1. Solvethe PDE U, =U, for —o0<X<oo,t>0

With initial conditions u(x,0) =0, u(x,0) = i[H (x—a)—H(x+a)]
a

Where H(t) is Heaviside function
(1) As a=1, check the same problem of homework
(2) Disscuss the limiting case for a— 0
(3) Plot the 3-D plot of u(xt)
(4) Plot the contour of u(x,t) in x—t plane
Sol :
D’Alembert’s solution :

X+ct

u(xt) :%[¢(x—ct)+¢(x+ ct)]+2iC I _olr)de

1 X+ct 1
=— —[H(r-a)-H(r+a)]dr
2CIx-a @

x—ct

— L (r-aH(r-a) - (c+ )H (r+ )] [
2ac

:Ziac[(XJrct—a)H(x+ct—a)—(x+ct+a)H(x+ct+a)—
(x—ct—a)H(x-ct—a)+(x—ct+a)H(x—ct+a)]
1) a=1:
u(x,t)=2iac[(x+ct—l)H(x+ct—1)—(x+ct+1)H(x+ct+1)—
(x—ct-1)H(x-ct-1)+(x—ct+1)H (x—ct+1)]
(2) a—>0:
u(x,O):Iaimé[H(x—a)—H(x+a)]
=lim[-o(x—a)-d(x+a)]
=i;()5(x)

u(x,t) = %[qﬁ(x— ct) + g(x+ct)]+ Zicj‘:: o(r)dr

1 xrat _1 X+ct
== —26@)de=""H@) 2
2C Ix-at C

= HH (o) - H(x-ct)]

u(x,t) = Iim{zi[(xjt ct—a)H(x+ct—a)—(x+ct+a)H(x+ct+a)—

a0 ZaC

(x—ct—a)H(x-ct—-a)+(x—ct+a)H(x—ct+a)]}



u(xt) = Iim{zic[—H (x+ct—a)—(x+ct—a)o(x+ct—a)—H(x+ct+a)—

" (x+ct+a)o(x+ct+a)+H(x—ct—a)+(x—ct—a)d(x—ct—a)+
H(x—ct+a)+(x-ct+a)o(x—ct+a)]}

zzic[—H (X+ct) = (x+ct)S(x+ct) — H (x+ ct) — (X+ ct)S(x+ct) +
H (X—Ct)+(X—Ct)5(X—Ct)+ H (X_Ct)+(X—Ct)5(X—Ct)]

= %[—ZH (X+ct) +2H (x—ct) = 2(x+ct) S (x+ct) + 2(x—ct)5(x—ct)]

2%1[H (x+ct)—H(x—ct)]
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