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Summary

In this paper Green’s functions for the reduced wave equation (Helmholtz
equation) in a circular annular domain with the Dirichlet, the radiation,
and Neumann boundary conditions are derived. The convergence of the
series representing Green’s functions is then established. Finally it is shown
that these functions reduce to Green’s function for the exterior of a circle
as given by Franz and Etiénne when the outer radius is moved towards
infinity.

§ 1. Introduction. Green’s functions for a circular ring with
Dirichlet’s boundary conditions have been known (Courant and
Hilbert1)) for the Laplace equation for some time. Recently
(Heyda?2)) obtained Green’s function for Laplace’s equation in a
circular ring with radiation type boundary conditions. The latter
case includes the Neumann boundary value problem. In other
modern works (Thyssen3) and Etiénne4)) Green’s functions in
the interior and exterior of a circle for the reduced wave equation
with Dirichlet and Neumann boundary conditions have been
studied.

§ 2. The Dirichlet boundary value problem. Let G(r, §) be Green’s
function for the reduced wave equation

(4 + k?) Glr, 0) = —d(r i — rg ci%), (1)

in the annular domain between the two circles # = 71 and v = 7
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(r1 < 79), where the fundamental singularity of G(r, 6) is located
on ¥ =7y (r1 << #g <C rg) with the Dirichlet boundary condition

G0, =0 (=12 @
The G(7, 6) in (1) can be written in the form
G(r,0) = G*(»,0) + S(r, 0), )

where the singular component of G is given by Sommerfeld5) in
terms of Bessel and Hankel functions in the form

oo

Y Jalkro) ein0-69 HD(ky) for # > 7g

Y HO(krg) ein6-00) J,(kr) for » < »p
n=—oo

with

R = |r et — yg elfs],

where S(R) is singular at R = 0. :
The nohn-singular Component can be ertten in the forrni
(Reichardt$)):

G*(r, 0) = 2 an“)(kr) eint | E dn]n(ky) eind, - (5)
Nn=—00 n=—00 .
where non-singular refers to the domaln excludmg the origin and
infinity. It may be verified that each term of the séries (5) satisfies
the homogeneous Helmholtz equat1on :

AG* + RG* =0 | 6)

in the specified domain. The coefficients ¢, and d, can be uniquely
determined with the aid of our boundary conditions (2) and the
series (4) and (5). The resulting solution does therefore not intro-
duce any singularity other than the one of S(R) into the annular
region. We note that the series expansion (5) is similar to the Laurent
series in complex function theory.

§ 3. Dertvation of Green’s function foé' the Divichlet boundary con-
ditions. In order to determine the coefficients ¢, and dn, we sub-
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stitute the expressions (4) and (5) into (2) and obtain for the #-th
terms the equations

e D (En) + dnJnllrs) = —HP (o) Jalbry) e (1)
and
cal P (kre) + dyJnlkre) = — Julkro) HE (krs) e~ind,,

From (7) we find ¢, and d, and hence Green’s function for 7 << g
in the form

Gir,0) — 3 | etn-09 Tp(br)
H%l)(kﬁ)) ]n(kﬂ’z) — H%I)(ki’z) ]n(k?’g)

" HOry) Jullers) — B rs) Jullr)

JERE

+ Y femo-a) [H;“(kfo) — HD ()

HP(kr1) Julkr )+H<1> !
X HO(fery) Julkrs) — HO®% ]Iln (kr), (8)

and Green’s function for » > 7y becomes

G(r, 0) = ngo {em<0~oo> |: Talkre) + Tulbry)
HP(kro) Julkra) — HP(kra) Julkro) 7|
X HO(r1) Talhra) — HO(kra) Juler) :l H (k)

n=oo
— Y| ein@-0) HDkyy)

n=—00

H{D(n1) Jalbra) + HE(bro) Talbr
ngl)(kyl) ]n(k?’z) — H’E'Ll)(kyz) Jn(kf’l) ] In(k7'). (9)

The denominators of (8) and (9) are different from zero except
possibly for a very special choice of %, 71, and 7s. It should be
pointed out that, given 71 and 79 (together with 4;, %9 in the ra-
diation problem) there exist countably many k-values (the eigen-
values of the boundary value problem) for which no proper Green’s
function exists. For each of these values the denominators in (8)
and (9) vanish for at least one #.
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The convergence of the series (8) and (9) has still to be established.
For this purpose we make use of the asymptotic formula as » goes
to plus infinity (Gray, Mathews and Macrobert?))

|H;:><krun(kd>l~;:—,,,e><p{—nlog(r/m} (n>0). (19)

In order to apply this formula to (9) we first write that equation
in the form

G(T, 0) = {Io(k?’o) —-}— ]0(]31’1)

H{(kro) Jolkre) — HP(kra) Jolkro) |

H ) Jolkrs) — HD(kro) Jolkr) | Hy o)

X

2 i [cos (6 — 00)] {In(km) £ Tulhr)
HO(kro) Julkrs) — HP(kr2) Julkro) |
HO (rs) Jnlrs) — HO(kra) Julkrs) |

HPUm) Jollre) + H (ko) Jolkry)
- HS) ) Tathra) — B rn) Jolbrs)

HP (k)

()(k?’)

—2 E [cos (6 — Bo)] HP (kr>)
n=1
H(kr1) Julkro) + Hi (kro) Julkr)

* HO(kr1) Jn(kre) — HP (kr2) Jalkr) (A7), (1)

where we have made use of the relations
Jn(@) = (—1)" Ju(z) and HO(2) = ()" H}P@z).  (12)

Since the summation index # runs through positive values only in
(11), we may use the asymptotic formula (10) for the appraisal
of the absolute values of the terms of the series in (11). Consider
for example, the general term of the first series in (1 1). We can
write it in the form
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cos n(f — By) {]n(kro) HW (kr)

HP(krs) Julkro)
1) - 2
. H{D(kro) Julkra) l:l HD(Erg) ]n(kfz)J Talkry) HO(Rr). (13)
o HD(rs) Jollrs) ] [0 0
H{PD(kr1) Jn(kra) |:1 " HO () ]n(kyg):l

The first factor is less than or equal to 1 in absolute value. The
first term in the braces satisfies in view of (10), the relation

Talere) H (o) ~—— exp{—ntog (i) = (7). (14

Since # > #p, this term is less than the #-th term of a geometric
series with ratio less than 1.

Next we examine each of the ratios which occur in the second
term within the braces.

| HD(hrs) Julhro)
| HD(kro) Jullerz)

since 7 > 7p;

exp{—mnlog (ra/7o)} o\
~ exp{—mnlog (ro/r2)} o <—> —0, (13

[#]

| HP(krs) Ju(kr1) |
\HDrs) Tl ’ ~

_exp{=nlog rair)} _ (e ()" =0 08
72

exp{—nlog (rifra)}  (rafr1)"

since 71 < 73;

HP(kro) Julkrs) (afra)” (1"
HD () Julirs) |~ Trafr =() o
since 71 << #g; and
Taleny B0 = — ()" o, (19

since 71 <C 7. This shows that the second term in the braces of (14)
is less than the #* term of a geometric series whose common ratio
is less than 1. Hence the first series in (11) converges for all »
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such that 71 <79 << # < 72. In a similar way one can show that
the second series in (11) converges in the same layer 71 << 7p <
< 7 <. (They obviously do not converge at 7 = 7y since the
series Y, represents S(R) which is singular on 7 = 7).

The convergence of the series in (8) can be established in an
analogous manner.

Therefore (8) and (9) (or (11) and a similar equation corre-
sponding to (8)) are indeed Green’s tunction for the circular annular
domain with Dirichlet’s boundary conditions for the reduced wave
equation.

In the limiting case when #2 goes to infinity in (8) for instance,
we can recover the known results by Etienne4) for Green’s
function related to the reduced wave equation for the Dirichlet
boundary condition exterior to a circle. We have then

"o Julkry) HiP(kro)

1
— Gr. §) = in(6-0,) HWD(E
LY ein@-0) HD(krg) Tulkr). (19)

This equation is essentially the equation (13) of Etiénne, where

Kule) = 3 ¢ B (io) (20)

and

Jm(z) = e~ J(i2).

§ 4. Green's Junction for the radiation boundary conditions. Let
G(r, 0) be Green’s function for the reduced wave equation (1) in the
annular domain between the circles » = 71 and » = 73 (r1 < 72),
where the fundamental singularity of G(r, §) is located on » = 7g
(r1 << 7o <C #9) with the radiation type boundary condition

ﬂ%ﬁl+@4y%c@m —0 (=12 (21)
/4 r=7

When %; = 0 this Green’s function reduces immediately to Green’s
function for the Neumann boundary value problem.
The G(r, 6) in (21) can again be written in the form

G=G"+5, (22)
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where the singular component S is given by (4) and the non-
singular component is given by (5). The constants ¢, and 4, are
now to be determined so that
oG* _ ] oS ‘ ,
—N1Deh GF i —_ — 1)1 ). S
or =D | o + (=D '

r=r;

¥
r=1r

((=1,2). (23

Substituting G* from (5) and S from (4) into (23) we can deter-
mine the coefficients ¢, and d,. Deriving the expressions in (21)
and inserting these expressions and (4), (5) into (23) we find the
coefficients ¢, and d, as

4B

n="—pH - einb,, (24)
{CA

Ay = LD— e—tnb,, (25)

where A and B are the columns

— H(l)(ki’o [ ]n k?’ ] -+ th(l) ki’()) ]n(kVI)]
A =
—]n(k7’1 l: H(l) kr :, —_ hZ]n k?’()) H(l)(k72)
[—;%]n(ki’) hl]n k?’l ]I

—:;]n(kif) —+ hgjn(ki’g) J

and C is the same as B except that [,(k7) is replaced by H(kr)
and the denominator common to ¢, and dy, is

= |CB|.

Thus Green’s function for the mixed boundary value problem is
given by (5) with the derived ¢, and d4, (24) and (25).

For the Neumann boundary value problem we set s; =0 (4 =
=1, 2). Then the ¢, and d, of (24) and (25), after evaluating
the determinants, reduce considerably and the Green’s function
for the Neumann boundary value problem becomes
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Cir,0) = — 3 HO().

n=—oo

% , Wy
im0 T4 (kny H: (ko) Julkre) — Hy (kra) Jn(kr)

J
Y H k) Jallre) —H kre) Tallr)

+ X Jalky) ein@6-0) [H D(kro) — HI (krs)

n= -—00 -

) brs) Jollrs) — Jallr) B (o) 7 |
) T A G oy | <
and
Gr,8) = z HD (kr) cino-0) [ TnlEro) — Jiu(kr)
x H(bro) Jathrs) — H ) Tafbr) ]
H (ors) Jalhrs) — HYT (o) T

n=00

— % Jalkr) ein0=00 HIY (forg)

o HY (kr1) Julkr1) — Ja(krr) HiP (ko)
HQY (kry) Julkre) — H{D (kr2) Ju(kr)

The convergence of the series in (26) and (27) can now be proven

in a manner similar to that used to prove the convergence of (8)
and (9).

, if 7 > 7o. (27)
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