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THE POWER OF A MATRIX*
M. KWAPISZ?
Abstract. In this note an elementary method of calculating any power of a given matrix is

described. The method is quite similar to that presented by I. E. Leonard [SIAM Rev., 38 (1996),
pp. 507-512].
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In the note by I. E. Leonard [1] the author has presented an elementary method of
calculating the exponential matrix e*4 which uses a minimum mathematical prereq-
uisites. Namely, the method uses only the students’ knowledge of homogeneous linear
differential equations with constant coefficients and the Cayley—Hamilton theorem.
The present note is only a supplement to Leonard’s note. It deals with the analogous
problem for linear difference equations with constant coefficients.

Consider the initial value problem for the system of linear homogeneous first order
difference equations with constant coefficients

(1) x(k+1) = Ax(k), k=0,1,...,
(2) x(0) = xo.
The unique solution of the problem (1)—(2) has the form
k— AFzg, k=0,1,....
Here A is an n x n matrix. Take the characteristic polynomial of the matrix A
(3) p(A) = det(A — A) = X" + ¢, A"+ -+ e d + oo

The Cayley—Hamilton theorem says that p(4) = 0. As a simple consequence of this
one has the following results.
THEOREM 1. The matriz function k — A*, k=0,1,..., is the unique solution
of the nth order matrix difference initial value problem
4) LX)k)=Xn+k)+cpaX(n+k—1)+--
+aX(k+1)+cX(k)=0, k=0,1,...,

(5) X0)=1I, X(1) =4, ... ,X(n—1)=A"""1.
Proof. One can see easily that
L(AF) (k) = AFp(A) =0, k=0,1...,
which means that the theorem is true. O
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THEOREM 2. If x;, i = 1,2,... n, are the solutions of the equation

(6) lx)(k)=xz(n+k)+cnrz(n+k—1)+---
+ cz(k+1)+cox(k) =0, k=0,1,...,

with the initial conditions
(7) ZL',L(j—].):&”, Z,j:1,2,,’n,

where

5ij={0 if £ 7,

1 if i=j,
then
(8) AR = 2 ()T + zo(k)A+ ...+ z,(K)A"Y, k=0,1,....
Proof. Put
O(k) = 21 (k)] +2o(k)A+ ... + 2, (k)A™ Y, k=0,1,....
One has
L(®)(k) = L(z1(k)I) + L(zo(k)A) + ... + Lz, (k) A" 1)
= U(a1) ()T + U(m2) (k) A + ... + () (k) A1
=0-J4+0-A+...4+0-A"1=0, k=0,1,....
Moreover,

®(0) = 21 (0)] + 22(0)A+ ... 4+ 2,(0) AL = I,
O(1) =21 ()] + 22()A+ ...+ 2, (1) A1 = A,

dn—1)=x1(n— I +a2(n—1)A+...+x,(n— 1AL = A"~ L

This shows that @ is a solution of the problem (4)—(5), which, according to Theorem
1, implies that ®(k) = A*, k=0,1,.... |

Ezample. Consider the system of difference equations (analogous to that of the
paper by I. E. Leonard)

z(k+1)=2x(k) +0y(k) + 1 2(k),
y(k+1) =0z(k) +2y(k) + 02(k),
z(k+1)=0xz(k) +0y(k) + 3 2(k).

The characteristic polynomial of the matrix

A:

O O N
o N O

1
0
3

has the form p(A\) = (A —2)?(\ — 3). The general solution of the corresponding scalar
third-order difference equations is expressed by the formula

w(k) = C12% + Cok2F + C33%, k=0,1,....
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The solutions x1, zo, x3 satisfying the conditions of Theorem 2 have the form
x1(k) = —32F — 3 k2% 4 43k,
5
zo(k) =428 + 3 k2F — 43

1
z3(k) = —2F — 3 K2k 4 3k,

According to Theorem 2 we have
AF =z (k)T + 2o(k)A + z3(k)A%, k=0,1,...,
and after some algebra we find
28 0 3k -2k

Ab=| 0o 2k 0 . k=0,1,....
0 0 3k
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For more information concerning other methods of calculating the matrix power of
any order, an interested reader is referred to any standard textbook on difference

equations.
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