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A Bﬁ&i‘g%{’#ﬁ?%?ﬁ%? ﬁﬂjﬁﬁi\ﬁﬂ?ﬁ (vector .doc) Nov, 08, 2004
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TGN R R
PR s 2 B ehglicd Tz

(x(t) =t (x(s) =9
—
yy=3t \y(s)="?

(ds)* = (dx)” + (dy)*

Er (d—ff Dy — n s
_.&
=1
dt dt
29 _ o
dt
:>S=\/Et
t=—>_4+C  C=0
J10
S
Fmﬂ X®=1%
y(t) =3t 3
6=

17
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P REHIsEEA. (Mathematica)

STEP1 }"F'[—.AJ

ParametricPlot3D[ {4Cos[t],4Sin[t],3t},{t,0,15},PlotPoints=>» 1000, ViewP
oint {2,1,1},AspectRatio=>»1/0.5]

STEP2 [

. Graphics3D.

18



Xy TR

yA

S~

Plane curve (7 18 T %)
[x(t) . y(t)

x(t) =t ST EAee
y(t) =t T

i
y=x Hlti~ [

{ X(t) = cost

yty=sint | AR

Fr(l*;ipfﬁxz +y* =1

NI

Y 4
flEG - e e f

x(ty=t
{ yytz TR

Ya
et

y=X>[lIEh— fEpafums

v

19
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T X-y-z T

el

X

Spatial curve (%[ # g T %)
[x(0) . y(O) . z()]

X(t) = cost
y(t) =sint [RE L%
z(t)=3

X
2=100—X"=Vy*| > z(x ,y), z/ \t
\ /

o ., y
A TR P

20
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iy z
100 %

z(t)=100-a°

X(t) =acost
y(t) = asint
X - y 2(t)=100-a’

7 2=100-a" FE— [ FRsipes, - T a pup

ﬁ .
ODE >
Solution CL'[()N}T < ODE
2(%,5)=C S Solution
z(x,y)=C
yY
=S M T E] 2(t ):Z[X(t),y(t)]‘
—?J 7=C
C=z[x(1), y(t)]
ac _dz _,
dt dt oo

C = 2(t) =100 = X*(t) — y*(t)  d2) o _ozdx ozdy
Tt ox dt oy dt |

N | gdx+@dy—0
| d—C:O:—zx(t)—dX(t)—2y—dy(t)i L ox oy

Tt dt dt e o
oy W ; o)

- xdx+ ydy =0 (> (8y)
Cdx oy




Exact form-parameter

L WMy
dx~ N(xY)
oM oON
A > —+—=0
A o S

4 Flsss gt doe BRI

22



T —ZRHMRAERE 1

T2 B2 2R Rl &

Given
T % 0 T
vop= _71 0o = v (1)
B 0o L o]lp
T
(1) Set x =14 v »,
g
.y [0 0 0o 2 2 2 00 0]
g A (7))
- 0o 0o 0o L1 1 1 9909
2 11 T2
IRIEER NN I
%41 7 7 7 0 0 0 s o o 121
Vp p=| 2 =L =2 g 0 o0 L L 11d, (2)
. PP P o o o
V3 =t =t =t 9 o o 1 1 1 Vs
P 000 0 22 2 Logopoll|h
Pa 0 0 0 =L =L =L g g 0 %
\ /33 ) i 0 0 0 %]_ %]_ %]_ 0 0 0 | \ 3 J
Reduce the Eq. (2) to simple case
7 0 % 0 n
vioo=|2 0 3 v (3)
b 0 ’71 0 B
T1 Tl(O)
v o =e*{ 1(0) (4)
6} A1(0)
7($) 1
If p and o are constants and initial conditions { v(s) » = ¢ 0 7, what is the
B(s) 0

curve determined by Eq. (3)?

Eq.(3) can be reformulated to x=W x=wXxx, find matrix of W and vector of w.

AR TRBRIES TREBEE
[ F#4% © c:/ctex/course/torsion.te] [#EHE:5/3/°96]
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T —ZRHMRAERE 1

T2 B2 2R Rl &

Given
T %0 T
D_:_TIO§ v (1)
B 0o L o]lp
T
(1) Set x =14 v »,
p
.y [0 0 o %+ 1 1 9 0 0]
1 p p p (1)
: o o o +f 1 1 9900
72 Tor 1 i
JE TSN R
vy > 5 s 00 0 -5 v
Vg 3= L 1 o o o Lt 1 1 Vs (2)
. P p p o o o
V3 S 00 0 5o g Vs
h 0 0 0 =L =2 =Ly oo ol]|h
Pa 0 0 0 =L =L =L g g 0 %
\/33, _000%1%1%1000_\ 3J

Determine p and o for the following cases.

(

(

(3
(4
(5
(6
(
(
(
(

~3
N N N e e S S s

8
9

1).

2).

Line — (s,0,0)

Circle — (cos(s), sin(s),0)

Circle — (0, cos(s), sin(s))

Circular helix— (cos(s/v/2), sin(s/v/2),5/v/2)
Helix— (a cos(sa/a),a sin(sa/a), ssin(a))
Curve — (e’cos(2t), e*sin(2t), e')

Curve— (1,t,t?)

Plane curve by zy = 1 at (1, 1).

Plane curve by y = 22 at (1, 1).

10). Plane curve by y = +/1 — 22 at (0, 1).

AR TRBRIES TREBEE
[ F4% © c:/ctex/course/torsionl.te] [#:#E:5/3/'96])
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0

d
ngX+ X)kﬁ-l-d@

y(x)

0

tan@ =

dy

dx

» X
X X+ dx

dtand d’y

dx

dx’

(1+tan’0)dO _ <
dx

4o _
Cdx (1+tan’0) [1+(dy)2}
dx

ec’ @

d’y
dx’

dé

E[[j&:&f_‘ E[[ga:q“ R

_d%y
dx dx’

pdo=ds s ="+ @) =1+ (Srex=| 1+ (@ [[ox
X X

-
P

do

S

d’y

do _ dx
dy . T dy T

1+ (— d 1+ (=2
{ +(dx) } " { +(dx) }

25
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Radius of curvature for 2-D plane

Method1 (Frenet formula— 2D) Method2 (i » Bi)
X+ 7 . N
Az p:(1+Y> - +7r°

p A+ yH7» A+ 1D
K XV -1k

v r(s) = (M(s), F(s),0) 5 & =& &

PRI o ppEES RS R R
T(s) + Vi(s) = 1 i TN .
DY pp—— {x@{{xa>
Xy —xy y(s) |y

FrlLR (), F(s),0) 55 E £ 57 o

Radius of curvature for 2-D plane

p =t 7+ 7 %
- Xy p=A *1 7 p =7
i 17 -1 71
B | LR R R | ) RESOT I A  ES Sy = ()
& Z L ANE AT E e E o P L BGE o
S TR SR I S Fokr y = x5 Skl
SRR . SN e TR ke i mqr p ey
x =cos(s) ,, ... ., |FH Skt kL E o
{Y = sin(s) B x =acos(@) , _ .,
B E AT g R {y _ besintg) 7 LT
& PREF RN S
LML AT

Radius of curvature for 2-D plane .yu % 2008/04/04
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T
N,

1. Find the parameter form for the curve.
2. Find the total arc length of the curve.

3. Use the Green theorem to calculate the area bounded by the curve.

(Hint: 24 = @ xdy — ydx)
4. Find the radius of curvature for the curve at the point(1, 0) .

= 0
(1) " cos* @ +sin”* @ = 1,..set {X cos

y =siné
d—Xz—siHH
() Set 41X =080 |do
y =siné ay
— = cos ¥

do

ds = \J(= sin 0)* + (cos 0)*d0 = do

s=j@=Tu9=m

3)4 = %Cﬁ(){a’y — ydx)
A= %q-)(cos@cos 0d0O + sin 0 sin 6d6)
|
==|dl =nrx
2 0

(4) Methodl
. the point(1,0) = (cos 0,sin @) .. we konw 0 = 0°

x = cos(s)

a’s=\/(—sinl9)2+(cost9)2d0:d0:>5:19:>{ '
y = sin(s)

27



d/;(S) = —sin(s) dde(zS> — cos(s)
S S
2
djgss) = cos(s) a ;S (ZS> - sin(s)
dxy AV
( a’s) + ( ds>

dx d*y d*x dy

ds ds* ds® ds

B (cos s)* + (sin s)* B
- |(— sin s)(—sin s) — cos(s)(— cos(s))| -

So we konw 0 =0 ,p =1

Method2
| |
P = = :
J<d2X>2 L@y A cose) + (= sin(s)’
ds* ds*
So we konw 0 =0 ,p =1

Method3
dx(9) _ _sino d'x(0) o5 0
x(0) = cos @ 0 N
(@) = sin @ ~ 4 (9 - 22 y(6)
T o= = cos L7~ _siné
a0 do*
dx . Ay | 3
{(0’0> " (E> } [(COS 0) + (sin 0)2]2

dx d'y d'x dy - |(— sin @) (- sin @) — cos (- cos 49)| B

do do* do* do

So we konw 8 =0 ,p =1

28



1 AR F 53 GIAE

Given a spatial curve described by time-like parameter as follows :

x(t)=cos(t)  (X(s)
y(t) =sin(t) = 1Y(s) ?
z(t) =t Z(s)
Try to find the following solutions:
(1) Try to transform the time-like into space-like parameter. (t — S, where s is arc
length )
(2) Find the unit tangential vector, normal vector and bi-normal vector of the curve,
7(s),v(s) and S(s).
(3) Please determine the radius of curvature for p and o, try to plot the curve.
(4) If r(t)=(x(), y(t), z(t)) = R(s) =(X(s), Y(s), Z(5)), please determine

[dB dZBj d’R

-~ X . .
ds ds* ) ds’

Sol:

(1)
X(t) = —sin(t)
y(t) =cos(t)
2(t) =1

(%j _ (%j +(%j %%j ~ (=sin(t)) + (cos(t))" +1°=2
ds =+/2dt > s =+/2t

X(S)=cos (%}
Y (s) =sin (%)

S

V2

Z(s)=

- d AR Bl e —g{é 1].doc/S.K./2008/04/10



1 AeHE 57 bR
(2)

dX(s) dY(s) dZ(s)

7(s) = (

ds ’

0(s) 1L 1(s)
ds

d 1
PO {——co (T

d 1
EZ(S)H = \/g ==

ds ’

ds

J

v(s)=— cos(\/_)l sm(\/_)j+[0]k

B(8) =z(s)xv(s)

i j K
o) i) %

—cos izj —sini2 0
(5=l %1_?1“(%} -
i) o |l
s IR eI

30

“%Sm(jij éws[ z
() ol
K

LIE S St il

].doc/S.K./2008/04/10
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Q|=

N | —

31

d AR P B fe - ga’é 1].doc/S.K./2008/04/10



Flowchart

(1).z(s) = (X(s), ¥(5), «(9))
V() = pi(s)
B=zxy
1. Given a curve.

1 1
2ol B

2. Determine p=

(2).p., aqflﬁ—jﬂ Frame * © f,é['(x(O), y(0), z(0))
Solve %ﬁj ODE

1y
T P T
5 |” 3

7(0)
v(0) t =
B(0)

Q

, 4, a;
& Ay 8y
& a4, a;

R Ve 1=

1. Given z(0),v(0), 5(0), X(0), y(0) and z0).

2. Given p and o.

3. Find the curve.

Flowchart.doc ?AT AHEH
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Frenet formula Oct, 13,2004

Step 1. Give a space curve of (x(t), y(t), z(t))

Step 2. Path coordinate (ds)’ = (dx)’ + (dy)* +(dz)’

Spet 3. ((x(t) y(t). 2(t)) > X (s)=
X

(s)
XG) N
5(5)/%
X(s

Step 5. Z-{zl:ﬂ:-zj:O 7 L 7 (Note that |r|:|v|:|ﬂ|:1)N

—

(%(s),¥(s),Z(s))) transformttos

Step 4. Tangent vector z'(s) =

Choose V = pi (f or simplicity)

Step 6. Why p is the radius of curvature
z(s)-7(s+ As) = |r(s) |Z'(S + AS)| cos(d@) = cos(d@)

#(s)- 7(s + As) = 2(s)- T(s)+ll!f(s)(ds)+2i!f(s)(ds)2 +%%‘(s)(ds)3 e

:1+r(s)-r'(s)(ds)+%r(s)-'r’(s)(ds)2 +%r(s)-%‘(s)(ds)3 .

:1+%r(s,)-'r'(s)(ds)2 4o

Lot < L@or = Loy« =1-L(do) +-..
cos(dH)—l—z—!(dﬁ) +4—!(d6) —a(de) +oe=1 2!(d9) +

1+%r(3)-'r’(s)(ds)2 _ 1_%@9)2 = o(s)-#(s)ds)’ = (@Y M
rt=0=>7¢-i47-7=0 ~r-F=—i-7 [27F(1)
. 2 (doY 1 1 1
—r-r(dS)z:—(d<9)2:|r|2:(gj ec o7 = . pdé =ds

(o) (%)

= p=5o
B o do

Step7. S-f=1=p =0

s p= pr+qv =

33



ey

coset B = —lv (f or simplicity)
o

Step 8. v =/pxr1
Vzﬁxr+ﬂxf

1 1
= — —Vx7+ fx—V

o~ ~ - p-
1 1
- —pB-—1
o~ p-
we have
0 i 0
T P
o2l o LUl P=AP
. Y2 o ~ ~
p 1 B
O —— 0
- 0 -
0 l 0
P T
where A= b 0 1 (%), P=Jv
P o -
1 B
O —-—— 0
- G -

Frenet.doc
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Radius of curvature for plane curve

Method 1 : (Frenet formula)

X(8) = (X(8),Y(s),0)

X ()= (X(5),Y(5).0)

(o)== (e O
H>~<(S) \/X(s)2+Y(s)2 \/X(s)2+Y(s)2

%(s)zl - p=w

) P (XY=XY)

Method 2 : (#5755 fEF)

A

y tan @ = y'(x)

tan(d + AQ) = y'(X + AX)
tan(@ + A6) — tan(@) = y'(X + AX) — y'(X)
sec’ @ = y"(x)dx

(“*megzw¢ﬁ$§ﬁ

ds _ (1+(y'e)*)™”
de y”

1+ "nN2\3/2
L %3>

v

RS [&ﬁu&%{’#ﬁ T =57 ﬁqﬂffﬂj{ﬂg‘rﬁ% (planecurve.doc) Oct, 18, 2004
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TR T

= G T

N (ORI | I/

JP@) + 7 (FXs) + ()
(ON/ G

i)+ F) " (i) + ()

el = e

U+ 1)
P = >
Xy - 1r) Ly - rr

o AP R

36
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Y ER R

st ey
DA e
& v {X = X(s)
w T y =7r(s)
dy _d J ds
dx’ ds X~ dx
:/I"f—Y/i".l (E_l)
x? X dx X

JANN A
(1+()f))

(XY/I; YX)

p:

2+ P4

T

. 7 g &2DTdd R
2. 3-D space curve

37
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Gradient-# E-v

V(X) A £ an i
(D) —&H R (Y
Vv=—1I
ox ~ (-1,0) «— | ] — (1,0)
ov -0V

S e (1,0)=>— ,(-1,0)=> —
OX OX

Q) = aFR (X y)

_|ov v _ov; OV
Vv-(ax,ayj o l+ayj vi\I/}v
s e ov S D e ‘//i\)A
= 5 %ZW.Q (nT 6 360 BAEIEE)

B) = apRr (XxV,2)
(av ov évj_a_vi ov . ov

SR Aanas +— j+—Kk
OX oy oz B

Vv = =
oXx~ oy~ oz

S g_vzvv-n (%M 4rH i = 6F)
n

0 . X+en)—v(X
OV VX D) =v(Y)

on £>0
FIRE(F ESE BRI X A X+en fad # 2 > neighborhood) s 4 TEK,% [P
BABEH (e =X+en-X) 0 T HHFEE A0 e Hik o

3¢ 5 % #c3 Hceh Taylor B B 58 ¢

s

(vadicin e i) He niEixe g o

V(x+en) :v(>~<)+gﬂxgn1 +ﬂgn2 +ﬂgn3 +HOT.
1 2 3

Pk p o MD F %P E¥E 2008/03/20 - = MHA.doc MM
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|f

U=Vg+Vxv
Ve(VxV)=0

Vx(Vg)=0
Vx(VxV)=V(Vev)—V?v
Viv=V(Vev) -V x(V xV)
VeV =V’¢

¢ :scalar function

v =vector function

o A SAE T et March26,2008
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PR

V=r
r=(xy) ,Vew=2

= (X9 y’ Z)

TR

, VeV =
V=3 (3 @)

1#(=) MR ¥
B P

TR B R

i By
bl.doc #ALR #©



o 4 PR IS R WA A

Ya
LD
C, A
C2
(0,0) >cl (;1, 0) ]

$Pdx+¢Qdy =0
[ Pdx+Qdy = dex+Qdy

C,+C,

If there exist ¢,such that
Vé=(P,Q)

O¢ 6¢
le,—=P,—=

" OX oy Q
Green's theorem
jj(———)dA 0

#(P.Q)=Vg a4 85 plfs w4 5o

s [Pdx + [Qdy = ¢(B) — #(A) 5

Hifm B o

BT AR A 0 R e deda(A) % 3 B (B)

VIR DA TS March 26,2008

41
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B 4 2 A BT B (2-D 22 3-D)
2-D

f% Pdx + Qdy
q
| _ v 20 99
if (P,Q)—V¢—(8X,8y)
c B 028_¢ %
fq de+Qdy_L axdx+aydy
=0 Yy

(X’ y):Cl

3-D

[ * Pdx -+ Qdy + Rdz
if (P,QR)=Vo=F

% J¢ ¢ ¢ (X.Y.2)=C,
—dx+—d dz=¢(X Y,z
5 oy W5, 2= 000 y.2)

Z ( XY, Z):Cl

ch;de+Qdy+ Rdz:ffoE-ndS:O
F=(P,QR)—VXxE=0

Stokes’ theorem

fE-dr:f V xFE-ndS

If F isconsevative, we have

ff;E-dr:gb\i:O

[ #(= )& > April.09, 2008 = 327 f ~ B/ & B .doc] MU 7 % ¥ FF-e #pid
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EMHA R APEE

e - Al & ek
& § ¢ 0
SR (%) 0
v F 1
> 5 3 F(X) 1
TR v F_3F1+5F2 oF, 0
OX oy 0z
] k
0 0 0
R VPR R & 1
F. F. F
¥R _0¢. 0¢ . 09 1
v¢()~()_8xl+8yj+azk
= o E e %:V¢ v 0

Vecyor Calculus.2008.doc iz 7 # % %
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24  H4 7&'3*;]»4

1 dxdy PPTEN 1e 0y
M. IAI ﬁﬁ% > Zi)r on ar
X dxdy =X A 40 4% N 1 2%dl"
@. I g e
ydxdy=y A 0 4 N 1 ngr
@. Il B A oy
2 , 1 ox’
4y, || X dxdy RAE A —¢ X’ —dr
(4) IAI * il > 67T on
2 . 1 oy’
5). JJy dxdy R A 26 v Y ar
). Il i v
xy dxdy gt s LhoeyZar-14 yxPar
(6). IAI Al > 27r y&n 2g5ry on

IR M R B PR 2008/03/26 4 B4 2244 doc HMHE T

44



T % —— Radial basis function 1

TFEEE— Vector operators for radial basis functions

1. Given the radial position vector and radial basis function,

r=ri+yj+zk

r= /2% +y? + 22

Vo(r) = e

V(7)) = 36(0) + 240
V X [$(r)r] =0

Vr=r

V.r—

V(1/r) = _T_‘Z

\% (;2) = —V3(1/r) = 4md(r)

77(?@1%@%5% TR
[ 7% : c:/ctex/course/mathl/radial.te] [##:Dec/19/72000]



W) = SRS

0 8cosf+17 ©\2 2 8cos@+17

o2 2  8cos@+17
2
Let u:tang :>cosé?:1 uz, dé = 2 —~du
2 I+u I+u

cosf =2cos’ §—1=14
1+u2

wlg
—_
Q.
[
I
=
W
(¢}
(@)
()
SIS
o
D)

PES cos O BRI RE > Bl AT T SRR - 2 B E o e ]
tan(5) IV T e

_ mjm“> 2du
D Y(1—-u*)+17(1+u?)

w(z)  du
e

=7r— (tan‘1 (Etang) —tan™ (é tan == j
5 5
=0

P BB R i W ) e

PSSR R TIPS RCRHRPIT cosdoc AN SUHAIGIR
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Gradient-J5 A1 &K

dXY) =X +y’ Gradient

Il
0p _ p(x+dx, y+dy)—g(x,y) _
ot ds
(ds)” = (dx)” +(dy)*

|

0 O+ dy,y=d=g0Y) g,

on ds
n= [ﬂ,—_de
- ds ds

= ?Ei‘qf’ |

9 _yy.
av_v¢ ¥

'

V

47
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T2 2B 2 AR v B PR ¢ R PR e
2007 & 10 F] 15 I & H

Taylor %% & ET
RS s B SR B T PR i H RS- REEe T () o
& CRII f(C) » HHISE|- W 2N p(X) > i p(c) = f(c) -

T > S PO R (C, F (@3 B 7 %:52% pX) 7 e

(expansion at C)

y=f(X)

SR L PX) 7 CRHIRRTIYT HG » = i £(X) » I 25 PIET s p(x) fo
LRI 9 p(x) 7 CRpuR( R £ (X) & CRfpvR - - A1 p(0) = f(c) -

Hip(c)=f(c)» p'(c)= f'(C) Pyt - 25 el E] f(X) o (s e -

Bx1 f(X)=€ - [ p()=2ax+a,  {i p0)=f(0) - p(0)=f'(0) -
Sol.  p,(0)=f(0)=1

=a,=1

2 pl(0)= F(0) =1

=a =1

S P (X)) =x+1

1 Small teach 07-02.doc £ 4]
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2 2B ZRRRE RS T SRR | TR
2007 & 10 F] 15 I & H

FUEX.L 4 0 XGEEEORS » F (X) % (X) [ -t » AP |8 T 2
feF1 2 p'(0) = 17(0) - A p(X) £kt P, (0) = 1(0) ~ P, (0) = T7(0) ~

%m=f%m’pwaguyﬂ+x+%fo
[fl ?i’[ﬁl P(X) F1ET T(X) > =2 (X) &84T > AT |F|J[g¢ﬁrul S % BT
PR 2 o Qi o PN R pt(0) = FRO) BT B E] T () = € puRiia

| | 1
o Ep )=+ x4+ =X +=X 4+ +—X
2! 3! n!

Taylor % Maclaurin &g
FEIPVET RS - W 2 p(x) o BT () =€ X= 0%« iy
TS p(X) » SEPEFE f(X) 7 X= C vl (expansion)=*
fr#T 5 p(X) =3, +a(X—C)+a,(X-C)’ +--+a,(X-C)" -
AL REELYN > p(o)=f(c) > Hlp(c)=f™(c) -

p.(X)=a +2a,(x-c)+3a,(x—-c)’+---na (x—c)""
p,f(X):Zaz +2-3a3(x—c)+...n.(n_1)_ah(x_c)nfz

p”(x)=n-(n-1)-----3-2-1-a =nla_
K x=cfpt I

p.(©=a="f'(c)

pi(0)=2a,= ()= a = “)

f™(c)

n!

p”(x)=nla, = f " (c)=a, =

2 Small teach 07-02.doc £ 4]
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P2 2B I Ay v R RS © R TRAs Ry s
2007 # 10 F| 15 |1 3%

IS 7235 < %) F () 7 CRIPO N 2 > [N 2ozt

" (n)
') gyt 4y 17O
21 n!

p.(¥)=f(©)+ f'(C)-(x-0) + (x=0)">

i f(X) CRif~ N Taylor LI (B -

14 (n)
#.0=085 1 P00 = F(0)+ F(0) x4 Dye ooy L (O
| 2! n!

#i 5, f(X) iy Maclaurin 5f=¢
Ex.2 i f(X) =€ [ 6 {7 Maclaurin %7fiz" -
Sol.

p(x)= f(0)+ f'(0)- x+

X+

3! 4! 5!

f(x)=¢€" f(0)=1
f'(x)=¢€" f'(0)=1
f'"(X)=¢€" f"0)=1
fP)=€e  90)=1
fYPx)=¢e" f90)=1
f9%=¢e" f9(0)=1
fO) =€ f920)=1

1 1 1 1 |
P =1+ X+—X +—=X +—X' + =X +—X
2! 3! 4! 5! 6!

3 Small teach 07-02.doc £ 4]
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P2 2B T AHBEPHRsSERaT v al

Ex. 3 3 f(X)=cos(X) ¥ 6 [ Maclaurin %Zfizt

Sol.

_ : f'© ., £2(0)
p(x)= f(0)+ f'(0)-x+ o X+ 3
f (X) = cos(X) f(0)=1
f'(X) = —sin(X) f'(0)=0
f"(X) = —cos(X) f"(0)=-1

f @(X) =sin(X) f90)=0

f ¥ (X) = cos(x) f¥0)=1

f 9(X) = —sin(x) f90)=0

fO(X)=-cos(x) f“0)=-1
| p(X) :1—%% +%x4 —éf

X+

Ex. 4 i f (X) = sin(X) f* 6 [ Maclaurin %fﬁ?“ °

Sol.
p(x) = £(0) + £'(0)

f (X) =sin(X)
f'(X) = cos(X)
f"(X) = —sin(x)

f ¥(X) =—cos(X)

f @ (X) = sin(X)
f 9(X) = cos(x)
f9(X) = —sin(X)

f'(0)

X+ .
2!

£(0)=0

£'(0)=1

£"(0)=0
£O0)=-1
f0)=0
f90)=1
£©(0)=0

. _ 1 3
: p(x)_x—ix +

5

5!

X +

51

£9(0)
3!

X+

A © AR M
2007 &F 10 F| 15 F1 Z 5

f ()] (0)
41

f ()] (0)
41

X+

X+

£9(0)
5!

£9(0)
5!

£©(0)

X+
6!
(6)
A
6!

Small teach 07-02.doc £ 4]
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P 2B R SO T
2007 & 10 F] 15 I & H

() =€ FHipEix=igr e

& =1+i0-10-ilo o rilo Loy
27 737w S Ty

= (l—i<92+i6?4 —196 +ee)+ i(@—l<93+l¢95 +ee)
2! 4! 6! 3! 5!

]

. ot teg dpey
pljcos(é)—l—z—!é’ +4!9 + 6!9 +
sin(@):e—l¢93+l6’5+---’
3! 5!

RIS i 2] €7 = cos(@) +isin(@) » JF=22 =N H[EL £ §F 22 =¥ (Euler formula) -

LN

5 Small teach 07-02.doc £ 4]
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Taylor’s expansion

(1) p #¥-H ¥

F(x) = f(x)+ f'gfo)(x—xow H.OT.
(2) p RE-FRE

f (X f, (X5 ¥o)
f(x,y)= f(xo,yo)+%(x—xo)+%(y—y0)+ H.OT.

(-2
OX
0
fy :5
(3) p ¥i#-= ¥
f f > Y05 2o
f(X: y): f(xoa yorzo)"'wo(_xo)"'%(y_yo)

f.(X,,Y,,2Z
+ 500 Yoo Zo) 0)(z—zo)+H.O.T.

1!
(o2
OX
f-2
oy
T
0z

X=(XY,2)
% }oz(xo’yo’zo)

33

B gmay: 2008/03/20 Taylor's expansion. doc 4 %

=
A

PR LR



X

= Epr(directional derivatives)
Pt 20 REBAN B ko

Bldest o £ P(X, Y,, F(X,,Y,)) N> & i

z
A

z="1(X,y)

n
i :

(X.Y)

(=

(%, Y,)

=Vf.n

FABPRAN G B BLI XY LTG5 ¥ fod G Ap2end 5 C o @ Xy

ToappehE il At ERHET S RATRG
X=X,+Scosd,y=Yy,+Ssinf
He L Laphend &

F1 38 (X Yoo F (65 Y0)) 2 (XY, F(X,Y)) sdlas 5 4
f(x,y)— f(xosyo)

S
_ f(x,+Scos8,y, +Ssin0) - f(X,,Y,)
S
tim f (X, +Scosd,y,+Ssin@)— f(X,,Y,)
s—0 S
ot
on
fv(S):i%_Fﬂﬂ:(ﬂ,ﬂ)(%,g =Vf.n
OX0S oyoS oOx oy 0S 0OS
.-ﬂzw ‘N
on

BakEEF g 3L 2EF 2008/3/24 = % ik doc
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The temperature field, T(X,Y), on the surface of a metal plate is
T(X,y)=12-x*-3y’.
(a) Please determine the direction derivative at the point P (3,1) in the

direction Vv(1,—-1).

(b) Please determine the maximum rate of the temperature field at the point
P.

(c) Please determine the tangent plane across the point (3,1,T(3,1)).

TR )NE EV ] 2008/04/02



Direction derivative

Normal vector

X,(S)
Y (S)

m Z,(s)=Uu,(s)
11 x0+dxy0+dy)

Space curve 2fH]

u(x,y)
A

> Y

|
|
|
I
|
yolb
/ X, + dx, y, +dy)

t

X, (s

Plane  curve f&'l { ()
Yo(S)

UOLY) = UK, ) U (s) U <[>

UO(S) = U(XO(S): yo(S))

du,(s) _ ou, dx,  du, dy, - (5U Uy, . (dX dYO)_
ds _8x ds oy, ds SO,

(_8u S (dx dy, du (s)) 0

oX, 8y0 ds’ds’ ds

N\

S (X Yoo U BV RELED 7 P 5 (X, Yo U) BV P

S S i N Jf’ﬁj, U5 2008/03/27 Direction derivative #%.doc | 7 5%
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Ex.1 The temperature field, T(X,Yy), on the surface of a metal plate is

T(X,y)=12-x*-3y’.

(a) Please determine the direction derivative at the point P (3,1) in the
direction v(1,-1).

(b) Please determine the maximum rate of the temperature field at the

point P.
(c) Please determine the tangent plane across the point (3,1,T(3,1)).

Ex.2 Given a spatial curve described by time-like parameter as follows :
X(t) = cos(t)

y(t) =sin(t)
Z(t)=t
Try to find the following solutions:
(1) Try to transform the time-like into space-like parameter. (t — S,
where s is arc length )
(2) Find the unit tangential vector, normal vector and bi-normal vector
of the curve, 7(S),v(s)and £(s).
(3) Please determine the radius of curvature for p and o, try to plot
the curve.

(4) If r(t)=(x(t), y(t), z(t)), please determine ﬂ>< d’r|. d L
ds ds* ) ds’

Ex.3

XL+t =1

14 A
K \ 1,0
1. Find the parameter form for the curve.

2. Find the total arc length of the curve.
3. Use the Green theorem to calculate the area bounded by the curve.

(Hint: 24 = CﬁXd)f — ydx)

4. Find the radius of curvature for the curve at the point(1, 0) .

=D L 5 2 1 frnd "X HE[SE X
Ex.4 o= 2Py pu e di? ﬁ%ﬂJF'Jj;fldxdyZELVyz-ndF » [ R S )

P
flﬂ -+ y
A
(1,0)

V
>

(O’ _2)

THC)NE EV ] 2008/04/02



NTOU/MSV
ke iE

g;qH F [ﬁiﬂj}—k"ﬁjﬁi

222008 T = (Z ) Green theorem ?

1§3(

where

)dx+( )dy:?

X =cos@
y:siné’

ﬁ

dx = —sin&dé
dy = cos&dé

)dx+(

2 {15 Gy e

axx+y oy X +y’

wher  eC, and A are shown below.

C1 and A are shown below.

)dy §(sm 6 +cos’> 6)d6 =2rx

S)]dA=?

x> +y> -2y’

II[X Py’ -2x? .

(x> +y?)? (x> +y?)?

JdA=0 c,

FFsP==Qir Al ’EL%H 0-0) Tp Eﬂﬁ(ﬁ £01) » BT Green theorem

e

NS

TR P

ﬁ,ﬁﬁ:ﬂ\’gﬁ?@ (green-ng.doc) March 12,2008




* Green 152 (Green’s Identity)

B94520143 % %8
(2007/07/24 )

i Greendl— 5=t

- A& TN ZRE
b d’u dul’ bdu du au
u dx=u—{ — | ——dx 2V = | B =B— Vv
a dx dx|, “a dxdx fvuV _fBua]CB fVVu
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[T S5
i GreendT= ==
— A& TN ZRE
b dv du dv oV
IR dx‘ U | [ = [ule- [ e vy

= TN D RE
b d’v o du v duf N au
uydxffa vydx—u&‘av&a I/UVW—I/WW—Lu&dB—LV&CB
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Two views of Green’s theorem

j Pdx + J.Qdy J- I (— - E)d xdy Green’s theorem

(1) Divergence theorem

jv-nds:”V-vdA N dy)

o t= (G5
Choose v, =Q /
v, =-P

dy —dx \ —dx

_ nN=
n=
' (ds’ds (ds’ ds

Juends = f(Qi-P i) (i~ X jyds = [ (Pax-+Qay)

[fv-va= [ 22 P 0n

(2) Stokes’ theorem

§y-gds=jijydA

v=Pi+Q j+0k
t_(%H j)
SN
ijVdA
i i k
ST LR e
~ |OXx oy oz oy -~
P Q 0

IV xvan= 1535 on

WA AR el Rl 3 (Greentheorem .doc) Oct, 26, 2004
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i 15T JT e 7

=2-2 ==— 7
y X, X 3

dr ) _(dx ) (dy ) L[Z-V) .
dy dy dy dy 2
dr _ N5 gp = ¥ gy

y 2 2

= [, ol (oi(o —1)dP+ﬁ2(0,y)-(%,f)dl“+frz(o,y)-(—l,O)dP

—f —dy— A

200803727 Y.J.Lin %]

FEELRISL [y dxdy=[y" dA ameesy =2
A A

qub-V«,adA:frqbVLp-rjdef(ﬁVzg:dA

A A

{y" dA:{w-wdA

Leto=y* ,p=Yy"

{y" dA:%jA‘Vyz-Vy"dA
nyz-Vy”dA:frszy"-rJdF—fyzvzy" dA
A A

:>fy” dA:L fyZVy”-rJ dl“ffyzvzy" dA
2nfydA nyyndl" nlfydA

(n*—n+2n) fy dAf‘nyy -ndr

:fy"dA— n+1nyy -ndl’
A

200803727 Y.J.Lin %]
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FIkE2.5 577 n=1

2-y
=2-2x,x=2"%
y 2

dirz: dlz+dlz: i[Z—ij+dlz
dy dy dy dy\ 2 dy
ar V5 gy,

xdy 2 2

Ay=1.y= [yda= [ y'vy-ndr /

A
y=0
L oo ndar [ 0y (2 -bdr kL [ oy
=) O ©-Dar [0y (2l |5 [ @y)-(-10)dT
ey 1fyf]l2
72f0\/§y > V=3 6, 3
2008/03/27 Y.J.Lin 3
f EfR = e/ —_
I3 7 pTEHE M n=2
wj‘ y=2—2LX=2;y
dr )’ (dx)  (dy) _(d(2-y\)  (dy)
(&) (&) (&) - (&) - (5)
ar N5 Sy,
dy 2 2
=1 0./0y=1%r ! 0.y (=~ yarl L[ 0.y*) (- 1.0)dr
=3[ OO ndr HS [0y (e T 2 [0y (- 1,0)
L2l 5 A5 Lyl 2
=51 7y 'T"y:?y?n]zs
2008/03/27 Y.J.Lin 4
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%;ﬁ’ﬁ_“?\} J‘Jx“y”‘ dxdy:_[x”ym dA  EEISEGE ST = ?

lv¢-V¢dA:L¢V¢-gdr7I¢v2¢ dA

[x"y“‘ dA:»{VngadA

Let:p =Xx"y* ,o=y"

lx"ym dA:%IVx"yz-VymdA
[Vx”yz-Vy'“dA:ﬁx”yZVy’“-gde‘[x”yZVZy’“ dA
:>fx"y"‘ dA:im fx"szy”-ndefx”yZVZy"‘ dA
2mfx”y’“ dA= fx y’Vy"-ndl —(m(m— ))f(x"yz)y""2 dA

A

(m? +m)fx y" dA :fvx"y’Vy -ndl

fxy m(m+1)f X"y’Vy™.ndl

200803727 Y.J.Lin %]
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EERLSRLE LA

X

f [ r(xdrax, @f (x - OF(OdE

Method. 1 Proof using Leibniz rule

X X

Bt N A T lg—J.J.f(TMTXm —J. f(tydr

b(x) b(x)
4 [ fotae = | S af(X 2

X a(x) a(x)

+ f(x, b(x)b'(x) — f(x,a(x))a(x)
Tt R j (x - HI(Od¢E = j £(§)ds

sRENLN Ay = @jjﬂmﬁwaw—évwwgﬂmwio

v W j j f(e)dzdy, —j (x = OI)dE

Xl A _
Method. 2 ##c%s  ------ T T =X
SEFTHTURK a5 R -
I j f(r)drdx, = 5 >
00
g 0
X1 :
T = X
X X X L R B B | :
“-f(r)dxldr N i i i : !
07 [ :
=[x - Df(Dydr L .
0 a | T

65



X X Y x5

ij(r)drdxl = J-(X - Df(Ddr < J.J-f(f)deXl - J'(X — Df(D)dr
00 0 a a a
Method. 3 ;I—Bﬁ w > BXTA ix ( € ﬁé" S ﬁ%ﬂﬁ S ppt)

FEfs %> HE LA yu #l 2008/04/01
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N\ X
€A A R A
J I T(gd = [[(x =) f (e
IERE DML R R EFRRR

p # : 2008/04/01

fE % 2P

f:s ‘G

|| s

F
. F /—>
%% A Vit

G: #4
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[ f(&)dgdx,

[ f(&dedx = [TF(x) - F(a)ldx,
=G(x)-G(a)—xF(a) +aF(a)

[ ] f(&)dedx,
~[6(0-G(@)]-[(x-a)F (a)]
-['F@defF@a] 7
=[ F(«f)dr§+(x é)F(é)‘

=(x- )F(s‘) —f —F(&)ds

=], (x= D (©)de

G(x) - xF(a) -G(a) +aF (a)
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X[, f(£)d¢
= XF(x) — xF(a)

XF (X)

—[G(X) - G(a)]+[xF (x) —aF (a)]
=—I:F(§)d§+§F(§)‘:

=§F(¢)‘:—I§F<f)df = Lxé:f (&)d&

~ G0 -G(a)] —aF(a)
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[ f(&dedx,
= [ xf(&)ds [ £f (o)
=["(x=&) f(&)d¢
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Bl &EBFARZEIR NTOUMSY ITREEE(Z)aE
Gauss(#x Ak ) T3 Stokes %32
eIl il
gSL/-Q ds gSE -dr
=||V-vdA =||VxF-ndS
JJv-vaa q JJvyFn
1-2D
[v-nds
S
:I jV-g dv
v n NS
2-3D ds RS ) &
v :velocity F :force
it (=)
A i
P & S W
PEHERF IR R B PR 2008/03/13

Gauss-stokes. doc 3 4]
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Evaluate ?5 zdx + xdy + ydz , where C is the boundary of the plane

z=1-—1y. See the Figure 1.

> Y
X Figure 1
Sol:
F=1zi+Xx]+ yk
i j k
vxE=[2 O O ik
ox oy 0z
z X k
0. 1 . 1
n= i, ,——K
%zdx+xdy+ydz:fj;V><E~r3dS
. 0. 1 .1
= K)- (—1i,—= j,——k)dS
JJ @il s ik
11
:fﬁ($+$)ds:ﬁfj;ds
=2 [ ds =2 [ \2dR
=4
ds
d—R:cos<9:>dS: dr —=2dR
dR V] dS cosf

[ #(= )3 & > April.09, 2008. Stokes” Theorem.doc] Fr it 7 % ¥ 3ZFE-3c32 3rd 4
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AESBERPALIRE F 18EF (Z) HREKERYY T 4
Fig.1 Fig.2

(x+dx, y+dy)

(X,y)

(a). Please determine the area of triangle OAB composed by the three points 0:(0,0), A:(2,1),
B:(1,2)as shown in Fig.1, where the origin is (0,0), (x1,y1)=(2,1), (x2,y2)=(1,2).

(b). Please determine the area of triangle composed by the three points (0,0), (x,y), (x+dXx,
y+dy)as shown in Fig.2, where (x+dx,y+dy) is the neighborhood of (x,y).

(c). What is the Green theorem ?

(d). Please determine 55r-nds, where T is the position vector of (x,y) and N is
C

the normal vector of contour C, ds is the path integration, where C is the closed
contour along boundaries of triangle OAB: (0,0), (2,1), (1,2) as shown in Fig.1.

(e). Please determine the divergence of position vector I i.e., V-t =?where r=xi+yj?

Small test 08-01.doc £\ iy
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2008 - B SRR (T BP) =% % Chen and Yeih

Fig.1 Fig.2

(x+dx, y+dy)

X,y)

v

(a). Please determine the area of triangle OAB composed by the three points O:(0,0), A:(2,1), B:(1,2)
as shown in Fig.1, where the origin is (0,0), (x1,y1)=(2,1), (x2,y2)=(1,2). (5 %)

1t 2 3
2

2 1 2

(b). Please determine the area of triangle composed by the three points (0,0), (x,y), (x+dx, y+dy)
as shown in Fig.2, where (x+dx,y+dy) is the neighborhood of (x,y). (5 %)

1
2

X+dx y+dy
X y
(c). What is the Green theorem ? (5 %)

A=§Pdx + Qdy

1

5 §xdy — ydx
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(d). Please determine ff r-nds, where I is the position vector of (x,y) and N is the normal vector
C

of contour C, ds is the path integration, where C is the closed contour along boundaries of
triangle OAB: (0,0), (2,1), (1,2) as shown in Fig.1. (5 %)

jr-nds r=03-0 N =)
- j(x,s-x)«%%)ds et 12
* I(/) (=, = 2)ds = (x,2X =2 L
+j(x?()‘(;j{)ds =020 N ()
P

3 2
:ﬁJ‘O dS:3

(e). Please determine the divergence of position vector I i.e., V -r =7?where r=x i +y j (5%).

[[V-rdA  v= (—5) r=(x,y)

V-rz(g— gyy) =1+1=2
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AFAERPAIER L 1Ekd (D) ARRKERYV L2 i

1_j¢m§@yzxz : ;‘i%v[%M) ol ik f @ .

X(t) =tcos(t)
2.7 y(t) =tsin(t) ~ [ isf S AT SR I S A > T SF'fJ%%l'%F?(SZ
2(t) =3t

X(t) :%em
3. {yt)=+2€e o[RS A T R i s A R spfjréfg['{':? (s:
z(t) =t

Small test 08-02.2.doc %4 &4y
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LBy =x* o TR s i g 5

1 y"
O S
y'=2x Po1+(y) ]
y"'= 1_ 2
P o1+ (2x)3/2T2
1 2
—= ~=0.029
p [1+16]
p=35.046

X(t) =t cos(t)
2.4y =tsin() > FIB Gk BB Rk o S s PR s B R
2(t) =3

x'=cos(t)—tsin(t)
y'=sin(t)+tcos(t)

2 _ 2 2 2
(ds)? = (dx)* + (dy)* + (dz) 7' =3
ST (3] sem
—= || — - W — | =t“sint® — 2tcostsint + cost
dt dt dt dt dt
=+t?+1+3 dy 2 2 t2 4+ ot tsint int?
— | =t*cost” + 2tcostsint +sin
=4 +1? dt
a2 _3
dt

s:%(tx/tz+4+4In‘t+\/t2+4‘)+c

t=0—>s5=0
Sc==277

s :%(t\/tz Iy 4In‘t FN'E 4‘) _277
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1 5
X(t)=—e
(t) >

z(t) =t

ds (dsz (dyjz (dzjz
= - +| = +| —
dt dt dt dt

1
%%z(“+%m+ﬂ2

ds=(é“+gdt

s:le”+t+c
2

“t=0—->s=0

1
LC=—=

2
.:s:1e2*+t—1

2 2

YO =V R T RS o P ORI (s
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AEARRAIES ) 1K () —HAREKERY Y3 L
= [ R T TR T (X ) = 204X - y* -

() T (23) B PR [ ST R TR
(2) A= pufs [l Ebffr?

2.~ 3 ‘fiﬂ@mfft BT y,2) =X +xy+y*+2yz > F T RLLY) A

P(E’l’ 2)Z Q(E’O’ 3) iU [ %2

Small test 08-03.doc 4 &=l
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L7 T s R 5 T R T (%, ) = 20— 4x7 — y” ¢
) T (2,3) B PR [pIE S TR R
(2) A [~ P A L {2

(D

VT a=(-81,2))-a=(-16-6)-a

VT|-|a|cos® =+/292 x1x cosd

when cosQ:O:gz(\/_le?Z,\/;%)
2
\VT\ =|VT|=+292

2.~ ﬁ*?ﬂ /3 @71?“ bT(X,Y,2) =X+ Xy + Yy +2yz  : h“%“(lll) EEJ,P( 12) %]
QS 0.3) i ik

PQ=(1-1)=a
VT =(2x+ y,Xx+ 2y + 22,2Y)
-1 1

VT -a= 652)([[@,
5 2

3
NG
=0
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1. " Fo
(0,0) (1,0)
(01 _2)

Evi

RS T
] ot P [[1ddy=2 [ vy? =
i jf y = [ 9y ndI [ ) 5

—

- KN o

v
X

(-2,0) (2,0)

R —20)pudhsg = A
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N, +—
I, D
P
(01_2)
eI F TS 1 — e
B Sy A [y =2 [yt ndr o R
A
_L’\, o
Sol:
[l
1
Y+2
A= ldxdy = 2 dxdy — dy_ N
o [ oy 2 _2
FEFE 5T

_1 2
A—Efrw ndl

- [ @000 + [ 01040+ [ ©O3)-(Z,Der

0

T TR I B
_f_ y 2dy— 4y 72_1
2. y
» X
(_210) (2’0)
B PTB2,0) ok G 4 A )
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Set:

SR 2

{x:Zcose {X:—Zsine {5(':—20030
let: = =1 .
y=2sin6 y= 2cosf y=-2sin0
3
(X2+y2)g [(—2§n9)2+(20059)2}2 (4)2 )
~ %—yX  (-2sind)(-2sing)—(2cosf)(—2cosh) 4

RS TIE AT

dx .
Iet.{XZZCose qg — 2S¢
y=2sn0 1dy 500
axY (dyY
ds = \/Lﬁj + (d—g] = \/(—2 sin 9)2 + (2 cos 0)2
s = 20
X=2cos£ X:—sm% ¥ = ——cos—
= =
y:2sin£ y = cosi jy = —=sin—
2 2 2
sY sY
- . (—sm j +(cosj
(a) o= I +7 _ 2 2
XV — v ( ) sj[ 1 . S] ( 1 sj( S
—sin = ||—=sin~|—|—-—=cos = || cos =
2 2 2 2 2 2
(0) p =i = 1

83



W o@ari8 Phriag 2B 14&&% (Z) M F8EEngs
~ BeoT— v (Vector calculus) 18:00-20:00 April 10, 2008

#2008 F 4" 10p 4% g5

1 Evaluate fﬁ F.-dr= f zdx + xdy 4 ydz, where the force field F =(zx,y), and C is the trace of

the cylinder x*+y®=1 in the plane y+z=2. (See Figure 1.) (a) Use Stokes’ theorem to

determine the :ﬁ F-dr. (6%) (b) Use line integral determine the fﬁ F-dr. (6%)

(c) Determine Vx F, V- F . (6%) (d) Is the force field F conservative? (2%) (e) Why? (5%)

7 y+z=2 y
i
(_:“S‘h-f' X \V
X
- - y

r X _
2 See Figure 2. Figure 1 Figure 2

x(6) = cos® @
o) = 7 ) (2%)

a.  Find the parameter form for the curve.( Hint:{

b.  Find the total arc length of the curve. (3%)
c. Use the Green theorem to calculate the area bounded by the curve.

(Hint:24 =  xdy — ydx ) (5%)

2

3 Given a spatial curve described by a time-like parameter as foIIows

d. Find the radius of curvature for the curve at the pomt( ) (10%)

X(t) = —cos(ln(t))
V3 X(s)

y(t) =—sin(In(t)),t >0 and (x(0), y(0), 20))=(0,0,0) = 1Y(s) ?
V8 Z(s)
t

Z(t)_ﬁ

Try to find the following solutions:
a.  Transform the time-like into space-like parameter. (t — s, where s is arc length ) (7%)
b.  Find the unit tangential vector, normal vector and bi-normal vector of the curve,
7(s), v(s) and £(s). (10%)
c. Please determine the radius of curvature for p and o, try to plot the curve. (6%)

dsz_ d°R

at

ds’

d.If r(t)=(x(), y(t), z(t)) = R(s) = ( X(s), Y(S), Z(9)), please determine [%x o

t=+/3. (7%)
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4 The temperature field, T(X,y), on the surface of a metal plate is

T(xYy)= % +4+/3 —6c0s(X) — 4cos(x)sin(y) .

a. Please determine the directional derivative at the point P (%,%) in the direction from

a(-12) to b(1,3). (3%)

b.  Inwhich directions the temperature increase and decrease most rapidly at the point P ?
(Please express your answer in a unit vector). (4%) Why? (4%)

c. Please determine the minimum rate of the temperature field at the point P. (3%)

d.  Inwhich directions the temperature has no change at the point P? (Please express your
answer in a unit vector). (4%) Why? (4%)

e. Please determine the tangent plane across the point (

oy

V4
i_lT
5 (

oy

%)) .(See Figures 3and 4.) (3%)

VN
'Figure 4

5 Domain integral <> boundary integral (See Figure 5.)
. 1 oy
a. Please derive the formula ||1dxdy == ¢ —dI" (5%
[ j y ng ~-dr (5%)
b.  Please calculate the area (Figure 5) by using the following formula (5%)
2
(Please use both integrals and compare with each other.) _[ J' 1dxdy = %Sﬁ% dr

A r

c.  Use the following formulas to find the centroid (X,y) (10%)
1

AK:_[;[xdxdy:.[diz n(n+1)J‘FX2VX'Ddr
- 1
Ay:.[Jydxdy:J;ydA: n(n+1)_[ry2vy.gdl“

Figure 5

2 Mid2008-testl.doc Chen J T %
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W o@ari8 Phriag 2B 14&&% (Z) M F8EEngs
~ BeoT— v (Vector calculus) 18:00-20:00 April 10, 2008

pap 2008 F 4" 10p 4% g5

1 Evaluate gg F.-dr= fﬁ zdx + xdy + ydz, where the force field F =(zx,y), and C is the trace of

the cylinder x*+y®=1 in the plane y+z=2. (See Figure 1.) (a) Use Stokes’ theorem to

determine the gg F-dr. (6%) (b) Use line integral determine the 35‘ F-dr. (6%)

(c) Determine Vx F, V-F . (6%) (d) Is the force field F conservative? (2%) (e) Why? (5%)
7 Y+z=2

e et
1/'-HP-X 5
Figure 1

X2+y2:

Sol:
(a)Using Stokes’Theoremj;CF -gds:ffs(Vx F)-ndS

i j k
o o0 J| . .
VxF=— — —|=i+]+Kk
ox oy 0z :
z X Yy
1

n=( ittty
SN RN RN
SECF‘gds:ffs(VxF)pdS

o 0. 1. 1
_ffs(|+1+k)-($l+ﬁj+$k)ds

=2 [ ds

dA dA
— — —=0050 = dS=——
= ‘/EffR‘/EdA_ 2 ds cosé
-.dS=+/2dA
ds
/ n =(0,11)
2 n, =(0,0,1)
. 1
dAi cosf=-a e _ 2
" nfIn,| 2

1 Mid2008-testl.doc Chen J T &J#
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(b) Use line integral

§ zdx+ xdy + ydz= §: zdx+ § xdy+ ¢ ydz
X=C0s60 dx = —sinfdé
y=sind =-{dy=cosfdd
Zz=2-sind dz= —cosfdod

¢ zix= [ (2—sin6) —sindo
2
= [sin*6—2singdf =7
ﬁ:xdy:fohcosecosede
2T
— [ cos*0do =
ﬁ;ydz:j;zwsin 0(—cos6)do
— —f:ﬂsin cosfdd =0
.‘.ﬁzdx+ﬁ:xdy+fcydz:7r+7r+0: 2w

(c) DetermineVxF,V-F
VxF =

ik
o ol .
— —|=i+]j+tk
oy o7 !
Xy

>N Pl -

o 0 0z Ox 0y
—+—+—)-(z+x+y)=

ox oy 82) ( =
(d) Is the force field F conservative?
No

V-F= i
( 8x+8y 0

(e) Why?
PRIELVXE =0

87

Z+2)=0
z
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2 See Figure 2.

a.  Find the parameter form for the curve.( Hint:{

b.  Find the total arc length of the curve. (3%)

x(0) = cos® 6
v =72

) (2%)

c. Use the Green theorem to calculate the area bounded by the curve.

(Hint:24 = § xdy — ydx ) (5%)

d.  Find the radius of curvature for the curve at the point(

Figure 2

Sol.

= ' o
(). cos’ @ +sin’ @ = 1,~.set 1" CC_)S3
y = sin’ @

oy d_X:—3coszz9$int9

(b) Set {X I Ze
y = sin’ @ Y~ 3sin’ @cos

ao

TZ>.(10%)

ds = /(=3 cos? @ sin 0)? + (3 sin® O cos 0)d0 = |3 sin 6 cos 6] d6

s

2
3sin @ cos 8d6 = ej sin 2040 = 6
0

oty

S=Id5=4

1
©4 = ¢ Cxdy — ydx)

A= %Cﬁ@ cos' @ sin® 8d0 + 3 sin* 0 cos? 6d0)

2w 2z 2z
=lj3coszasin2 040 =§jsin229d9 =§J.Md6 _ o7
2 ] g ) sl

(d) Method1

88
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V2 \/é) = (cos® Z | sin® %) - we komw 6 = = and % = 3sinfcos O

- the poin t(T L 1 1

{}(s) = x(0) = cos® 6
y(s) = y(0) = sin® @

dx(s) dx(0) do
= — = —cos¥d
ds de ds
dy(s) _ dy(8) do _ sin o
ds de ds
d’x(s) _ L(d}(s))ﬁ _d(-cos@) df _  sin0
ds® do ds ~ ds dé ds  3sin @ cos 6
d*y(s) _ L(dy(s%ﬁ _ d(sin8) do _ cos 6
ds® do  ds ~ ds dd ds 3sin@coséb
dx ay
PR + v
(ds) (ds)

P dx d*y d’x dy

_ 2 : 2
_ (- cos @) + (sin ) _ |3sin 0 cos 0

(cosg) S0 g SN0
3sin @ cos @ 3sin @ cos 0
T ) 1 1 3
So we konw @ = —,p = (3sinfcosfb| = 3 —=—| = =
| N
Method?2
p = ! = ! =|351n0cost950
\/(dZX)Z +(‘2’2J)2 \/<sinl9)2 +(L59)2
ds® ds® 3sin @ cos @ 3sin @ cos @
T ) 1 1 3
we konw @ = =,p =1[3sin@cosf| = |3—=——=| = =
| N
Method3
dx(0)

_ 2 5
{X(@) = cos’ @ N 70 3 cos® @ sin @

— o 3
(@) = sin’ 0 a’y_@) = 3sin® @ cos @

do
2
dX—(f) = -3 cos’ @ + 6 sin* & cos 0
do
2
ddy—e(f) = -3 sin’ @ + 6 cos” @ sin @

4 Mid2008-testl.doc Chen J T &]#
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3
2 dy 2 3
[(> +( 9> } [(9 cos’ @ sin® 49]2
dx d’y d’x dy|

— = |3$int9cos9|
‘—9 cos” @ sin 0‘

So we konw 6 = %,p = |3sin0c036’| = ‘3——‘ =;

3 Given a spatial curve described by a time-like parameter as follows :

X(t) = —cos(ln(t))
V3 X(s)
y(t) = —sm(ln(t)) t>0 and (x(0), y(0), z(0))=(0,0,0)=1Y(s) ?
V3 Z(s)
z(t):ﬁ

Try to find the following solutions:
a.  Transform the time-like into space-like parameter. (t — s, where s is arc length ) (7%)
b.  Find the unit tangential vector, normal vector and bi-normal vector of the curve,
7(s), v(s) and A(s). (10%)
c. Please determine the radius of curvature for p and o, try to plot the curve. (6%)

- (dR_d'R) 'R
d.If r(t)=(x(), y(t), z(t)) = R(s) =( X(s), Y(5), Z(3)), please determine {E dszj =
t=~/3.(7%)
Sol.
@
1 .
X(t) = ﬁcos(ln(t))—ﬁsm(ln(t))
y(t) = T in(In(t))+ Tcos(ln(t))t>0
Z(t :T

SRERGEH!
dt dt dt dt

= {%cos(ln(t)) —%sin(ln(t))}2 +{%sin(In(t))Jr%cos(ln(t))}2 {%T =1

5 Mid2008-testl.doc Chen J T &J#
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EIA SEPESENE. 4
ds=dt > s=t

X(s) = —cos(ln(s))

NE

—sm(ln(s)) s>0

[
ﬁ

y(s) =

z(s) =

(b)

f(s):(dX(S) dy(s) dz(s)j
- ds ' ds ' ds

1

zg(s)//iz(s)

Pe 1A k2B

1AREE (2 ) MR8 L ERHR

:{ﬁcos(m(s))—%Sin(ln(s))}l{%sin('n(sm%COS('”(S))}i*[%}5

() [ \/1, sin(In(s)) - \/%Scos(ln(s))}iNJ{ﬁcos(ln(s))—ﬁsin(ln(s))}j+[O]I5

2o 34

v(s)=— L/Esm(ln(s)) \/15cos(ln(s))}iﬁ{%cos(ln(s))—%sin(ln(s))}j+[0]I5

B(9)=2(8)x0(9)

%cos(ln(s))—%sin(ln(s))

_T;sin (In(s)) +_T;cos(ln(5))

%sin(ln(s))+%cos(|n(5))

%cos(ln(s))—%sin(ln(s))

) %cos(ln(s))—%sin(ln(s))

_T;sin(ln(s)) \/%cos(ln(s))

1 cos(In(s))-

&

sm In(s)

o %|||—\ X

%sin(ln(s)) % |

A cos(In(s)) 0

\/16 cos(ln(s))} j+ {%}S

j
%sin(ln(s))Jr%cos(ln(S))
%cos(ln(s))—%sin(ln(s))

1 1
ﬁ - Ecos(ln(s))—

0 _T;sin(ln(s)) N
%sin(ln(s))+%cos(|n(5))

12 (In(s))—%sm(ln(s))
} { sin In(s)

6

91
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d 2 2
i = S E
—,3 {\/_Ssm(ln(s)) Jlgscos(ln(s))}i—[ﬁcos(In(s))—ﬁsin(ln(s))}j+[O]I5

o =+/3s

E
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4 The temperature field, T(X,y), on the surface of a metal plate is

T(xY) =%+4\E —60s(x) — 4cos(X)sin(y).

a. Please determine the directional derivative at the point P (%,%) in the direction from

a(-12) to b(,3). (3%)

b.  Inwhich directions the temperature increase and decrease most rapidly at the point P ?
(Please express your answer in a unit vector). (4%) Why? (4%)

c. Please determine the minimum rate of the temperature field at the point P. (3%)

d. Inwhich directions the temperature has no change at the point P? (Please express your
answer in a unit vector). (4%) Why? (4%)

e. Please determine the tangent plane across the point (%,%,T(

oy

,%)) .(See Figures3and 4.) (3%)

TN
dFigu;’e4 1
Sol.
2y 2 1
N AN

VT(X,y) = (6sin(x) + 4sin(x)sin(y),—4cos(x) cos(y))

- VT(%,%) — (4,-3)

T
oT(%,x
M)

ov

T 2 1
ZVT(Efg) V= (4,-3) (ﬁ’ﬁ) = \/g

(b) max= (g,—g)

. 4 3
mln:(—g,g)
[ﬂti% =VT-n=|VT||n|cos(6)

—1<cos(#) <1
8 Mid2008-testl.doc Chen J T %
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ﬂ?”aT {max:>0:0

on min = @ =180°
PR SR RS ) ) -

P (SR b R b i () -
(c) %:VT-Q:|VT||Q|COS(0)
+—1<cos(f) <1
oT o
(—] =VT-n=|VT||n|cos(180°) =—|VT|=-
on Jin
3 4 3 4
(d) (—,—) and (_E’_E)

Fris, ‘Ztr VT -t =[VT|t|cos(0)

—1<cos(9) <1
F R T EISFHE%EIJI:I » SUERLAR (A1 0 > ] [ 0 0 STERL

6=90"and 8 =270" -

PRIFRERE T iy [ A EU9YE =" i = (— —) and (—— ——)

O HIYES D a2

AJ P 4x-3y—z=k > (

R

oy

fﬁ Juk,(k 0
,66)| H

1R, 4X -3y — 2=0 -

owIN

9 Mid2008-testl.doc Chen J T &]#
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2
a. Please derive the formulaﬁl dxdy = %g@% dr" (5%)
A r

1S () MI 2%
5 Domain integral <> boundary integral (See Figure 5.)

b. Please calculate the area (Figure 5) by using the following formula (5%)

2
(Please use both integrals and compare with each other.) ﬂl dxdy = %4}?— dr
n
A r

c.  Use the following formulas to find the centroid (X,y) (10%)

= 1
AX:J;\[xdxdy:'[di: n(n+1)'[rx2Vx-ng
_ 1
Ay:IA[ydxdy:‘[ydA: n(n+1)fry2Vy-QdF

Sol:

e a5 D A _1eoy
«ﬁﬁﬁ%émﬁaﬁﬁﬁAQEWW—5$5¢ﬂ

ISR IC R
fqbVZgOdA:ngngo-[ldF—fVQS-VgodA

Let.p=1 ,p=y" or X’
fVZy2 dA:nyz-ng
T

A

;»fvzyz dA:fFVyz-rde
A

:%[vzyz dA:{ldA:%f;Vyzeng

(b).,l-j_} 5!]2\\5\‘.‘3,?%5\; ﬁﬂﬁ‘"\%"'gﬁﬁ
\iﬁA\;
X*+y*=a ;x=acosd,y=asing
sl a 3775 a2 a
_ 1 4 (4@
Hldxdy—J.z joadad@_jz {2} do
A 4 . )
3z
_|ao| _a 3_ﬂ_£j_ﬂ_a2
2 = 24 4 4
4
10

95

i

D
Il
NN

|

e
Y

5
Figure 5
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8F A

_1 2
A_EfFVy -ndl’

1 -1 . -1 -1
= J Ol + [ ©.y)-(ostsino)dl; + [ ©y)- (75—

¥ - ME
-y
(U )( )dF —=drI,
JLovg =[5
dr, | (o) (dy)’
dy dy) \dy
ax iy ay 1
dy 'dy
dI, =+/2 dy
2% 2

72 D A
S por= [F R =2 -2
¥ oM
fr (0.y)-(cosf,sinf)dT, = fF ysingdr,
d_FZ_[%]Z—i_ ﬂ]z
do) \do) |do
X=acosf;y=asiné
%:—asine ;ﬂ:acose
dé
dl', =adf

3

f —ysindT, _ﬁ (—ysin6) add = f (asing)-sing] adg

—f a’sin®f df = f [1 cosze]dg

7_7ra2+a_2
. 4 2

4

a’ 1
=—|6+=sin260
2[ 2 ]

11 Mid2008-testl.doc Chen J T &J#
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W= r/?/‘* A8 Pa1amE k2B

£
A= @y MJ¢I f yw
dry| _|dx +ﬂ

dy dy dy
K_1. ¥
dy dy
dI, =+/2 dy

Y. _ (B[ _yr_ &
f o= [ o= =2

2 2 2 2

ma  a a _m7a
+———=
4 2 4 4

()T FaNFHFACY

A7=fydA=1fry2Vy~ndF

2
A=-2 4
4

- [ oy )(I \/_)dF -+ [, ©0.3)-(cos0,sin )T, + [ (Oy)(\/zl,\/z)dP

¥ - AE

f ydr

[““Jz—%] ﬂ]
dy dy dy
dy dy
dI, =+/2 dy

FoME
fr o y?)-(cosd,sin0)dT, = fr 2 y’sinédr,
dr,

_%2—'_%2
dy dy dy

X=acosf;y=asinf

12

97

1S (Z) Mtz ¥

R

1
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%:—asme dy_ acosf
dy "dy
dl',=add

37

—y?singdl, = [ _*(—y?sinf) add = :TW asing)’-sind|adg
. . |(asing)
4 4

ﬁ 5a3
= | “a’sin*0do =
j:; 32
FZMEK
-y
0, ¥") (— )F = dr,
/. ff -7
dr3 :% +ﬂ
dy dy dy
dx 1 dy 1
dy ~dy
dl, =+/2 dy
-y =Y yire_ &
X dr, = | 2| =L (2)dy=—2L| =—
I A e (N L
Ay = a’ +5a3_ a’® 4’
6v2 32 6J2 32
4a°
__3\/5 _4\/§a
V=" /nat "
4
X =0
13

98
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2.1 Fourier 3¢ # 4@

4T & & 727 Fourier series 4 17 99
[EAREE RS W A e 100
ExEel(pM N F) 101
%2 E (G & o) 102
+ 08 S RCH S F A 116
A el Ll IS TR - el i 117
'T'i"EL_F Pﬁapx 5—1‘74 pal 118
=g Ap £ B3k I 119
GBI L2 S (FREE) 121
R A TS - 126
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2.2 Fourier series

Why Fourier series————————————————————————————— —128
Fourier series expansion( ¥ | Gibbs phenomenon) —————--———————————-— 129
AR S o 131
Fourier coefficient—-———-—-—---—-----oooo 132
F #ce? 4§ #c Fourier—————————————————————— 133
Decomposition theorem-————--—-------———--------— —134
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fraz i fFam LMk 137
2.3 Fourier & i

series-sum( A f¢ Z f#2¥) ———— —138
series-sum( % f¥) ————————————————————— 140
Fourier series examples (John Appleby) ~—————-—-—----—---—--———-—--——————— 141
2. 3 Gibbs 3 %

Gibbs phenomenon———————————————— = 146
Gibbs F & 148
2.4 4j # Fourier series

Fourier series————————————————————————— 149
Al B 150
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Fourier series I

HER T ¥ % BRIESR

periodic function

basis

Euler formula

alternative formula

half expansion formula

Even function

Odd function

half-range cosine expansion

half-range sine expansion

another represenattion

applications

frequency content

wave number content

wave

signal

termwise differentiation

Gibbs phenomenon

Stokes’ transformation

Approximation

Distance

Norm

Least square

Dirichelet condition

Jump

complex exponetial Fourier series
loading simulation by harmonic function
WA LRBIESR T8 (Z)
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10.

11.

12.

13.

14.

15.

16.

T

. sin(a+ﬂ) =sina cos [ +cosasin

cos(a +,B) =cosa cos f —sinasin
sin MXcos nX:%[sin(m+ n) X+ sin(m-— n)x]
sin MXsin nX:_?l[cos(m+ n)x—cos(m- n)x]

COSMXcos nx=%[cos(m+ n) X+ cos(m- n)x]

€% = 0s@+ising (% 25%)

[ X cosbxdx = %sin bx + écos bx+C

[ xsin bxdx = —gcos bx + ésin bx+C

2
x* cosbxdx = %sin bx + %cos bx—ésin bx+ C

2
.[XZ sin bxdx = —%cos bx + %sin bx+écos bx+ C

ax

Ieax cosbxdx = [acosbx+bsinbx]+C

a’+b’

ax

[ €™ sin bxdx = [asinbx—bcosbx]|+C

a’+b’

¥
sinmxcosnxdx=0 (M= £n)

L/

¥
sinmxsinnxdx=0 (m=zn)

v =T

o T
cosmxcosnxdx=0 (M= =n)

L/

.72' .
sin Mxcos Mxdx =0

v =T
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ASUS
打字機文字

ASUS
打字機文字

ASUS
打字機文字

ASUS
文字方塊
感謝國立屏東科技大學土木系徐文信老師提供


ASUS
註解
“Unmarked”的設定者是“ASUS”


” . .
17. _[ sin mxsin mxdx =
—7T

T
18. j cos Mxcos mxdx = 7

19. exzix—:1+£+—+---+x—+--- xeR
—=n! I 2! n!
0 2n+l1 1 3 . n _on+l
20. sinX= (_l)n X L_X_+...+%+... Xe R
— (2n+1)' I 3 (2n+1)
o 2n 2 4 1\ y2n
21. cosX= (—1)n X :I—X—+X—+---+( 1) x xeR
— (2n)' 2! 4! (2n)'
22. B ix”_1+x+ X+ -1<x<l1
I-x =
0 n+1 2 1\ yntl
23. In(1+x) Z X—X—+---+w+--- ~1<x<1
- n+l1 1 2 n+1

B
< B E Y B sl ?& # % #c(Taylor series)~ & = ¥ % #ic(Fourier
series) ' % ;% i % #c(Laurent series) » ie ,g\{? S SISENEICS Sy ]
T\ B BVE M7 oo
1. S
F(x+T)="1(x) (T3 ¥ %) 1)
T TR
(1) ABED);DTE? hd | &+ Feo 5 %Sl o

(i) - B¥EEPIES D
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7] sin XfrcosX &
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3. & = # % #c(Fourier series)
i AR
o B E - BEY L 2T Y S8 f(X)
f(x+20)=f(x) (3)

AR BT AT A E N & Sl(G VB EUR)2 E?

0

f () Z(ahcos%x+b s1nn7x 4)

A G BB A fR 0 PR S AT R e a T LB ] o0 &
Sl kA B

PR E ZEH 2 ¥ ()N F S ik f(X) ol 2 ik A
= s #) o

F o f(X) 4282 & Sl k {4 ()} (n=1,2,3...) & 7 B B 7 {7 e dic

HABRAEZEER -

LA e L A

i) BrAEET f(X)]aRArz 4Bk IER?

(i) HrmmE BB\ Hik#? Faa,.0.0.. -
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% # 2738 % (The Gibbs Phenomenon)

5.

sin(2n—1)x Xon[—l,l] » g n A%

|
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(i) f(X) &[0l FF 5 ABES EREE ] EE -
(G)iD)% f(X) 5 PERHE > FRFMAE -)
(ii) 7% A J_Z‘f (X)|dx 5§ i - (Fa, 2 °)

(iv) (X))t~ 0]t Rk sy i Bk 520 0 Blsdi

nz
COS— Sll’l—
€x+b x

5

Example 13.6

f=1"

f(x)=

5 X=7
X —r<x<l
1<x<2
4 2<Xx<rm

1-X

EREARE S - &

a, + Y a,coshx+ b, sinnx

n=1

n n n n n n

a :% iz(—l)n+1 + (l—%Jsin n+ %cos n+ (%—zjsinZH—izcosﬂl}

1|(x 4 3. 2 1 4 . 7 2
—||=+—=|(-1) +=sinn+| 5 ——|cosn——sin2n+| ———= |cos2n
T n n n n n n n n
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n=1~300 ; dx=0.01

Example 13.7

Example 13.8

Example 13.11
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7. 4 3 ¥c(odd function)¥? % I #c(even function)
(i) H Sk
e G(x)=-G(-x) (7)

VA B[00 o ST B S
nNzX
Zb sin——

:
#e anzéjl_éG(X)cos?dX:O (n=0,1,2,3--)
bn=%j_’ie(x)sm?dx:%jje(x)sm%dx (n=1,2,3--")
® G(0)=G(¢)=0
b wdgeni® 2 Fad? © 1% ¥ Xx=0% X=/7 B
#ofars 0

(i) ok
FAF(x)=F (%) ()

P AT B[00 b i ST B G

F(x =7+Zancos7x

e

1 e Nz X
an:z _ZF( —dx——J' C s—dx (n:0,1,2,3...)
bn=% iF(x)sianx:O (n:1,2,3--.)

= F(0)=F'(¢)=0
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(iii) # v =

B[0,0] % B2 v pRa A e

)

X

(

G

4R RN AR AW

Example 13.20

1 OSXSﬂ/Z
2 7Z'/2SXS7Z'

Fourier cosine series

)

X

f(

n=1~50 ; dx=0.05

(I S R
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Fot o ——tm— =@ - - — 4 - - — —
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\\\\\\ o —— 4 - -4 - ———
| | |
| | |
\\\\\\ e B A
| | |
| | |
F-g-———ft-———4-———+4-———~
- | | |
S S —
” ”
“““ SN SIS
| |
| |
“““ Ly
| |
| | |
\\\\\\ e |
| | |
| | |
e
P
[
w2
o
5]
7\
Rlew
< c
S
=
o —
wn
wZM
AR
_
<alKe\
[l
—~~
x
N—
[T

Fourier sine series

n=1~50 ; dx=0.05

T . —
Fod——lm—m— b — 4 — - - & - — + —
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&= s s B A
1 s
TRz sk f(X)=|X —f<x</

B s f(x g_ﬁw (2n+1)7zx

2 7[2 n:O 2n+1 l

Teacdp & Bid 0 % B[00 2 - Rjrar $ 1 N A

@ 1(x)=n()=23 L 2Nt

7zn:0(2n+1) 1
I 0<x</
E{%jﬁh(x)={_1 raxcoTELERE TR 2

LR s A Y S A A N
1o BHE T o FIEE KT CAAEA o 4§ T A 2
B L - BEEE - AT feA sl T AR A
B o
i) A

Sl f(X) &[00] % B~ o R
X _i :__1 ! nzx Nz X
L{f@) 2}m ZKL;W Jde+y - (Qﬁmé b,c g]

1 7T

)
(i11) Bessel inequality:

1 ¢ 2 1 N
z'[_zf(x) dxzza§+;(a§+b§) (10)
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(iv)

Parserval’s theorem

09 k= la e Y (a0 ) an

n=1

10,47 47 ) 58 enth = F s ik

)% kT g

f(x)= chelfx (12)

0 7in—7x
=— %f(x)e ‘- dx (13)

11.& = 3 mficcnfis *

(1)

(i)

(iii)

(iv)
v)

e R Sl SR TN A0 S T L
HE R E

Ly & 720 .
RS

R

=
=

b4 h(x)= Lo Wem2 o, L z
- 0 m2<|{<z T 35 79 4

wE T A R S Ao o
fo AT IEH S B IR T A HrE- BEREAIN
At 41”1' [E3 i :hﬁﬁ:f\;k;}?: ’fr'»éu\ %ﬁ- b dé-31F Hp ‘fi%é SE 3 E‘ﬁﬁfr‘a /:% i

PEREIIE R SR YER A ST SR PR
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# WS F

S 5 R
8 S0 #ic 4 S #ic
a+b , a->b
+i2 i E
i< ( 5 ) £ E( 5 )
 gasd*h, a-b L gp_2+b_a-b
FEa=T b=
A f(x)+f(=x) A Sx)-f(=)
. 2
M\/\} ?
f(x)+f(-x) f(x)—~f(=x f(x)+f(-x) f(x)—~f(=x
(0= 102 100 =100 1010 F(9= ()
f(x)=f(-x):even —f(x)=f(-x):odd
: |
V) S
g B g . B
acl| A+A 0 ¢ A-A
Lb}(z) {Col(z)
A:A+AT+A—AT A:A+AT_A—AT
2 2 2 2
A= A" :symmetric A=—A":anti — symmetric
coskx sin kx

+ A2 F WA doc #E 2% B 2008/04/21
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rEZ BN SETRE
] k
A A
(aab) (a’b’c)
> 1 > J
i
3cost+4sint = 5cos(t - ¢)
He ¢=tan"(i)
3
wE TR Sy B
Iy i,j (2D) cosnt ;sinnt
= i,i.k (3D) 4,
5
e i E N T 27 S i
ELU
31+4)
o)+ 3i +4j+5k 5cos(t—¢)=3cost+4sint
2z . R
i-j=0: IO sinmxsinnxdx=0 ,m=#n
A, T ’ .
J_IV; j-k=0; 02 cosmxsinnxdx=0 ,m=n
- k-i=0; 2
- cosmxcosnxdx=0 ,m=n
f(t), 4, ()
o f(t)= Z< >¢ ()
wg | a=@Di+b )i+ kK 1(4,0.4,(0)
2z
where (f (t),4,(0)) = [ f (1) ¢,(0)
ik
Fo 12 AX = AxX y'(x)=Ay(x)
H
N

£ Sl R

7 OB PR 2008/04/12 w3 R

FlSn#kz BF.doc 8V E




BRI B L oS

2. ¢ #

___--\
\\
N
N
AY
AY
\
[y ’
7/
,
Q L
.
e

a:b=[a|tlos(9—) =[a |toosta—)
=a-b=(x, ) (%, ¥,)
=XX%+YY,

—.AJ a=(cosa,sinc), b=(cos3,sin3)

=(cosa, sinq)- (cos (3,sin )

=1-1cos(3—a) =cosacos F-+sinasin j.......(1)

=>(cos 3,sin 3)- (cos a, sin )

=1-1cos(a— () =sinasin F+cos acos S.......(2)

Q@
cos(8—a)=cos a.cos 3 +sinasin 3

cos(a— ) =sinasin 3+cosacos 3

ax=[alsin(3 —o)={aljfsinto-5)

ij ok
axb=x 'y, 0
X Y, 0

= (XY, = %Yk

—ﬁ a=(cosa,sina), b= (cos 3,sin 3)

(cosa,sin ) X (cos (3,sin (3)

i ik
=|cosa sina O
cos@ sin@ 0

= (cosasin 3 —sin acos F)K
=1-1sin(f — a) = —1-1sin(a-(3)

E[ L[*:—‘CFIJ tH

sin((8 — a)=(cos asin 3 — sin v cos [3)

sin(a-3)=(sin a cos 3-cos asin 3)

[ 285 (=) April.15,2008 » &} 3t = & fedoc] M 3 ¥ & o
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ety ~ 49 4 &2 1F 3 -sint & cost | |

1. J=tg
3cos( t)t+4sin(t)=5cos(t- @)
@® cos(t) 3cos(t)
3 3
2
2 L
1 I
4 6 10
-1 v é\_/ 1l ? ¢ ° 10
-2 2t
-3 -3t
@ sin(t) 4sin(t)
3 4
2
2
1
2 a4 8 10 2 4 6 8 10
-1 \_/6/ )
-2
-3 -4
2. 18 £
3cos(t)+4sin(t)=5cos(t- ¢ ), ¢=0.927295
©) 5cos(t) Scos(t-¢)
al A
27 =15 2t i
v, o
2 4 6 10 o2 4 6 8 10
2l ol
-4+ -4 —<_>I
R ES
y
A
(3.4)
t .
(cost,sint)
P
> X
3cos(t)+4sin(t)=(3,4) - (cost,sint)
=5Scos(t-¢)
[ fedcd (= )] s > April.13,2008 #&t§ ~ 4p £ £ i¥ # .doc] st 4
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3. FEp
®2r

0.5 ¢

cos(t)

-0.5 ¢

@ r

0.5}

>

cos(2t)

il

2 6, 8 10
:
-0.5 | I
1
1
1
1
11 |
1
® 273 !
cos(3t) :
l 1
1
1
1
0.5} !
1
1

| | : | [

2 4 6: 8 0
:
-0.5 I
1
1
1
1
-1+ 1
27

[ Ao s (2 )] EFF#A > April.13,2008 &t ~ 4p £ &2 3% 8 .doc] Hhrd 8l
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R REAE

SRRt I AL

P 4

O =5
O 4p 2
O % Hp
O end

T ) RBSEE April14.2008 B 1)
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= by

cos(t) 3cos(t)
3 3
2 2
1 1
U 6 é\Jlo 2 4 6 10
1 1
-2 2
-3 3

T ) HEEE April14.2008 B I

= g

sin(t) 4sin(t)
3 4
2 2
1

T ) RBESEE April14.2008 B 1)
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HE(Q)

12 3cos(t)+4sin(t)=5cos(t-¢ ) 5 &

3cos(t)+4sin(t) =5

kT

«—>

PR A

TR ) HEE April14.2008 B 1)

HE(Q)

4 3cos(t)+4sin(t)=5cos(t-¢ ) 5 &

T ) RBSEE April14.2008 B 1)
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PRERT iS¢

- @34) Hr= gl 3cost +4sint = 5cos(t—¢)
(cost,sint) ' 4 : .
gcost +§smt =cos¢cost +singsint

t N AP e A
@

x  cosgcost+sin@sint=cos(t—¢)

é%cost—i—%sint =cos(t—¢)

. 3cost+4sint =5cos(t —¢)

T ) HEEE April14.2008 B 1)

PREFF NG E

(cost,sint) 34

t \ 3cost+4sint =(3,4)-(cost,sint)
@ X =5-1cos(t—0¢)

T ) RBSEE April14.2008 B 1)
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1
1
1
0.5 !
1
1
1

2 4 61 10
1
1
-0.5 |
1
1
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1
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1
1
1

NN
RV

-0
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April 21 2008 /| ¥ fF & A

—
cos(kx — wt) l
7 3z
2 4 2672_ 10 12 X
=0 o
HESCIRa I N
(L) g
cos(kx),k =1= cos(X)
1
1
T Xx=0

E[Ef Fp Uhgh ™

([ﬂ‘l—Lﬂ“ FF‘[ > 2 o \10 12 t
-0.5
1

cos(—mt),w =1= cos(—t) = cos(t)
W= L(ﬂ.) lﬁf_q%j niELrh%{g[&iEL A SETE

L T~ R > Ry I TR ] o GRj Vst | i)

I 1A = 27 2
#k=2=cos(2X) {4, =7 0.8
) V4 27T
F k=3=cos(3X) [l 4, = g” 0.5 \/
g 2w k2T B
K /1 Z

T K EEr s Jl 27 [H]E EE L - !
2 2 o
W$T=—z:w=qg 4 ;ﬁ /\ //

w 2 6 8 10 2
EF @ FRE R JI 2 PO RITREE) o \2/ \/ v \/
5 P o 4
cos(kx — at) 37T

:cos[k(X—%t)] 1 //\ § /\ /\ /

2z AaTiaNAN

DQ:L:iﬂ(m@ “\/ v\/&fv
k 27 T :
: _

= cos[k(x —ct)]

2008 cos(kx —at), k and @iz doc (2008/04/21) |1~ 21
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Why Fourier series I

HEZNTIREE PR IE 7%

Loading expansion:

any external force, f.(t), with a period 2p, we have

fe(t) = %ao + g{ancos(%ﬁ) + bnsm(n?m)}

B(t) + w's(t) = fo(t)

Understand the physical phenomenon(dominant freuency of Taipei basin)
Use FFT analyzer

Save storage for memory

To understand the frequency content and wave-number content.

Wave spectrum

Frequency spectrum

MR RERY - [ERL

Rl - ek - HAL

AEl! L

WAF TRBIER T8 (=)
[ F4% © c:/ctex/course/math2/whyfl.te] [#ZAE:Mar./3/°97]
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Fourier series expansion

Find the Fourier series of () = Lo—m<t< O,f(z‘) = f(t + 27)
0, 0O<t<nrm
(@)
1 “ 1 1
_ 1 5 -
= P >
| ? 1

nrt

(@) = a, + i [a, cos(ant) +b,s 1n(—)]

n=1
1 D 1 (A 1 f 1
=5 j f(0dt = — [ f(Ddt = 2—7[([ 0dt + [1d) =
e “x 0

nrt

- - I () cos(—)a’f
= — J. £(t) cos(nt)dt
T -

0 e
== [I 0 cos(nt)dt + Ilcos(nz‘)a’t]
T g 0

sin(ap)|”
nr

=0

0

S J. (@) sm(—)df
-2 j () sin(nt)dt
4 -

0 V4
- L [ 0sin(aordt + [1sin(at)at
T g 0

—cos(nt)|"
nr

NG W B )

0 nr nr

PO o L ( D' sinat)

1
2 n=1
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0.8
0.6 |
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/Hr\/w ﬂ\/\ﬂ ﬂf\;\nﬁ}\ﬂ ﬂhn mfl

"aZsl s E5T 2575 7

n=15

0.8

0.6 |
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April 21 2008 /| ¥ fF & A

I,]_E':J j i ;R&Ehf

FE - (AT P 25 PR i AT S cos(a,t) # sin(w,t) VAT

=
E

Hie, = 2_?—”, n=0,1,23...01f(t)=a, + i[an cos(m,t) +b, sin(a,t)]

n=1

A

=3 /\’:\iﬂﬁ}zjtr 2p ‘/\//\ﬁ

- P p

= f(t)=a + Z{a cos(%zt) th sin(n%t)}
7 (IR 8, .8,,b, I HE
a = [* f(tdt
0 2p -p
a, =+ [* ft)cos(Ztydt
p p
b, =—[* f ()sin(Ztydt
p? p

IR > 4 = 0 21 B ‘/N/\ﬁ > X

g()=p,+ [P, cos(”l—”x)+qn sin(”l—”xn
|

po _E'L g(X)dX
1 0V/4

P=1 [,900 cos(T X)dx

q, = Iljll g(x) sin(n|—7z X)dx

2008 {g 2 ARy .doc (2008/04/21) 7|17 &

131



Fourier coefficients I

HER T ¥ % BRIESR

Function decomposition: discrete form:

any time function, f(¢), with a period 2p, we have

1 o t t
F) = Zap+ S {ancos("0) + bysin(2")}
2 n=1 p p
Fourier coefficients:
1 /210 nmw
ay = — f(t)cos(—)dt
) (t)cos( p )
1 r2v nrt
bn:—/ f(t)sin(—)dt
o (t)sin( p )

Orthogonal relation for the bases:

2p 7t 7t
poi; = / cos(zl)cos(]i)dt
0 D D

2p 7t 7t
poi; = / sin(zi)sin(]i)dt
0 D p

2p 7t 7t
0= / sin(zl)cos(]i)dt
0 p p

Minimize the distance, D, between f(¢) and the Fourier series:

nmt

D= /02” ) — [%ao + g{ancos(%ﬁ) +hosin( Y} i

optimal a,, and b,:

oD 1 2 nmt
90, = 0 = a,= EA f(t)cos(—)dt

oD 1 r2r .

G =0 = = [ s
WAM TRBRIES T8 ()
[ 4% © c:/ctex/course/math2/cofl.te] [#E#E :Mar./3/°97]
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Fourier base

real com plex
1 1 1 ) 1 eix e—ix e2ix e—zix
——,——c0s( X),—=sin(X),... , , , , o
27 \r ( )\/; ( ) NOY INPY INPY INPY INPY !

(f.9)

[t]=1

(fos fo)=

0,

mn

f (X)=a0+§ a,cos(nx)+q,sin(Xx)
n=l

Feb. 4, 2012
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Decomposition theorem I

HEZNTIREE PR IE 7%

Vector decomposition: discrete form:
(a,b,c) = a(1,0,0) + b(0,1,0) + ¢(0,0,1)

Function decomposition: discrete form:

any time function, f(t), with a period 2p, we have

nmt

f(t) = Z{ancos(npt)—l—b sin(— ) )}

nm

where w,, = o

any space function, f(z), with a wave length 2\, we have

Z{ancos )+ b sm(m/{x)}

where k, = 5.

Function decomposition: continuous form:

any time function, f(t), we have

Fourier transform:

Inverse Fourier transform:

1 o -
/ F(w)e*tdw

f(t):% i

WAF TRERIER T8 (Z)
[ 4% : c:/ctex/course/math2/decompl.te] [##%:Mar./3/°97]
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Fourier series I

HER T ¥ % BRIE 5%

Any time function, f(¢), with a period 2p, we have

nmt

f(t) = Z{ancos(n?m) + bnsm(%)}

where w,, = %.

Any space function, f(z), with a wave length 2\, we have

T nnx

f(z) = Z{ancos(nT) + bnsm(T)}

where k, = 5.
Any time function, f(t¢), we have

Fourier transform:

Inverse Fourier transform:

() = - [ P

T )

WAF TRBRER T8 (Z)
[ F4% © c:/ctex/course/math2/fouri2.te] [#t#E :Mar./3/°97]
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Fourier series for function with period 2L

Standard form

General form

ﬁ 0~2rm 0~2L
f(x) V«,
E;{ SR | T ZTL/I— /\J'/ﬁ_’ ; /\i

- -L L

WA A

cos(nx) ~ sin(nx)

1 ~ cos(x) ~ sin(x) ~ cos(2x) ~ sin(2x) ~ ~ ~

I~ cos(%)‘ sin(%} cos(zTﬂX)~ sjn(z_ﬂx)\ .

Nz, . N
> ~CoOS(—— ) Sm(——
(=)sin=)

f(x) f(x)=a, + i a, cos(nx) + b, sin(nx)

n=1

f0=a,+Ya, cos(%) b, sin(%)

n=l1

2z
1:j1dx:2n
0

27
cos(nX) = J‘cos2 (nx)dx = 7
0

&

27
sin(nx) = L sin® (NX)dx = 7

2L
1:[0 ldx = 2L

nzx 2, N
COS(T):L cos (T)dx— L

sin(%j = IZLsinz (%jdx =L
L 0 L

i
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Fourier series I

HER T ¥ % BRIESR

Relation of trigonmetric function: multiplication to sum
2sin(A)cos(B) = sin(A + B) + sin(A — B)
2cos(A)cos(B) = cos(A+ B) + cos(A — B)
2sin(A)sin(B) = cos(A — B) — cos(A + B)

Relation of trigonmetric function: sum to multiplication
sin(A + B) = sin(A)cos(B) + cos(A)sin(B)
sin(A — B) = sin(A)cos(B) — cos(A)sin(B)
cos(A + B) = cos(A)cos(B) — sin(A)sin(B)
cos(A — B) = cos(A)cos(B) + sin(A)sin(B)

Orthogonal properties:

/7r cos(mt)sin(nt)dt = 0

/ cos(mt)cos(nt)dt = dpnm

™

/ sin(mt)sin(nt)dt = O, m

™

WAM TRBRIES T8 ()
[ 8% : c:/ctex/course/math2/fouri3.te] [ZE#E:Mar./3/°01])
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SIS G S

@'ﬁ'f}?ﬁ‘iﬁﬁﬁiéﬁiﬁ@i FHEEE2 0 08 7 YR (Z) T S series sum

. 09

A

I
|
I

(1) Decompose the function into Yy,(X) and Yy,(X) and plot y.(X) and Y, (X).
(2) Expand )y, (X in terms of Fourier series.
(3) Expand )y, (X in terms of Fourier series.

(4) Expand y(x) in terms of Fourier series.

(5) If we look function to be period of 4, expand Yy(X) and compare the one of the period 2.

’_‘—h
~
>
N
Il
>

[\

A R f,(X)=X

1
(98]
1
[\
1
—
—_ e-ooo 23S
(\]
W
1
(O8]
1
N
- -
1
i““
\S]
w [
N

(1) Expand f,(x) into Fourier series.

(2) Expand f,(x) into Fourier series.
< |
32—
n-1 N
< |
@ > —
n-1 N
< |
() Z,:‘_G

n

(Hint:Parseval’s theorem)

v

WA Bﬁli‘#%ﬁfj?%?y?‘& Chen J T &% ({ﬁﬁﬂﬁ%ﬁ? series sum.doc) May 14, 2008
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SIS G S0

i F[ﬁiﬁfiw?’ﬁ 2008 7 AHEE (Z ) fHiY E[%E’ series sum
1. %
X

(1) X Yo (X) Y, (X
N 12 12
: » _1 : [ : : »
! o T L 1 o
-1/2

1
) Y =7

=1 . &2 ,
(3) y,(x) = Z—(l —(=D)")sin(nzx) = z—k D sin((2K + 1)7x)

o0

4) y(x)_—+z—(1 (=" )sm(n;zx)—% zﬁsm«zkﬂ)ﬂx)
k

(5) a, = Z[J; dx +J'O dx] = 5’ a = %[ Lcos(Tﬁ x)dx + .[Olcos(nT” x)dx] =

n

b, = —[j;sin(%” x)dx+ [ cos(”T” X)dx] = i[cos(nzz) +1-2 cos(%”)]

o0

1 2 .
y(X) = o+ gmsm«zk +1)7%)

T=4  ZET=2 fiT SR A -
2.

1
ga

1 ¢ 1 1 1 .
(1) a, = ELXZdX = = J._l x* cos(nzx)dx = (E)z4cos(n7z) , b, = L x* sin(nzx)dx = 0

1 & 4 N
f,(x) =§+§W(_l) cos(nzx)
1 1 I -2
2) a,= ELXdX =0, a,= J'_l xcos(nzx)dx =0, b, = J'_l xsin(nzx)dx = Ecos(nﬂ)

f,(x) = i;—j(—l)” sin(nzx)

n=1

0 © 2
(3) 1‘1(1)—l Z%:”_z1.63498
—n 6
@ [ xdx =l i S L% <108232
27 9 “n ~nt 90
x i
(5) jo f (x)dx = j Tl 1)" cos(nzx))dx
I(___) BLE = —~101734
I']: n= 1

N *Hﬂ]:f UFSPAR T T o Chen J T By (HIHE lff@ series sum.doc) May 14, 2008
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R EN A e

s F 7 lﬁfﬂ}i%fﬁi ZE2 008 T HEE (Z ) series sum

I(———) —I Z ( )" sin(nzx)dx

X__X_zi n4 (=1)" cos(nzx) +¢
T O
=7
B J.I(E__) 8()
kT (%[Hr‘_'??b;_y)

NN I

4 2 7 = 4
———=—+Z—ﬁ(—l)“ cos(Nzx)
7

o0

1p X X 1 4 -
= (———) —(—) Z_(_W(_D)

291712 180" =2
) 1 72_8

Y —= ~1.004077356
='n® 9450

= (Fl Ejﬁﬂn)
=—+Z( S )( )" cos(nzx)

o N7
['xax i 768 | 2304
! 25 - (n;r) (nﬂ) (n7z)8
ZLS: s 5 =1.004077356

n=t N

M A B SRR !

P
WA JRE-HF I (seriessum]-n8.doc) May 14, 2008
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Fourier Series: Examples

John Appleby

Contents
1 Important Facts 1
2 Exercises and Examples 2

1 Important Facts

1. Suppose f(x) is a periodic function of period 27 which can be represented
by a TRIGONOMETRIC FOURIER SERIES

f@)=ao+ Z a,, COSNT + by, sinnx.

n=1

(This means that the series above converges to f(x).)

Then the Fourier Coefficients satisfy the Euler Formulae, namely:

ag = %/7 f(z)dx
1

an = = f(x)cosnzdxr forn=1,2,...
™ —T
1 [ .

b, = -— f(z)sinnzdx forn=1,2,...
™) -7

2. A function f is said to be even if
f(=z) = f(z) forallzeR

and odd if
f(—=z)=—f(z) forallz eR

Recall the product of two even functions is even, the product of two odd func-
tions is even and the product of an even and an odd function is odd. Compare
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the multiplication of even and odd functions to the addition of even and
odd integers.

3. If f is an odd function then
f(z)dx =0,
while if f is an even function, then

i fl@)de =2 7Tf(:l:)dac
- 0

2 Exercises and Examples

Example 1. Let f be a periodic function of period 27 such that
flx)=n*—2* forx € (—m,m).
Supposing that f has a convergent trigonometric Fourier series, show that

2_ g2 20 +§:_4( 1)" cos (2.1)
-zt = — — (- ST .
3 n?

n=1
SOLUTION: The solution can be effected in a number of separate steps:

e Check whether f is even or odd.

e If f is odd, all the Fourier coefficients a, for n =0,1,2... are zero; if f
is even, all the Fourier coefficients by, for n =1,2... are zero.

e Compute the remaining Fourier coefficients using the Euler Formulae. It
is generally a good strategy to use Integration by Parts, successively
integrating sinnz and cosnz and differentiating f(z).

e Replace the expressions for the Fourier coefficients a,,, b, in

fl@)=ao+ Z an, cos nx + b, sin nx.

n=1

STEP 1: f(—2) =72 — (—2)? = 7% — 2% = f(x) so f is even.

STEP 2: Since f(x) is even and sinnx is odd, f(z)sinnz is odd and hence

1 ™
by = — f(z) cosnxdr = 0.
T J—x
Calculus of Several Variables and Fourier Analysis(MS224) ©John Appleby, 2001
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STEP 3: Since f(x) is even and cosnx is even, f(z)cosnz is even, and so

s

f(z) cosnx dr = 2/7T f(z) cosnzx dz.
0

—T

Therefore,
1 [" 1" 2 [,
an = — f(@)cosnxdr=—=2 [ f(x)cosnzder=— [ (7°—a°)cosnz
iy —r iy 0 iy 0

(2.2)
As suggested above, we calculate the integral in (2.2) by Integration by Parts.
Recall the Integration by Parts formula:

b b b
[ t@@de= st _ - [ r@g)ds (23

Let
f(x)=n*—22 and ¢'(z)=cosnz
$0

1
fl(x)=—-2x and g(z)= /cosnx dx = Esinnx.

Using (2.3) and the above, we have

/ (2 — 2?) cosnz, dx (2.4)
0 S=———~—" "

f g

2

/

oy 1 . m " 1.
= (7 —2°) —sinnz| — —21 — sinnx dx
£ 0 Jo o
f g g

1 1 2 (7
= (71'2—7r2)fsinn7r—(7r2—02)fsin0+f/ xsinnx dx
n n 0
2 [T .
= 7/ rsinnzx dz. (2.5)
0

n

Now we calculate this last integral using integration by parts: let
f(z) =2 and ¢'(z)=sinnz,

SO
— Ccosnx

ﬂﬂ=1mdmwz/mmm: >

Using (2.3), and remembering that cosnm = (—1)", sinnt = 0 for n an integer,

we have
i . —cosnz |7 " — CosSnx
r sinnzdr = x —— | — 1 d
0 =~ = ~—~ n 0 0~~~ n
[ dg f 4 I 4
g g g
—cosnmw —cosO 1 [T
=7 -0 + — cosnx dz
n n n Jo
1 1sinnz|™ 1
- a(-1)t - -
n n n 0 n
Calculus of Several Variables and Fourier Analysis(MS224) ©John Appleby, 2001
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Using (2.2), (2.5) and the above, we have

2 (7 22 (7
an:f/ (WQ—QTQ)COSHLL'dl‘:**/ x cosnx dz
0 ™n Jo

s

22 1 —4
=22 - (-1t = (-1

— = o=l = (=)

It remains to calculate ag, which is given by

ag = / f(z /7‘(2—332d37
0

7T 1 3 3 273
= — |70 - — e
0 s 3 3

where we use the fact that f(z) = 72 — 22 is even.

Il
S| =
A~
2,
H

|
w| 8,
~

STEP 4: Using the formulae obtained above for the Fourier coefficients, we
have

o0 o0
- 4 4,
™ E 72 COS nx + 0.sinnxr = — E 72 COS nx

Example 2. Show that the trigonometric Fourier series of f(x) = 3z for x €

(—m, ) is given by
oo
6
Z — " sin nz.
n

n=1

SOLUTION:
STEP 1: f(—x)=3. —x = —3z = —f(x), so f is an odd function.

STEP 2: Since f(x) is odd and cosnx is even, it follows that f(z)cosnz is
odd, so

an = — f(z)cosnxdr =—.0=0.

1
T . ™
Moreover, since f is odd

1
2w

f( Jdz = —.0 =0,

apg =
2w

STEP 3: We need to calculate the Fourier coefficients using the Euler Formulae.
However, noting that f(z) and sinnz are odd, and therefore that f(x)sinnz is
even we have
1 T ' 1 T ) 6 T
b, = — f(z)sinnz dx = 72/ f(z)sinnx dx = f/ xcosnrdr. (2.6)
T Jo T Jo

—T

The latter integral is calculated using integration by parts.

Calculus of Several Variables and Fourier Analysis(MS224) ©John Appleby, 2001
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Ezercise 2.1. Show that
— COSNT

T
/ rsinnrdx = x
0

g _/Tr — COSNnx de — j(—l)n
0

n 0 n n

By virtue of Exercise 2.1, we have, from (2.6)
6 —m 6

by = — —(—1)" = ——(=1)".
STy =2
STEP 4: The Fourier series of f(z) = 3z is given by
ap + E apcosnx +b,sinne = 0+ E Ocosnx—l——g(—l)"sinnx
n
n=1 n=1
— 6
= ——(=1)"sin nz.
n

n=1

Now try the following
Ezercise 2.2.

(i) Show that 23 cosnz is an odd function and 3 sin nz is an even function.

Hence give the value of
™
/ x> cos nx dx

—T

and write down another expression equal to

s
/ 22 sin na dz.
—T

(ii) By integrating by parts, show that

Iy 71 n__3 e
/ xgsinnxdx:fquﬁ/ 2% cosnzx dz.
0 n nJo

Hint: Recall for integer values of n that cosnm = (—1)™.

(iii) Given that

T 2 us
/ LL'QCOSTLLL'd.’IJ:—f/ xsinnx dx
0 nJo

T ™
/ rsinnzrdr = ——(—1)",
0 n

use part (ii) to prove that

/0 23 sinnr dr = E(—l)” - — (="

and

(iv) Using parts (i) and (iii), and supposing that the Fourier series converges,

show for all z € (—m, 7) that

oo 2
z3 = Z 2(-1)" <53 - 7;) sin nz.

n=1

Calculus of Several Variables and Fourier Analysis(MS224) ©John Appleby, 2001
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Gibbs Phenomenon

A ¥ % PR IE 5%

Fourier #R&Uk &L Gibbs 5
Fourier #Eg)#ugsiiE
L. f(z) Res> BB B (A0 ) > f(z) A9 Fourier $RBLLL L Ak FE I &k
2. f(r) ReBAERBON ' (z) Foor BOBABPRBURE (20RE ) - f(z) #Y Fourier #8#
DL L Aoss B IOk
3. f(z) B BRR T [ (z) RSk B (A0 ) - f(z) A9 Fourier #R#4IA
- PAS E MB

f(z) f(z) f(z)

s ANAN.
| 4 . | \4 V4
(a) (b) (c)

Gibbs B%

1€ f(x) 9 Fourier FURBIZR T » %5 HEUE RIESITML f(2) B > £ H
SR 5 — 20Ky L BT SR B (L T L B T B S BB I T R
B FER Gibbs B1% (R THE) -

R > >R

BUREE DB BRI Z 85

Gibbs 57 H 7= ¢ HEFEATRURBC 25 Mmds » EHEE R R HEEHE
Hgnm s -
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2

BRIE = ¥ R TR TRGE &

BiIRE
fl) =1—w, (0<z<1) % f(z) SRIBRIEOBEHEY @7
KB+ (D1 Bk B Fourier $RBURHE - 5 ik = & HeREE R I 2
(BE : FERHUEI S 58)

B

=411

e L =REER R E AT

fi(z) fa(z) fa(z)
1 1
\\\'\1}\\\\ . BN 2N\, , W/ .
—3—2—1‘ 1 2 3 —3N\ -1 ‘ 1\‘. 3 —3—2—1‘ 1 2 3
-1
1 2 3

HIRA f3(7) 7E (—o0, 00) PUHEHE H B9 5 Rk - SCH I BOH B i Tk e
B o fi(z) 82 f2(z) 4E (—o00, 00) PR3 BIRE > TR f1(z) ZAH
TRy fo(v) ZWfE > 8 fa(7) Lo fi(z) QBOREENS » HERERE 72 -

WA TREIESR T8 (D)
[ 4% © c:/ctex/course/math2/gibs.te] [##:Apr./13/°97]
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D«H VAN 25 T Bl Gibbs phenomenon 2008

A f(x)
Gibbs 1899 (Nature)
Bocher 1906

Expand the function into Fourier series apd plot.(pointwise convergence instead of

uniform convergence)

f(x)=a, + i a, cos(nx) + b, sin(nx)

n=1

f(x) FEHE\'%[E‘\% Fil'la,=a,=0
=—I f (x)sin(nx)dx ——j sin(nx)dx = 2[cos(n;r) 1]
Nz

f(x)= i_2 [cos(nz) —1]sin(NX)
n-1 N7T
n=2k+1, b, :_—2[cos(n7z)—1] :L
nz k+x

n=2k, b = _—2[cos(n7r) -1]=0
V4

f(x)= kZ(;ﬁsin[(Zk +1)x] overshoot 1.09 J (J is the jump)

WA £ ﬁﬁﬁl’*%(ﬁ?i‘fyﬁﬁﬁ%';" v £ (gibbs2008.doc) May , 01, 2008
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Fourier series I

HEZNTIREE PR IE 7%

Fourier series expansion :

Orthogonal sets: {1, cos(nt), sin(nt)}

f(t) =ao+ i ancos(nt) + b,sin(nt)

=
F(t) = ao + icncos(nt +0,)
F(t) = a0+ fjlcncos(nt — 0,)
F(t) = a0+ icnsin(nt +a)
F(t) = ao + fjlcnsm(nt — B,)

where
2 2 2
c, =a, +0b;

n —

by,
0, = tan ' —
Qn,

Orthogonal property for real bases:

2T

/ cos(nt)cos(mt)dt = Ty,
0
2

/ sin(nt)sin(mt)dt = 76,y
0

2
/ cos(nt)sin(mt)dt = 0
0

Complex Fourier series expansion :

Orthogonal sets: {e™t}

f(t) = i d,e™

n=-—oo

where
d_p, = %{an +ib,},n=1,2,3,--
d, = %{an —ib,},m=1,2,3,---
do = ag
Orthogonal property for complex bases:
A 2m e (Y A = 26

where * denotes the complex conjygate.

Complex conjugate pair: (e™, e ™) and (d,,d_,)



ks Fis |

P B AT
=15 A= A" 4 symmetric — L
T’:— yb B A= A" = A" (Hermitian)
A=A" F ¥4 H AT g
! A=—-A" =—-A" (skew-Hermitian)
i skew-symmetric
" (wy)=" (u.0)=1
2 (uv)=u-v (uv)=r f#
h (cosnt,sinmt)=0 ,m=n <eint eimt>
2 (cosnt,cosmt)=0 ,m=n o
_ inty—imt
e (sinnt,sinmt)=0 ,msn _J._”e et

().Given£(¢) = ), c,e™ ., find ¢, = 2(n = —oo,....0....,0)

n=—w

n

c = ZL” j cos(9¢ — %)e"“dt

-

c, = 2%[ _J; [cos(9t - %)eg“'dt = ZLH (r cos(%) —ir sin(%)) = i - T?’ i
c, = €1 if [cos(9t — D)e™dt = L(7r cos(X) + iz sin(X)) = 1, ﬁj
) 2z ¥ 3 2 3 3 4 4
() =ce’ +c,e’t = (i — % et + (i + % Ne't = %COS(QZ’) + g sin(97)

Q). bl
£(t) = cos(9t — %)

= cos(97) cos(%) + sin(97) sin(%)
= %%(6191‘ + 6;1’91‘) + g (_71} (61'9t _ e—1‘9t>

(1 \/51' 9t 1 \/51' -9t
= (———Je +(—+TJ6

4 4 4

— 696191‘ + 6,796;197_‘

BEEF IR D 3 % D B 2008/04/28  AF #c B ibd-new. doc AEA
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i N aF ) Fourier series

7 !

=D D 3p 't
Real ; | ; P Complex
S RN
4 =5, I ¢, =— [ e * dt
2p -
a, = '[ (@) cos(—)dz‘
b, == j f(t)sm(—)dt
+ o> a =0 + s c, Fl k3%
B Sfik—> b =0 & e c F1F 30
T2 :
: i I//. U 2D = 27w £
37 ’? T
1 7 1 = A
= — | f(t)dt - ~int
a, 27[_]; () c, Zﬂ;[rf(t)e dt
a, = 1 j 1(t) cos(nt)dt 1
T c, = E(a” - 1b,)
b = 1 [ 1@ sinat)dt _
T 5 c,=c,
% 4P 1 2B 1 ARdc® (=) May/07/2008 i 5% ¢ ¢ b Fourier. doc. Yu #
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EfE e x=—1> Bl y=2l> Ff% z=—1+7> -1-7(= $=45 #)---(2-7)

Y R RRAT T Y AR AR 4
1t Bl Y A L A B g R e K«E’féﬁ'?’r"" BT/*’%%‘E)?Z#’J
i/‘éc‘ F’%,;,__rnou"r#ﬁy_‘ﬁ f#-ﬁvz‘mﬁ:%\\ %
d2v/dt2)+kv=0---(3-1) > v(0)=a---(3- 2) dv(0)/dt=b---(3-3) -

!
SR
/\ mﬂ (:J =i

Y Am [
)
?111

~zy Sy

(- )ig #2232 4 v=Cest’ * » (3-1)5* 7 » 17 ms2+k=0---(3-4) -
£ w2=k/m> A »(3-4)i*"? » # s2+w2=0---(3-5) > ¥ s=twIi’ -w
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A CAPE R L L g o

f(t) 1
2 —t+L,0<t<nx
@) = ’1”
1 —t-1,-7<t<0
T
‘ ‘ ‘ ‘ ‘ ‘ t
-75 5 125 25 5 75
-1
-2

) = i b sin(at)

b, = L [ r@ sintande = 2] 1@ sin(nodt
T :, T 0

f(t)
2 w‘ /wt‘
A
\
75| 5 i25 285 5 |75 "

J o
w*““”/ W/M W/“
Method 1 (# ¥% 2 )

=1

n
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Method 2 (Stokes’ ## %)

@) = a + gan cos(nt)

N
|

_ 1 if £'(t) cos(nt)dt = 2 T ') cos(nt)dt
T, T 0

2 £ cos(nt)| T + nf £(&) sin(nt)de]
T 0

2 [g(=D" - p] + nb,
T

a iﬁ j f'@®dt = %(q - D)

'@) = %(CJ - D)+ i {% [q(=1)" = pl + nb,} cOS(AL) cevveeeeeeaeeaiaiine, )

(1)
0.6
0.5

0.4

|\

0.3
0.2
0.1

-75 5 25 2.5 5 7.5

(DA T 4 S RAA § BT

AL P 1 fEE (2 ) NTOU/MSV i stokes' #4%. doc. yu 8
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Alternative series and Stokes’ transformation'

MR R BRIES
original function decomposition:

nmt

nmt
= —a + ancos( +b,sin
£t = a0 Z{ ) b busin( 7))
derivative of original function decomposition:

mrt nmw mrt
Z{an )sin( i —)+bn(— l )cos(—— b= —ao—i-Z{a cos(

where Jj, is the jump value at tj for the function f(¢).

s !/ /.
relation of a,, b, a;, and b/:

1 & . Tt l
y = —— J -V, 0
a - E esin( ) ny N F

l nmw

1 & nmt l
b, = %Z:chos( pk)+Ea/ n#0

Termwise differentiation is only permissible if Jj is zero.

Stokes’ transformation:

b, z=0
u(x) =< >0 bysin(nrz/l), 0<z <l
q, r =1

— Za;cos(nﬂx/l), 0<z<lI

n=0

9
a, = 7/ u'(z)cos(nma /1) dx
0

2nm

= Zlu(z)cos(nmx /)], + l_2/0 u(z)sin(nmz/l)dx

= 71(=1)" = p] +nmby /L,

o ~| D

and as n =0,

—1
@ =—[p—d
Defining
we have

156
a, =r,+nwb,/l, n>0

nnt

)—i—b' sin(—— l )}



Proof:

Jo=2p, at x =0

J=2q, at x = —I

MR TRBIER T8 (2)
71 c: /ctex /course /math2/alterl.te R Jun./3/°02
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Alternative series and Stokes’ transformation'

WA R BRIES

Table 1: Fourier coefficients for f(¢) and f’(t)

ft) = %CL(] + Z;’Ozl{ancos("Tm) + bnsm("T”t)} ap | a, | by
f'(t) = a0 + 3, {ancos(*F) +bysin(*F)} | ap | ap, | b,

. / /.
relation of a,, b,,a, and b):

1 ik . 7”L7Ttk l
L= =3 W n A0
a mr; esin( ) —bn n #
1 & t l
b, = —ijcos(mrk)%—— L,n#0
nm £ P nm

relation of ay and af 7

ag, by alternative series

1 1 1 2
=7 [150d =30 L4750 = T}

AR TREIER T8 (2)
F#H& c: /ctex/course/math2/alter2.te R Jun./3/°02
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Cesaro sum for Fourier Seriesl

MR R BRIES
Fourier series for original function

nnt

f(t :—ao—i—Z{ancos » )+b sin(— » )}

Fourier series for the derivative of original function

nw, . nmt nmw nmf , nmi
f'(t) = Z{an( )sin(— . )+by, (p )eos(— . )= Z{a cos( . )+b sin(— ;. )}

n=1

Divergence for Fourier series representation of f/(#) may occur when the termwise differeti-
ation is not permissible.
Two methods can be employed:

(a). Alternative series by considering the jump value of the function. (Stokes’ trans-
formation)

(b). Cesaro sum treatment.
The general C(k,r) Cesaro sum is defined as

CH sy + CF 25 O ysp +CIT

Sk - C(ka T){Z an} = — Ck_;,_r (1)

where C* = k!/(r! (k — r)!) and the partial sum is

The C(k, 1) sum reduces to the conventional Cesaro sum:

k
So+ S+ + Sp—1 + Sk

Sp=C(k, ){> an} = — (3)

n=0

For the efficiency of computation, the s; terms are changed to the a; terms and the
equation is thus changed to

= C(k, D)) an}

Similarly, the C'(k,2) Cesaro sum is

Z (k—n+1) (4)

k 1
Sk =C(k,2){)_an} = (k+1)(k +2)

n=0

hE

(k—n+1)(k—n+2) a, (5)

3
I
o

In the same way, the C'(k,3) and C(k,4) Cesaro sums are respectively

k=@ )(k—n+2)(k—n+3)a
C(k,3) {Zan} = (k+1)(k +2)(k +3)



C(k, 4){ Zan}_ ok —n+1)(k—n+2)(k—n+3)(k—n+4)a

(k+1)(k+2)(k+3)(k+4)

If the ay term is missing, the C(k, 1) Cesaro sum reduces to

=C(k, 1){) an} = %Z k—n+1)

WA TRERIES T8 (2)
74 c: /ctex/course/math2/cesarol.te R Jun./3/°02
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Energy conservation I

HEZNTIREE PR IE 7%

Function decomposition: discrete form:

any time function, f(t), with a period 2p, we have

1 © nrt . onmt
f(t) = =ap+ Z{ancos(—) + bpsin(—)}
2 n=1 p p
Energy conservation:
% 1, —/ 2 2
/0 fr(t)dt = %P +p > (a; +107)

n=1

Parseval’s equality:

An alternative method to calculate [ f2(t)dt is available since a, and b, decay
quickly.

WA TRBIER T8 ()

[ F#4% © c:/ctex/course/math2/convl.te] [#EAE:Mar./3/°97]
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R o@ar+8 pa18 2B 1#K8 () ks

Parseval’s EIE

L’ = J':”cosz(mx)dx =7
L==

f(x)= 3[4, cos(nx) + b, sin(nx)]+a,

L= [ F(x) f (x)dx
= j;” f2(x)dx

= [ 1218, cos(nX) + b, sin(nx)] + a,} {"[a, cos(px) + b, sin(px)] + &, ydx
=27(a}) + .[(a})x + (b)7]

— 222} + 2[(a§) +(02)]

PEHRKIE M7 B PR Parseval’s =2 Fourier coefficient Eﬁ;@?@l%’!ﬁdoc /gl
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R o@aE+8 Pa1/a8 2B 185 (Z) Fikis

Fourier coefficient HY¥TEH 2,

[7££ 00— ([, cos(nx) +b, sin(X)] + a,} 1*dx = minimum( i)
(a—b)’=a*-2ab+b’

F F F
I3 F o, Foo, o

= =0, —=0
oa, oa, ob,

F=" f(0dx
["=2£ ()£ [a, cos(nX) + b, sin(nx)] + &, Jdx

-

jf {i[an cos(nx) + b, sin(nx)]+ a,}* dx

S n=l

—2[" F(0{2[a, cos(nx) + b, sin(nx)] + &, }dx
+27(@l) + Y [(@0) + (0)]

oF

=4za,-2[ f(x)dx=0 = a0=2ij” f(x)dx
- T -

0

f:znan —2[" f()cos()dx=0 = a, 1 [ f(x)cos(nx)dx
oa o /e

n

f:zzbn—zj” f(x)sin(nx)dx=0 = bnzl [ f(x)sin(nx)dx
ob i T

n

PEHRKIE M7 B PR Parseval’s =2 Fourier coefficient Elfl%gl%’!ﬁdoc /gl
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AEAFRALIES ) 1REF (Z) —HREERY YL B
g5
e
1. j‘L xIn xdx =?

2. jkjleaxsin bxdx =?

3. f (X) = cos X +/3sin x A5 F(X) 5 rsin(ax+b) - Fr,ab

Small test 08-05.doc [~ &Y
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AL EFAIES Y 1S (Z) —AREERY YL L

g
1. jlj.lexlnxdx=?
Lexlnxdx u dv
=Inx(£x2)—j(£)(£x2)dx (+)Inx N X
2 X 2 1 1X2
- e (=)= )
= 1lenx} —j lxdx X 2
| 2 , 2
= 1ezlne}—[lxz}
| 2 4 1
zlez_[lez_l}
2 4 4
EYEI
4 4
2. jkjleaxsinbxdx:?
Ie”sinbxdx u 'd\t/)
ax SIN DX
a1 w1 sy L e,
=g (—Bcosbx)—ae (—F3|nbx)+'[ae (—Fsmbx) \
(-)ae™  —Zcosbx

2
:—le""X cosbx+%eaxsin bx—a—zjeaxsin bxdx
b b b

1.
2 262 _5—sinbx
:>(1+%)je“sinbxdx:—%e""xcosbx+b%eaxsinbx (Hae=—,

ax

= je""xsin bxdx =

7D (asinbx—bcosbx) +C
+

3. f (X) = cos X +/3sin x H5 F(X) 5 rsin(ax+b) - Fr,ab

Ve

= 2(£cosx+ —sin x)
2 2 F=2
:2(sin%cosx+cos%sin X) a=1
T
:23in(%+ X) \b:E

Small test 08-05.doc [~ &Y
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AEAERB AT 1S () HKKRERY S 6 i

1L.ft)=t*+1, (-zx<t<z) - b I R B (o R AR

Small test 08-06.doc %4 4]
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ABEAEFAIES L 1K (Z) AREKERY Y6 L
g5

LEQ)=t2+1, (-rst<a) » BT o SR -

T=2p=2x,p=r
f(t)=a,+>a, cos(%’t) b sin(n%t)]
n=1

1 cx 1

a, :zj_”f(t)dtzgﬁz +1

a,==|" (¢ +Dcos(nt)at = —(-1)"
T n?

b, ==[" € +Dsin(nt)ct =0
72' —TT

— f(t)= %7;2 F1+ i[% (—1)" cos(nt)]

Small test 08-06.doc |1~ &1
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BEAEPEIRL 1R (CORKKES - |3 i
gE

Find the Complex Fourier series of

(@) = cos(9¢ — %),—7[ <t<unm @)= f{+21)

_ 2 1 3
5 05 5
Given£(t) = 3 c,e ™ find ¢, = ?(n = ~o,....0....,»)

#F $¢ Test08-07.doc.yu £
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AEAERR IR, I REE(CORKKESY - T aY
Find the Complex Fourier series of
£@t) = cos(9t — %),—n <t<um f@)=FfF+27n)
? ‘ -t
- -2 1 3
s o5 s
(1).Given £(¢) = i c,e™, find c, =?(n=-o0o,....0....,0)
c = 1 ]i cos(9t — Dye gt
B 4 3
= 21 _[[ cos(9¢ — DeMdt = 2%(7[ cos(%) —ir sin(%)) = i — 73 '

L J; cos(9 - )eg“df = 2%(# cos(3) +im sm(S)) = i - %j

1 3 1 3

() = C9 ‘+oc ge_glt = (= - DE' + (= + X2 et =

4 4 4
(2). it

%COS(QZ’) + g sin(9¢)

>

f(t) = cos(9¢ — %)

= cos(9¢) COS(%) + sin(9¢) sin(%)

= %%(eigt + e—i9t> + g (%j (61'97,‘ _ 6—1'97,‘)

— l — @ 611'92‘ + l + @ e*fgf
4 4 4 4

_ 19t -9t
=cge'" +cge

i Test08-07s.doc.yu ] £4 5rfS=" Eil
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IR SEREARE « Pl ARg k2B 1AEEE(C)

pa:2008#1 5% 5 p i g5

Find the complex Fourier coefficient of the follow f(t)=|sin(At)|

f(t)
A
. ; > {
f(t)
() B#sLenlp £ xh g+ 7 S
A 1
_ . 2inAt |
f(t)= Z C.e !
o >t
\ ,, 1
.- |
|
|
|
f(t)
1 4 1
) . \ ) 1 T 1
Ul s Sl S N R e >
|
> : : I
f(t)= > de™ 9

—— - — —
.

’

!

1

\
—— o ——

@) C,frd, 7 M E2(8 =)

[ -REEeC ) RPSmsr w1 Y LA 1 st g
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IR SEREARE « Pl ARg k2B 1AEEE(C)

pa:2008#1 5% 5 p i g5

Find the complex Fourier coefficient of the follow f(t)=|sin(At)|

f(t)
A
\ ; > {
(1) ¥ il 0 AHF 5 74 T
1
— > 2inAt I
f(t)= n; C.e i
EJZ;— : ¥ ;
SO :
= 1
C =Re A.zfﬂsin(At)ezin)\tdt .
n T 0 ;
= ﬂ %( ei/\t _ e*i/\'[ )e—ZinAtdt
2mi Jo
2 s

— 4 fZ)\(e(LZn)i)\t _ g (ramix )t
2mi Jo

™ s
2 e(lfzn)i)\t |§ ef(l+2n)i)\t|§

= -+ .
2mi (1—2n)||0 (1+2n)|‘0

T
o (1-2n)  (1+2n)
21
ol 4n?

[ - REEC)  RPSmsr Al Y T H AR ] Sy

|y s
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GRS TR ih 124 % 2B

Ejé: :

C, :ifAsin(At)cos(zmt)dt
TdJo
== ‘/;Xsin(lqt2n))\t+sin(l—2n))\tdt

A |—cog(14+2n)At  cos(1- 2n)AtP
2r|  (14+2n)A (1-2n)A

b

_2cos’(n)
- r—4n’m
21
Cwl-4n?

E@_: :

_)\ % H —2inAt
C”_;fo sin(At)e “™dt

™

— A __l S( )\t )672in)\1 A . f} 2|n COS( )\t )e72in)\tdt
T A 0 0
Al— » |2in X

B
—CO )\t —2in\t ——S|n /\t —2|n>\t
~|—oos(At)e - sin(Ate

0

=
A

— 2 (1—4n? )f?sin(At )e 2™t
T 0

™

2in )
S n )\t —2in\t
A (At)e

0

:A _—lCOS( At )e—zin)\t A
T A

0

fill(1-4n°)

= ¢, =2 [Fsn(xt)e
mTdo

ﬂ'

1 A=
(1 an*) 7

COS( /\t) —2|n)\t 2

0

__2 1
(1—-4n°) 7

[ CEC) RSy a3l ¥
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in . DY
Z dn )\t e—2m)\t
)\ (At)

TH-E 5 ]

1A (2)

f 4n®-sin( At )e ™ dt

Cafsas
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IR SEREARE « Pl ARg k2B 1AEEE(C)

Eﬂ[wl
)\ % : —2in\t
cn:—f sin(\t)e 2™ dt
mTJo
)\ T I/\t 7i/\t —2in\t
=— e dt
27 Jo i »
_ i g (1-2n)ixt g % —(1+2n)ixt
= j; e dt j; e dt
— A 1 (e(1—2ﬂ)i7f _1)_|_ 1 (e—(1+2n)i7r _1)
27 |(1—2n)iX (1+2n)iA
1 1 e(len)iw 1 e7(1+2n)i7r
T orxll—2n 1—2n 1+2n  1+2n

O

glt-2min _ COS(].— 2n)7r—|-i Sin(l— 2n)7r ——
e 2T — cog(1+2Nn)r —i sin(14-2n)r = —

=C, = 1)1 + 1 + 1 + 1
2rl1—2n 1-2n 1+2n 1+2n
21
Tl 4n

Mathematica ? Q’Q%\W
100

’ 2xnxtxn
EE\T%—APIOt[Z (L a0 * @ , {t, —37r,37r}]

n=-100

-7.5 -5 -2.5 2.5 5 7.5

[ () WESEmET RA T PR 1 SHELL

s
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IR SEREARE « Pl ARg k2B 1AEEE(C)

f(t)
A
N3 SR SEECEIEE 27r)\

N A
v

f(t): i dnein/\t

Sol: A
I
Dn:% [sin(at)e ™dt—| [ (J:sin()\t)e‘”“dt” :
:ﬁ j;:(em_eiAt)ein,\tdt_ foi(ei)\t_ei)\t)eimtdt]l

:L f;e(ln)mdt_f: e (MM gt _ fo e(lfn)i/\tdt_fo o (LN gt
4i |Jo 0 — T

A A
1| 1 1 —1)" —1)"
_if1 1 () (D)
27|l—n 1+n 1—n 1+n
_ (1)
(1—n2>7r

Epl

&7 = cos(1— Ny +isn(L—n)r = (~1)"

e ™" — cog(14 n)r —isin(1+n)r = (—1)""

D, 4T Gp1_F1 G, o Bty v 1 o

[ “RBEC) WP R Y PR ] s

Ay s
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IR SEREARE « Pl ARg k2B 1AEEE(C)

Mathematica ?ﬁ—ﬁ?%lﬁg
100

]""Oosm*ﬂ*ei*t*n*_glwosm*n] *ei*t*n+£, . 3n 371-}]
n

T-Mxm 7

-2
gy » Plot
QEET&F_) ° [nbzlm 7r—n2*7r

@) C,frd, 7 M B2(8 =)

Sol: FitC %D,

e - 2 1
f(t)= Ce®M where C.=——— ... 1
( ) n;@ ne ere n 7_[_1_4”2 ( )
f(t)= f: D, €™, where szw ........... (2)
Moo (1—m )7r
d (1)(2)¥ 4
:><1>;\; %%:eo’ezm’ezuu ......
(2>;\; %)% :eo’emt’ezmt’esm ........
p -2 1
H ™ A= 4k 7 A @) S B 0
02k+1 =0

ST (1) (2) 2

AT M= D, = ikz)ie“m@—(l a z)lei@“ﬂ:c
- T —-4Nn°) T

n

[ B RBSEOT S TR 1 s

s
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IR SEREARE « Pl ARg k2B 1AEEE(C)

f()=2,08¢<2 f(t+2)=£@) T=2=2p

1)
A

Frageenth 2 s BB 2 o

(f([) — i cneilzﬂf )

n=—x

[ ZAHEE(C)  Wsssear o % #4943 1 T &
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IR SEREARE « Pl ARg k2B 1AEEE(C)

f()=2,08¢<2 f(t+2)=£@) T=2=2p

1)
A

FrAF B ® 2 e R B2 .
(f([) _ z cneilzﬂf )

sol

@)= i c,e™

n=—o

17 .
— f —nrt
> ! (De ™ dt

1 2
_ - —inxt
N ! 2te™"™dr

¢ Pl 1
— ',_C'_m”t _|_|:J- ._€_Ilzﬁrdf:|
nr o L0z
! —inzt ’ -1 —inmt ’
=-—¢ + 7€
mnr o Lo 0
2 —2i _1 27 _1
=——c 1n7r_|_ e nr _(
nn |:n272'2 ]]27Z'Z)j|
2 -2inrx 1 -2inx 1
=—¢ t 53 T2 2
nw n-=w nn7
2 1 1
=S (1P (D) -
mnr n’z? 2’
_2 2
mnr  nrw
1 2p 1 2
COZZ ‘([ fF(tde= E‘([ 2tdr=2

0 . 0 21' .
fy=c,+ Y, c,e™ =2+ ="
n=-0© n=—o 17T

[ 2SR (C)  HpPsSERay]e @il % P2 %R 1 D &5
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Fourier Integral and Fourier Transform

“ Hourier integral

Introduction ff :ﬁ fﬂF‘F'

From Fourier series to Fourier integral(£% 4205)

@ Fourier transform

Fourier transform(ii)

Fourier Transform(ppt)

FY/H Bk (youtube)
i Convolution(ppt file) convolution /g correlation g
Convolution
Fourier transform(iii)
Parseval's .
Al Parseval's theorem
Energy form(754)
Some interesting properties of operators
[ [ Fourier §EZH %
. Bl Lk
Hilbert 1 Hilbert transform 1 =Y 16k (youtube)
}Zl Hilbert transform 2 Hilbert transform
Geometric Meaning for Fourier Transform
[IRE Example for Fourier Transform
Properties of Fourier transform
Table of Fourier integral

Gibbs ZH!
Ex

Gibbs phenomenon by Fourier transform

Fourier transform(i)



http://youtu.be/_vyke3vF4Nk�
http://msvlab.hre.ntou.edu.tw/grades/Engineering-Mathematics-100-2/工數補救教學enregy%20form(1).ppt�
http://www.youtube.com/watch?v=QdUez83xz2k�

Fourier integral and Fourier transform I

HEZNTIREE PR IE 7%

From Fourier series to Fourier integral

Gibbs phenomenon

Properties of Fourier transform

Applications of Fourier transform

Singular function and its Fourier transform

Fourier transform to Laplace transform

WA TRBRIESR T8 (7))
[ 4% © c:/ctex/course/math2/fintl.te] [ZEAE:Mar./3/°97]

178



S>FEFRG[>>2>>% X >>{FE)

7| Ep

[#£] £-12-19

ol 835

AR

(DRZBAMEHBE XU BRMTF o 4o TR T B
(2) et dh e ZE e 2K o 4o oM 3t T g3t o
(3) e — BRI BEH ARG LB EMeohol 228 T4

TR

() KBHRERBR o do T REHSR T EHRARABEE - -
réifc‘.'fd":*‘?ﬂlﬂﬂ » RCHEKBAERET o |

(5) I HFN B ddh o ho " 3Ldh o ﬁfg,\ %

OSMYy

fd

g o 2 x 4%

;uvl‘f/o Q2o s £2 2%’” Q{/
RGO HE %
&nI

1
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[From Fourier series to Fourier integral |
HEZNTIREE

BRIESR

A EE Fourier ERE =& KB A Fourier &4

e B f(z) BB T ZHEBIRKE - R Fourier $¥0R

f(z) n_E_OOc e EEF!C”—T/__ ) e “nT dr, wn:MTW
T
Mo BEAS() P18 S @) = S = [7 g e ®
it wn = o 8
Aw = w1 — w :2(n+1)7r_2n7r_2_7r N 1 Aw
T T T T or

BT — oo B Aw — dw, w, = w, RADR » &

T
x Aw [7

— = 2 —iwp (T—)
f)=fim 3 S5 [5 fe dr

=[5 [ s

e w(T—2) dT] dw Riemann sum to integral
:/Oo [i - f(r)e ™7 dT]ei“’m dw
—oo L 2T J oo
:/ F(w) e dw

1

g [ s

Hopt F(w) =

r)e " dr

Fourier transform:

/O:o f(r)e ™ dr = /oo f(z)e ™ dx

F(w)

- —00

Inverse Fourier transform:

Fi(w) = % /O:Of(T)ei‘”T dr = % /O:Of(x)ei‘” dx
WAF TRBRER T (Z)
[ -

c:/ctex/course/math2/ser2in.te] [ A :Mar./3/°97]
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Fourier series -> Fourier integral

N\

7 /\ﬂ
") E ! > 14
A= Z c,e ’ P p
i
A
] ¢» 2 /
C”:Z-[-p e * dr . ~ ~
7

fle, (8RS

nr

(—x

=>A1) :i[ "fee “ a’r] ’

I A T (o0) TE L

P PR RERIFRE o SRR 2

P I DR )i £ lﬁi[HF E;Jr’ U753 p —> o0 o HERLIEYER] 7=0p T (<0,00)

B ] - (bvit)

o= 0, 2O Nomo 0T (122
D D V4
_>f‘()_ |:J‘ f(T)@ -, ‘rdz_i| i, [AW

=> lim f{t=—— Z [ [ fe )e"“’nfdr} "N
72- -0

po® —

:>f(z):— I : Uw f(r )e""‘”a’r}e”‘”a’w Fourier integral
272- -0 -0

L Ho ):Ii fe™™dt  Fourier transform

f(z):giro H®)e'do inverse Fourier transform
V4 -0

fo Ho)do=) o, )Ao Riemann F1{#i]
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Fourier transform |

NEYNSEIREEA BR IE 5%
¢ Fourier {6735 %

Fourier #5372 FF 8 1% b 89 Fourier [REAX - HIEMMERKEL f(z) Fyor BoEAE
B[ |f()|de FtERS

A [A(w) coswz + B(w) sinwz | dw =

f e Y B
{ @ i 1)

@)+ f(27)] = kiR

Hrp A(w) = %/; f(z) coswz dz, B(w) = %/_ f(z)sinwz dz, R Fourier 2= £
e
L 40 f(z) BEREYE > Al A(w) 8 B(w) v —ERE -

(1) f(z) = f(—2) ¥ > 5 B(w) =0

= J(@) = [ AWw)coswrds, 3t Aw) = 2 [ faycoswrds

0

I F% By Fourier BR5%FE 43 o
(2) f(x) = —f(—=) B> 5 Aw) =0

:>f($):/0 B(w) sinwz dw, Hrp B(w):%/ f(z)sinwz dz

0
L #% By Fourier 1E5EHE 4> o
II. #% A Fourier &4 :

fla)= [ F)d*do, 3t F) = % [ f@erdn 2)
IT1. Fourier f&43 & Parseval’s [H&E =, :

wpn ;[ Pla)do = [ [A0)+ Bw)]do ®)

g s [ Playde= [ PP (@

IV. Fourier # 84 EBHEd Fourier $43 & NRIZER -
(1) A SRR - %5 S HEEHSNRE B K
(2) A& = BT EAEN N > 3 2 AR -
WA TRBIESR T8 (Z)
[ F#E - c:/ctef{gécourse/mathQ/fointl.te] [ &A% :Mar./3/°97]




82Gd‘2T J91dey)
O+ D )
.GN - Tdu _H_H_EI%H_ ,Mw

usay] "1UeISuU0d annisod e ag e 197 =

P800 | =(@)[4] ¢

uonoauNy
ayl aq 0} paulap sl J US LJojsue.) Jano4
ayl uay] 'sabIsaAu0? 7A v:?.‘.mmogasm :

wiiojsuel] 191ino~ J.r

AjISianjun UBaa UBMIE]L |EUO|}EN
.msﬁwoﬁ.mﬁm DAY pueoqiIey jo jusunredaq .!_ = N _ Vi — _D ﬂll o @
lemc gV 1ASIN EK&@@&WLE

%ﬁmHm.PED Ue9D( UBMIB], [EUOT}EN
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Convolution®##5

- TSI
PP LT O

h(t)= Lo f(u)g(t-u)du

f(t)

f(t)={1 ,ostgl_

0, otherwise
t

a(t)

0 - 1.0<t<1
9= 0, otherwise

t

184




g(-u)

i u

- g(tu)

[

E u
1 1t

jz f(u)g(t-u)du , t<0

j‘: f(u)g(t-u)du=0

u

185




IZ f(u)g(t-u)du , 0<t<1

‘ IZ f(u)g(t-u)du

. = 1dt

-1 1

IZ f(u)g(t-u)du , 1<t <2

[ fuyg(t-u)du

1
=] 1ldu
t-1

U= 1'(t-1)
= 2-t
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IZ f(u)g(t-u)du , t>2

[ fug(t-uydu=0

h(t)= j: f(u)g(t-u)du

h(t)

t,0<t<1
h(t)=12-t, 1<t<2
0,t<0 &t>2

t
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Table 1: Comparsions of time domain and frequency domain approaches

time domain

frequency domain

z(t), p(t) X(w) = F{z(t)}, P(@) = F{p(t)}
&+ 28wt + w?z = p(t) (—0? + 2fwiwi + W)X = P
h(t),d(t) H(@,w) = F{h(t)} 1= F{i(t)}
h+ 28wh + w?h = (1) (—@® + 26wwi + W)X =1
(implulse function) X =Hw,w)= m
&y + 28w, + wir, = cos(at) X/H(w,w) = (0 w—a)+i(w+a) '
2, = +{H(a,w)e’ + H(—a,w)e "} = Re{H(a,w)e™"}
T + 28w; + wir; = sin(at) 7/H(@,w) = %(5(5}—@)_ —0(w+ a)) _
z; = s{H(ov,w)e" — H(—a,w)e '} = Im{H(a,w)e"}

Fourier transform:

Inverse Fourier transform:

Find h(t) by contour integration:

1 00
n = |
() 21 J -

case.l: H(J),w) = m

case.2: H(w,w) = ﬁ,& =0

case.3: H(w,w) = m,Jr if w>
case.d: H(w,w) = (70217%2)’77 =0

case.5: H(w,w) = =, or 5= [°° Ledt =7

0,—if @<0

Can the solutions of (2) and (4) be derived by the limiting process ?

WA TR BRI SR IRRR MR IR BN B T = F %

[ #£#% : E:/ctex/course/casaul.te] [#t#%:Dec./05/°94)
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Parseval’s theorem I

HER T ¥ % BRIESR
Given
F)= [ f@e i, Gw)= [ goe
F0)«9t) = [ fuglt - u)du
Prove that
F{f®)* 9(t)} = Fw)Gw)
Proof:

[ f(t)efiwtdt/i g(T)e*i“’TdT:[ [ F(D)g(r)e =0 dtdr

By changing the variables, we have (¢,7) — (¢, u),
t+r=u, t=t

Therefore,

dudt = J(u, t; 7, t)drdt
where Jacobian J = 1. We have

/ / (u— t)e™™"dtdu = / {/ g(u — t)dt}e ™ du
That is
/ {/ g(u—t)dtye ™" du = / {f(u) * g(u)ye ™ du

Therefore,

F(w)G(w) = F{f * g}

By choosing special case, we have

/ | F(w) 2 ¢ dw = /_ Fu) f (=7 + u)du

o
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By choosing special case, 7 = 0, we have
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L H]=2T

()= a,+Y aHCOS(HTM)+bHSjn(HTm)
n=1

o0 it

f(t)=>) cye’

n=-0

f(z)zij F(a))e"“”da),F(a)):jw Flt)e ™ dt
27 —0

2012/2/15 2
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r 2
[ ricode=
(DFc= a,+ i ﬂ,JCOS(HTm)wLb,,sz‘n(”T’”)

—peniod 2 [0 P2 ) d =0T G TCY (a2 +D2))
n=1

inmt

(2)7(1)= i c,e ’

M)j;fz(f)df:ﬂi 2

n=—oo

1 * iot * —iot
(3)f(z)=ELF(a))e do.F(o)=|" f(t)e ™ dt

C!I

—>J‘:f2(f)a’f=2—lﬁj‘:|F(a))|2da)
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T=1
1 1
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a,= J'OI lcos(nrt)dt=0
b,= j'(: 151'17(nm‘)dﬁi((—l)’”'ﬂ)

nr

s (0]

:f(l):5+

sin(nrt
n=l nr ( )

2012/2/15

j;fz(z)dzzzng +T(f: (a.+b’))

2+2( 1)n+1
n’r’

Z_; = )

—2x1x< Y Z

l\)lr—*
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1 n
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1
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I \

i)

—
—_—
—_—

>

F(a))=$(e“’-1)

G

_—

i ..
=—(cosw-isinw-1)
1)

:(cos;)—l)ﬁsiz)w
[F(o) <F(o)F(w)

_ sina)+icosa)-1 sinw icosa)—l
@ @ 1) 1)

s 2 2
_sin“w | cos” w-2cosw+1

»* ®*

_ 2(1 -CoS a))
2012/2/15 "’ 9

[ rce)de= 2—17[j°°w|F(a))|2 do

(4]

1 Ioo 2(1-cos o)

27 - @’
=9

B R S R 5

2012/2/15 10
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2012/2/15

Pl i

[ rcode
1 ¢ 2

=] lFco) do

:L = 1 do »~ o=tand
27 = 1+ 00 1 do=sec do

1 (5 sec’ 6

2795 1+ tan* 0

1 (Fsec’ O

=—|[2=-"d6
2775 sec’d

L e
2
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Some interesting properties of operators

ort=1, r=1-1i-i

. FR(f(t) =27f (=), F(f()=4z2f(t)
where F is Fourier transform.

. HH (y(t)) =-y(t)

where H is the Hilbert transform.

. HHy=y , H?=1

where H is Householder matrix.
2

. MM (cosm@) = -r* dd92 (cosmé)

where M is the integral operator of M(s,x) kernel.
: UU(cosme):—ﬂzﬂ(cosme)dme

where U is the integral operator of U(s,x) kernel.

. T'Te*=UM, L'L*=MU

. Ci=1

010
where C=|0 0 1| is a circulant matrix.
100

. LL (at?y" (t) + bty' (t) + cy(t)) = at®y"' (t) + bty' (t) + cy(t)

where L is the Laplace transform.

WA T Bﬁl}%:ﬁ?%%”?}’& — g BEM 547 [file:Beaty.doc Jan. 7/05 by Henry]
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[N i Fourier i ] f(t)

Let f(t)="f,(t)+f,(t) and F(@)=F.(w)+iF (o)

where f (t)=f (t)-sgn(t), f.(t)=f,(t)-sgn(t), | >
F(f.(t))=F: (@), F(f,(1))=iF (w),and F(sgn(t))=8(w)=_—2i
(4]
F(f®)*9(t)=F(0)-G(w) = F(F(0)*G(w))=4x"f(-t)-g(-t)
(1) Fa () = j F(“))d >t
fo (1) = f, (1) -sgn(t) = (- f, (1)) - (=sgn(-t)) = f, (1) -sgn(-t)
= F(iF, (@) *S(®)) = 24, (~t) - 277 5gn(~t)
=27 - 24 (1) >t
=27F (Fy (0))
_1 « TiF, (u) _TiF, (u) —2i F, (u)
= Fo (o) (|F (0)*S()) = j u)du—:[o o u) = jﬂ(w u)d
o)
Fe ()
) F, (o) = Lﬂ(w u)d 1 g
f, (t) = f.(t)-sgn(t) = (f.(-1))- (=sgn(-t)) = — f.(-t) -sgn(-t) —-1

= F(Fy (w)*S(w)) = 27, (-1) - 27z sgn(-t)
=227 f,(-t)
=2rx-F(iF, (w))
=27 -F(F, (0))

= F(0)= - Fu@ s = [ 2 s-uu= [Fl). =2 g [ Pl gy

° 2xd (w-u)

—00

[ File:Hilbert_transform.doc by ﬁ,‘f;‘ﬁ%‘“ ~J. T. Chen ~ Henry]
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Time Domain versus Frequency Domain

Fourier

f () —22" 5 F (@) = Fy (@) +iF, (@) , F(~0) = F * (o)

f(t)+ f(-t)
2

Even function

Inverse Fourier Transform

Inverse Fourier Transform

Odd E:o:osﬁ <

Special case: casual function

Only F, (@) or - F, ()

f(t)= ﬁ”ﬁsﬁ%wo - can determine f (t)
t<

Any constraint between

Hilbert transform pair «—— | F.(0) and -F, (w)
R -

WF T RS Bem F5FF @uwxmwﬁm@w % Hilbertl.doc J4EFIF |
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M [l dt 1t oopzueaH &

b e T Lt wog 50 T i Tty

goun@vfl

np ()°H h-oper Lonouny
(@) ~ np M) E—I@v H- ensen
P J-OH
:UAMMW_.V_@M_.H @)*H @)y H-=(@-)H | (@)« H-=(@-)H 0
Mo+ = _
A - and
Amwv*_l_ AS v_l_ AAQVO_+A©":H_WH_ 0 AQV H UaA
MB1-(¥)3-=
= (w— — 4 o
(@)« H=(®-)H 0=(®)¥H (o) Dl op
uonouny o
[ensed 0 UoAa pPpo 0

(H)B1+ (1)} < @)H= @) HI+ @) °H< )61+ (1) 4

urewo Aousnbal4 ul SjuresIsuo)
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Geometric Meaning for Fourier Transform

f(t)+ig(t) > Hy(w)+iH ,(w)=H(w) > f(-t)+ig(-t)

o)
f(t) odd even
(Ha(@),H, (@) 0
A (f 1), 9(1) (O.H, ()
2
(f (1), g(-1) .
b, (T0.00) o
H. (o), H,
even 1 (Ha(0)H (@) 0 (F®).00)
 (Ho(@)0
(e 2 (f(-),9(-1)
2

(f(=1),9(-1)

»
»

NPT s RS Bem S5 LR RS

< Hilbert3.doc L FIF| %
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'Example for Fourier transform |

YA T 9 R BRIE 5%
g
e |05 >0
ﬂf(t)_{ 0.5 , t<0
(13K f(t) B9 Fourier i ? 36 3385 &G &L -
RFIBUZFER K [ ““wwz?

(3l i Parseval 2B - X/

a+ bw TR
2
(4 P B T */ a+wwdw:?
(5)225(3) B (4) 2 S A ] » SR EL B 2 - ( ¥EPEFIT)

& (1)F]F Fourier i .~ E 3%
F)=F{f0}=[ fwye ™ a

_/' —0.5) ”wdt+/ (0.5) et dt

—iwt

) 1
— 2(0.5)/ etdr =" | =_—
0 —iw g Tw
BHEIIR f(t) RFFRRE -
(2)FI] F 3% Fourier ¥ € &
0= F P = o [ e
2 J-  w
1 coswt + i sin wt
= —/ - dw
2 J- )
1 i 1 i
_ [(—z)/ coswt dt+/ sin wt dw] _ _/ sin wt dw
27r — w w 2m J- w
coS wt cos wt
(B mo [ =)

1 .
tﬁ¢ﬂhﬂ»w%&5:?/ MY
T J_

w
sin w
m%/ do =7
— w
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t

e

(3)HX g(t) ={ R () R
0 ,t<0
. 67 t B
G(u)) = y{ g(t) } — / g(t) e_th dt — / 6—zwt dt
- 0
— i / 6_(%+iw)tdt _ i 67(F+zw)t _ l 1
b Jo b —3 —iw lo b ¥ +iw

B 1

a4 ibw

1 .
JREN P 2 g(t) By Fourier i o

R A Fourier #ffafty Parseval @ :
1

Fla)de=o— [ |Gw)Pdw
2

0

lt2

2 671’ 27T 2a
& d :2/ dt:—/ Bt
?[ a + thw w 7T0 b b2oeb
_fme ¥ w
b2 —27“ ab
| 1 2 1
% — ,
(4)‘a+ibw a? + b2w? ot
12 1
d :/ g
/_ a + 1bw v - a? 4+ b2w? v
T AR 4 R i e B
/ h(z)de =2ri S Res{h(z)}
- plane
Fir LA
. 1 )
[ arps e =2mi Ry o = 2w
_r
ab

GIHYHERZRERETHE

WA TRBIES T ()

[ 4% : c:/ctex/course/math2/forex1.te] [&A% :Mar./3/°97]
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Properties of Fourier transform I

HEZNTIREE PR IE 7%

1 Definition of Fourier transform(f(¢) is real):
Plw) = FUW) = [ foe"dt, F(-w) = F"(@)

2 Definition of Inverse Fourier transform:

1

T or

ut) = FYF(w)} 1 °:O F(w)e™tdw

3 Linear property:
Fla ft)+bglt)} =a F(w) +b G(w)
4 Double Fourier transform:
F{F{f()}} = 2 f (1)
5 Time shifting:
F{f(t—a)}=e"F(w)
6 Frequency shifting:
Fle“'f(t)} = F(w — wo)
7 Time derivative:
F{I )} = iw F(w)
8 Frequency derivative:
F'(w) = F{=itf(t)}
9 Convolution:
FL@) +g(t)} = F(w)G(w)

where

10 Energy conservation:

|~ P = %/_O; | F(w) |2 dw

WA T RBES  TH (7))

[ 4% : c:/ctex/course/math2/prpl.te] [#4%:May./30/°97]



Table of Fourier integral I

HEFARTIRNEER bR IE 5%
(file:tabfor.te)

= RE B 2 Fourier iR

f(z) F(w)
5 for|z| < a; 0 for|z| > a Sl g
1 i
\/ 27| x| \./ |2w|
22 for |z| < 2a; 0 for [z > 2a | 222
a efa|w|
m(z2+a2)
6—12/411 —aw?
—a |x 1
2 2a w2+a?
Ko(a|z|) 1
o /w2+a2
ie'*® forz > 0; 0 forx <0 —L (for #a > 0)

[ (x)

~—~

iw)"F(w)
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Gibbs phenomenon by Fourier transform I

HEZNTIREE PR IE 7%

Given a function f(t), we have

funl) = 5 [ fwe Mdetds 5 fuy(u = [ fwe et
e =) duydt ! t LW(H) dt
fwo 27‘(‘/ / W — fwo( ) %/f f( )—z(t—u) —wp

) = [ D i o= [ Rl o

where reproducing kernel R, (u,t) = W

After substituting the Heaviside function into f(¢), we have

o) = [ =

By changing the variable, we have

o 5 [ 50

fuo(uw) =0.5+ /:’0“ %SZZ;():C) dx

fuo(uw) = 0.5+ %Si(wou)

where Si7 function is defined by

Si(z) = /OZ Mdm

X

The maximum value occurs as the derivative is zero, i.e.,

sin(z)

z
The maximum may occur as z = 0, m, 2w, - - -.

The maximum of 1.09 can be obtained by substituting u = 7/wy
WA DSRBIESR T8 ()
[ F#4% © c:/ctex/course/math2/gibl.te] [#t#E :May./30/°97]




Fourier transform |

HEZNTIREE BRIE 5%

¢ Fourier & %

HRW S (0) B BOBE [ |f(0)] 154E - LT SRR BT
Flw)=Z{f(z)} = [ f(z)e ™" dx ( Fourier 8 )
fo) = FMF@] =5 [ F(o)e™ do (2 Fourier #s2)

Fuw) =7 {f(z)} =2 / ) cos we d ( Fourier fRigiif)
{f(x)yl[F(w)] 7T/O Fo(w) coswz dw (3 Fourier gR5LI#HA )
H f (o) Fywy AR

(W)= Z {f(= —2/ z)sinwz do (Fourier TEAZ#H )
{f(w)ﬁzl[F(w)]W [ Fw)sinwrdo (38 Fourier )

Fourier #E#af4 Parseval’s [FZ = :

[ Pa)ir= %/ |F(w)[? dw

0

AN Ry KB - L0 ol 1 R R R

F(w) = \/%_F/ r)e™” dr ( Fourier )
flx) = \/% /_ )e* dw (3% Fourier i )

f(z) Fofi ek Bz

F.(w) = %/; f(z) coswz dx ( Fourier gRnY; st )
z)

206

Fy(w) = %/ f(z) sinwz dz (Fourier 5% )
/; Fy(w)sinwz dw (3% Fourier TE5%E )
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ABEAEFAIES Y 1S (Z) —AREERY Y10 B
g5

-
l.f(t)—{e’ if b<'[<C, SR [t g

0, otherwise

2. FVAH AR o e N AT T f (at), (2> 0) R S jE

, R AR E () PR s e T

6, —2<X<2 6, 3<x<7
3.f(t)={0 , g(t)={

, otherwise 0, otherwise

FLIERT > o g () PR SR -

Small test 08-10.doc %445
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AEAFFAIEE Y 1KY (Z) HRREFRY T 10 7
§ .

&

1.f(t)—{et’ if b<t<c

0, otherwise’

C = i(e‘?(lfiw) _ eb(l—iw))

F(a)) _ J‘ete—imtdt _ J‘e—t(lfiwt)dt _ 1' et(l—ia}) '
b b y l—lw

1-iw

2. FVAIH AR o e N AT T f (at), (2> 0) R S jE

F{f (at)} F( ) L(edl_ia) _ eb(l_ia)} _ 1. (ec(l—ia) 3 eb(l_ia))

| | |a|1 i— a—lo
a

3. f(t):{g’ —2<x<L2 , g() {O, 3<x<7 ?:@J/‘:”EIJ f(t)ﬂle'F—lljif‘é.ﬁ,@Ei y T

otherwise . otherwise’

FLIERT > of g (t) PR SO -

2
O :_i(e”“’—e‘z“”) or sin(20)
o |, io w

F{f(t)}= f Bedt =

F{g(0}=F{f (x-5)}=e"F{f (x)}= ii(e-% &™) or Zsin(2a)e
w I

Small test 08-10s.doc Yu &
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Rz o@nix g pidaifg 2B 145 (Z)
F7{T(t)}=F(0) 2 #{9(t)} =G(w) > #4% (*,convolution) =% 3

JORFORY RIOEIEDEY
v @7 {10+ 90} = F@)6(0) -
£ %_% correlation
c(t)=f(t)og(t)= _]C f (u)g(t+u)du

(1) Plot c(t) versus t
(2) #r F{T()og)] % R otk (1), 00) F&4 E8H# (F@),G0)) 2

% o

(2 AR (2 ) HpPss5i ot ﬁ?%';hgj%‘ THERTE FH] SK %



IRl FEREAE 4 Ph1feE k2B 1A (Z)
FF{f(t)}=F(w) 2 F{g(t)} =G(w) > #4 (*,convolution) % %

F(t)*g(t) = [ f(u)g(t-u)du

m@EF{f()*g(t)} = F(0)G(w) -

2 #_% correlation %

ct)= f(t)og(t):T f (u)g(t+u)du
R F{T(ogM)) & m st (F(1),9(0) & £ (F(0),G(w) 28 i -

c(t)=f(t)eg(t)= | F(u)g(t+u)du

£ Uu=-v,du=-dv

T ApLc(t)= f(t)og(t)=T f(=v)g(t-v)dv=f(-t)*g(t)

o FLTR) e 9O)=F{f(-)* (D)} = F(-0)G(a)+—

T\ _ 0 354 ot f(t)og(t) e
Freac(t)=g(t) f(t)_ng(u)f(t+u)du (00 F(1) 5 5y it o -

st F{g(t)o F ()} =F{g(-)* f (1)} = G(~@)F ()1
ft)og(t) # g(t)o f(t) »=I%tich 3 &4ty phehsisg -

f{O) 9(t)

A

COBOE (2 WPt - SRR R ) SK il



Rz s mEs 8 ma1a8 2B 1a8d () MI 78 LEMEs
T BT Z TN (Fourierseries,integral, transform)09:20-12:00

PHD2008E 507 22 4 TR

Y2
Afl(x) =X

3 2 A 1 2 3 a3 o L :/2 3

1 Fourier series (real base) and summation application (period not 27)
(1) Expand f,(x) into Fourier series. (10 %)
(2) Expand f,(x) into Fourier series. (10 %)

(3) Determine Ziz by using (1) and (2), respectively. (10 %)
n

n=1

2. Consider f(X)=X+7, —7<X<7T (neriod  27)

f

(a) Determine whether the function is even, odd, or neither (5 %)

(b) Find the Fourier series of ' on the given interval (-, m) (10 %)

X=-m, 0, n/2, =

(c) Find the values that the series will converge at (10 %) (converge in the

mean)

(d) Use the result of (b) to find 1-%+%-%+...:? (10 %)

3. Given f(t):{(l)’ tte((O,;r)) and f(t)=f(t+27).

(@) Find f(t) by using the complex Fourier expansion. (10 %)
(b) Plot the frequency spectrum of |c,| versus n. (10 %)

(c) c,,n=-m,...,0,...0, real, imaginary or complex, why ? (5 %)

P 1, O<t<rx
4. Given g - {0 o
, otherwise

(a) Find the Fourier integral of g(t), i.e, G(w) = f g(t)e'*dt (10 %)

(b) Plot the frequency spectrum of imaginary part of G(w) versus o (5 %)

(c) G(w) isreal, imaginary or complex, why ? (5 %)

5. Please point out the difference between Fourier series and Fourier integral. (10 %)
Mid2008-test2.doc Chen J T £
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I SRR 4 P AEg k2B 1A (=)

1
(1)

c nr . ar
fi(x) =ao+2/aﬁcos—x+bnsm—xj
D vy

n=1

I
4= || foodx

[FiF e, =0
a,= L j " fiwcos 12 rdx
p-r p

b,= L _[ ! Hx)sin a7 xdx
b 7 D

C nr . ar
1(x) =a0+2[aﬂcos—x+busm—xj

n=1 D D
/I & 4
=24 _] n
3 ”Z:; P (-1)"cos(nr x)
(2)
1,(x)=a, +Z {a”cosﬂ)ﬁbnsjnﬂx}
n=1 D D

aozgi [ v

p E va

1 ¢r nr _F‘\J frka, = a,=0

a,=— I 1(x)cos — xdx
p°7r D

b,= L _[ " fsin 12 rdx
2R D

- T . arx
1,(x)=a, +Z {a”cosn—x+bﬁsmn—x]
n=/ p p

= i = (-1)"sin(nz x)

n=1

3)
® p =

fl(l):£+z / > (-1)"cos(nr ) jp[fz(x)]zzp[2(a§)+Z[(a§)+(bj)]

3 n=1 ([]72') n=1

1
] & 4 X = 4
= —+ - | — =

3 n=/ ([77[)2 |: 3:| 1 ;(nﬂ')z
e 1 72,2 o l 72_2
1 Bk mr 7z %2 Fma 1 feEcE (Z) Fo P H(S).doc # 9
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I SRR 4 P AEg k2B 1A (=)

2.
(a)
G !
. 4 ;
_ﬂ': T : > X
i i — 2 2
(b)
f(x)=a, +Z /ancosﬂﬁbﬂsmﬂxj
n=1 D D
_ijpf( )d
a,= 2l x)dx
zzﬁzi I i f(X)COSﬂXC/X
p-r D
bH:i _[ i f(/Y)SI}]ﬂXdX
D7 D
f(x) =a0+2{ancosﬂx+bﬂsmﬂx}
n=1 D D
-2
= w4y —(-1)"sin(nx)
n=1 11
(©)
2r+0
f —_— = =
(—7) > 4
f(0)=n
T . 3r
f(=)=—
(2) 2
27 +0
f = =
(7) g 4
(d)
()= n+iﬁ(-z)”sm(ﬂ )
2 n=1 1 2
n=2m-1
= —2 Im-1 - (2]77-])7[ ’Ej Lt
= 7L _— -] _— _>I:.J JEFE I[[
7 ;Qm_]( )7 sin( ) fir W I
T
f(=)-n .
2 / il 7 1 1 Vs
= = -1 = [-—+—-— ==
2 Z;Zm-]( / 3 57 4
2 Pk MI oz PR 1A HE (Z) =7 £(S).doc #
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CEES SR

3.
(@)

f(t)="ce’
1 p M
== ["tt)e * dt
=55, fl0e

1 P
%:%fﬁmm

f(t)— _|_Z l(l(l) ) |nt

n¢0

()

0.3

0.25

0.2
0.15

0.1
0.05 I .

L]
1 2 3 4 5 6 7 8 E 10

(©)

Complex

3 IR MIF HOPERE 1AEE(C)
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GRS TR ih 128 % 2B

4.
(@)
G(w)= f T g(t)edt

:j:e“ﬂt
i

= (e*"-1)
w

(b) ImG(a)):sm 0y

(©)

Complex

5.
[(REL BEE - ETE
i@ﬂiﬁ%ﬁﬁfﬁiﬁﬁﬁﬁﬁﬁﬁﬁa

4 BEREE ORI RUEEE 1 akg(c)
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%z % Laplace #&¥#

4.1 K TR

PAERETEE AN P 216
- 4 & ¥cen Laplace transform——————————————— —219
15 t 25 t &~ 2 - e laplace transform—————————————————— 220
Laplacee transform and Fourier transform &— & ¢ ff————— 222
Laplace transform =R 5 3 #c 224
4.2 * Laplace transform f% ODE

% #= I 4 Laplace e0¥s j# ¢ ——--r 225
FoF o~ dpF 2 £ JR K 480 Laplace transform-————-——-————————————— ——226
Laplace transform % ODE-————— 229
Laplace Transform-1 ~————-------------——m 232
A LT - 233
Bessel function s7Laplace transform 234
- 5 235
Laplace Transform—-2 236
4.3 EHPER

A 237
R (3 2500) 238
EHREY -(E15H) 239

% ffcihconvolution # correlation & Laplace # Fourier # 3% {8 ehlg % —-242

4.4 a1 A2 lkF Pt

Tre 1l AT P g - iTE 9244
Tl 28E PRt - TE- 245
Tl AREE Pt - TS 246
4.5 BESH

¢ 247
N e 248
<~ F B 253

suE R 2RENER


http://msvlab.hre.ntou.edu.tw/grades/Engineering-Mathematics-100-2/Laplace/laplace1.pdf�
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— Y Laplace transform

Laplace transform [ ’E | FHECGY,
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transform
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transform

Laplace transform ## ODE (J=5k
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A - T 3E)

Laplace Transform-1 (Fjk [+ #T)

Laplace Transform-2

FFEYEY convolution % correlation
+ Laplace =2 Fourier B85 5 fisd f

Laplacee transform and Fourier
transform fY— [T

Laplace transform . mathematica ?ﬁiﬁk (D

Laplace transform . mathematica ?ﬁiﬁk (1D

Laplace transform . mathematica ?ﬁiﬁk 480))
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Bessel function FY Laplace transform
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SEETM ) {1 (Method1-2) (Method3)
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FFEE RS 20 §7F) TR FOUT S
QL[f(1)] = F(s) = [ f(t) e*'dt
L[f(t)] = F(s) & L7H[F(s)] = f(t)

gt
H 1 G g

Ofp ke
Lle*] = [ et estdt

= [P et gt

_ 1 —(s—a)t|o
" s—a € |0

1
" s—a

©= #|fEesin(bt) & cos(bt)

(DF(I153 73

L[sin(bt)] = fooo sin(bt) e~dt

by ¥y et : o
 (—s)2+b2 [(=s)sin(bt) = beos(bD)] [g
o0
=~ S [—bcos(0)]
- _ b
= L[sin(bt)] = 712
[Fil RV
Llcos(b)] =
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Q)FF]FFr =t

e® =cosO+4isin@:---- )

e™™® =cos® —4isinB- - ®

0 4 o—ib
®+®:cose:%

i0 _ o—ib
®_®:Sin9 =i
24

ibt __ e_ibt
= L[sin(bt)] = g[T]

= i ibt _ —ibt
T2 [5—’ib B s+/ib]
_ 1 (s4ib)—(s—ib)
~ 2d (s—ib)(s+ib)

1 2ib b

T 20 s24b2 T s24b2

L cos(bt) ¢ #AlriH Rt~

O A4 FHesinh(at) » cosh(at)

. eat _e—at
| sinh(at) = —
E -

cosh(at) =

(DL[sinh(ad)] = L[]

= %{L[eat] — L[]}
1.1 1

=5l

_ 1 (s+a)—(s—a)
=3 [

217

oer = Llsinh(a))] = 5=

az



QIfilE i # Lcosh(at)] =

)

© LRzt
s EFHT(n) = [t etdt
E B IFG THEID 0
FI ) #1#5:Gamma fﬂ%?{ T 4 1) = n- ()
L[tn]=foot“e_5tdt fst=u .'.t:%ldtszu
—l
o= [ Qren
= Sn+1 f u” e "du
- sn1+1f u@*t=1 eugy
n+1 F(n + 1)

by Gamma [+%% LIt __n I'(n) _ n-'(n—1+1)
_ [ ] —_— Sn+1 - Sn+1

_ n(m-1)T(-1) nm-DIh-2+1)
- gn+1 - gn+1

_ n(m—-1)(n-2)T(n—-2) nm-1)(n—-2)I'(n-3+1)
- gh+1 - gn+1

n!

_ 1—D@=2)--@D I'(M)

Sr1+1

> 1)= fooo t etdt=—e7tP =1

n!
Sr1+1

s L[] =
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( 2 B
1. Find the Laplace transform of y(t).
Table 1: Mapping for the Laplace transform
f(t) | pa(t) | po(t) | pa(t) | pa(t) | ps(t) | ps(t) | pr(t) | Ps(t) | Po(t) | Prolt)
FO | O [ @1 @O |1 OO |60 |06 |301]312
Time function, f(t) |
p,(t) =1
P, (t) = cos(t)
P, (t) =sn(t)
p, (t) =tcos(t)
Ps (t) =tsn(t)
Ps () =€
P, (t) = cosh(t)
Pg (t) =snh(t)
P, (t) =t cosh(t)
Py (t) =tsnh(t)
| sfunction F(s) |
s?-1
W < M oo
S S
(2) Sz +1 (8) (SZ+1)2
S 9 2s
(3) 82 _ 1 ( ) (SZ+1)2
1 s +1
4) 71 (10) -1
1 S
1) ——
® 1 R
1 2s
_— 12) ———
© 5 R
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BEEABTELRSR 2001 TREE (°) B35 NS fen

1. Find the Laplace transform of v/ and \/%,

CLF(0)} = / " F)etat

(a). Method 1:
Set L{vT} = P(s), £{1} = Q(s)

L{p(t)} = P(s) = L{'(t)} = s[P(s)] = p(0), p(t) = V'
1

L{q(t)} = Q(s) = L{tq(t)} = —(Q'(s)),q(t) =

N
we have
£{Vi} = Plo) = £{5 2 = slP(9)] = VO = 500
1 1 o
£{2) = Q) = £{t—z = Vi = ~(@(s) = P(9)
= 5-Q/(5)] = 5Q05)

By solving the 1st order ODE for Q(s), we have

k
= Q(s) = L3 P(s) = 55372 k € constant

7

Gamma function:
['(n) :/ t" e tdt
0
fs=1
1 1y <1, 1
L{t2} = t72e %dt = t72etdt =T'(=2)
0 0 2

set t =2, dt = 2v dv

1 e
F(§) :/o e dv
if

/ e dy = C,/ e_dey =C
0 0
/ / e~ @) dpdy = C?

o Jo
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and x = rcosf,y = rsinf

%) o0 s o /2 e ) 1 . T ,
= / / e~ (@ ty )dxdy = / / e "rdrd) = —=e" | =-=C
0 0 0 0 2 4

:>/ e dr = C =
0

oI

= Q) =2 P = 55
(b). Method 2:

o 1
Hint : / e dy = 5\/7?
0

Set 22 = ts

=2¢ dr=s dt:>da;:idt
2

:>/ erdx:/ e’“idt
0 0 2z

OO —st S \/E/oo 1 —st 1
- L T
/0 W M A A

N \/?
= —e Tdt =] —
o=y

:>/ Vie Stdt = VT
0

283/2

WAF TR 2001 TEEE (=) #% by Chen for Laplace transform
#4&: Laplace.ctz 8f&: May/09/°01
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function

figure

Fourier
transform

Laplace transform lé(s)

1,0<t<1
0, otherwise

f(t) =

ocooo
NpAOOERE

[N

F(w)

¢
5
2

2.
1.5
0.5
L N N 1 1s

-2

-1 1 2

3

f (at)

ooopo
NPOOR -

NS

Al

f (~t)

ooopo
N oo

FF@),,

2r

N.A.

f(t—a)

ocoopo
NPOORF w

~E

e F(w)

e “F(s),a>0

tf (t)

i tf (t)

cooo
NBROORF &
Hl

?

_dF(s)
ds

_dF(®)
do

?.

F(t)* 1(t)

o000
N AR

F(o)F (o)

F(s)F(s)

F(t)o T (1)

F(-o)F(w

N.A.

e £ (1)

= I
o000 SRS NS O 0o«
— —
NAOOR S N AORE o a
] ; H/////

Flo+ia)

F(s—a)
2 sy

2.5

0.5
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cos(t),t >0 ca Y -
f(t) = (t).t> s | R g
O, Othe‘WI% 073 \_/ - 2 1k T 2 3 °

sF(s)- £(0)

—sin(t),t >0 op ¥ g
f'ﬁ)=={ (® , o o ioF (o) oty ¥

. 0% T > 3 4 5 6 7 . . . %8 . . ,
0, otherwise TN N x

ft F(S):ﬂ

1 y 283/2
\/’ 3¢ ) -

f (1) =+t W | it
. e . 0
0.2 0.4 0.6 0.8 1 gg[
0.2 0.4 0.6 0.8 1
F(s)=,/—

\[

fﬂ)=i% %“\fg . | ? gy

Laplacee transform and Fourier transform - #4475 . doc Yu 2008/06/16 @
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Laplace transform i/ fiit

f(t) F(s)
1
1 1 -
S
t 1
2 ?
t2 2!
, s
SZ
. | U(n=012.) n
Sn+1
: e™ 1
S—4a
A cos(mt) s
$% +w?
, sin( wt) ®
$ +w?
g cosh(at) S
s —a°
o sinh(at) a
g% —a’
10 e"cos(wt) _sa
(s-a)2 +w?
" e"“sin(wt) ©

(s-a)z—lra)2
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y&t) + y(t) =sn(t) 1)
y(0)=0,y(0)=0 Laplace y(t) . (50%)
ANS
1)
1

s*Y(s) - y(0) - Y(0) +Y(9) =——
s®+1

1L 1§
(s*+1)?% 2°s°+1 (s*+1)7?

y(t) = %[s'n( t) - t cos(t)]

Y(s) = ]

2.
t*y(t) - 4ty(t) + 6y(t) =0 )
Laplace
(1) Y(s) (10%)
) (10%)

©) Y(s) (15%)

4 y(t) (15%)

ANS

L{t?y(t)} = s*Y &s) + 4sY s) + 2Y(s)
L{ty(t)} =-[sY&s) +Y(9)]

L{y(t)} =Y(s)

(1) S°Y&s)+8sY&s) +12Y(s)=0
)

(3) Y(s)=c,;s°® +c,s™

(4) y(t)=c,t? +c,t°

2000/3/8 2000-02a.doc
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) Filename:\CYWI\Laplace. doc
(1)G.E

M Ho? xEt)w sim
o natura frequency of system
@ exciting frequency

I.C:x(0 ¥ O x E )

o
o

Taking Laplace transform, we have

1 ()
X(s
( #52+a)2 Sw ?
as bcecs d
X(s +
(Y 2w 52 2
(a, b, c, d)
at+r €0
b+ &0
av’+ 6°=0
bo’+ @d=w
— w
=a=0, ¢ Q=b—5—— Fd——,
o — o o —w
-@ o 1
X( S# wz—a)2+w—a>2;a)
S+w? st ?
2
w
-1 . PN .
x( t sthrA—2 s iwh
( =>wz—a)z T ‘o E
@ Salhew @ $1 n
a)(wzcaz[ !
(3)
w—>w &t o=w+e
x(BE Y [ hve Yosion o tes i ( ) ]
o (g+o (o )
E-L[c(wg =wb-ion o t Fi-H wc-0 & tos S i
0 £-20
1 1 . ) . )
s —l& saEAwi @ g ien  sion ]
e>02m° €
[ sdtho Ewcbs ]
20
(4)check x(0 3+ O X E ) 0 0

1 o 11/29/2002 3:22 PW
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(5)

) Filename:\CYWI\Laplace. doc

Casel:

@# o —> X( l‘=)l 1 [@ satvw @ $i n ]

o (m+o (oo
Case2:Beating

.1
g=ow—>>x( | .
(51 i

e#0

15[a)AS—ia)na)-l‘ gi N sin ]
£

| sathw=t o cbs |

2w°
Case3:Resonance

og=0—>Xx( 19— [o&iont o tcos ]
)

Caselw=27r , o= #

Case2:w=27r, w= 1.89

CasB:w=27r , w= 2

(6)Set @ = w, Solve by Laplace transform

w S R
Y E 0¥ (50?
3[ 1 _ ¢
o S+’ (§+a)2)1)
Using
L] satm—F L] 06@15=—]s—
Stw? Sto’
L —p(2s) R I
Hitsa wig gapltt ) e st 4 ey ot b
= [1[L =1t caimisi ®wstn
(S+0? )y 2 @
=

2 o 11/29/2002 3:22 PW
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) Filename:\CYWI\Laplace. doc

x( t¥ —% {o %—a:el)is @ +51§ ia)n-g]1 t sin }

salho=t w C DO S
2

xX(t) oo

(Convolution)
1

X(S¥w- —{ R Wt )
.S?'Ei-a)2 a)\ 2
— —
L] sem 1 L o[tsin ]

1 et . . -1, ) .
x( t%;jo RO ) srn#z)djékas iwn- ws iEn u(du)

—2sda-n pfsim+peosa(—-f ) cos( )
- Rioar ws N H( o )t wl@swu c6s( )
=

X( 1‘9:;—;]‘0[ [ot—0 s 200 ®&aD SI( d U ) 1

- t
Zi‘z‘ Cc&)#jo 2 e® ( t du ]

s e:t’»yi u
2
in which

’ e cosd
—jocon(/—a)t )uj'_; @ cowdu

t
=—is i2 ‘2,=—l ®sSti n
20 - @

x( r%;—; [z‘a)c—ea%s o stn ]

Sal t w cbS
2
0]

3 o 11/29/2002 3:22 PW
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P PRSI
L RAR
P #7:2008/06/16

2l 7

y'(O)+y()=sin(ty
y(0)=0,y'(0)=0 A Laplace HHERER 1(7).
1 sin(u)xsin(t—u)
s?Y (s)—sy(O)—y’(0)+Y(s)=m =—7[cos(t —cos(2u~t)]
1 1 _—[cos 2u-t)-cos(t)]
Y(s)= ( )2 (52+1) (sz+1) ?
L{ |n(t } {sm(t)} %ﬁcos(Zu—t)—cos(t)du
= L{sin(t)*sin(t)} %[&rt)-ucos(t)]o
=L t d sin(u sin(-u
{_[ sin(u)xsin(t-u) u} =%[¥_Icos(t)_¥]
~sin iﬂ:—z[cos m+n)—cos(m—n)] =%(sin(t)—tcos(t))

# Laplace transform fZO0DE.doc %3 %%
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t?y"(t)—4ty'(t)+6y(t)=0

i Laplace &2 - EI|

(1) Yes)ammm = ? |

) EAXZZEAE M A ?
(3) *REE Xs) -

(4) REE (1)

# Laplace transform fZO0DE.doc 343 %%

L{y" (1)} =sY"(5)+4sY () +2Y(s)  L{ty(1)} =-%(SY(S)- ¥(0))

d _ '
t———(s%Y(s)-sy(0)-y'(0) ==(Y(s)+sY'(9))

! ) L{y(0)}=Y()
t?y"(t)-4ty’(t)+6y(t)=0
- —%(—%Y (5)—=5°Y'(s)+y(0)) lL{tZyn(t)} = %Y "(s)+4sY(s) +2Y (s)

=-2sY (s)—s?Y'(s)+ y(0)

= 25Y/(5)+ 2Y (5)+ 25Y () + 5% "(s) L{y' ()} ==(Y(9)+sY'(5))
=s2Y"(s)+4sY'(s)+2Y (s) L{y(D}=Y ()
s%Y"(s)+8sY’(s)+12Y (s) =0

# Laplace transform fZO0DE.doc %3 %%
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(3) AR X(s) (4) =REE v(0) -

m(m-1)s™ +8ms™ +12s" =0 y(t)= LY ()} = L o5 +,57)

m?>—m+8m+12=0 —dt?+d,t° f(t)>F(s)
m’+7m+12=0 s
m=-4,-3 Bl s
Y(5)=C15—3+c25—4 m(m-1)t" —4mt™ +6t" =0

m’—m-4m+6=0
m?-5m+6=0
m=2,3
y(s)=dt?+d,t*

# Laplace transform fZO0DE.doc 343 %%
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Laplace transform

t

S

Real world

Laplace domain

y'(t)+y(®) =cos(t) SY(9)+Y(8) =—
s +1
y(0)=Yy(0)=0
y(t) s
vie)= (s*+1)?
y(t) Y(s)
y'(t) sY (s)
y”(t) SZY(S)
cos(t) s
s+1
t s
> s Y(s) = T
11/ 27
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f(t) ——> F(s)
(Of(t) —— -F'(s)

f(t)
t

p.f LIf(D]=F(s)

dF(s)
ds

N jF(r)dr

_F'(s)=- =— ijf(t)e-“dt
S 0

de-st

-[ ds
gl
0

dt

-f(t)(-t)e'dt

= j(t)f(t)e'“dt

=L{(D1()]
=> L[(OI(t)]=-F'(s) r

jF(r)d =

N

f(t)e"'dtd r

O 8 » =8

f(t)e "'d rdt

|
-1l

o]

= T f(t)je'”drdt

T f(t)—e dt

tf
!T tdt

=> f(t) jF( Yt

Laplace transform prut:#.doc ~ 2008/06/09
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2B

1. In the course, we determine L{J,(t)} by considering
t2J M) + tIWt) +t?J, () =0
If we change Eq.(1) into
tIgt) + () +tJ,(t) =0

Repeat the process and find the ODE for L{J, (t)} , and L{J, (1)} .

y(©) = Jo(t), L{J, (0} = Y(9
L{ta&t)} = - iY(S)
ds
L{JWt)} =sY(9 -1
L{tI® = - %[SZY(S) - 5] = -s’Y{s) - 2sY(s) +1
Eq.(2)

(s* +DYEs) + V() = 0P Y(S) = ——

@

)

st +1
c( y0)=1)
1
/im =c=1b J,(X) =
¥ As? +1 i A/s? +1
2000/3/24 2000-04a.doc

234



( ) 28

1. Define zero order Bessel function  J, (t) which is one of the solution for
ty(t) + y(t) + ty(t) =0, 1)

Solve L{J,(t)} . (10%) 1. 1/+/s* +1

2. J, (t) can be expressed by

s (-D" .. s (-H™(2m)!
120 =85 | 2 &z @

Determine the series form for L{J,(t)} . (10%)
3. Compare the solutions 1. with 2., and prove that they are the same. (10%
4. By using the Laplace transform, solve the integral equation for y(t)

y(t) =t° + (‘)O‘s'n(t - t)y(t)dt . (10%) 4 y(t) =t + =t 3)
20
5. Given a function f(t), f(t)
110<t<1 A
f) =i 0 .
10, otherwise 1
determine f(t)* f(t). (10%) >t
5 f@)* f(t) =g() o' 1
6. Given a function g(t), g(t)
it 0<t<1 o
g(t)=:’2-t,1<t<2 /E\ t
10, otherwise ol 1 2 >
determine L{g(t)} . (10%) 6. (1- e°)?/s?
7. Given a function h(t), h(t)

determine L{h(t)}. (10%)

1-e°
L S*(l+ed)

8. Explain the initial and fina theorems in Laplace transform. (10%)
9. Determine L{d(t - 3)} and L{H(t- 3)}, where d and H are the Dirac-Delta

function and Heaviside function, respectively. (10%) 9. e*,(/g)e™

10. Determine L'} /n stag (10%) 10. }(e""t -e")
1 s- ap t

2000/3/31 e/jtchen’ s’lengmath/2000ex1a.doc
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Laplace transform

t S
Real world Laplace domain
f(t) F(s)
f,(0) F.(9)
f,(0) F,(9)
c,f,t)+c, f,(t) c,F,(s)+c,F,(9)
f(t-c)u(t-c) e “*F(s)
e f(t) F(s-b)
f'(t) sF(s)-f (0)
J.;f(r)dr %
t" f (1) (-1)"F ™ (s)
f(t)*g(t) F(s)G(s)
im ) imsF (s)
im (1) ImsF(s)
11/ 27
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¥ ¥ d _c
L @ Q f(xydxdy=qq f(x ydydx (1)
Please determine a, b, ¢ and d and plot the domain of integration on x-y plane. (50%)
y

a=0,

b=0,

C=X,

d=¥

X
2. Determine gn(t) * an(t), where“ " means convolution. (50%)
an(t) * dn(t)

= éﬁn(t)s‘n(t- t)dt
- %é{cos(Zt - 1) - cos(t)]dt

1
2

Sn(2 - t)

[ - t cog(t)]

- %[s‘n( ) - tcos(t)]

2000/3/17 2000-03a.doc
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f(u) g(t-u)
A

A
1 1
(shift right t)
0 1 T+ 0t >
g(u) g(t-u)
A A
1 1
0 T 0 1>
g(-u) g(t-u)
A
1 1
1 0 > 0 1 2 >
t
O<t<l = leldt=t
1
1<t<2 = [ 1xldt=1-(-1-t)=2-t 1
0 1 2%
(1)
t —st _ 1 _st _ e75t t:l_—eis 1_1—es
jof(t)e dt_jole dt_(_—s)|t:0— e
(2)
—St — st —S —S —St _ S —S
[te=dt= te i dt:(e—)+'|.1£e’5tdt:e LA s
-S 0—s -s’ Jos -s (9)(-9) s s s
3)

[(@-Hedt _(271) s

2-1 _ 1, -le¥y, 1 . e° =
f+j —e¥dt==€"+ |“2— S+

1 s s s(-9) It s ¢ &

F)*g) — F(9G(9) J‘OlteStdt+.flz(2—t)eS‘dt:(_z_s—§+ij+(leS+e_25—e_sj—(1_e_s]

12/5 12.5.doc
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B  B92520121 1

If the function f (t) =sint, then try to draw that

f(t)g(t-0)- u(t-p)g* f(t)gu(t- 0)- uft-p)g

Cpin(t - u)sinudu = gysintcosu - costsinu)sinudu
:%(‘gsintsin(ZU) - cost (1- cos(2u))gdu
= % Cf(sintsin(2u) + costcos(2u) ) - costgdu
:ldcos(t- 2u) - cost)du

—lge lsm(t 2U) - ucost_

[
:-lsin(t- 2U) - 1ucos;t
4 2
~ : _eel. 1 gt
If O£Lt£p,then cpin(t- u)smudu—g- Zsm(t- 2U) - Eucost 2

:lsint - lt cost

If p£t£2,then cyin(t- u)sinudu:gf %sin(t- 2U) - %UCOSthtp
-p

1. 1
=- Zsint- =(2p - t)cost
> 2(29 )
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B  B92520121

snt
Asi nt
21
1.45
t
! ! -
-1 - 3.5 14
-3
Created with a trial version of A
sin(-t)
Asi n(-1)
21
1.45
t
! ! ! -
-4 -3 0.5 1
-4
Created with a trial ver si on of A
sin(u) and sin(t-u)
u
! —
-3 6
- 01 5
Created with a trial ver sion of A
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B B92520121
f(t)gu(t-0)-u(t-p)g* f(t)gu(t-0)- u(t-p)g
. F(t)*f(t)

Created with a trial ver sion of
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% < #ceiconvolution® correlation

alaplace®?Fourieri® #% {5 tni %

4’5%

#ﬂéﬁ‘r?fi{ DFTA TEE&:%L}
PR 1 2008/06/16

2012/2/10

& S #cehconvolution¥ correlation
tLaplace& Fourier#& #% {3 ehi: %

Laplace Fourier
h®)=[" fwe(tuydy h)=[" fug(t-u)du
conveliion 1 H(s)=F(s)6(s) H(0)=F(0)G(w)
. c()=[ “ f(u)g(t+u)du
=["f d <
correlation ::(t) I‘”F(U)Q(ZU) ! C(w)=F(-0)G(w)
(S)i (_S) (S) :E(w)G(a})

FO=[ fmetd  Fle)=[ fOe™dt

2012/2/10
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q(t) f(t)

convolution

e A e A 1,0<t<1
t = ol !
' _ll .o 90 {O,otherwise ® {0,0therwise
0 , t<0
h(h=41-e* ,0<t<1
e'(e-1), t>1
1 1
F —_— (pl® -1 _t s
() -ia)(e ) F(s)—_S (e* -1
1 |
Gla)=— OK! gt L/ OK!
lHw 144
€'-1) (e”-1)
H(w)=— ——=F(0)G(w) H(s)=———==F(9)G(s)
2012/2/10 o2 ) -S(1+5)
correlation
f(u)

0 , I<-1 .
c()={1-e™ , -1<t<0 e T
e'-e™, t>0 !

1 —iw 1 g ‘1

F = — —1 — -S_ t+u) !

() —ia)(e ) F(s)= 5 (e*-1) o
t<-1

1 1 r

= G(s)=— :

G(@) 1+iw ©) 1+s

_ 1 ast<0 [ NJ

C(o)=—5——@1-€") | C(s)=——(1-e") PR

o —lw 1+s 1

= F(—a))G(a)) £ F(-S) G(S) t>0 i X 1

] { NG! -
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B TR AL A

HW1: Nonlinear ODE

dy 2
— f— ]_
o =Y ,4(0)

Solve y(x) and plot y(x).

HW2: Stability of ODE

dy

o2y = =3¢7%,y(0) = wo

Solve y(x) and plot y(z) for yo = 0.97,1.0,1.03.

HW3: Qualitative approach

dr
dt
<< Graphics ‘PlotField®

PlotVectorField[{1, Exp[-t]-2x}, {t,-2,3}, {x,-1,2}, ScaleFunction->(1&),
Axes->True, Ticks->None, Frame->True,AspectRatio->1]

et — 2

HW4: Find y(x),z = 1.1,1.2...2.0 by Euler Method for the ODE

dy
— 2 1 p— .
- =T y,y(1) =0.5

HWS5: Find Wronskian of e*, e, cosh(z).

HW6: Find Wronskian of e*, e, cosh(z), sinh(z).

HWT: If z,(t) = Asin(wt + ¢) is a particular solution for
F(t) + 2w (t) +wx(t) = sin(wt)

Find A, ¢ in terms of (§,w,®).

HWS8: Find Laplace transform of 1, ¢, 2.

HW9: Find Laplace transform of 1/t,1/t>.

HW10: Solve the Riccati ODE of
u' = (1-22°%) +ru+u’
One solution is z, find the other one by Mathematica.

WA TARBRIES: BISE TH bR E RS B TR E 2 ER
FfEmathom6.étt #iE:11/11/°95



%EH%EI*E%&%}@H?{’E%‘E (Laplace Transform)

<< Calculus‘LaplaceTransform®
HW1: Find Laplace transform of 1.

<< Integrate[Exp[-s t], {t,0, Infinity}]
<< LaplaceTransform[1,t,s]

<< Integrate[Expla t] Exp[-s t], {t,0, Infinity}]
<< LaplaceTransform[Expla t], t, s]

HW2: Find Laplace transform of t.

<< Integrate[t Exp[-s t], {t,0, Infinity}
<< LaplaceTransform[t, t, sl

HW3: Solve the following ODE by Laplace transform:
F(t)+w?z(t) = cos(wt),if ©#w, or w =w
HW4: Solve the following ODE by Laplace transform:
F(t) +win(t) = sin(@t),if © #w, or @ =w
HWS5: Find Inverse Laplace Transform of s/(s* + 64).
<< InverselaplaceTransform[s/(s"2+64), s, t]
HW6: Find Inverse Laplace Transform of s/(s* — 64).
<< InverselaplaceTransform([s/(s"4 - 64), s, t]
HWT: Find L7 {dF(s)/ds}.
<< InverselaplaceTransform[D[LaplaceTransform[f[t]],t,s],s],s,t]
HWS8: Find Laplace transform for Heaviside function L{H (t — a)}.
<< Transform[UnitStep[t-al,t,s]
HW9: Find the solution by Laplace transform
y'(t) =5y (1) + 6y(t) = e

subjected to

WA TARBRIES B LH bR ERSEETERAETE F 2 ER
T :mathom7.4% #B:11/11/°95



EIGAE TR BB IE F-YESE /L (Laplace Transform)

<< Calculus‘LaplaceTransform®

<< LPT.m (* Load LPT.m *)
HW1: Define unit step function for H ().
<< UnitStep[x_]:=If[TrueQ[x>0],1,0]/;NumberQ[N[x]]

HW2: Plot Sin[2t]UnitStep[Sin[2t]] versus t from 0 to 4.
HW3: Take Laplace transform of Sin[2t]UnitStep[Sin[2t]].

HW4: Find Laplace transform for Heaviside function L{H (t — a)}.
<< LaplaceTransform[UnitStep[t-al,t,s]

HW35: Find Laplace transform for Dirac Delta function £{d(t — a)}.
HW6: Find Laplace transform for v/t.

HW?7: Find Laplace transform for y(¢) where
ty"(t) +y'(t) +ty(t) =0
and y(0) = 0,9(0) = 1.

HWS8: Find the convolution of sin(t) and sin(t).

iR, »EBMEOERE, WA—#l, BTEEER.

FHERE, P10 ERER, F#T5

MR, P20 28 RIREANLS 28R, FHHE AR HEE PC Notebook,
Ok, 2 —F F= E, PARGHRERIT,

Bt RwEE PC Notebook, BT —#H[E 225 ¥,

Ol W=

WA TRERIES BEIE LH bR EREETEMAETE L2 ER
g mathom9.cte #AE:11/11/°95
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89 ( ) 90/3/29

1. Find L) 3 g (12%)
s(s“ +1)
Hint: L[3(t-ty)]=e0 L[H(t—to)]:le‘go
S

2. For thefollowing 1% order O.D.E

dy  2x+3y-4
dx —3x+2y+3°

(2)

use the method specified below to solve the general solution.
(No credit for other methods.)
(@ Use a transformation, (x,y) - (X,Y), so that equation (2) becomes a homo-

geneous equation. Then solve this homogeneous equation with Y= vX (9%)
(b) Solve equation (2) as an exact equation (if not exact, find the integrating factor).
If the solution passes (X, y) = (1, 1), write down the specific solution. (12%)

3. Find the general solutions for the following ODEs::

2
€)) d_g/ + 9y = X COS X

dx
(16%)
(b)ﬂ+ﬂ+Q +y=sn2x + cos 3x (17%)
dx> dx? dx
4. For the boundary value problem (20%)
2
d—;’ —2x, y(0)=2, y(1)=0,
dx
(a) Formulate the Green’s function G(x, 2) :
(al) governing equation (a2) boundary condition
(a3) jump condition (a4) continuity condition

(b) Find G(x, 2)
(c) Write the solution y(x) in terms of the Green’s function G(X, 2).

5. Solvetheinitia value problem (14%)

d*y (dy jdzy (dy)z .
—+|3=+Yy|—+—| =€,
e at ) et

d?y

dt—2(0)=0,

—1 N
y(0) =1, E(O)_

for y(t).
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1.y"-5y +6y=2¢€, y(0)=0,y(0)=0

Ty(t) =27 | SRV - T Laplace transform <

2.y"—y=2sint, y(0)=0, y'(0)=0

Iy(t) =27 | SRV - T Laplace transform ¢
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1.y"-5y +6y=2¢€", y(0)=0, y'(0)=0
Ty(t) =27 | SRV - T Laplace transform <
y, =Ce +c,e’
y, =€
(1) 4 —_2
' yt)=ce? +c,e* +¢ 4
c,=1
2)
L[y"]-5L[y]+6L[y] = 2¢

sY(s) - sy(0) ~ y'(0) -5 sY(s) ~ Y(0)] + 6Y(s) =

sY(s) —5sY(s) + 6Y(S) = 5%1

(S°—5s+6)Y(S) = 2
s-1
2

__ s-1
Y= (s° —5s+6)

(A=-2
B=1

c=1

y(t) =L[Y(5)]=-2e" +€” +¢

A B C
= + + 3
s-2 s-3 s-1

249
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2.y"—y=2sint, y(0)=0,y'(0)=0

Ty(t) =27 | EEEEEY T - T Laplace transform <

(1) 4 Yh = Cle_t +Czet  Yp = Asint + B cost

( 1
T2
= y(t)=y,+Y,=C€ +C€ —-snt |
72
@
2
L{y"l—-L[{y]|=
[y T-Lly] Z.1
\ 2
s°Y(s)-sy(0) - y'(0) - Y(s) ==
s"+1
Y(S)(s2 1) = —2
s +1
2 As+B C D
Y(S)=-— > =— + +
(s"+1(s"-1) s +1 s+1 s-1
A=0B=-1C=-1 D=1
2 2
y(t) =L y(9)] = —%e‘ +%et —sint
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¥Ltzx]%
1. Solve particular solution (use Laplace transform)

()y —y = e, no initial condition

(2) Solve the total solution

y —y=¢t y(0) =0 y (0)=1

y —y=¢et y(0) =1 y (0)=0
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¥Ltzx]%
1. Solve particular solution (use Laplace transform)

(1)y —y = e, no initial condition
= L[y'] - L[yl = L[e]

sY(s) —y(0) — Y(s) = si_l y(0) = k (constant)

(s=1DY(s) = $+ k

1 N k
(s—1?% s-—-1

_ d( 1 )+ k
~ ds\s—1 s—1

~y() = L7Y(s)] = teX + ket

Y(s) =

(2) Solve the total solution

y —y=c¢ y(0) =0 y (0)=1
y —y=e' y(0) =1 y'(0) =0
(DLC.S. y(0)=0 (1)
1
= Y(s) = =y
= y(t) = te'
@ILCS. y(0) =1 (2)
1 1
= Y(s) = Y + oD

= y(t) = te' + €'
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Wz o@arig Phri1ag 2B 1&&% (Z) I F %R
~ Pro1= "~ NH(Fourier and Laplace transform) 09:20-12:00

Lopsm B9 =L(T)=[e*f@Od  pemmp f(0)- L‘l(F(s)):% [ F(setds
0 I o—iwn
2. Laplace transform table:
f(t) F(s) f(t) F(s)
1 1 1 7 cos(wt) S
S S+’
2 t 1 8 . w
il sin( wt
SZ ((0) Sz+a)2
3 t? 21 9 cosh(at) S
$ §-a’
4 t"(n=0,1,2,...) n! 10 sinh(at) a
gt 2 _ 32
5 t*(a>0) I'(a+1) 1 e™ cos(at) s a
a+1
S (s—a) +o
at
° € 1 12 e” sin(wt) )
S—a 2 2
(s-a) +o
3. 3T TR s-TFS L(eM (1) =F(s—a)
4. EsypoR g L(F) = sL(f)— f(0), L(f")=S’L(f)—sf (0)— f'(0)
t
5. A5 AR K E LUf(r)er:%F(s)
0
6. Wit il L(u(t-a)) =eT
7. - aREgs 2R S L{f({t-au(t-a)}=e*F(s)
8. Dirac EENFHrIVE il L(O(t-a) =€
0. e (f*g)(t)= j f(r)g(t-7)dr
10. correlation E:#: (f o g)(t) = I f(r)g(t+7)dr
11 A S L((f*g)(t))=F(9)G(s)
o0 1 0
12, ol s F((F*g)(1) = F(0)G(w) | Lofz(t)dtzz [ |F(o) do
13. correlation i g B din: F ((f ° g)(t)) = F(-0)G(w) = F(0)G(w)
14, ST LI () =—F/(8) - # i) L(y) =|F(s)as
pHp 2008 #6" 19p 7 g5 Mid2008-test3.doc Chen J T #J5
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R s#BEAg Fa1d 2B 1/&E (Z) ME 2% 05MaR

1

O ey 8

T f (x, y)dxdy :i j f (x, y)dydx

ab

(a) Please determine a, b, c and d, where the domain of integration is shown. (10 %)

X X f

(b) j j f(o)drdx, :>j Df((f)a’(f Please determine e, f and D (10 %)
00 e

2. IF Laplace transform of f(t) is F_(s), Fourier transformis F, (@) where f(t) is shown as

5 (1)

ocooo
N Ao ®

I I I Lot
-3 -2 -1 1 2 3

Please plot the inverse transform of F.(s). (10 %) Please find f ‘Ff (a))‘2 dw (10 %)

1
(1-e*)
3. Given f(t)=g(t)=1, -1<t<1, otherwise zero, please find (f *g) = I f(u)g(t—u)du=nh(t) (10 %)

o0

4. Given f(t)=g(t)=1, -1<t<1, otherwise zero, please find (foQ)= J‘ f(u)g(t+u)du=c(t) (10 %)

()
1.5
1.25

0.75
0.5
0.25

t

-3 -2 -1 0.25 1 2 3
0.5

5. Find H(w)=[ h()e"dt (5%), C(w)=] c(t)e™dt(5%), is it right that H () = C() ?  Why ? (5%)
6.1f f(t)=+t and F(s)zz_*/i,find the Laplace transform of f(t):% (10 %)
S t
7. Find the inverse Laplace transform: (20%)
se® 1 1 s
a b C d
@ s+’ (®) (s* +0.55) © (s—3)(s+5)() (52+16)2

8. Solve the ODE using Laplace transform (10 %)
y+y=e', y(0)=0, y(0)=1
y+y=e', y(0)=1, y(0)=0

9. Transform the following ODE once and twice (10 %)
t?y"(t)-4ty'(t)+6y(t)=0

10. Solve the ODE using the Laplace transform. (10 %)
y'(t)+y(t)=cos(t) y'(0)=y(0)=0

pHp 2008 #6" 19p 7 g5 Mid2008-test3.doc Chen J T #J5
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R s#BEAg Fa1d 2B 1/a&E (Z) i 2% 080
1 #ic® = =x ~ % (Fourier and Laplace transform) 09:20-12:00
LopsE F(9=L(f)=[e*f@d 455 #: (0)- L‘l(F(s)):% [ F(oetds
|
0

o—iw©

2. Laplace transform table:

f(t) F(s) f(t) F(s)
1 1 1 7 cos(wt) s
S s+’
2 t 1 8 . 1)
= sin( wt
SZ ( ) SZ + COZ
3 t? 2! 9 cosh(at) S
s §-a’
4 t"(n=0,12,..) n! 10 sinh(at) a
Sn+1 Sz _az
5 t*(a>0) I'(a+1) 11 e cos(mt) o a
a+1l
> (s-a) +?
at
6 € L 12 e” sin(wt) )
5-a (s- a)2 + o’

3. ¥- THELos-TfH>L(Ef(t)=F(s-a)
4. i enp SR L(F)=sL(f)- f(0),L(f")=<2L(f)—sf (0)— '(0)

5. g5 A i gk L(jf(r)dezéF(s)

—as

6. [t o dieend < L(U(t—a))=eT

7B THLLTH > Lf(t-aut-a))=eF(9
8. Dirac fﬁ \-’ilﬁ'{‘;’f"t’j\ _ﬁ:"ﬁ' L(§(t_a)):e*as

o0

9. #mff wk: (T*g))= [ f(r)g(t-r)dr

—0

10. correlation #_#&: (fog)(t) = T f(r)g(t+7)dr

11 3k o g3 L((F*g)(t)) = F(9)G(s)

12, B i = ks F((F*g)(t)) = F(0)G(w) , ji f2(t)dt :%IUF(a))F do
13. correlation =% = F g F((f og)(t))=F(-0)G(w) = F(0)G(w)

14, 3 % g4k e A L (1) =—F'(S) » 2% di e chfg & L(@):TF(g)dg

pHp 2008 #6" 19p 7 g5 Mid2008-test3.doc Chen J T #J5
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R o@mFr 8 Phaiad 2B 1#a&%%5 (Z2) MI 3% ELEEI8

1

O ey 8

T f (x, y)dxdy :j j f (x, y)dydx

ab

(a) Please determine a, b, c and d, where the domain of integration is shown. (10 %)
Sol.
a=0, b=0, c=o, d=x

X X f

(b) ij(r)drXm :>I Df(f)a’f Please determine e, f and D.(1o %)
00 e
Sol.
411 T =X
______ T A ¢
[ [ reozar, = - R
00 a &3
g
g
it | = X,
[ [ f(dvdr = Mo
0 v
= T(X - 0)f(t)dr ! i
z i
= [ - Orae |
0
e=0
f=x
[=(x-9
pap-2008#6°" 19p &% g Mid2008-test3.doc Chen J T %
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R s #BEA g Fa1ed 2B 1&g (Z) ME 280 8Mag
2. IF Laplace transform of f(t) is F_(s), Fourier transformis F, (@) where f(t) is shown as

s (1)

N

I L L
-3 -2 -1 1 2 3

0.
0.
0.
0.

NBO®R

Please plot the inverse transform of (1—1_25) F_(s). (10 %) Please find J'°° ‘Ff (a))‘z do (10 %)
— e —00
Sol
(a).

f(t)

0). " |F@) do=22[" t*@Mdt=22([ tidt+ [ (2-1)*ct) = %,[

0

3. Given f(t)=g(t)=1, -1<t<1, otherwise zero, please find (f *g)= J. f(ug(t—u)du=h(t) (10 %)

—00

4. Given f(t)=g(t)=1, -1<t<1, otherwise zero, please find (fog)= J. f(ug(t+u)du=c(t) (10 %)

Sol.
3.

1+t

If —2<t<0, h(t)= [1du=(1+t)—(-1)=2+t
a1

If 0<t<2, h(t)

h(t) = }1du=1—(t—1):2—t

If t<t—é or t>2 , h(t)=0

2+1,-2<t<0

h(t)=42-t,0<t<2 ‘ t
-4 -3 -2 -1 1 2 3 4
0, otherwise 0.5 ¢
pHp 2008 #6" 19p 7 g5 Mid2008-test3.doc Chen J T #J5
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Bz o@mEr+ 8 Prifg (2B 1#%KE (Z) M4 L85

4.
1
If —2<t<0, c(t)= [ ldu=1-(-1-t)=2+t
—1-t
If 0<t<2, c(t)
2.5

c(t)=T1du:(1—t)—(—1)=2—t
If t<-2 or t>2 , c(t)=0

2+t,-2<t<0
c(t)=42-1t,0<t<2
0, otherwise 05t

5.Find H(e)=[ h(e™dt (5%), C(w)=| c(t)e™dt (5%), is it right that H () = C(a) ? Why 2(5%)

Sol:
-
2+1,-2<t<0
a. h(t){Zt,O<t<2
0, otherwise

s H() =] h(te™dt

= '[_02(2 + t)e'iwtdt + J.OZ(Z _t)e-iwtdt

= ‘:Lz(l—ezm)—_i:‘-i-[iz(l_e—ziw)_i_i}
’ ' @ )

o w

_2- (e?” + e2)
a)Z
2+t,-2<t<0
b. cty=42-t,0<t<2

0, otherwise

~ C(w) = IZ c(t)e'dt

= J'702(2 + t)e'iwtdt + _[02(2 B t)e-iwtdt

= I:Lz(l— ezw) = i:l + I:Lz(]__ e—Ziw) + i:|
@ @ w i

1 . 1
2 -ery+ =
a)z( ) w*?

(1 _ e—2iw )

2 _ (eZiw + e—Ziw)

0)2

- .
(Z — .

a. H(w)=F(0)G(w)

—iot j ot
F(o)= _[_111>< e '“'dt = —e7-¢")

Iy
=

lw

pap-2008#6°" 19p &% g5 Mid2008-test3.doc Chen J T %
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R s r+8 pa1e48 4 2B

G(a)): J‘llxefimtdt :w
. -
~H(@)=F(0)G(w)= 2 - (e ';;re‘ o)

b.C(w)=F (-»)G ()

B 1 ot ~ eiwt _e—iwt
F(-o)=[ 1xe dt = ————
1 B _(efiwt _ eia)t)
G =11 it = ——— 2
(@)= ] 1xe .
2_ eZi(u e—Zia)
£ Clw)=F (~0)G (o) = 2= wj )
2_(e2iw+efziw)

—> H(w)=C(w) =
cf(t) 5 sk

S F(w)=F(-w) » &7 @i

2
(4

Jz

6.1f ft)=+t and F(S)ZZ_ZZ,find the Laplace transform of g(t)=%
S
Sol.
1 t R
g(t)_$—>G(s) ,tg(t)—W—«/f»—G (s)=F(s)
_3
o=y
2s?
G RGN N
2 5 S
s
f()=vE f(t)=->"
24t
-zf'u)=;§?andL{f'a)}=sp(s)-f(o)
—>G(s)=L{-2f'(t)}=-2L{f'(1)}
\/; /4 T
=TT TG
2s?  §?
PH 2008 # 6% 19p ¥ ¢ gt
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7. Find the inverse Laplace transform: (20%)
se® 1 1 s

@ s+’ (®) (s’ +0.59) © (s—3)(s+5)() (52+16)2
Sol.
(a)
se® s S
F(S):SZ-i-COZ =€ XSZ+(02
= f(t) =u(t—-2)cos[w(t-1)]
(b)
1 1 2 2
F(s)=— = =——
s+0.5s s(s+05 s (s+0.5)
= f(t)=2-2e""
(©)
Fe— 1,1 1.1
(s—=3)(s+5) 8 s-3 8 s+5
= f(f)=set—Lg®
(d)
s vy g Alp]
F(S):%:S(SZ+42)—2:_ld[(S +4) ]:_lﬂ
(s +16) 2 ds 8 ds

= £ (1) :%tsin(m)
8. Solve the ODE using Laplace transform (10 %)
(@).y+y=€e"', y(0)=0, y(0)=1

(b). y+y=et, y(0)=1, y(0)=0
Sol. @
= L[y]+L[y]=L|e"]

Y(5)-¥(0)+Y (5=

1
(s+1)Y(s):m

pHp 2008 #6" 19p 7 g5 Mid2008-test3.doc Chen J T #J5
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1

Y(s)= (s+1)2

__1(ij
ds\ s+1

Loy(t)=L7Y(s) |=te

(b).
= L[y]+L[y]=L]e"]

SY(s)-y(0)+Y(s)=——

s+1
1
1)Y(s)=——+1
(s+2)¥(s)= 7+
1 1
Y(S)= +
(%) (s+1)2 s+1

__d( 1)* 1
ds\ s+1 s+1

Loy(t)=L7Y(s) |=te T +e

9. Transform the following ODE, t*y"(t)—4ty’(t)+6y(t)=0, once and twice (10 %)
Sol.

L{y(t)}=Y(s)

L{t2 y”(t)} =s?Y"(S) +4sY'(s)+2Y (s)

L{ty'(t)} = —%(SY (5)-y(0))==(Y (s)+5Y'(s))

t?y" (t)—4ty'(t)+6y(t) =0 s*Y"(s)+8sY'(s)+12Y (s) =0
Transform twice:
d *t Euler-Cauchy Equation # < &&= =x ¥ W7 5| K enjlie s = 42 > =27 F

pY"(p)—4pY'(p)+6Y(p)=0

10. Solve the ODE using the Laplace transform. (10 %)
y'(t)+y(t)=cos(t) y'(0)=y(0)=0

Sol:

pHp 2008 #6" 19p 7 g5 Mid2008-test3.doc Chen J T #J5
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L]y (1) + y(t)= cos(t]

= SY(5)=(0) -y (0)+Y(8) =g
= SY(s)+Y(s)= Szil

S

B

=(S*+1)Y(s)
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