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Abstract

A simple particular integral formulation is presented for the first time in a purely axisymmetric poroelastic analysis. The
axisymmetric elastostatic and steady-state potential flow equations are used as the complementary solution. The particular
integrals for displacement, traction, pore pressure and flux are derived by integrating three-dimensional formulation along
the circumferential direction leading to elliptic integrals.

Numerical results for three axisymmetric problems of soil consolidation are given and compared with their analytical
solutions to demonstrate the accuracy of the present formulation. Generally, agreement among all of those results is sat-
isfactory if one uses a few interior points, in addition to the regular boundary points.
© 2007 Published by Elsevier Ltd.
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1. Introduction

The general theory of poroelasticity is governed by two coupled differential equations: the Navier equation
with pore pressure body force and the pore fluid flow equation as (Banerjee, 1994)

(4 + Wy + sy — Pp; + fi = 0 (D
Kp; — oap—PBu; =0 2)

where u; is the displacement, p is the pore pressure A and u are Lame’s constants, x is the effective permeabil-
ity, o = /— , Ay the undrained 1, f =1 — K,, K=/.1+ 2" the drained bulk modulus, K! the empirical constant
which i 1n “certain circumstances equals to bulk modulus of the solid constituents, f; and  are the body force
and source (if present) in the volume, and i = 1, 2(3) for two(three) dimensions. Indicial notation is employed.
Thus, commas represent differentiation with respect to spatial coordinates, while a superposed dot denotes a

* Corresponding author. Tel.: +1 716 645 2114; fax: +1 716 645 3945.
E-mail addresses: pkb@eng.buffalo.edu, pkb@gpbest.com (P.K. Banerjee).

0020-7683/$ - see front matter © 2007 Published by Elsevier Ltd.
doi:10.1016/j.ijs0lstr.2007.04.008


mailto:pkb@eng.buffalo.edu
mailto:pkb@gpbest.com

K. H. Park, P.K. Banerjee | International Journal of Solids and Structures 44 (2007) 7276-7290 7277

time derivative. The constants § and o can also be expressed in terms of the undrained bulk modulus K, as
(Rice and Cleary, 1976)

r-3(-8
x=-t (4)
KB

where B is the well-known Skempton’s coefficient of pore pressure.

Because of the pore pressure loading term in Navier equation (1) and/or the transient terms of pore pres-
sure and displacement in the pore fluid flow equation (2), the direct application of the boundary element
method (BEM) to the coupled poroelastic problems generates a domain integral in addition to the usual sur-
face integrals (Banerjee and Butterfield, 1981). In order to eliminate this volume integration problem, the par-
ticular integral method has been proposed (Park and Banerjee, 2002a, 2006).

In the particular integral method a total solution is obtained as the sum of a complementary solution for
the homogeneous part of the differential equation and a particular solution for the total governing inhomo-
geneous differential equation. Thus the first concern in the method is the selection of the combination of
homogeneous and inhomogeneous parts from the governing differential equation. For 2D and 3D coupled
poroelastic analysis, Park and Banerjee (2002a) first proposed the particular integral formulation by consid-
ering the following combination:

for homogeneous part,

(2 )ty =+ pat ;= B = 0 (5)

kp$; =0 (6)
and for inhomogeneous part,

(’AL + :u)ulr/'),ji + .““Ejj - ﬁplz =0 (7)

sz-j —ap—Puj;=0 (8)

in the absence of the body force and source, where u¢, p® and u?, p® are complementary functions and partic-
ular integrals for displacement and pore pressure, respectively, and superscripts ¢ and p indicate complemen-
tary and particular solutions, respectively. In the above combination, the solution of the steady-state coupled
poroelasticity equation is used as the complementary function. The required particular integrals for displace-
ment, traction, pore pressure and flux are derived by using a set of global shape functions (Dy, = d(4 — r)*
and K, = 4 — r) to approximate the time derivative terms of displacement and pore pressure in the pore fluid
flow equation.

However, one of the most important salient points in the particular integral method is that several types of
combination of homogeneous and inhomogeneous parts are possible from the governing equation if the fun-
damental solution of the homogeneous equation is available and if the particular integral can be found for the
inhomogeneous equation. With this idea, Park and Banerjee (2006) showed the success of the more efficient
and simpler combination for the particular integral formulation of 2D coupled poroelastic analysis in which
they used:

for homogeneous part,

(A + wus ; + i ;=0 9)

kpS; =0 (10)
and for inhomogeneous part,

(A+ wul; + pu; — pp, =0 (11)
Kkpt —oap—Pus; =0 (12)
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The differences from the previous one (Egs. (5)—(8)) and advantages of the above one (Egs. (9)—(12)) are:

1. Simpler homogeneous part. We use elastostatic and steady-state potential flow equations, instead of steady-
state coupled poroelasticity.

2. Simpler particular integrals for displacement and traction. One can easily derive these particular integrals
by separating the coupled equation and introducing one more global shape function for pore pressure load-
ing term in the Navier equation.

3. Finally easier implementation into the computer program because of simpler homogeneous part, sim-
pler particular integrals, and the elimination of significant matrix algebra involving some coupled
terms.

Following the success of the above 2D formulation, this paper presents the simple particular integral
formulation for the purely axisymmetric coupled poroelastic analysis on the basis of Egs. (9)—(12). The
axisymmetric elastostatic and steady-state potential flow equations are used as the complementary solution.
The particular integrals for displacement, traction, pore pressure and flux are derived by integrating three-
dimensional formulation along the circumferential direction leading to elliptic integrals. To the best of the
authors’ knowledge no such BEM formulation for axisymmetric coupled poroelastic analysis exists in the
published literature.

In order to deal with axisymmetric problems, the three-dimensional particular integral formulation for
coupled poroelastic analysis is briefly reviewed in the next section. Three examples of application for axi-
symmetric soil consolidation are presented along with their analytical solutions (AS) to test the present
formulation.

2. Three-dimensional particular integral formulation

From the combination of homogeneous and inhomogeneous parts of governing equations (9)—(12), total
solutions for displacement u;,, traction ¢;, pore pressure p and flux ¢ can be obtained as

u = u +uf (13a)
=6+ (13b)
p=p+p° (13¢)
9=q"+q" (13d)

where £, ¢P, etc. are the particular integrals for traction and flux, etc.

Then the required particular integrals can be obtained separately from Egs. (11) and (12). By approximat-
ing the pore pressure loading term in the Navier equation and the transient terms in the pore fluid flow equa-
tion with known global shape functions, C(x,&,), Da(x,¢,) and K(x,&,), and fictitious density functions, ¢

(Cn)s #x(&,) and ¢,,(E,), such that

) =3 Cl 86 (E,) (14)
ul) = D" Dul &) 6) (15)
) =S Ky ) () (16)

the particular integrals which satisfy Eqs. (11) and (12) can be found as (Park and Banerjee, 2002a,b, 2006)
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W (x) =D Ui(x, &) (&) (17)
n=1
ah(x) =D Sylx &) () (18)
n=1
) =D Tilx, &) (19)
n=1
PO =D Pl &) 646 + Polx.€) 6,(6) } (20)
n=1
@)=Y {0 &) 6:(6) +0,(r. &) 6,6 | 1)
n=1
By introducing the following set of global shape function,
Clx, &) = Cid = Cor (22)
Di(x,&,) = 04(D1A — Dor)’ (23)
Ky(x, &) = Kid — Kor (24)
the corresponding kernels can be derived as
U[(X, fn) = (UlA - Uzl’)yl- (25)
1(06,6) = 35(S14 = Sar) — S5 i (26)
Ti(x, &) = Sij(x, &u)ny(x) (27)
Pi(x,&,) = — (P14 — Pyr)ry, (28)
P,(x,&,) = (P34 — Par)r? (29)
0,(x,&,) = k{u(P1d = Par)r + (Prd — 2Por) ™2k, (30)
0,(x,&,) = —k(2P34 — 3Pyr)y;n; (31)

where r is the distance between x and ¢,, 4 is a constant chosen to be the largest dimension of the problem
domain, and n{x) is the unit normal at x in the jth direction.

Substituting Egs. (14)—(31) into Egs. (11), (12) one can obtain the following relationship among the
coefficients

B B
= — - 2
Ui 3 G, U 1 G (32)
4 3. 1,
S1 = _gﬂﬁ Ci, S= —iﬂﬁ Gy, 8 Zzﬂﬁ Gy (33)
Pl:*ﬁ D1\D;, Pz:gﬁ D;, P3:55 Ky, Py= I K, (34)
where " = )f2u) p* =L and p* =2

C0n51der1ng U =2,U;=3and Py = P, = P;= P,= 1 (Henry et al., 2002; Park and Banerjee, 2003), other
coefficients can easily be obtained from Egs. (32)—(34).

3. Axisymmetric particular integral formulation

If the body forces are known in an explicit algebraic form such as in case of bodies subjected to cen-
trifugal forces or gravitational acceleration etc., the particular integrals can be constructed in the form of
a simple polynomial. For axisymmetric problems, use of such polynomial functions as functions of r and
z coordinates have been discussed in Henry et al. (1987). Unfortunately, for the present problem it is
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not possible to use the axisymmetric polynomial forms of Eqs. (22)—(31) and get reliable results. Instead
we need to express these 3D equations into a general axisymmetric form (using r, 6, z coordinates) and
complete a circumferential (6) integration to get the resulting algebraic expressions which are then usable
as particular integrals. It is of considerable interest to note that Wang and Banerjee (1988, 1990) in their
developments of particular integrals in free-vibration analysis of axisymmetric solids also observed the
same to be true.

Thus in order to obtain the corresponding axisymmetric BEM formulation, the three-dimensional partic-
ular integrals, given in Eqs. (14)—(21), are first rewritten in cylindrical coordinates (r, 6, z) by integrating along
the circumferential (0) direction, we get

=i [ e ciae) 55)

=3 [ tnca0 g 36
=i1/0 K5, ,)d0 6,(5,) 7
=§ / " UL £,)d09(c,) 38)
_nf;/ohr £)d0 (&) (39)
=i [ {pi a0 e + 7 c)a0 4,00 (40)
9 =3 [ {010 6000 606 + 06000 6,5} a

3
Il

where u? and # are, for convenience, defined in axisymmetry case

{ud} = {ur e} (42)

(&Y = (& &) (43)
Note that when transforming a line integral to an integral with respect to angle, one usually uses

dl = r,do (44)

In Egs. (35)—(41), the radius r, has been absorbed in the fictitious functions ¢(¢,,), ¢k(én) and (ﬁp(én) terms, so
that it does not need to appear explicitly.
Considering purely axisymmetry body in cylindrical coordinates (Fig. 1), we have

0=10,—0;
yy=rcos0—re, y,=rsinl, y;=Z=z —z (45)
n =n.cosl, n,=mn.sinl, n3=n,
and then
yini = (ry — re, cos 0)n, + Zn, (46)

where n,, n. = components of normal vector at point x in r and z-directions, respectively.

Substituting Eqgs. (45), (46) into Egs. (22)—(31) the integration of kernels C'(x,&,), U.(x,¢&,), T.(x,&,),
D, (x,&,), K;.,(x7 &n)s Pr(x,E0)s P(x,E,)s Op(x, &) and O (x, &,) can be achieved in terms of elliptic integrals
(see Appendix A).
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(15,2 O 22,)

\ngi’
A

(r.,0.,z,)

~

Fig. 1. Axisymmetry body in cylindrical coordinates.

4. Numerical implementation

The boundary integral equation related to the complementary functions u¢, #, p® and ¢° of Egs. (9) and (10)
can be written as (Banerjee, 1994)

(G (4 2 HE [ e @

where G,g, F,5, G,, and F,, are the fundamental solutions for axisymmetric elastostatic and steady-state po-
tential flow equations and C,p(&), C,,(E) represent the jump terms resulting from the singular nature of F,z
and F,,, respectively.

After a usual discretization of boundary C, Eq. (47) can be written in matrix form as

Gy O I Fuy O ¢ 0
o ated Lo Al -{0) “
0 Gypllg¢ 0 Fpllp 0
Considering the total solutions of Eq. (13) the complementary functions in Eq. (48) can be eliminated as
A |19 S A ) e | S e e ®
0 Gy q 0 Fy p 0 Gpllg® 0 Fpllp

If a finite number of &, N, are chosen, the particular integrals for displacement, traction, pore pressure and
flux can be written as
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{u0} = [U.){¢} (50)

(2} = [1.{¢} (51)

wy=1p P " (52)
s,

=10, 01" (53)

Substituting Egs. (50)—(53) into (49) and considering the fictitious nodal values as

{0} =[C]"{p} (54)

_ | _
el DO’” KOIHL;‘} (55)

2
one can obtain the following equation
O (0 S e | V4 YA 9
0 Gy q 0 Fy p My, My, p
where

[Map] = ([Guﬁ} [TV] - [Fct/fHUz])[Crl (57)
D, 0
0 K,

[Mm Mpp] = ([Gpp] [Qk Qp] - [Fpp][PkaD (58)

Using an explicit time integration scheme, Eq. (56) can be expressed as

R N [ A
0 Gpp q iMp“ Fpp+$MPI7 p At Mpa( Mpp P

Since the right side of Eq. (59) involves known values of displacement and pore pressure specified either as
initial conditions or calculated previously, the final system equation can be written as
[B{X} = {b} (60)
where X is unknown vector of displacement, traction, pore pressure and flux, b is a known vector and B is the
coefficient matrix. Therefore, the unknown displacement or traction can be obtained together with the un-
known pore pressure or flux.
As mentioned in the previous works (Park and Banerjee, 2006) the interior points can be used for a better
representation of the particular integrals. It can be also noted that the present computer program for axisym-

metric coupled poroelastic analysis is developed from the axisymmetric elastostatic and steady-state potential
flow programs available in Banerjee (1994).

5. Numerical examples

In order to test the validity and accuracy of the present formulations, three example problems are solved.
The example problems are described for consolidation problems of a saturated sphere of soil subjected to a
uniform surface load and a single poroelastic layer of a finite thickness subjected to axisymmetric loading
as well as unidirectional consolidation.

The material properties used in all example problems are : k = £ =1.0, E=1.0,v=0,v,=0.5and B=1.
Notice, for this set of properties, that the diffusivity is unity.

w
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5.1. Example 1: unidirectional consolidation

The first example is the unidirectional consolidation of a fully saturated soil. The uniform compression
traction of unity is applied instantaneously at time ¢ = 0 and thereafter held constant with drainage occurring
only at the top surface. The soil sample is assumed to be axisymmetric with the remaining two faces which are
impermeable and restrained from normal displacement. The modeling mesh with 12 quadratic boundary ele-
ments and six interior points is shown in Fig. 2.

The analytical solutions of pore pressure p and displacement u for this example problem can be obtained as
(Biot, 1941)

4 = . (271 - l)Tc @n=1)?x2xt
—0,1) =~ -
pE=00=2 ; 2n =) 2 ¢

u(z= E (1 — e%)zﬂ%)
4= (2n—1)°

Some computed values of pore pressure at the point (r,z) = (0,0) and displacement at the point (r,z) = (0, 1),
for a time step of 0.0025, are shown in Figs. 3 and 4, respectively. For all figures shown hereafter, the number
in the parenthesis represents the number of elements used for the analysis. Plus (+) sign indicates the addi-
tional number of the interior points involved in the analysis. For example in Fig. 3, (12+6) means 12 quadratic
boundary elements and 6 interior points. Good agreement between analytical and numerical solutions can be
seen, with the addition of interior points.

Interior Point

%

_I_

_|_ E& |—@—|Boundary Element
D+

+ D

RN

getremeteny —

[
L 10 g

Fig. 2. Modeling mesh for unidirectional consolidation.
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1.0 o o

08

06

Pore Pressure

—AS.
02 o (12+6)

0.0 1 1 1 1 1 1 1 11 1 1 1 1 1 1 11
0.01 0.1 1
Time, t

Fig. 3. Example 1: pore pressure at r =0, z = 0.

1.0

08

04

Displacement

—AS.
o (12+6)

0.0 1 1 1 1
0.0 0.2 0.4 0.6 0.8 1.0

Time, t'2

Fig. 4. Example 1: displacement at r =0, z = 1.

5.2. Example 2: Consolidation of a solid sphere

The second problem is the consolidation of a saturated solid sphere of soil subjected to a uniform load.
After Mandel (1953) discovered the difference between Biot’s and Terzaghi’s theories in the prediction of pore
pressure, the closed-form solutions for the surface displacement and the pore pressure change at the center of
the sphere were first presented by Cryer (1963). It is notable that Cryer’s formulations are constructed in terms
of non-dimensional quantities.

By using the non-dimensional quantities, by definition,

p
=" U,=2, Rp=" %andzcz—

where a is the radius of the sphere, ¢, the coeflicient of consolidation, U, the pore pressure, P the applied load
intensity, ¢ the time and r the radial distance from the center, the non-dimensional pore pressure at the center
and displacement of the surface at time 7 are given by (Cryer, 1963)
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i —8,u+2 (4 — s,)/ cos /s, -~
— 12pu, + 1642
= 3—4u

Ur(1,T)=1-2 _—
; sy — 120, + 1642

n=1

—s, T

where —s,, are the roots of
(s + 4u) sinh /s — 4u\/scosh /s = 0.

A quarter of sphere is analyzed here and the axisymmetric modeling mesh with 8 quadratic boundary elements
and 6 (+ mark only) or 12 (+ and circle marks) interior points is shown in Fig. 5.

Some numerical results of pore pressure at the center and displacement of the surface, for a time step of
0.0025, are shown in Figs. 6 and 7, together with the analytical solutions.

Again, good agreement can be seen, except the discrepancy of pore pressure at the early time ¢ = 0.01. From
Fig. 6, the well-known Mandel-Cryer effect, of increasing pore pressure during the early stages of the process,
is evident.

5.3. Example 3: Consolidation of a flexible circular footing

The final example problem deals with the consolidation of a poroelastic layer of a finite thickness, resting
on a smooth impervious base and subjected to axisymmetric loading. This problem was solved by Gibson et al.
(1970).

The modeling mesh with 20 quadratic boundary elements and 21 interior points is shown in Fig. 8. Axisym-
metric load of radius ¢ with a uniform intensity is applied instantaneously at time # = 0 and thereafter held
constant with drainage occurring only at the top surface.

The numerical result of displacement at the point (r,z) = (0, 1) with respect to time, for a time step of 0.001,
is shown in Fig. 9. A good agreement is observed between the numerical and analytical solutions.

! a=1 |

Fig. 5. Modeling mesh for consolidation of a solid sphere.
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1.8
16 o %
14 %
1.2
10

0.8
0.6
04

Pore Pressure

—AS.

o (8+6)
0.2 x (8+12)
0.0 : e : —
0.01 0.1 1
Time, t

Fig. 6. Example 2: pore pressure at r =0, z=0.

1.0

08

06

04

—AS.
o (8+6)
02t x (8+12)

Displacement

0.0 1 1 1 1
0.0 0.2 0.4 0.6 0.8 1.0

Time, t2

Fig. 7. Example 2: displacement at r =1, z=0.

Fig. 8. Modeling mesh for consolidation of a flexible circular footing.

6. Discussions and conclusions

The simple particular integral formulation has been developed for axisymmetric coupled poroelastic
analysis. The equations of axisymmetric elastostatic and steady-state potential flow have been used as the
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0.5

0.6

0.7

—AS.

Displacement

0.8
o (20+21)
09 |
1.0 1 1 1 | 1 1 1 1111l 1 1 1 1111l
0.001 0.01 0.1 1

Time, t

Fig. 9. Example 3: displacement at r =0, z = 1.

complementary functions. The particular integrals of displacement, traction, pore pressure and flux are
obtained by integrating three-dimensional BEM formulation along the circumferential direction and convert-
ing them into elliptic integrals.

The present formulation is first verified by comparing the results of three axisymmetric problems of soil
consolidation with their analytical solutions. Good agreement among all of those results has been obtained
by including some interior points. It has been demonstrated that axisymmetric coupled poroelastic problems
can be solved using the present simple particular integral formulation.

The present formulation needs to be extended to a multi-region form so that in a large scale practical appli-
cation, the inversion of matrices embodied in Egs. (54), (57) and (58) does not present a major impediment in
the analyses.

Appendix A. Integrations of kernels C'(x,&,), U, (x,&,), T,(x,&,), Dy (x,&,), K, (x,&,), Py (x,8,), P,(x,&,),
0y (x.&,) and Q) (x,&,)

This appendix provides the details of integrations of kernels C'(x.,&,), Ul(x,¢&,), T,(x,&,), Dl(x,&,),
K (x,&,), Pp(x, &), Po(x, &), Qp(x, &) and O (x,&,) in terms of elliptic integrals.
For the general form of r, # rs, and z, # zg,

2n
/ C/dg = 2TCC1A — CzG] (Al)
0
2n
/ U:d@ = ZﬂUlAl’x — UzrxGl + UQI"Cf”Gz (AZ)
0
2n
0
2n
/ T;d9: |:2TCS1A —SzG] —S3 (I’)Z(F] —Zl”xl”éan—i-}”g F3>]n,,— [Sj,Z(l"xF] —I”gﬁFz)]l’lz (A4)
0 Cn
2n
/ T0d0 = [=S3Z(rFy — re,Fa)|n, + 21814 — S,Gy — S32°F, |n. (A.5)
0
2n
D, d0 = —2D,D,AG, + DL, (A.6)

0

2n
/ D_d0 = 2rnD1A* — 2D\ D,AG, + D3L, (A7)
0
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2n 2n
D.d0= | D,do=0
0 0
2n
/ K;d@ =2ndK, — K,G,
0
2n
/ PLde—PlA(rsz—rénGl)—&-Pg(rng—rinLl)
0
2n
/ P.d0 = —Z(P,AG, — P>L;)
0
2n
/ P; d0 = PyAL, — P;M,
0
2n
Q;d@ = k|:P1AG2 — P2L2 — PIA{rxrinFl — (I"JZC + 7‘? )F2 + I"XVC*”F3} + 6TEP2FXI"5”:|I’!,<
0 " ) )
—+ kZ [PIA (I’sz — ri}’Fl) —+ 4TEP2]"5N]I’IZ
2n
Q;d@ =kZ [P]A (VXFl — I"g“"Fz) — 4TCP2}"X] n, + k[PlAGl — P2L1 + Zz(PlAFl - 4‘IIP2)]I’!Z
0
2n
/ Q;] do = —k [4TEP3AFX — 3P4 (I"xGl — g, Gz)} n, — kZ[4TEP}A — 3P4G1]I’lz
0
where

2n
G :/ rd0 = 4RE
0
2n
G, = / rcos 0d0 = 4mR(B; — By)
0

2n
L = / r*d0 = (2 — m)nR?
0

~
©
I

2n 1
/ r?cos0d0 = — = mnR?
0 2

2n
M, = / rd0 =2R*[(2 — m)E — m*(Bs — B,)]
0

2n
F- Lao=25,
0 R

7

I cos0 4
Fz—/o ——d0 =~ (2B By)

™ cos® ) 4
F3:/ cos 40 = = (485 — 4B, + By)
0

P
B] :K(m)
2n 2 _ _
B, — cos* 0 d@:E (1 —=m)K
0 V1 —msin*0 m
3 o costo 0 2E(2m — 1) + K(1 —m)(2 — 3m)
3 = =

_ ST 4
0 V1= msin20 3m?

(A.10)
(A.11)

(A.12)

(A.13)

(A.14)

(A.15)

(A.16)
(A.17)
(A.18)
(A.19)
(A.20)
(A.21)
(A.22)

(A.23)
(A.24)

(A.25)

(A.26)
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the elliptic integral of first kind

/2 1
K(m) = / —df:
0 V1—msin*0
n/2
E(m) = / V1 —msin®0df: the elliptic integral of second kind.
0

m(1 4 cos 0) 1/2 o 4ryre,

12
2
rR[l . ] : R:[(rerrgn) + 2" -

If r, =0 and/or rs, =0 and z, # zg, (in this case, m =0 and E(m) = n/2), then the following substitutions
should be made as

G] = 2TCR, G2 =0 (A27)

L =2nR*, L,=0 (A.28)

M, = 2nR* (A.29)
21 B

Fl:?’ F2 O, F3:E (ASO)

When r, =rg, and z, = z¢, (in this case, R = 2r, and m = E(m) = 1), the limiting form should be used as

2n
/ C’dg = 2TCC1A — 81”XC2 (A31)
0
2n
/ U'.d0 = 2nU,4r, — 32/3U 7 (A.32)
0
2n
/ Uldo=0 (A.33)
0
2n
/ T: do = [21'CS1A — 8I"XS2 — 16/3S37’x}1’lr (A34)
0
2n
/ T.d6 = 21514 — 8r.Sa]n, (A.35)
0
2n
D/, d0 = 16/3D,D,Ar, — 2nD3r? (A.36)
0
2n
D/ d0 = 2rD;{A* — 16D, Dy Ar, + 4nD5r? (A37)
0
2n
/ K;d@ = 2TEAK1 - 81(721”)C (A38)
0
2n
/ P.d0 = 32/3P,Ar} — 6nPyr? (A.39)
0
2n
/ P.d0 =0 (A.40)
0
2n
/0 P!, d0 = 4nP3Ar; — 64/3Pyr; (A.41)
2n
/ 0.do = k[—8P1Arx + 87tP2rﬂ n, (A.42)
0
2n
0.d6 = k[8P,Ar, — 4nPyr|n. (A.43)
0
2n

Ql’7 do = —k[47‘cP3Arx — 32P4ri]n, (A.44)
0
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