國立臺灣海洋大學河海工程學系2025工程數學(二) 第一次大考參考解答
系級：                   學號：                   姓名：           
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2. 已知三點
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  (1) 
[image: image10.wmf]ABC

D

面積S。 (3%)
  (2) 
[image: image11.wmf]A

、
[image: image12.wmf]B

、
[image: image13.wmf]C

與原點
[image: image14.wmf])

0

,

0

,

0

(

O

所構成之四面體體積V。 (3%)
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3. 給定函數
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  (1) 請計算
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  (2) 請找出沿著什麼方向，
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4. 給定純量場
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5. 試計算積分
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6. 給ㄧ心臟線 
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  (1) 試計算心臟線之周長。 (5%)
  (2) 試以格林定理: 
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Hint:
Gauss散度定理: 
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Stokes旋度定理: 
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曲率: 
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二倍角公式: 
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2. 已知三點
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3. 給定函數
[image: image112.wmf])

cos(

)

,

(

y

x

e

y

x

f

xy

+

=

及點
[image: image113.wmf])

,

0

(

)

,

(

p

=

y

x

P

，請回答下列問題:
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  (2) 請找出沿著什麼方向，
[image: image116.wmf]f

在
[image: image117.wmf]P

處的變化率會是上述最大變化率的一半。

                                                   (5%) (113台大土木)

  (1) 
[image: image118.wmf])

cos(

)

,

(

y

x

e

y

x

f

xy

+

=


     
[image: image119.wmf])

sin(

)

cos(

y

x

e

y

x

ye

x

f

xy

xy

+

-

+

=

¶

¶


     
[image: image120.wmf])

sin(

)

cos(

y

x

e

y

x

xe

y

f

xy

xy

+

-

+

=

¶

¶


     
[image: image121.wmf]j

y

f

i

x

f

f

r

r

¶

¶

+

¶

¶

=

Ñ

 

        
[image: image122.wmf]j

y

x

y

x

x

e

i

y

x

y

x

y

e

xy

xy

r

r

)]

sin(

)

cos(

[

)]

sin(

)

cos(

[

+

-

+

+

+

-

+

=


     在點點
[image: image123.wmf])

,

0

(

)

,

(

p

=

y

x

P


     
[image: image124.wmf]i

i

e

f

r

r

p

p

p

p

p

p

-

=

-

×

+

-

=

Ñ

)]

sin(

)

cos(

0

[

)]

sin(

)

cos(

[

0


     在
[image: image125.wmf]P

處的最大變化率為
[image: image126.wmf]p

=

Ñ

f

，方向為
[image: image127.wmf]i

f

f

r

-

=

Ñ

Ñ


  (2) 設沿u方向的單位向量為
[image: image128.wmf]j

u

i

u

u

r

r

r

2

1

+

=


     
[image: image129.wmf]2

p

=

×

Ñ

=

u

f

du

df

r

  
[image: image130.wmf]2

)

(

)

(

2

1

p

p

=

+

×

-

Þ

j

u

i

u

i

r

r

r

  
[image: image131.wmf]2

1

1

-

=

Þ

u


     又 
[image: image132.wmf]1

2

2

2

1

=

+

u

u

  
[image: image133.wmf]2

3

2

±

=

Þ

u


     
[image: image134.wmf]\

沿
[image: image135.wmf]j

i

u

r

r

r

2

3

2

1

+

-

=

或
[image: image136.wmf]j

i

u

r

r

r

2

3

2

1

-

-

=

方向，變化率為最大變化率的一半
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5. 試計算積分
[image: image159.wmf]ò

-

-

C

dy

y

x

dx

xy

x

2

2

3

4

3

)

2

10

(

，其中路徑C為由點P
[image: image160.wmf])

0

,

0

(

出發經由

  
[image: image161.wmf]2

3

4

4

6

y

xy

x

=

-

到點Q
[image: image162.wmf])

1

,

2

(

。 (10%)
  由於路徑C頗為複雜，故可先檢查是否為保守場

  
[image: image163.wmf]j

y

x

i

xy

x

j

y

x

Q

i

y

x

P

F

r

r

r

r

r

)

3

(

)

2

10

(

)

,

(

)

,

(

2

2

3

4

-

+

-

=

+

=


  
[image: image164.wmf]0

)]

6

(

6

[

0

3

2

10

2

2

2

2

3

4

=

-

-

-

=

-

-

¶

¶

¶

¶

¶

¶

=

´

Ñ

k

xy

xy

y

x

xy

x

z

y

x

k

j

i

F

r

r

r

r

r


  
[image: image165.wmf]\



 EMBED Equation.3  [image: image166.wmf]F

r

為保守場且存在純量函數
[image: image167.wmf]f

，使得
[image: image168.wmf]f

Ñ

=

F

r


    且
[image: image169.wmf]ò

×

C

r

d

F

r

r

積分結果與路徑無關，只與起點終點有關

  故可得 
[image: image170.wmf]3

4

2

10

)

,

(

xy

x

x

y

x

P

-

=

¶

¶

=

f

  
[image: image171.wmf])

(

2

1

3

2

5

y

h

y

x

x

+

-

=

Þ

f


         
[image: image172.wmf]2

2

3

)

,

(

y

x

y

y

x

Q

-

=

¶

¶

=

f

  
[image: image173.wmf])

(

2

3

2

x

h

y

x

+

-

=

Þ

f


  比較後可得
[image: image174.wmf]C

y

x

x

y

x

+

-

=

3

2

5

2

)

,

(

f


  
[image: image175.wmf]60

4

64

)

0

,

0

(

)

1

,

2

(

3

)

2

10

(

2

2

3

4

=

-

=

-

=

×

=

-

-

ò

ò

f

f

C

C

r

d

F

dy

y

x

dx

xy

x

r

r


6. 給ㄧ心臟線 
[image: image176.wmf])

sin

)

(

,

cos

)

(

(

)

(

t

t

t

t

t

r

r

r

=

r

，其中
[image: image177.wmf])

cos

1

(

)

(

t

a

t

-

=

r

且
[image: image178.wmf]p

2

0

£

£

t


  (1) 試計算心臟線之周長。 (5%)
  (2) 試以格林定理: 
[image: image179.wmf]òò

ò

¶

¶

-

¶

¶

=

+

dxdy

y

f

x

g

gdy

fdx

)

(

，給定
[image: image180.wmf]y

f

-

=

與
[image: image181.wmf]x

g

=

來求

     心臟線之面積。 (5%)
  (3) 試求在點
[image: image182.wmf])

0

,

2

(

a

-

之曲率
[image: image183.wmf]k

。 (5%)

  (1) 
[image: image184.wmf]j

t

t

i

t

t

j

y

i

x

r

r

r

r

r

r

sin

)

(

cos

)

(

r

r

+

=

+

=


     
[image: image185.wmf]î

í

ì

-

=

-

=

Þ

t

t

a

y

t

t

a

x

sin

)

cos

1

(

cos

)

cos

1

(

  
[image: image186.wmf]ï

î

ï

í

ì

-

=

+

-

=

Þ

)

2

cos

(cos

)

2

sin

sin

(

t

t

a

dt

dy

t

t

a

dt

dx


     
[image: image187.wmf]dt

dt

dy

dt

dx

dy

dx

r

d

ds

S

ò

ò

ò

ò

+

=

+

=

=

=

2

2

2

2

)

(

)

(

r


       
[image: image188.wmf]ò

-

+

+

-

=

p

0

2

2

)

2

cos

(cos

)

2

sin

sin

(

2

dt

t

t

t

t

a


       
[image: image189.wmf]ò

×

-

×

-

=

p

0

2

cos

cos

2

sin

sin

1

2

2

dt

t

t

t

t

a


       
[image: image190.wmf]ò

-

=

p

0

cos

1

2

2

dt

t

a


       
[image: image191.wmf]ò

=

p

0

2

sin

4

dt

t

a


       
[image: image192.wmf]a

8

=


  (2) 
[image: image193.wmf]A

dxdy

xdy

ydx

2

2

=

=

+

-

òò

ò

 

    
[image: image194.wmf]ò

+

-

=

Þ

xdy

ydx

A

2

1


        
[image: image195.wmf]ò

×

-

+

×

-

-

=

p

0

2

2

2

)

2

cos

cos

cos

2

sin

sin

)(sin

cos

1

(

dt

t

t

t

t

t

t

t

a


        
[image: image196.wmf]ò

-

=

p

0

2

2

)

cos

1

(

dt

t

a


        
[image: image197.wmf]ò

+

-

=

p

0

2

2

)

cos

cos

2

1

(

dt

t

t

a


        
[image: image198.wmf]ò

+

+

-

=

p

0

2

)

2

2

cos

1

cos

2

1

(

dt

t

t

a


        
[image: image199.wmf]2

2

3

a

p

=


   (3) 
[image: image200.wmf]2

3

)]

(

)

(

[

)

(

)

(

t

r

t

r

t

r

t

r

¢

×

¢

¢

¢

´

¢

=

v

v

v

v

k


      
[image: image201.wmf]j

y

i

x

t

r

r

r

v

¢

+

¢

=

¢

)

(


      
[image: image202.wmf]j

y

i

x

t

r

r

r

v

¢

¢

+

¢

¢

=

¢

¢

)

(


      
[image: image203.wmf]2

3

2

2

2

3

]

)

(

)

[(

)]

(

)

(

[

)

(

)

(

y

x

y

x

y

x

t

r

t

r

t

r

t

r

¢

+

¢

¢

¢

¢

-

¢

¢

¢

=

¢

×

¢

¢

¢

´

¢

=

v

v

v

v

k


      
[image: image204.wmf]t

t

a

x

cos

)

cos

1

(

-

=

  
[image: image205.wmf])

2

sin

sin

(

t

t

a

dt

dx

x

+

-

=

=

¢

Þ


                        
[image: image206.wmf])

2

cos

2

cos

(

2

2

t

t

a

dt

x

d

x

+

-

=

=

¢

¢

Þ


      
[image: image207.wmf]t

t

a

y

sin

)

cos

1

(

-

=

  
[image: image208.wmf])

2

cos

(cos

t

t

a

dt

dy

y

-

=

=

¢

Þ


                        
[image: image209.wmf])

2

sin

2

sin

(

2

2

t

t

a

dt

y

d

y

+

-

=

=

¢

¢

Þ


      
[image: image210.wmf])

cos

1

(

2

2

3

)]

cos

1

(

2

[

)

cos

1

(

3

]

)

(

)

[(

2

3

3

2

2

3

2

2

t

a

t

a

t

a

y

x

y

x

y

x

-

×

=

-

-

=

¢

+

¢

¢

¢

¢

-

¢

¢

¢

=

k


      將點
[image: image211.wmf])

0

,

2

(

a

-

即
[image: image212.wmf]p

=

t

代入，可得 
[image: image213.wmf]a

4

3

=

k


7. 已知場
[image: image214.wmf]k

z

j

x

y

i

y

F

r

r

r

r

2

)

(

+

-

+

=

，曲面
[image: image215.wmf]1

S

為
[image: image216.wmf]4

,

25

)

4

(

2

2

2

³

=

-

+

+

z

z

y

x

之部分與
[image: image217.wmf]4

:

2

=

z

S

，
[image: image218.wmf]G

為
[image: image219.wmf]1

S

、
[image: image220.wmf]2

S

之交線，試問:
  (1) 試畫出
[image: image221.wmf]1

S

之圖形，並標出
[image: image222.wmf]1

S

、
[image: image223.wmf]2

S

與
[image: image224.wmf]G

。 (4%)
  (2) 
[image: image225.wmf]F

r

是否為保守場? 請說明之。 (2%) 
  (3)  S1上的單位法向量 
[image: image226.wmf]?

=

n

r

 (4%)
  (4) 
[image: image227.wmf]?

)

(

=

×

´

Ñ

òò

dS

n

F

r

r

 (4%)
  (5) 
[image: image228.wmf]?

=

×

ò

G

r

d

F

r

r

 (4%)
  (6) 
[image: image229.wmf]?

)

(

1

=

×

´

Ñ

òò

S

dA

n

F

r

r

 (4%)
  (7) 
[image: image230.wmf]?

)

(

2

=

×

´

Ñ

òò

S

dA

n

F

r

r

 (4%)
  (1)[image: image258.wmf]9

=

z


[image: image259.wmf]4

=

z






  (2) 
[image: image231.wmf]Q

 
[image: image232.wmf]0

2

2

¹

-

=

-

¶

¶

¶

¶

¶

¶

=

´

Ñ

k

z

x

y

y

z

y

x

k

j

i

F

r

r

r

r

r


     
[image: image233.wmf]\

 
[image: image234.wmf]F

r

不為保守場
    (3)  令 
[image: image235.wmf]25

)

4

(

2

2

2

-

-

+

+

=

z

y

x

f


      
[image: image236.wmf]5

)

4

(

)

4

(

4

4

4

)

4

(

2

2

2

2

2

2

k

z

j

y

i

x

z

y

x

k

z

j

y

i

x

n

r

r

r

r

r

r

r

-

+

+

=

-

+

+

-

+

+

=

Ñ

Ñ

=

f

f


    (4) Gauss散度定理: 
[image: image237.wmf]òòò

òò

×

Ñ

=

×

dV

P

dS

n

P

r

r

r


      令 
[image: image238.wmf]F

P

r

r

´

Ñ

=

  
[image: image239.wmf]Þ


[image: image240.wmf]0

)

(

=

´

Ñ

×

Ñ

=

×

Ñ

F

P

r

r

 (
[image: image241.wmf]Q

任何旋轉場不具有發散性)
      因此 
[image: image242.wmf]0

)

(

=

×

´

Ñ

òò

dS

n

F

r

r


  (5) 由線積分 
[image: image243.wmf]ò

ò

G

G

+

-

+

=

×

dz

z

dy

x

y

dx

y

r

d

F

2

)

(

r

r


     令 
[image: image244.wmf]q

cos

5

=

x

, 
[image: image245.wmf]q

sin

5

=

y

, 
[image: image246.wmf]4

=

z

 


[image: image247.wmf]Þ



 EMBED Equation.3  [image: image248.wmf]q

q

d

dx

sin

5

-

=

, 
[image: image249.wmf]q

q

d

dy

cos

5

=

, 
[image: image250.wmf]0

=

dz


      
[image: image251.wmf]\

 
[image: image252.wmf]ò

ò

G

G

+

-

+

=

×

dz

z

dy

x

y

dx

y

r

d

F

2

)

(

r

r



[image: image253.wmf]q

q

q

q

q

q

p

d

)]

cos

5

(

)

cos

5

sin

5

(

)

sin

5

(

sin

5

[

2

0

×

-

+

-

×

=

ò



[image: image254.wmf]q

q

q

q

q

q

p

d

)]

cos

5

(

)

cos

5

sin

5

(

)

sin

5

(

sin

5

[

2

0

×

-

+

-

×

=

ò



[image: image255.wmf]p

50

-

=


   (6) 
[image: image256.wmf]p

50

)

(

1

-

=

×

=

×

´

Ñ

ò

òò

G

r

d

F

dA

n

F

S

r

r

r

r


   (7) 
[image: image257.wmf]p

50

)

(

2

=

×

-

=

×

´

Ñ

ò

òò

G

r

d

F

dA

n

F

S

r

r

r

r































































































S2





Γ





S1





� EMBED Equation.3  ���





z





y





x











� EMBED Equation.3  ���






























































































































Filename: EMII-2025-mid01s.doc ~ by Y. T. Lee                                April 25, 2025

_1806741436.unknown

_1806909575.unknown

_1806915385.unknown

_1806925816.unknown

_1806927793.unknown

_1806928629.unknown

_1806929920.unknown

_1806930151.unknown

_1806930394.unknown

_1806930418.unknown

_1806930737.unknown

_1806930241.unknown

_1806929955.unknown

_1806930089.unknown

_1806929948.unknown

_1806929600.unknown

_1806929793.unknown

_1806929805.unknown

_1806929605.unknown

_1806929509.unknown

_1806928089.unknown

_1806928101.unknown

_1806927732.unknown

_1806925929.unknown

_1806926083.unknown

_1806926230.unknown

_1806926010.unknown

_1806925841.unknown

_1806925917.unknown

_1806925528.unknown

_1806925756.unknown

_1806925802.unknown

_1806925810.unknown

_1806925795.unknown

_1806925716.unknown

_1806924704.unknown

_1806924761.unknown

_1806924809.unknown

_1806924753.unknown

_1806924748.unknown

_1806924203.unknown

_1806924252.unknown

_1806915394.unknown

_1806924129.unknown

_1806910711.unknown

_1806910810.unknown

_1806915143.unknown

_1806915374.unknown

_1806914555.unknown

_1806910779.unknown

_1806910806.unknown

_1806910727.unknown

_1806910743.unknown

_1806910716.unknown

_1806909988.unknown

_1806910548.unknown

_1806910693.unknown

_1806910707.unknown

_1806910614.unknown

_1806910173.unknown

_1806910397.unknown

_1806910144.unknown

_1806909876.unknown

_1806909943.unknown

_1806909771.unknown

_1806742618.unknown

_1806743384.unknown

_1806909446.unknown

_1806909520.unknown

_1806909524.unknown

_1806909471.unknown

_1806743690.unknown

_1806909383.unknown

_1806909392.unknown

_1806743799.unknown

_1806909368.unknown

_1806743840.unknown

_1806743786.unknown

_1806743419.unknown

_1806743612.unknown

_1806743395.unknown

_1806742923.unknown

_1806743269.unknown

_1806743287.unknown

_1806742978.unknown

_1806742903.unknown

_1806742908.unknown

_1806742846.unknown

_1806742893.unknown

_1806742795.unknown

_1806742098.unknown

_1806742387.unknown

_1806742399.unknown

_1806742581.unknown

_1806742395.unknown

_1806742184.unknown

_1806742303.unknown

_1806742374.unknown

_1806742181.unknown

_1806741597.unknown

_1806742013.unknown

_1806742083.unknown

_1806741939.unknown

_1806741943.unknown

_1806741657.unknown

_1806741538.unknown

_1806741586.unknown

_1806542628.unknown

_1806739418.unknown

_1806739564.unknown

_1806739599.unknown

_1806739639.unknown

_1806739582.unknown

_1806739550.unknown

_1806542849.unknown

_1806739114.unknown

_1806739175.unknown

_1806739186.unknown

_1806739008.unknown

_1806739060.unknown

_1806542807.unknown

_1806542815.unknown

_1806542795.unknown

_1806542654.unknown

_1806542736.unknown

_1775509784.unknown

_1806541934.unknown

_1806541944.unknown

_1806542601.unknown

_1806541942.unknown

_1775567033.unknown

_1806541839.unknown

_1806541704.unknown

_1806541817.unknown

_1775510130.unknown

_1775562531.unknown

_1775563564.unknown

_1775510151.unknown

_1775562484.unknown

_1775509793.unknown

_1775509811.unknown

_1617698384.unknown

_1617701037.unknown

_1617708227.unknown

_1617708623.unknown

_1617708688.unknown

_1617708702.unknown

_1681215254.unknown

_1775508615.unknown

_1681215202.unknown

_1617708697.unknown

_1617708650.unknown

_1617708671.unknown

_1617708624.unknown

_1617708254.unknown

_1617708401.unknown

_1617708529.unknown

_1617706901.unknown

_1617706923.unknown

_1617706971.unknown

_1617707061.unknown

_1617706919.unknown

_1617705703.unknown

_1617705764.unknown

_1617705734.unknown

_1617705756.unknown

_1617705658.unknown

_1617705669.unknown

_1617705596.unknown

_1617699276.unknown

_1617700040.unknown

_1617700288.unknown

_1617700446.unknown

_1617700475.unknown

_1617700303.unknown

_1617700092.unknown

_1617699845.unknown

_1617699952.unknown

_1617699939.unknown

_1617699787.unknown

_1617699259.unknown

_1617699270.unknown

_1617698691.unknown

_1554234618.unknown

_1617694524.unknown

_1617694548.unknown

_1617695079.unknown

_1617694539.unknown

_1554320683.unknown

_1617694436.unknown

_1617694448.unknown

_1617694271.unknown

_1616930066.unknown

_1554320649.unknown

_1492282328.unknown

_1554233561.unknown

_1554234598.unknown

_1554233752.unknown

_1523912395.unknown

_1492095210.unknown

_1492280272.unknown

_1492280323.unknown

_1492279613.unknown

_1492070279.unknown

