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THE MATRIX EXPONENTIAL *
I. E. LEONARD'

Abstract. There are many different methods to calculate the exponential of a matrix: series methods, differential
equations methods, polynomial methods, matrix decomposition methods, and splitting methods, none of which is
entirely satisfactory from either a theoretical or a computational point of view. How then should the matrix exponential
be introduced in an elementary differential equations course, for engineering students for example, with a minimum
of mathematical prerequisites? In this note, a method is given that uses the students’ knowledge of homogeneous
linear differential equations with constant coefficients and the Cayley—Hamilton theorem. The method is not new;
what is new is the approach.
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1. Introduction. Just as the scalar exponential functigth can be represented by the
power series

1 1
at— 2 .« .. 71{]{ .« ..
e —1+at+5at+ +k!at+

given a constant x n matrix A, the corresponding series
1 2.2 1 k k
I+At+§At +~-~+EAt + -

can be shown to converge entrywise tosamx n matrix, thematrix exponential functign
denoted by*’.
It is easily seen that

L =er0=7
and

4 M =AM,

dt

Therefore, using the matrix exponential function, the solution to the system of homogeneous
linear first-order differential equations with constant coefficients

X = AX,
X(0) = Xo

can be written ag(r) = e’ Xo.

Most of the recent differential equations textbooks use this method to solve the initial
value problem stated above. They also, however, insist on considering the cases where the
matrix A has distinct or repeated eigenvalues separately, and then, in the second case, they
go on to consider the subcases wharis or is not diagonalizable. In doing this, they must
introduce the eigenvalue problem, generalized eigenvectors, and the Jordan canonical form.

It is not necessary to introduce all of these new concepts. At the time when systems of
differential equations are introduced, the students have already learned how to sebaddhe
nth order homogeneous linear differential equation with constant coefficients

x® 4 cp1x™ Y 4o ex’ + cox = 0.
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In fact, using reduction of order and a simple induction argument, they can obtain a rigorous
proof of the existence and uniqueness of solutions to the initial value problem for the scalar
equation.

The students can then apply their knowledge of the form of the solution to the scalar
equation to fing4’ as soon as they find the eigenvalues of the matriXhe only prerequisite
fromlinear algebra, aside from being able to find the eigenvalugsisfthe Cayley—Hamilton
theorem, which can be covered at the discretion of the instructor. This method is outlined in
Problems 1.9 (#9 on p. 65 in [2], where it is hoted that(A) can be any polynomial for which
p(A) = 0, not just the characteristic polynomial af

2. Preliminaries. Before proceeding with the examples, we need the following two re-
sults. The firsttheorem guarantees the existence of a unique solution to an initial value problem
for a matrix differential equation, while the second theorem gives a method for constructing
the matrix exponential from the solutions to certagalarinitial value problems.

THEOREM1. Let A be a constant x n matrix with characteristic polynomial

pO) =deti — A) = A" + c,mtd" -+ ad + ol
then® () = e’ is the unique solution to theth order matrix differential equation
(%) O™ ¢, 1@V 4 4@ P =0,
satisfying the initial conditions
(k) ®0) =1, ¥ 0) =A, &' (0) =A? ..., " D0 =A""1

Proof. Let ®; and®, be solutions to theth order matrix differential equatiogx) and
the initial conditions(xx), and letd = ®; — ®,; then® satisfieq(x) with initial conditions
®0) = P'(0) = --- = "V (0) = 0. Therefore, each entry @b satisfies thescalarinitial
value problem

x(") + Cn—l-x(nil) 4. 4 Clx, —+ cox = O,
x0)=x'0=-=x"D0=0

with solutionx () = 0, and so®(r) = O for allr € R, thatis,®; = ®,.
Now let A be a constant x n matrix with characteristic polynomial

p(h) = dethd — A) = A" + ¢, 1A+ - + 1 + co.
If ®(t) = e, then
D)= Ae™, ®"(1) = A%, ..., dM (1) = A" eV,
so that
DM (1) 4+ cu1 @V (@) 4+ + 1@ (1) + coP (1)
= (A" + 1A+ A+ col ) eV
=pA) e =0

by the Cayley—Hamilton theorem. Als®,0) = I, ®'(0) = A, ..., ®"Y(0) = A" 1, and
therefored (r) = ¢’ is the unique solution to the initial value problem

O™ 4 ¢, 1"V 4@+ gd =0,
®0) =1, 9'(0)=A,d"0) =A%, ..., o" D0 = A"

This completes the proof. 0O
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THEOREM 2. Let A be a constant x »n matrix with characteristic polynomial
p() =deth] —A) =1" 4+ ¢, A" P+ 4 ch +co
then
e =x1(1) I+ x2(t) A + x3(1) A%+ -+ + x, (1) A",
where thex, (¢), 1 < k < n, are the solutions to theth order scalar differential equation
x™® 4 e, x4 4 x4 cox = 0,

satisfying the following initial conditions:

x(0 =1 x2(0) =0 x,(0) =0
x1(0)=0 x50 =1 x (0 =0
X;_n_l)(O) -0 xéﬂ*l)(o) =0 _x;ln—l)(O) =1

Proof. Let A be a constant x n matrix, and let
p) =deti] —A) =A"+c, A" T ar 4o

be its characteristic polynomial.
Define

D) = x1(t) I+ x2(t) A+ x3(t) A> + - - - + x, (1) A",

where thex;(r),1 < k < n, are the unique solutions to thah order scalar differential
equation
x® 4 px™ V4o +cox =0,
satisfying the initial conditions stated in the theorem. Then
O™ 4 ¢, 1@V 4 @ D
= (xin) + cn_lxin_l) 4 -+ 4 c1x) + cox1) 1

+ (5" + cumaxg ™ 4 caxy + coxz) A

+ (xign) + Cn—lxr(l"*l) 4o d X, + Coxn) An—1
=0/4+0A+..-4+04"1=0.
Thus,
D) 4+ 1 P VO -+ 1 D) +coP?) =0
forallr € R, and
®(0) = x1(0)] + x2(0)A + - -- + x,(0)A" L =1
®'(0) = x1(0) ] +x5(0A +--- +x, (A" 1= A

VO = x" PO + xSV OA+ -+ XD (AE = AT
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Therefore

() = xa() I +x2(0) A+ -+, (1) A"
satisfies the initial value problem

O+, 1@V @+ P =0,

®0) =1, P0) =A, "0 =A%, ..., " V) =A""1.

The uniqueness of the solution then gives

M =x1() I +x2(t) At -+, (1) AT

forallr € R. 0

3. Examples.As noted earlier, we assume that it is known that ifs a root of the
characteristic polynomial of, with multiplicity m, then its contribution to the general solution
of the scalanth order equation is of the form

(ao +art+apt>+--- —|—am,1t”’_l) .

Using this fact we give two examples. In each example the mathias a repeated eigenvalue.
In the first exampleA is diagonalizable, while in the second examplés not diagonalizable.

The only work required of the student in each of the examples involves solving initial
value problems for a scalath order homogeneous linear differential equation with constant
coefficients. The point to be noted here is that it is no more difficult to solve the second
example than it is to solve the first, even though in the second example the malis not
have a complete set of eigenvectors. Thus, there is no need to consider these cases separately.

Examplel. Given the system of equations

dx

=2x+0 1z,
i +0y+ 1z
dy

=0 2 Oz,
o x + 2y + 0z
dz

=0 0 3z,
I x + Oy + 32

we can use the previous theorem to calcuddte where the coefficient matrix is given by

2 01
A= 0 2 0
0O 0 3
as follows. The eigenvalues df arex; = 2, 1, = 2, A3 = 3, so that 2 is an eigenvalue of
multiplicity 2.
The general solution t9” + cox” + c1x” + cox = 0 is given by

x(1) = arre® + aze” + aze™,

and from this we find the following:
(i) the solution satisfying the initial conditiong0) = 1, x'(0) =0, x"(0) =0is

x1(t) = —61e? — 3% + 4%,
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(ii) while the solution satisfying the initial conditiong0) = 0, x’(0) = 1, x”(0) = 0iis
xo(t) = 5te® 4 4e? — 4™

(iii) finally, the solution satisfying the initial conditions0) = 0, x’(0) =0, x"(0) =1
is

x3(t) = —te? — e? + &%,

1
0 9
3

Also,

S

Il
1
conN
oNn o

and

b

N

I

o

A
© O O

therefore

e = (—GteZI _ 362r +4e3t) + (5te2’ +4egf _ 463,)

O O
O rFr O
= OO
OON
O N O
w ok

+(_t82z _eZt +e3t)

eZt 0 e3r _ eZt
M = |: 0 &% 0 :| .
0 O e

Example2. In this example we consider the system of equations

o O b~
o b~ O
© O ul

and thus

dx
— =2 1 0z,
o x + 1y +0z
dy
— =0 A ,
ot x + 1y + 1z
dz
— =0 0 AZ.
7 x + Oy + Az
The coefficient matrix is now
A 1 0
A= 0 1 1
0O 0 A

andthe eigenvalues dfarer; = A, A, = A, A3 = A, sothatx is an eigenvalue of multiplicity 3.
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The general solution to”” + c2x” 4 c1x” + cox = 0 is given by

x(1) = are™ + apte’’ + azt®e,

and therefore
(i) the solution satisfying the initial conditiong0) = 1, x’(0) =0, x”(0) =0is

2.2
x1(t) = (1 — A+ “> eM,
2
(i) while the solution satisfying the initial conditiong0) = 0, x’(0) = 1, x”(0) =0is
x2(t) = (t — aP)e™;

(iii) finally, the solution satisfying the initial conditiong0) = 0, x’(0) =0, x"(0) =1
is
tZ
x3(t) = ie)".

Also,

S

Il
o o >
o > B
> R o

and
A2 1
A= 0 22 2 |;
0 0 a2

therefore
)\.2t2
et = (l— A+ ) et

2 222 1
+§e“ 0 A2 2
0 0 a2

+(r — at?)eM

ocor
or o
T =X=)
o o>
o>k
> Rk o

and so

2

1 ¢
Al — 0 1 71 oM

0 0 1

For more information concerning other methods for calculating the matrix exponential,
the interested reader is referred to the 1978 survey paper by Moler and Van Loan [1].

REFERENCES

[1] C. MoLER AND C. VAN Loan, Nineteen dubious ways to compute the exponential of a m&txM Rev.,

20 (1978), pp. 801-836.
[2] W.T. Rep, Ordinary Differential EquationsJohn Wiley and Sons, New York, 1971.



