On the Mechanism of Fictitious Eigenvalues
In Direct and Indirect BEM
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Indirect method

three dimensional problem

Direct method

1-D |u=u, |, =T,
U,L [cos(ka)=0|cos(ka)=0
T,M |sin(ka)=0]|sin(ka)=0
2-D |[u=u,|t, =t
U,L [|Jd.(ka)=0|J (ka)=0
T,M |[3'(ka)=0]J, '(ka)=0
3'D U = UO fO = fO
U,L [i.(a)=0 [j,(ka)=0
T,M |j '(ka)=0]j,'(ka)=0

U,T |cos(ka)=0|cos(ka)=0
L,M |sin(ka)=0 [ sin(ka)=0
U, T |J.(ka)=0[J (ka)=0
L,M |[J,(ka)=0[J, (ka)=0
3-D |u=u, |f, =t
U, T |i.(ka)=0 [j (ka)=0
L,M |i (ka)=0|j,'(ka)=0
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Fig.6.10 Fictitious eigenvalues using different methods
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Degenerate Form for Kernel Functions

Interior S exterior

U‘(s,x):mi Ci—Cm(ks)Rn(kx) e XeD Ue(s,X)=Z ;Cm(kX)Rm(kS) ® xXeD°®

T‘(s,x):i Ci—{VSCm(ks)n(s)}Rﬂ(kx) <Lrnp Te(s,x)zi CiCm(kx){VSRm(ks)-n(S)}

Li(s,x)=m_zn_f o Gl TR (120 n)} jump Le(s,x)zni ;{chm(kx).n(x)}mks)

i N\ o

M (S,X)—n; a{VSCm(ks)n(S)}{Van(kX)n(X)} Me(S,X)ZZ CL{VXCm(kX)n(X)}{VSRm(kS)n(S)}

oe—em I, (kx) = R, (k) =i 1, (kx) R, (ks) I (ks) c,

1-D rod e cos(ks) sin(ks) K

2-D dlSC H,;Z)(kp) e—ime Jm(k,f?) eim? Ym(k,T)) eim? 4

3-D sphere | h'? (kp) PP (cos6) cos(pg) | i.(kp)PRr(cosd)cos(pg) |Y.(kp) R, (cosb)cos(pg)| 4r/k
ﬁTUCE
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Degenerate forms of kernel function fict2d.ppt
H.-K. Hong, 20/10,1993

MO (0, 0)

p>p x=(p,6) s=(p,0)

U (s,x) = H (kr)

= > 3, (kp) HO (ke e

P n=os
/ #0)=) ¢,e"
T(s9 =) k3. (kp) HY (kp) &7 2
- /] (0= 9,
L(s, x):Z kJ (kp) H®'(kp) ®-?
u(o)=> ue"
M(s 0= K2 I (kp) H (ko) €70
(s,X) ZD .(kp) (kp) e t(e)zztne“”e
u(p.6) = Z U (s, (8)dB(s) | T(5:X00(5)dB(9)
s B(s @Ngz%
o0 =] L(s) KBS~ M(sx)p(9dB(S 08

B(s) B(s)



Z I—n ¢n e—in@_

N=-—o0

Z tn e—in@ —
Field representation: (Indirect method)

u,(p) =U.(p) ¢, —T.(p) o,
t.(0) =L.(p) ¢, — M (p) o,

Boundary representation:
u,(p) =U,(p) ¢, -T.(p) o,

p—p _ - B
t.(p) =L,(P) ¢, —M,(p) o,
Field representation: (Direct method) Ur_lw
u,(p) =U,(0) t, =T.(0) v, T,
t.(p) =L, (o) t, =M, (p) u, T
Boundary representation: L

0=U,(p)t, -T:(p)u, L
P —=>p i

e f— i f— I\/In
0 =L(p)t, —M,(p)u,

fict2d.ppt
H.-K. Hong, 20/10,1993

O

singularity ¢ ¢
distribution region

o (p,0)

— 2723, (kp) H® (kp)
- 27ka J; (kp) HY (kp)
= 27ka J, (kp) H®' (kp)

= 27kad, (kp) HO' (kp)
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= 27ka J, (kp) H® (kp)
=27k*ad, (kp) H®'(kp) ‘%os



Fictitious Eigenvalues by Indirect Method

Given U,

u
single layer density P = U H®(ka) J (ka)

n

n=s, &)
u(,0,6’)=z Ry (ko) J, (k) g

double layer density ” —u, 0 65_”2” H(l’(kp)J(ka)
o HO (ka) J’ (ka)

Given tn

n

t N HY'(kp) I, (ka)
= n t ,9 =
single layer density 2 L (a) (p,6) Z H®'(ka) J (ka)

nN=—o

double layer density —t, — H"'(kp) J (ka
Q= M t(,O, 9) :Z - ( /0) ( )
(a) H®"'(ka) J_(ka)

N=—o0

n

&%
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Fictitious Eigenvalues by Direct Method (U, T Kernels)

« Given U

Using U, T integral equation :
_U.(a)

unknown density u, = T*(a) t,
exact solution u(p, ) = v Ualo) e_mezz U.() | o
~ Ti(a) - ~ U,(a) °
« Given U,
Using U, T integral equation :
unknown density ¢ — 1= (&)
CoU(@
S U (0) e N HO(kp) I (Ka)
' u(p, 0) = ———u e = : : u e
BEmNIiUr:EUP
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Fictitious Eigenvalues by Direct Method (L,M Kernels)

« Given U,
Using L, M integral equation :
unknown densit t, = M, a) u
y " L(a) "
: M (,0) arind M (P) -ing
t(p, 0 "= t,e"
exact solution (IO ) Z Le (a) U, nz; M (a)
« Given U
Using L, M integral equation : Le(a)
unknown density U, = M (a)

_ M.(®) . e N HP'(ko) Ji(ka) .,
exact solution t(p,@)_z M (a) t, e —Z H" (ka) J. (ka) t e

N=—o00 N=—0o0
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Factors Influence Fictitious Eigenvalues

* Direct Method
U, T integral equation --- associated interior Dirichlet problem
L, M integral equation --- associated interior Neumann problem

Independent of boundary condition

e Indirect Method
Single layer(U, L kernel) --- associated interior Dirichlet problem
Double layer(T, M kernel) --- associated interiorNeumann problem
Location of singularity distribution
Independent of boundary condition

BEM GROUP
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Continuous Behavior of U, (p)

n=oo

W o7 U= 3,(0) HY (ko) €
Vo, P—
P Ui(p) =2md, (kp) HY (ko)
= 273, (kp) [J,(kp) +i Y, (kp)]
@PZF U= (ko) HY (kp) e
5° —
Us(p) =23, (kp) H (kp)
= 273, (kp)[ 3, (kp) +1 Y, (kp)]
(3) real part: continuous IImUI(IO) — limU e(p)
(4) imaginary part:continuous poa " poa "
£%%
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Jump Behavior of T,(p)

(1) p—>p T'(s,%) = Y k3, (kp) HP (kp) €77
yo n=-o

P Ti(p) =27kad,(kp) H® (kp)
= 2aka J, (kp) [J,(kp) +i Y, (kp)]

n=o

@ PP T =D kI, (o) HY (kp) €

p Te(p) =27kad, (kp) HE" (kp)
= 273, (ko) J, (kp) +i Y, (Kp)]

(3) real part: discontinuous -1 if U(S,X)=;Hé”(kf) using Wronskian

(4) imaginary part:continuous _ i
W(J,(ka),Y, (ka)) A %
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Jump Behavior of L, (0)

W P22 L= kI, (kp) HY (ko) &
Ie, =

P L(p) =2akald,(kp) HO' (kp)
= 27ka J, (kp) [J,(kp) +i Y, (kp)]

2) P o L°(s, X) = Z kJ (ko) H® (kp) e

p 12(p) = 27ka J, (kp) H (Kp)
= 27ka 3, (ko)L 3, (kp) +1 Y, (kp)]

(3) real part: discontinuous 1 if U(S,X)=;Hé”(kr) using Wronskian

(4) imaginary part:continuous :i
W(J_ (ka),Y, (ka)) %%
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Continuous Behavior of M._(p)

W PP M=) K, (kp) HY (k) €7
e =

P Mi(p) =27k*ad(kp) HY' (ko)
= 27k*ad, (kp) [J, (ko) +i Y, (kp)]

@220 M0 = k() Y (kp) €™

p M (p) =2_ﬂkzaJ;(kp) H.”'(kp)
= 27k*ad, (kp)[J, (kp) +i Y, (kp)]

(3) _real part: continuou_s lim M;(p) —limM®(p)
(4) imaginary part:continuous pa pa

TUCE
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Relations of Internal Stiffness and External Stiffness

* Internal stiffness Physical natural frequency(U,T and L,M)
U,T method L,M method
Mu,f T %t#_%& %u:o — J (ka)=0 $u=o — J (ka)=0
L —me Tull 7O t=0 = J(ka)=0 Yt=0 = J(ka)=0
 External stiffness Fictitious eigen frequency(U,T and L,M):
U,T method L,M method

>

T %tﬁ_&& $u:u — J (ka)=0 $u=u — J (ka)=0
L —Mi{ Jull Yo t=t = J(ka)=0 [t=ft = J (ka)=0

e Relations of stiffness

Us=U, -T =-L Jatl go T -Te=-1
L=T° -M:=-M{ Jull Yo L, -L =1 &
BEM GROUP
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Continuous and Discontinuous Behavior of Dual Integral Equation

(real part)
U (s, X) T(s,X)
L(s,X) M (s, x)
&
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Continuous and Discontinuous Behavior of Dual Integral Equation

(imaginary part)

U (s, X) T(s,X)
L(s,X) M (s, X)

S’



Dependence of the Four Kernel Functions

 U(s,x) and T(s,x) are linearly dependent on x since the Wronskian is zero

| U(sx) T(s,X)
A (s,X)/Ix  IT(S,X)/Ix

e L(s,x)and M(s,x) are linearly dependent on x since the Wronskian is zero

B L(s, X) M (s, X)
|A(s,x)/dx  AM(s,X)/IxX

BeM GROUP
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Dependence of Dual Integral Equations

Dependence of primary field u(x) and secondary field t(x)

for U(s,x) and L(s,x)

u(x) t(x)
ou(x)/dx It(x)/Ix
for T(s,x) and M(s,x)

u(x) t(x)
ou(x)/dx ot(x)/Ix

| U(sx) L(s,X)
AU (s,X)/Ox  A(s,X)/IxX

| T(s,%) M (s, X)
|AT(s,X)/% M (s,X)/Ix

Dependence(l-.D): W u(x) t(x) B C (kx) kC. (kx) 0
where C,(l) = e T |Au(X)/ox It(X)/x  |kC,(kx) K*C.(kx)
Independence: u(x) t(x) C (kx) kC_(kx)
W = = . #= 0
ou(x)/dx Jt(x)/dx| |kC (kx) k*C (kx)

BEM GROUP
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Dependence of Undetermined Coefficients in Dual Integral Equations
for Normal Boundary and Degenerate Boundary

The four constraints

If

U Tk C k)R () C (R (k) KC, (k)R (k) KC, (keg) R (kx) Hit KO
U T |l GoO)R(k)  C (kIR (kx,) kG (k)R (ke ) KC)(ke,)R (k<) Pat, | 40
L' M KC, (k)R (kx')  —kC, ()R, (k') K*C, (k)R (k) —k°C, (ke )R, (kxo)pus [~ JO
L M l-kC, ()R (ke ) KC, ()R (k) —K°Co (ke )R (kxy)  k°C (k)R (k) ([u | To

X" # X, (norma boundary) rank =2 If x"=x", (degenerate boundary) rank =2
U™, T andU ", T areindependent U", T andU , T arethesame
L",M"and L, M areindependent L', M"and L, M aredifferent only in sign

U, T and L, M equations are dependent U,TandL, M equations are independent
e =
ng / X /
X5 \ XB.\
e
BEM GROUP
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Dependence of Undetermined Coefficients in Dual Integral Equations

e Determinantis zero

C,(kOR, (k) kC, (kxg)R, (kx)
kC, (K, )R, (k) K°C, (kx) R (kx,)

Dependent
for normal boundary !

D= 1lim

X—>XB

 Role of dual integral equations

Fictitious eigenvalue Degenerate boundary

o o 0

D=lim . i =0 for R(ka)=0 D=lim | =0, for subtraction
- Xx— B Le MI

T® .Ut .

D =i = ' = D=Ilim =0, for addition

lim N 0, for R'(ka)=0 Mo o
e For static case, k-0 & 5%,

BEM GROUP

Tt



Dependence of Dual Integral Equations

@ . associated interior frequency
@ . excitation harmonic frequency

time harmonic (V2+k* )u=0—->Vau=0

\ |/
U, T kernel \\\ -~

. w—0 ~— _
L, M kernel — — k>0 — — U.T kernel
—_— ~— — —_—

static

_ g B P = L, M kernel
/o AN AV
(either one needed)
Either one needed if _ 0O O
R (ka)# 0 DZIXL"Q Y =0, for R (ka)=0 D:LL”Q oM =0, for subtraction
R'(ka)=0 _ ! ¢ . U T
D =lim =0, for R/'(ka)=0 D = lim o 0 =0, for addition
U,T kernel w=o
w#* —
L, M kernel s o l degeneracy @®@—0 degeneracy  U,T kernd
k—0 M L, M kernel
(both one needed) ’
(both one needed)
&
BEM GROUP
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Comments on the Literature Work

Martin (1980)

It is well known that both methods(potential method and Green’s theorem)
yield integral equations which have unique solution, except at the same
discrete set of wave numbers(irregular values), corresponding to the
eigenfrequencies of the interior Dirichlet Problem. The same methods can be
modified to solve the exterior Dirichlet problem, and both yield equations of
second kind which have unique solutions except at the frequencies of
Interior Neumann problem (0)

Shaw (1979)

Exterior Dirichlet — interior Neumann eigenvalues
Exterior Neumann —> interior Dirichlet eigenvalues (?)

Rizzo(1985, 1986), Hwang(1991)
Fictitious eigenvalues are equal to eigenvalues of interior domain with

reverse boundary conditions (?)

Huang(1989)

Numerical experiments show that fictitious eigenvalue is indepedent on BC
& (0)
BEM GROUP
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model.ppt

associated interior problem exterior problem

Real part

Dirichlet B.C.

Imaginary part

mode: U(X) = cos(kx) /\

eigen equ.: cos(ka) =0
k=1/2, a=nx

Neumann B.C. R\eal part/\ /\ /
a - — LM
—a a
Imaginary part
mode: U(X) = Cos(kx) A /\ m
eigen equ.; Sn(ka) =0 i —pp L, M

k=1 a=nx &0

BEM GROUP
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Conclusions

Fictitious eigenvalue depends on the integral representation of solution
The numerical instability stems from 0/0

The type of boundary condition can not change the position of fictitious
eigenvalues once the representation is used

The dependence of the two equations in dual representation model has
been examined and the role of hypersingular equation has been discussed

Three cases, 1-D, 2-D and 3-D, are demonstrated to see the beautiful

structure of the mechanism for fictitious eigenvalues by direct and
indirect BEM &%
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