 1977, Nagaya [11] considered a circular membrane with an eccentric inner circular
core. The author used the exact solution of the equation of motion which satisfies the inner boundary
condition and adopted the Fourier expansion method on the outer boundary condition to calculate the
fundamental frequency of the membrane. In 1981, Lin [4] considered an equivalent problem to the
fundamental frequency of a circular membrane with inner circular cores, in which both the equation of
motion and the boundary conditions were exactly satisfied and the technique of transformation of cylin-
drical wave functions was then used to determinate the fundamental frequency of the membrane. In 1989,
Nagaya and Poltorak [5] considered a circular membrane with a number of eccentric inner circular cores.
The authors used the point-matching approach to treat the inner boundary conditions and presented the
expression to find the fundamental frequency of the membrane. The comparisons among the asymp-
totic approximations Eq. (68) and the numerical values computed by the above investigators are shown in
Tables 1-5.
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5. Results and discussion

The fundamental frequency of a multiply connected membrane with inner cores of vanishing maximal
dimensions is concerned in the present article. A general formula for the fundamental frequency is derived by
the extension of the modified perturbation method [8] and found to be the formula Eq. (6) with Egs. (22)—(24).
A higher order asymptotic approximation (as ¢; — 0) for the fundamental frequency of a membrane with
inner circular cores of radius c; is specified as the approximation Eq. (57). It is an excellent extension for the
second-order result [8, Eq. (85)] derived by the author for a doubly connected membrane with a vanishing
inner circular core and an excellent extension for the lower order result [7, Eq. (8)] derived by Wang for a
multiply connected membrane with vanishing inner circular cores.

Moreover, a second-order asymptotic approximation (as ¢ — 0) for the fundamental frequency of a circular
membrane of radius 1 with M inner circular cores of small radius ¢ is found explicitly as the approximation
Eq. (68). Observing from the second-order asymptotic approximation Eq. (68), it is found that the positions of
the inner cores related to the membrane affect the approximation starting at the first correction term, while the
inter-positions of the inner cores affect the approximation starting at the second correction term. Also, the
comparisons among the asymptotic approximations and the numerical values [4,5,11] computed by other
investigators are made and shown in Tables 1-5. Observing from the tables, it is found that the second-order
asymptotic approximation achieves more accuracy than the first-order asymptotic approximation does.
Moreover, Nagaya and Poltorak [5] pointed out that the fundamental frequency decreases as the eccentricity
increases for a circular membrane with an inner circular core and the fundamental frequency increases first
and then decreases as the eccentricity increases for a circular membrane with more than one inner circular
cores. The second-order asymptotic approximation depicts this phenomenon, while the first-order asymptotic
approximation does not.
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