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AVERAGING TECHNIQUES FOR THE A POSTERIORI BEM
ERROR CONTROL FOR A HYPERSINGULAR INTEGRAL
EQUATION IN TWO DIMENSIONS*
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Abstract. Averaging techniques or gradient recovery techniques are frequently employed tools
for the a posteriori finite element error analysis. Their very recent mathematical justification for
partial differential equations allows unstructured meshes and nonsmooth exact solutions. This paper
establishes an averaging technique for the hypersingular integral equation on a one-dimensional
boundary and presents numerical examples that show averaging techniques can be employed for an
effective mesh-refining algorithm. For the discussed test examples, the provided estimator estimates
the (in general unknown) error very accurately in the sense that the quotient error/estimator stays
bounded with a value close to 1.
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1. Introduction. This paper is devoted to the numerical treatment of the hy-
persingular integral equation

(1.1) Wu=f onT

on the relatively open boundary piece I' of 9Q C R? with the hypersingular integral
operator

_19

0
— ;6%0 Fu(y) —— log |z — y|ds,.

(1.2) (Wu)(x) an,
Here, n.,n, denote the outer unit normal vectors in x and y, respectively, and ds,
denotes the surface integration on I' with respect to the variable y. For finite element
methods it has recently been shown that any averaging technique [ZZ] yields reliable
error estimators [CB, AC, CFul, CFull, CFulll, C2]. This paper establishes analo-
gous results for the Galerkin boundary element method (BEM) for the hypersingular
integral equation (1.1). The main idea, also employed in [HSWW], goes back at least
to an Oberwolfach conference in the 1980s. The first application to integral equations
provides an a posteriori error analysis for Symm’s integral equation [CP]. Compared
with [CP], the technical details in this paper—such as an approximation result in
H'/?(T")—are more involved; cf. Theorem 3.3 below. An overview of other types of
a posteriori error estimates for the Galerkin BEM can be found in [CFa).
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Let H denote the Hilbert space which allows the solution of (1.1) for a given
f € H*; see section 2 for the precise setting. Let 7y be a given triangulation of T’
with mesh-size H, and let 7, be obtained by uniform refinements of 7. We consider
the discrete spaces S}(7) and SZ(7) consisting of all globally continuous and 7j-
piecewise affine (resp., 7y-piecewise quadratic) splines (with respect to the arclength)
which are in H. The corresponding Galerkin projections (with respect to the energy
scalar product {-,-); cf. (2.11)) are denoted with G, and Gy, respectively.

Let u denote the (in general unknown) exact solution and uy, = Guu € Si(75,) be
its Galerkin approximation, and consider the error estimator

1.3 = |up — Ggupl| = min up, — vH|,
(1.3) = flun = Grunll = o lun = vell
where |v|| := (v, v)'/? denotes the energy norm. Then, Theorem 4.2 implies that

(1.4)  Ceogna — higher-order terms < |Ju — up|| < Cramas + higher-order terms,

where the higher-order terms depend only on the smoothness of the exact solution u.
More precisely, (1.4) holds provided that u is 7g-piecewise in H2¢ for some & > 0.
For the lower estimate in (1.4), we call the error estimator nys efficient. For the upper
estimate in (1.4), we say that nys is reliable.

Remark 1. In order to define spaces H™ (T ) of all Ty-piecewise H™-functions,
one has to assume further regularity of the boundary piece I' provided that m > 1.
For the analysis below, we restrict our discussion to polygonal boundary pieces.

In contrast to the L? norm on I, which satisfies || - H%z(r) =D ery - HQLQ(,W
the energy norm is nonlocal. Thus, the error estimator 7, cannot be used directly
for an adaptive mesh-refinement algorithm. Let H indicate the coarse triangulation
Ty and associated quantities vy, Gy as well as the (local) mesh-size as a weight in
L?(T') norms, e.g., in (1.5) below. Replacing the (best approximation) operator Gz in
the definition of ny; by an arbitrary averaging operator Ay onto S3(7y), we obtain
reliable error estimators n4 := |Jup, — Agup|. By use of an inverse estimate provided
in section 3.3, one verifies that

(1.5) pa = |[HY?(up — Agun) || 22y < Cinva-

Here and throughout the paper, (1)’ = 9/0s denotes differentiation with respect to
the arclengths along edges. In particular, this provides efficient error estimators

(1.6)  par = [|[H*(un — Ggun)' |2y and  pr o= | H'?(uj, — D)l 2,

where Iz denotes the L? projection onto P(7z), i.e., the Tx-piecewise affine func-
tions. Moreover, there also holds 1y, < Cujys with some constant C' > 0; i.e., s
is also reliable. Since the L? norm is local, the y-estimators can be employed for an
adaptive mesh-refinement.

The paper is organized as follows: Section 2 collects the preliminaries on the
functional analytic setting of the hypersingular integral equation. Section 3 provides
the necessary background on finite element approximation. We prove a local inverse
estimate for the H'/2(I") norm and recall an approximation result from [C1] which
is applied to the nodal interpolation operator. Section 4 is the core of this article
and proves the reliability and efficiency results for the introduced error estimators.
Section 5 provides details on the numerical implementation and the new adaptive
mesh-refinement strategy. Four numerical experiments in section 6 conclude the work.
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The examples cover a wide range, from an example with smooth solution (covered
by the theory in section 4), to two examples with weak corner singularities, up to
a final example on a slit which lacks almost any regularity. Even for this case, the
proposed adaptive strategy recovers the optimal experimental convergence rate (in
terms of number of elements).

2. Preliminaries on the functional analytic setting.

2.1. Fractional-order Sobolev spaces. Let € be a bounded domain in R2
with Lipschitz boundary 9. Given 0 < o < 1, the Sobolev space H*(9) is the set
of all real-valued functions on dQ which are the traces of functions in H*+1/2(R?)
to 09,

(2.1) H*(09Q) := {ulpq : ue H*T/2(R?)).

Moreover, it is consistent to define H°(99) := L?(92) and to define Sobolev spaces
of negative order by duality:

(2.2) H™*(0Q) := H*(0Q)* := dual of H*(09),

with corresponding norms and duality brackets (-,-) which extend the L?(92) scalar
product. For the hypersingular integral equation on 9%, one considers the subspaces
H§(09) to factor the constant functions out:

(2.3) HE(99) := H(9Q)/R = {u € H*(Q) : (1,u) = 0},

where 1 denotes the constant function. For a (relatively) open subset w C T' and
a > 0, we define the fractional-order Sobolev space H(w) by extension:

(2.4) HYw) :={uly : we H¥(ON)},

where the norm of u € H*(w) is defined as the minimal norm of an extension, i.e.,
(2.5) ull o () = inf{[[ull g (o) : w € H*(0R2) with ul, = u}.
Furthermore, there are Sobolev spaces H (w),

(2.6) H®(w) := {u € H*(89) : supp(u) C &},

associated with the usual H%(w) norm. The corresponding spaces of negative order
are again defined by duality:

(2.7) H %(w) = H*(w)* and H “(w) = H%(w)*.

Remark 2. Note that H*(9Q) = H*(99). For w S 09, there holds only H*(w) C
He(w) with

(2.8) lull o) < ||u||ﬁa(w) for u € H*(w).
Remark 3. Note that according to Sobolev’s inequality in one dimension each

function u € H*(w) with a > 1/2 is continuous. Moreover, each function u € H'(w)
is absolutely continuous; i.e., there holds the fundamental theorem of calculus.
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2.2. Hypersingular integral operator and energy norm. Let I' be either
the closed boundary T' = 9 or a (relatively) open boundary piece w C 9. We recall
the mapping properties of the hypersingular integral operator (1.2).

Remark 4. (a) For a closed surface T' = 99, the hypersingular integral operator
is a bijective, linear, and bounded operator

(2.9) W : HE(0Q) — HE(09)

for all indices 0 < a < 1. It is elliptic for o = 1/2.
(b) For an open surface I' ; 0, the hypersingular integral operator is linear and
bounded as operator

(2.10) W : H*(T) — H*~Y(T)

for all indices 0 < o < 1 and bijective provided that 0 < a < 1. For a =1/2, W is a
bijective and elliptic operator.

To abbreviate the notation for the energy case a = 1/2, we define the Sobolev
space H to be either Hé/2(8Q) in the case that T' = € is closed or H'/2(T) provided
that T’ ;Cé 0f) is an open arc. In both cases, W : H — H* is bijective and elliptic,
whence W induces a scalar product on H,

(2.11) {u,v) := (Wu,v) for u,v € H,
and the corresponding energy norm

(2.12) llull := )/

is an equivalent norm on ‘H = Hé/2(8ﬂ) and H = f[l/z(l"), respectively. According
to the Lax-Milgram lemma, given f € H* there is a unique solution u := W~ f in H
of (1.1).

3. Preliminaries on finite element approximation. This section recalls the
Galerkin discretization of (1.1) in the Hilbert space H and provides some estimates for
the discrete ansatz functions. Throughout we adopt the notation from the previous
section.

3.1. Galerkin discretization. Let 7 = {I';,...,I',} be a triangulation of
I'. Each element I'; of the triangulation 7 is supposed to be a connected (affine)
boundary piece. The set of all nodes of the triangulation 7 is denoted with A. Let
h € L*(T") denote the local mesh-size h|r; := h; := diam(I'j). For an integer p > 0,
Pp(T) denotes the space of all piecewise polynomials of total degree < p (defined
on a reference element I'yer = [0,1]). Furthermore, we define globally continuous
splines SP(T) :=P,(T)NC(I') C HY(I') C H*(T'). Finally, define S5(7) to be either
{vp, € 8P(T) : (1,vy) = 0} provided that T' = 99 or {v, € SP(T) : wvplor = 0}
in case I’ ;% 09Q). Here, OI' denotes the set of the two endpoints of I'. The subspace
SP(T) satisfies S§(T) C 'H and will be used for a Galerkin discretization.

If S is a finite dimensional subspace of H, the discrete Galerkin approximation
up, € S is uniquely determined by the linear system of equations

(3.1) {up,vp) = (f,vn) forall v, €S.
The Galerkin projection G : H — &, defined by Gu € § with
(3.2) (Gu,vn) = (u,vp) forall v, €S,

is the orthogonal projection onto & with respect to the energy norm.
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3.2. Standard approximation estimate. Given a regular triangulation 7,
real numbers a, m € R with m > «, and an integer p > 1, define p := min{p+1,m} —
1/2. Define the 7 -piecewise Sobolev space

H™(T):={ve L*T) : v|r, € H™(I;) for all T; € T}

with norm ”vH%{m(’Z’) = Z?=1 vl |2 m(r,): Let G denote the Galerkin projection
onto S§(7). Then, there exists some constant C; > 0 (depending only on I',a, m,
and p) such that

(3-3) lo = Goll < Crhf s 0]l (1)

for all v € HN H™(T) and hmax := maxr,e7 hj [SaS, sections 4.1.9 and 4.1.11].

3.3. Local inverse estimate. This subsection establishes an inverse estimate in
the energy norm (see Corollary 3.2), following the arguments from [GHS]. The proof
uses the fact that the Sobolev spaces can be obtained from interpolation: H'(T) can
equivalently be defined as the completion of the Lipschitz continuous functions Lip(T")
with respect to the norm ||u||§{1(r) = Hu||%2(r) + ||u’||%2(r). If one defines H!(T') as

the completion of {u € Lip(I') : u|sr = 0}, the Sobolev spaces H*(I') and H®(T')
satisfy

H*(T) = [L*T); H' (D)o and  H(T) = [L(D); H'(T)]a,

where the brackets [], denote complex interpolation with exponent 0 < o < 1
[BL, McL]. Note that interpolation leads to the same spaces H*(I') and H*(T),
respectively, but only to equivalent norms. We will use the symbol < whenever an
estimate holds up to a norm equivalence constant.

Remark 5. In the context of Sobolev spaces on domains w C R?, one writes Hg (w)
instead of H'(w), but this would conflict with our definition of H}(w) in (2.3).

PROPOSITION 3.1. There is a constant Cy > 0 (depending only on «,p,T") such
that

(3.4) A0 |22y < Collvnlle@y  for all vy, € SP(T).

Sketch of proof. We first consider the case = 0. For an element I'; € 7, there
holds [[vy, [ z2(r,) < C3 h;lﬂvh”Lz(p]_) [GHS, Proposition 2.9]. The constant C3 > 0
depends only on the degree p. The summation over all I'; € 7 leads to

(3.5) Aoy, |2y < Csllvnllp2(ry.-

The combination of (3.5) with the trivial estimate v} ||z2(r) S ||vallm1(ry allows an
interpolation argument for the operator

(3.6) To+ (S"(T), - Nmacry) = (Pp-1(T), 10 = ()lz2(r)) s vn = v

Ty is continuous with operator norm < C3, and 77 is continuous with operator norm
< 1. In particular, T, is well defined and continuous with operator norm < C;fo‘.
Note that the interpolation space of (L?, ||h(-)| r2(ry) and (L?, ] - ||r2(r)) for the index
0 < o < 1is given by (L2, ||h'=*(:)||2(r)) [BL, section 5.4]. 0

Remark 6. The given proof of the inverse estimate covers a wider range of prob-
lems: The same arguments hold for d = 3 (i.e., v}, is replaced by the surface gradient
Vo) and arbitrary 1 < ¢ < oo instead of the Hilbert case ¢ = 2.
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For aw = 1/2, the norm equivalence on H and (2.8) prove the existence of local
inverse estimates in the energy norm.

COROLLARY 3.2. There is a constant Ciyy > 0 which depends only on T’ and p
such that

(3.7) ||h1/2v;LHL2(F) < Cinyllonll  for all vy, € SE(T). 0

Remark 7. Since we will deal later with two discrete spaces, we are going to
use superindices to indicate the mesh and the polynomial degree; e.g., C’i]:lf denotes
the constant in the inverse estimate (3.7) for S)(7), where 7 is a mesh with (local)

mesh-size h € L>(T").

3.4. Local first-order approximation property. In this section we prove
that the (slightly modified) nodal interpolation operator I, onto S*(7), for sufficiently
smooth functions v € H, has a first-order approximation property with respect to the
energy norm.

THEOREM 3.3 (see [C1]). Suppose that Q is a bounded Lipschitz domain in R>
and T'=0Q or T g 0. Then, there is constant Cy > 0 depending only on a and T’
and

(3.8)

O Co if o #1/2,
R KA (log(1 + x))1/2 ifa=1/2

for the local mesh-ratio

(3.9 k :=max{h;/hy : T'; is a neighbor of 'y},
such that there holds the localized estimate

(3.10) [0l zra(ry < Ca [[B1 0" 2y

for each v € HY(T') with at least one zero on all elements in T . O

For each node z € NV, let ¢, € S'(7) be the nodal basis function, i.e., 7-piecewise
affine (with respect to the arclength) and globally continuous with ¢.(z) = 1 and
¢.(z') = 0 for 2/ € N'\{z}. Then, the nodal interpolation operator I, : C(T'") — S*(T)
is defined by

(3.11) L= v(2)¢..

zEN

In particular, I,v is well defined for any v € H*(T') and o > 1/2. From this, we may
define

Ty for T S 09,

3.12 I, :C(0) = S§(T), Iv:=1< z
(3.12) nC(I) — S(T) hv {]hv_|r—1 Jp Invds for T' = 09).

COROLLARY 3.4. For any function v € H}(T) in the case T = 9K (resp., v €
H'(T) in the case T G 0RQ), there holds with some constant Capx < Ca (with Cy
from (3.8))

(3.13) v —Inv] < CapX||h1/2(U - Ihv)/HLQ(F) < OapXth/QUIHL?(F)'
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Proof for T' ; 0. Since w := v — Iv has a zero on each element, namely
w(z) = 0 for all nodes z € N, we may apply Theorem 3.3 together with the continuity
of W : H/2(T') — H~'/2(T") to obtain

lwll < Cllwll gy < CCallhY 0|2y

The second inequality is proved elementwise: Note that there holds fF, w' ds = 0.
Therefore, (I,v)" € Po(T) satisfies (Inv)'|r, = (1/h;) [p v'ds. The elementwise L*-
orthogonality shows that

HU’/H%%FJ-) = ||U/||%2(rj) - ||(IhU)IHQL2(Fj) < HUIH?;z(rj)-

A summation of these estimates over 7y concludes the proof:

1A 2|2y = ZthwIHQLz(rj) < ZhJHU/HZLZ(rj) =[R2y O
j=1 j=1

Proof for T = Q. We define w := v — v € Hy(T') and @ := w+ (1/|T]) [ wds.
Since W1 = 0 for the constant function 1, we have ||w|| = [|@]. Because of [ vds = 0,
there holds @ = v — Iv. With @' = v’ , we may thus apply the same arguments as
in the case I' G 99 to prove (3.13). O

COROLLARY 3.5. Let S be a finite dimensional subspace of H}(T') for T' = 0Q and
of HY(T) for T S 09, respectively. Provided that SH(T) C 8, the Galerkin projection
Gy, onto S satisfies

(814)  Jv—Guoll < Cupemin {2720 = Guo) oy 120 2 }

Jor all v € HE(T) (resp., v e HY(T')) with the constant Capx > 0 from Corollary 3.4.
Proof. According to the best approximation property of G and Corollary 3.4,
there holds

(3.15) llo = Groll < o — Invll < Capxllh>0 | 22

Then w := v — Gpv satisfies v — Gpv = w — Gpw from the idempotency of the
projection Gy,. The application of (3.15) with v replaced by w yields v — Gpv| <
CapXth/gw/HLz(p). |

4. A posteriori error control by averaging techniques. This section aims
to provide a new class of error estimators for the hypersingular integral equation and
states their reliability and efficiency.

4.1. Assumptions and notation. Let 7, = {T'y,... , Tz} and Ty = {71,...,
v~} be triangulations of T' with (local) mesh-sizes h and H, respectively, and let
Sy = 83(T) and Sy = S3(Ty) be defined in section 3.1. As in Corollary 3.4, let
I, : HY(T') — Sy, denote the nodal interpolation operator onto S;, with approximation
constant Capx > 0, and let Cﬂf > 0 denote the constant in the inverse estimate (3.7)

for Sg. We assume that the mesh-size h is small enough when compared to H; more
precisely,

(4.1) CapxCint” M2 (Rl (y)/ H))'? =2 L < 1.
J H

mv

Moreover, the analysis in the subsequent sections requires an additional regularity
assumption on the exact solution u € H of (1.1), namely,

(4.2) u€ H™(Ty) for some m > 2.
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4.2. General results. Let u € H denote the unique solution of (1.1), and let
up, € Sy, be its Galerkin approximation with respect to S = Sy, in (3.1). The Galerkin
projection Gy onto Sy (i.e., the orthogonal projection onto Sy with respect to the
energy norm) is compared with an arbitrary (not necessarily linear or continuous)
operator

(4.3) A : L*(T) — Sy.

The main results of this section are stated in Theorem 4.2 and Corollaries 4.3-4.5.
PROPOSITION 4.1. Under assumption (4.1), there holds

(4.4) v = wnll < WU = Grr)(w —un)|/(1 = L).

Proof. Define h € Po(Ty;) by 7L|%. := ||h|| Lo, for each element ~; € Ty. For
the Galerkin error e := u — uy, the approximation property (3.13) of I, yields

|||(]1 - Ih)GHem < CapXthm(GHe)/”L?(F) < CapXHEI/Q(GHe)I”LQ(F)'
Now, we use the inverse estimate (3.7) for Gge € Sy and infer that

IR 2GreY llzay < IG/H) 2 e oy | EY2Grre Ny
< O/ H)Y? | L 0y I G e
The combination with the best approximation property [|Gge|l < |le|| shows that
(X = 1n)Guell < Lie]|.
Using the Galerkin orthogonality and a Cauchy inequality, we obtain for I,Gge € S,
(e.Gue) = (e,Gre — InGue) < llell |1~ In)Grell < Llle]*.
A further application of the Cauchy inequality concludes the proof:
el = (e, Gre) + (e, e — Gme) < llell (Lllell + 1(1 = Gm)el). O

THEOREM 4.2. Assume (4.1)~(4.2). Then the error estimator

v = [lun — Gruall
is reliable in the sense of
(4.5) lu—unll < (mar + 1A= Gr)ull) /(1 - L)
and efficient in the sense of
(4.6) mr < Jlu = unfl + 11— G )ull-

(Compared with ||u — up|| and nar, the term |(1 — Gg)ul| is generically of higher
order.)
Proof. According to (3.3), the error in the energy norm is of order

lu—un| = O(hE,,) with p:=min{2,m}—1/2=3/2.
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Furthermore, for smooth v we have

I(1—Gg)ul = O(HL,,) with §:=min{3,m}—1/2 > 3/2.

max

Since m > 2, ||(1 — Gg)ul| is of higher order. The combination of Proposition 4.1
with a triangle inequality shows that

lu = unll < (18 = Gar)ull + (1 = Gar)unll)/ (1 = L).
This proves reliability. A simple triangle inequality,
nyv < (A= Gr)(u—up) |+ 1(1 = Gr)ull < Ju—unl + (1= Ga)ul,

shows efficiency since (1— Gy ) is an orthogonal projection with respect to the energy
norm. 0

Replacing the best approximation operator Gy by the operator Ag, we immedi-
ately obtain the following corollary.

COROLLARY 4.3. We always have ny < na = |lup — Agupl|; i.e., under the
assumptions (4.1)—(4.2) the error estimator na is reliable. O

To develop an adaptive mesh-refining algorithm, we have to provide an error
estimator which can be localized. More precisely, we will estimate the nonlocal H
norm by the (weighted) local H! seminorm, namely pips == ||[HY?(up, —Grup)'|| p2r)-

COROLLARY 4.4. As 8(Ty) C Su, there holds with the constant Capx > 0 from
Corollary 3.4

(47) N < C’apXMM-

Therefore, s is reliable under assumptions (4.1)—(4.2).

Proof. The proof follows immediately from the approximation property of the
Galerkin projection (3.14). a

COROLLARY 4.5. Suppose that Sy C S%(Ty,). Then, there holds
(4.8) pa = [HY?(un = Agun)'|| L2y < C5Clina

1

with the constant Cs := max{||H||p~,;)/h; : T'j € T} and the constant C’I}Illf >0 for

an inverse estimate on S*(7y,). With Il denoting the L? projection onto P*(Ty),
the error estimators py and pn = ||HY?(u), — M gu})||p2r) satisfy

(4.9) pn < g < G5Ol

and therefore are efficient under assumptions (4.1)—(4.2).

Proof. The estimate (4.8) follows from the inverse estimate (3.7), and so does
the second estimate in (4.9). Note that I is the elementwise L? projection. This
proves [luj, — Hguy,|lr2(y,) < [Ju), — (Grun)'||lL2(q,) for any v; € Ty. Summing the
H-weighted L? norms over all elements ~; € Ty, we prove (4.9). d

Remark 8. Note that the assumption Sy = S3(7y) C S?(73,) is quite weak and
satisfied if 7}, is obtained from 7y by some (local) refinements.

4.3. Reliability of pus for the L? projection. As proved in Corollary 4.5,
there holds pg < C’g,C’ihn’v2 14 under weak assumptions on 7g. To obtain the converse
estimate ny < Cg g with a constant Cg which depends on neither the mesh-sizes nor

the number of elements, one has to prove

(4.10) lvon — Amonll < Cs||HY (v, — Agvg) |2y for all vy, € Sp.
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One then obtains the equivalence of the error estimators p 4 and 14 and, in particular,
the reliability of pu4 under the assumptions (4.1)-(4.2). This is done for the L2
projection Apg onto Sy in the following proposition.

PROPOSITION 4.6. Let A be the L?-orthogonal projection onto Sg. Under the
assumptions of Corollary 4.5, the error estimator pa from (4.8) satisfies

(4.11) Co'na < pa < CsCl2 .
Proof for T = 0. Since the L? projection Py : Hi(I') — S?(7y) satisfies
0=(1,(1—Pmun) = (L, un) — (1,Pyun) = —(1,Prun),

there holds Pyu;, € Sy. Consequently, Pyup = Agup, and (1 — Ag)uy is L*-
orthogonal to 8*(7y). Let ; € Ty be a coarse grid element with nodes z, 2’ € Ny.
We define the bubble function §;(x) := ¢u .(x)dmu,. (x) for x € T' as the product of
the corresponding hat functions. Then, 3; € S*(7y) is positive on the interior ~;.
With v := (1 — Ag)uy, there holds

(4.12) 0=(B;,v) = / Bjv ds.

J

Therefore, v has at least one zero in «y; so that Theorem 3.3 can be applied for
Ty. d

Proof forT' ; 09. The bubble functions vanish in all nodes z € N and hence sat-
isfy B; € Sy for all 1 < j < n. Therefore, (4.12) holds and we can apply Theorem 3.3
again. a

Remark 9. The approximation argument in the proof of Proposition 4.6 works
for sufficiently smooth u € ‘H instead of uj € Sp; e.g., up may be replaced by some u
in H}(T) (resp., HY(T)).

In the case that I' g 0L is an open boundary piece, it is easy to construct operators
which satisfy (4.10) since we only have to satisfy the zero boundary conditions for
discrete functions at the endpoints of T'.

Remark 10. Suppose that T’ ; 09). Let Ay be the pointwise interpolation
operator satisfying

Agup € 8*(Tg) and  Agup(z) = up(z) for z € {a;,m;,b;},

where a; and b; denote the nodes of ; and m; denotes the element’s midpoint. Note
that Aguy, vanishes at the endpoints of I'. Therefore, Agu;, € Sy and according to
Theorem 3.3 there holds (4.10).

Remark 11. Suppose that Ag is idempotent; i.e., A% = Ay. Then, an ele-
mentary algebraic manipulation shows that (4.10) follows from the approximation
estimate

o — Agopll < Cs | HY?v), || 12

for all vy, € Sy.

5. Numerical realization. As in the previous section, we write S, = S}(75)
and Sy = S2(7y). The finer mesh 7;, is obtained from the coarser Ty by uniform
refinements; see section 5.5 for details. This ensures Sy = S3(7g) C S*(73) as in
Corollary 4.5.
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5.1. Neumann problem and hypersingular integral equation. In the nu-
merical experiments we consider examples where the right-hand side f in (1.1) comes
from a Neumann problem

(5.1) AU=0inQ and 9U/Ov=gonTl =090

with given Neumann data g on T' (plus boundary conditions at infinity if € is un-
bounded) and the normal derivative 9U/Jv, where v denotes the outer unit vector on
0. This problem is equivalent to the hypersingular integral equation (1.1), where f
takes the form

(5.2) f=1-K")g

with the adjoint double-layer potential operator K*, defined as Cauchy principal value
by

(53) (K'9)w) =~ o) U s, forwer

Up to an additive constant, the exact solution of (1.1) is just the Dirichlet data U|r
of U on the boundary I'. More precisely, there holds v = Ul|r — (U|r,1)/(1,1).

5.2. Computation of the discrete solution for I' = Q. The problem to
solve (1.1) in the Hilbert space H§(I") can equivalently be formulated as follows [CoS,
CaS]: Given (f,b) € H* YT x R, find (u,a) € H(T') x R such that

(5.4) Wu+a=f and (1,u)=0».

The corresponding discrete formulation reads as follows: Find (un,an) € SY(7T) x R
such that

(5.5) (Wup, +ap ,vp) = (f o) forall v, € SY(T,) and (1, up) = b.

Notice that (1,u—wup) =0, whence u—up, € H§(I"), and (1, f —ap) = (1, Wup) = 0;
ie, a, = (f,1)/(1,1) and f —a, € Hy '(T). In particular, for b = 0 and f €
H§ (), the solution of (5.4) (resp., (5.5)) is just the solution of (1.1) (resp., (3.1)).
The benefit of the generalized formulation is that we are allowed to consider the full
discrete space S'(7},) instead of S§(75,). This simplifies the implementation since one
can use the usual nodal hat functions instead of a basis of Sg(7,).

Let N, denote the set of all nodes of 7j, and, with n := |N},|, define the (sym-
metric) stiffness matrix A by

(5.6) Aji = (¢j,0r) for1<jk<n,

with ¢;, ¢ € S'(75) denoting the hat functions corresponding to the jth and kth
node, and

(5'7) Aj,n+1 = An+1,j = <1 ) ¢j>a An+1,n+1 =0.
With the right-hand side

(5.8) b; = (f,¢;) for1<j<n,
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the discrete solution uy, of (3.1) has the basis representation
n
(5.9) un =Y X;0;,
j=1

where the coefficient vector x € R™t! solves the linear system Ax = b with b,,; := 0.
Moreover, there holds x,,+1 = ap with aj from (5.5).

Remark 12. (a) The hypersingular integral operator (1.2) and the single-layer
potential

(5.10) (Vo) (@) = = [ ulo)ogle — gl s,

are linked through Nédélec’s equation (recall (-) = 9/9s)
(5.11) (Wu,v)y = (Vu' ') for all u,v € H.

(b) According to (a), the entries of A in (5.6) can be computed analytically
using (5.11) and exact integration for the single-layer potential; see [Mal].

5.3. Computation of the discrete solution for T’ g 0. Let Ky, := N, \OT
denote the set of all interior nodes of 7. Then, the implementation for an open curve
is less involved since the hat functions ¢; with j € K, form the nodal basis of S§ (7).
With n := |Ky|, we compute A and b as in (5.6) and (5.8), respectively. Then, the
discrete solution wy, is represented as in (5.9) with x € R™ satisfying Ax = b.

Remark 13. For implementational reasons, the matrix A and the right-hand side
b are computed for all hat functions, i.e., ,, and the resulting linear system is solved
only on a subblock corresponding to Kp,.

5.4. Computation of the right-hand side for academic examples. If the
exact solution w € H is known, the entries for the right-hand side vector (cf. (5.8)),
can easily be obtained by use of Remark 12: According to (5.11), there holds

bj = (f,¢;) = (Wu,¢;) = (u', V).

Notice that the integrand b(z) = u'(x)(V¢})(x) may have logarithmic singularities.
For the numerical experiments, we used the quad function implemented in MATLAB,
which is based on an h-adaptive Simpson formula and Romberg extrapolation.

5.5. Adaptive algorithm. All mesh-refinements are performed with the fol-
lowing adaptive algorithm from [CP] based on the refinement indicators piar,j, pa
and p,; defined as follows: Given the coarse mesh 7y = {71,...,v~n} and the L2
projections 11}, : S, — S (Ty) and 113 : S, — S3 (T ), we define, for j=1,... N,

(5.12) pary = H; 2 uf, = (Grun)||zasy),
1/2

(5.13) pag = H g, — (un) || 22y ),
1/2

(5.14) pr = H [y, — T (uh) | 1201

. N 1/2 N 1/2 N 1/2
LE fim = (Zj:l M?\/[,j) » HA = (Zj:l “12471’) ; and pn = (Zj:1 H’12'I,j) » Te-
spectively.

ALGORITHM 5.1. Choose an initial mesh TP(IO), k=0,¢€N>y, and 0 <0< 1.
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(i) Obtain ’Z;l(k) ={T4,..., T} from ’]}(Ik) ={71,...,yn} by uniform splitting of
each element v; € Tf(lk) into £ elements of equal length.

(ii) Compute the approximation u;lk) for the current mesh Th(k).

(ili) Compute error estimators nar and na and refinement indicators parj, faj,
and pirr ;.

(iv) Mark element y; provided the corresponding refinement estimator satisfies
pny > 0 max {par, ..., N} (or pary replaced by pa j and pn ;, respectively).

(v) Halve all marked elements y; € ’Tf(lk) and so generate a new coarse mesh
T}(Ik-i_l), update k, and go to (i).

Remark 14. The choice of § = 0 in Algorithm 5.1 leads to uniform mesh-
refinement, whereas we used § = 1/2 for adaptive mesh-refinement in the subsequent
numerical examples. The parameter £ € N> is chosen between 2 and 4 and is empir-
ically discussed later.

Remark 15. Since the local mesh-ratio /<;(’Th(h)) defined in (3.9) enters the constant
Capx and thus affects the reliability of our estimators, we mark further elements
for refinement to guarantee H(T}(Ik)) < 2/4(’7}(10)). Note that there holds H(Th(k)) =

w(TH).

5.6. Computation of the error estimators. Let ¢1,... , ¢, be a basis of S,
and ®q,...,®y be a basis of Sy and define the matrices A € R?;T;L, Be Révyan, and
C € RV*" by
(515) Ajk = <¢j7¢k>7 Bjk = (q)j,q)k>, and Cjk = <®J ,¢k>.

Let x € R™ be the coefficient vector of uj, € Si, and y € RY the coefficient vector of
Ggup, € Sg. Note that the vector y is the solution of the linear system By = Cx.
Then, Galerkin orthogonality yields

M = lun = Grunl® = Jlunll? = IGaunl® = x- Ax —y - By = x - (Ax - CTy).

RNXN

The computation of the error estimator 74 involves the L? mass matrices Bec sym

and C € RV defined by
(5.16) B = (®;,®) and Cjp := (D, , ).

If Ay denotes the L? projection onto Sy, the coefficient vector y € RN of Aguy, is
the solution of the linear system By = Cx. Then, n4 reads as

na = [lun — Agun|* = x- Ax —y - (2Cx — By).

Remark 16. (a) In case T' = 01, it is convenient to extend A, B, and B by a
side-constraint analogously to (5.7) and then to consider a basis of S'(7},) and S§%(7},)
instead of Sy, and Sp, respectively.

(b) The entries of A,B,C are computed analytically by use of Remark 12 for
¢; being a hat function in §'(7;) and ®; being either a hat function in S!(7y) or
a bubble function in 8?(7y), i.e., the product of two hat functions with overlapping
support. N

(c¢) The entries of B are computed analytically by transforming the arising inte-
grals to the reference element [0, 1], where the hat functions are given by ¢t and 1 —¢
and the corresponding bubble is ¢(1 — ¢).
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(d) The entries of C are easily computed since a fine grid element I'; € 7, lies in
precisely one coarse grid element v, € Ty. If we use the arclength parametrization of
Y&, I'j then corresponds to a subinterval [a,b] C [0, H].

(e) The error estimators pups and g4 are computed Tx-elementwise as indicated
in (5.12).

6. Numerical experiments. This section reports on four numerical experi-
ments to study the accuracy of the introduced error estimators and the performance
of the proposed adaptive strategy. All experiments have been conducted using M AT-
LAB. All examples are academic in the sense that the exact solution is always known
and we can compare the convergence of the error Ej, = ||u — uy|| with the conver-
gence of the error estimators. All experiments were performed with the parameter
¢ =2,3,4 in Algorithm 5.1. Since the numerical outcome looks similar, we restrict
the presentation to the simplest case £ = 2. The right-hand side for the Galerkin
method is always computed as explained in section 5.4.

The first two examples are related to Neumann problems; cf. section 5.1. The
solution for the example in section 6.1 is smooth and satisfies the regularity as-
sumptions of section 4 so that the higher-order term in the error estimates satis-
fies [lu — Ggul = O(h*/?). The solution for the example in section 6.2 corresponds
to a classical finite element test problem on the (rotated) L-shaped domain which
lacks H?-regularity. For the generic corner singularity U(r,¢) = r cos(ay) with
a = 2/3 for the reentrant corner 3w/2, the corresponding Neumann data are (piece-
wise) smooth. In the example in section 6.3, we therefore consider the same example
with & = 3/7. Then, the Neumann data are singular at the reentrant corner and
uniform mesh-refinement leads to a suboptimal convergence rate for the numerical
solution of the hypersingular integral equation. This can be overcome by use of adap-
tive mesh-refinement. Finally, the example in section 6.4 considers a slit problem on
the slit I' = [—1,1] x {0}. The right-hand side simplifies since the adjoint double
layer potential vanishes; i.e., we do not have to deal with further quadrature errors
to compute the right-hand side. The exact solution lies in H!=¢(T") for any € > 0.

6.1. Neumann problem with smooth solution. We consider the Neumann
problem (5.1) on the halved unit square Q = [0,1/2]? with exact solution

(6.1) U(z,y) = sinh(27 x) cos(2my)

and solve the corresponding hypersingular integral equation Wu = f with right-hand
side f = (1 — K*)g and g = OU/9v. Note that [ U(z)ds, = 0. Therefore, the exact
solution u of the hypersingular integral equation is just the trace on the boundary u =
Ulr. The computation of the right-hand side for the Galerkin method is performed as
shown in section 5.4 with the arclength derivative v’ = VU (z)-7(z) for the tangential
vector 7(x) on I'. Figure 1 shows initial mesh and the corresponding discrete solution
up, (for £ = 2 in Algorithm 5.1) as a function of the arclength parameter 0 < s < 2,
where s = 0 corresponds to the point (0,0) and counter-clockwise parametrization of
the boundary T = 0. The exact solution u is shown for comparison. Figure 2 shows
the error

Ep = llu—unl = (ful® = unl®)*?,

where |uf| = 258.4278864 (obtained from Aitkin’s A2 extrapolation of the sequence
on uniformly refined meshes) as well as the introduced error estimators for uniform
mesh-refinement. The values are plotted over the number n(*) of elements in the
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05 3

Y4 2

-0.1 0 0.1 0.2 0.3 0.4 0.5 0.6

Fic. 1. Initial coarse mesh TIEI(D in the Neumann problem in section 6.1 with N = 4 elements
(nodes indicated by o) (top) and the corresponding fine mesh T}EO) for £ =2 in Algorithm 5.1; t.e.,

n = 8 (nodes indicated by x). The related discrete solution up on Th(o) (bottom) is plotted over
the arclength s = 0,...,2 of I'. The ezact solution u (i.e., the trace of U from (6.1)) is shown for
comparison (bottom).

kth fine grid Zl(k). As is to be expected, uniform mesh-refinement leads to optimal
experimental convergence rate

(6.2) kE(Ep) = log(E}(kal)/El(lk))/ log(n™®) /nk=1)),

Here, E;L]) denotes the error corresponding to the jth mesh (i.e., on the fine mesh
in the jth step of Algorithm 5.1) with n) elements. The experimental convergence
rate is visualized in Figure 2 through the slope of the interpolated values plotted
in double-logarithmic scale. From the regularity of the exact solution v = U|r one
expects convergence rate 3/2 for the error Ej, and 5/2 for the error Ey := |Ju — Ggul|
in a Galerkin scheme with S2 ansatz functions (cf. section 3.2), and this is in fact
observed in Figure 2. Note that the assumptions of Theorem 4.2 are satisfied and
na is an upper bound for the error Ej up to terms of higher order O(h%/?). We
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S 10~ = E
= E > pps (unif)
@
—+—= n4 (unif)
10_3 E 3
=% ua (unif)
10—4: —HB—  ppp (unif.) —,
- By (unif)
10—50 ‘ ““““1 ‘ “H‘H‘z ‘ “H‘H‘a T
10 10 10 10 10
number of fine—grid elements
Fi1G. 2. Error Ep, = |(1 — Gp)u| and error estimators mas, par, Na, pa, and pg for £ = 2
and uniform mesh-refinement in the Neumann problem in section 6.1. For comparison, we further
show the Sg-error Eg = |(1 — Gg)u| which is of higher order: As expected from section 3.2, we

observe k(Ep) = 3/2 and k(Eg) = 5/2. The estimators na and pa lack the efficiency, showing an
ezperimental convergence rate less than 3/2. On the other hand, we observe reliability of ury. Note
that npr is a very accurate estimator for Ep in the sense that both curves almost coincide.

see that 77 is a very accurate estimate for Ej: The curves for Ej, and 7y, almost
coincide. (See also Table 1, where we provide some numbers for £ = 1,...,8.) The
error estimator pps is expected and observed to be reliable (for uniformly refined
meshes) and efficient: The curve of uys is parallel to that of Ej, and nas. The same
holds for the error estimator g which was only proved to be efficient in Corollary 4.5.
The error estimators p 4 and n4 show reliability but obviously lack the efficiency: The
curves for us and 74 are parallel (as expected from Proposition 4.6) with slope 7/6.
The failing efficiency estimate probably results from the lack of H' stability of the L?
projection Ay : HY(T) — S2(T) € HY(I).

Figure 3 visualizes the error E}, and the error estimator pp for uniform and adap-
tive mesh-refinement. As for uniform mesh-refinement, we obtain the experimental
reliability of p: The curve of Ep, and the corresponding curve of upy are always paral-
lel. Even for pa-adaptive mesh-refinement, where the error curve shows some zigzag
behavior, this is imitated by the curve of pr. All mesh-refining strategies recover
the optimal convergence rate k(Ep) = 3/2. Although adaptive mesh-refinement is
not necessary for this example, the absolute values of Fj, recommend the use of ;-
or pr-adaptive mesh-refinement. This is caused by the vanishing solution u(z,y) for
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TABLE 1
Index o = |u—wup|/nar for the Neumann problem in section 6.1 with respect to the number |Tg|
of coarse grid elements and the refinement parameter £ in Algorithm 5.1. One expects that o tends to
1 for #Tg,L — oo (cf. Theorem 4.2): In this case, the higher-order term |u — Ggul tends to zero,
and the constant 1/(1 — L) tends to 1. Note that we used Aitkin’s extrapolation rowwise to compute
|ul since the extrapolated value is affected by the quadrature errors to compute the right-hand side;
cf. section 5.4.

= |Th|/|TH|
[Ta| 2 [ 3 [ 4 [ 5 ] 6 [ 7 [ 8
4 2.98¢+00 | 6.54e-01 | 3.75e-01 | 2.53e-01 | 1.85e-01 | 1.43e-01 | 1.15e-01
8 1.18¢+00 | 8.49¢-01 | 6.06e-01 | 4.46e-01 | 3.41e-01 | 2.70e-01 | 2.20e-01
16 || 1.09e+00 | 9.50e-01 | 8.08¢-01 | 6.70e-01 | 5.52e-01 | 4.58e-01 | 3.84e-01
32 || 1.07e+00 | 9.96e-01 | 9.37e-01 | 8.65¢-01 | 7.84e-01 | 7.02e-01 | 6.24e-01
64 || 1.07e+00 | 1.01e+00 | 9.87e-01 | 9.60e-01 | 9.28e-01 | 8.88e-01 | 8.43e-01
128 || 1.07e400 | 1.02¢+00 | 1.00e+00 | 9.91e-01 | 9.91e-01 | 9.68¢-01 | 9.51e-01
256 || 1.07e+00 | 1.02e+00 | 1.00e+00 | 9.85e-01 | 1.04e+00 | 1.09e+00 | 9.91e-01
512 || 1.06e+00 | 1.03e+00 | 1.00e4+00 | 9.70e-01 | 1.09e+00 | 1.20e+00 | 1.00e+00

10
10 F 1
10° b i
<
S
©
£
%,
s 10 | — E}, (unif.) =
g i
§ : —©—  puqp (unif.)
@ | = By (pag-ad)
107°F ]
F—t um (upg-ad)
L —— By, (na-ad)
10—3: B up (pg-ad) .
E - Ep, (pr-ad.) 1
[ = um (upr-ad)
10740 ‘ ‘ “““‘1 ‘ ‘ “““‘2 ‘ ‘ “““‘3 ‘4
10 10 10 10 10
number of fine—grid elements
Fic. 3. Error Ep, = |(1 — Gp)ul| and error estimator pr in the ezample in section 6.1 for

uniform (unif.) and adaptive (ad.) mesh-refinement and ¢ = 2. Besides the efficiency of pm
proven in Corollary 4.5 one observes reliability of pry: In all cases, the curves of Ey and prp are
parallel—even for pa-adaptive mesh-refinement.

z = 0. We do not need any boundary elements there. The ps-adaptive mesh-
refinement leads to absolute values of E} which are even worse than the uniform
mesh-refinement.
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Some adaptively generated meshes are shown in Figure 4. For ups- and pp-
adaptive mesh-refinement, we see a strong refinement around the arclength parameter
s =1/2 and s = 1, where the exact solution has strong gradients; cf. Figure 1.

Finally, Figure 5 provides a comparison of the different estimators in dependence
on the mesh-refining strategy. To make the subplots comparable we always print the
outcome for uniform mesh-refinement. For all mesh-refining strategies, we see that
na and p4 are equivalent and reliable but lack the efficiency. The convergence rates
for n4 and py for adaptive mesh-refinement become even worse than for uniform
mesh-refinement. On the other hand, we prove experimentally the reliability of ps
(and pgy) even for non—quasi-uniform meshes.

6.2. Neumann problem with slightly singular solution. For a fixed pa-
rameter « > 0, we consider the Neumann problem (5.1) on the L-shaped domain 2
shown in Figure 6 with exact solution

(6.3)  U(z) =Re(z®) =r“cos(ay) in polar coordinates x = r (cosp,sinp).

With the Dirichlet data Ulr, the exact solution u of (1.1) in HE(09) is given by
u="Ulr— (U|r,1)/(1,1). Numerical quadrature yields (Ul|r,1)/(1,1) = 0.2095275.
The exact solution u is plotted over the arclength in Figure 6 for comparison with
the discrete Galerkin solution. As in the previous section, the right-hand side in the
Galerkin scheme is computed by use of the exact solution; cf. section 5.4. The gradient
of U(x) reads in polar coordinates as

_a—1 [ cos(p)cos(ap) + sin(yp) sin(ap)
(6.4) VU(@) = ar®™! < sin(¢) cos(ap) — cos(p) sin(ayp) )

For the numerical experiment we choose o« = 2/3, which corresponds to the typical
corner singularity at a reentrant corner with angle 37/2. The Neumann problem then
leads to U & H?(2). Nevertheless, the Dirichlet data are smooth as can be seen in
Figure 6. Thus, we observe optimal experimental convergence rate 3/2 [in terms of
number of elements| even for uniform mesh-refinement. Figure 7 visualizes the error
E}, and the error estimators 1, and pp for uniform and adaptive mesh-refinement.
As in the example in section 6.1, we observe that both error estimators are reliable
and efficient. pps- and pp-adaptive mesh-refinement lead to optimal experimental
convergence rate k(Ep) = 3/2 and even the absolute values of E}, are superior to the
values obtained from uniform mesh-refinement. The p4-adaptive mesh-refinement
leads to a curve with absolute values E}, even worse than for uniform mesh-refinement.

Some adaptively generated meshes are shown in Figure 8 for comparison. The
meshes generated by ujs-related and pp-related mesh-refinement are very similar.
This can also be observed from the plot in Figure 7, where the curves corresponding
to ppr and pgr, respectively, almost coincide.

Independent of the mesh-refining strategy, the estimator 1, provides an accurate
estimate for the error Ep: The curves for E; and 7,7, which are related to the same
mesh-refinement, coincide.

6.3. Problem with singular solution. We consider the same example as in
section 6.2 but now with o = 3/7, which leads to a singular exact solution u. Figure 9
shows the discrete solution u; on the initial mesh ’Z;I(O) and, for comparison, the
Dirichlet data U|r (up to an additive constant). Note that we subtracted the constant
(Ulr,1)/(1,1) = 0.4205278 from the Dirichlet data to obtain the unique solution u
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Fic. 5. Error Ep, = |(1 — Gp)u| and error estimator ur in the example in section 6.1 for
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¢ = 2 and uniform (unif.) (resp., different adaptive (ad.)) mesh-refining strategies. In any case,
we observe that the error estimators mar, pnr, and pr are reliable and efficient. All mesh-refining
strategies lead to optimal convergence rate k(Ep) = 3/2, and nyr and Ep, almost coincide. The error
estimators na and p4 lack the efficiency.
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F1G. 6. Initial coarse mesh TI({O) in the example in section 6.2 with N = 8 elements (nodes
indicated by o) (top) and the corresponding fine mesh 'Th(o) for £ = 2 in Algorithm 5.1, i.e., n = 16

(nodes indicated by +). The related discrete solution up, on Th(0> (bottom) is plotted over the arclength
s=0,...,2 of I'. The exact solution u is shown for comparison (bottom). Note that, due to the
resolution of the bottom figure, there is almost no visible difference between u and uyp,.

of (1.1) in H(99Q). As can be seen, the exact solution now yields a singularity at the
reentrant corner at arclength s = 0 and s = 2, respectively.

Uniform mesh-refinement leads to a suboptimal experimental convergence rate of
3/7 for the error Ej,. Figure 10 visualizes the error Ej, as well as the error estimators
1y and pyp for uniform, and ppas-, pa-, and p-adaptive, mesh-refinement. The -
and p4-adaptive strategies recover the optimal convergence rate 3/2, which is exper-
imentally obtained from the very start; i.e., there is no preasymptotic behavior as is
normally observed for adaptive methods. The adaptively generated meshes, visualized
in Figure 11, look very similar for both strategies, and the related Ej-curves coincide.
This is very different for the u4-adaptive mesh-refinement. After a small preasymp-
totic phase (for n < 40) and compared with the uniform mesh-refinement, we observe
an improvement of the experimental convergence rate. However, the p4-adaptive
strategy does not seem to recover the optimal convergence rate. The u4-adaptively
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F1G. 7. Error Ep, = [|(1 — Gp)u| and error estimator pp in the example in section 6.2 for

uniform (unif.) and adaptive (ad.) mesh-refinement and ¢ = 2. Besides the efficiency of um
proven in Corollary 4.5 one observes reliability of prr. The error estimator nps estimates Ejp, very
accurately: The values almost coincide independent of the mesh-refining strategy. Whereas ppr- and
uprr-adaptive mesh-refinement lead to improved absolute values for the error Ey, the Ej-curve for
na-adaptive mesh-refinement is above the curve corresponding to uniform mesh-refinement; i.e.,
the absolute value of Ey for a fixed number of unknowns is even worse than for uniform mesh-
refinement.

generated meshes show some further mesh-refinement where the exact solution u has
some local maxima (cf. Figures 9 and 11), which is not necessary when compared
with the optimal results for p;- and up-adaptive mesh-refinement.

The error estimation by 7;; is not as good as that observed in the preceding
examples. This is probably due to the fact that the term |Ju — Ggul now is not a
higher-order term.

6.4. Slit problem with exact solution. Our last example is concerned with
the hypersingular integral equation (1.1) with constant right-hand side f = 1 on the
slit ' = [—1,1] x {0}. The exact solution v is given by

(6.5) u(z,0) =+1—22 for (z,0) €T.

There holds u € H*~=(T) for all € > 0, but « ¢ H'(T'). The energy norm of u can be
computed analytically, |u| = /7/2. Figure 12 shows the experimental results of our
computations. Asin the previous examples, the error estimators 1y, par, and g show
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F1c. 9. Initial coarse mesh TI({O) in the example in section 6.3 with N = 8 elements (nodes
indicated by o) (top) and the corresponding fine mesh Th@) for £ =2 in Algorithm 5.1. The related

discrete solution uy, on T}fo) as well as the exact solution u is plotted over the arclength s =0,... ;2
of T' (bottom).

efficiency and reliability independent of the mesh-refining strategy. Uniform mesh-
refinement leads to a suboptimal experimental convergence rate x(Ej,) = O(h'/?).
This can be improved by use of /- and p-adaptive mesh-refinement. Both adaptive
strategies recover the optimal convergence rate. As in the example in section 6.3, p4-
adaptive mesh-refinement leads to an improved convergence rate of the error, but this
is still suboptimal.

7. Conclusions.

7.1. Empirical results. The overall impressions of our numerical experiments,
partly repeated from the preceding subsections, give us the subsequent empirical
results.

(a) prr is the most simple estimator (from the conceptual and implementational
point of view); it is theoretically shown only to be efficient, but performs efficiently
and reliably in our numerical examples.
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F1G. 10. Error E, = |(1 — Gp)u| and error estimators nar, pa, and pn for uniform (unif.),
uar-adaptive (upar-ad.), and pr-adaptive (urp-ad.) mesh-refinement in the example in section 6.3
with £ = 2 in Algorithm 5.1.

(b) The error control of 7, is extremely accurate at least if the exact solution u
has some regularity. The error estimation is far superior in comparison with the other
error estimators.

(c) Algorithm 5.1 steered by the refinement indicators pps and pg, respectively,
leads to the optimal experimental convergence rate of the Galerkin method whenever
the regularity of the exact solution leads to a reduced convergence order for uniform
mesh-refinement.

(d) For Ay, the L? projection onto Sz, the error estimators 74 and p4 lack the
efficiency. Although p4-adaptive mesh-refinement leads to an improvement of the
experimental convergence rate for the singular examples, this adaptive strategy does
not regain the optimal convergence rate.

(e) The numerical outcome appears to be very sensitive with respect to imple-
mentational details. The estimators s, par, and 14 involve stiffness matrices with
respect to SZ, while puy relies on the much more robust L? projection.

7.2. Theoretical results. The heart of our analysis is Proposition 4.1 and,
obtained from this, the efficiency and reliability of the error estimator ny = |lup —
Gprup|| up to terms of higher order. Those higher-order terms depend only on the
regularity of the exact solution u which is in general unknown.
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efficient and reliable error control by Hp
10
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Fi1G. 12. Error E;, = |(1 — Gp)u| and error estimators nps and prn for uniform (unif.) and
adaptive (ad.) mesh-refinement in the example in section 6.4 with £ = 2 in Algorithm 5.1.

The proof of Proposition 4.1 has essentially two ingredients: first, an approxima-
tion operator I, : Sy — Sy, which has a local first-order approximation property, and
second, a local inverse estimate in Sgy. Whereas we provided the inverse estimate
for two- and three-dimensional problems, we did not provide the operator Ij in the
latter case. For two dimensions, one can simply choose Ivy to be the nodal inter-
polant. For three dimensions, one choice is (a slightly modified) Clément interpolation
operator [FFP].

From the best approximation property of the Galerkin projection, one obtains
that each averaging operator Ay : S;, — Sy yields a reliable error estimator na =
lun — Aruall-

Since the energy norm ||| is nonlocal, the obtained estimators cannot be employed
for an adaptive mesh-refinement directly. We use localization in terms of the weighted
H' seminorm pa = [|HY?(u, — Agup)’||2(r). An inverse estimate shows the lower
bound C~'us < na. The verification of ng < C ua needs some approximation
property of Ag and holds, e.g., for the Galerkin projection Ag = Gg.

7.3. Future development. There remain several open questions for future re-
search.

(a) From a comparison with the finite element method, the most natural error
estimator is puyp = |H'/?(u), — Hgu},)||p2(r) with I the L? projection onto P! (7).
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The proof of the reliability seems to need a different analytical technique, which is far
beyond the scope of this paper.

(b) As for Symm’s integral equation [CP], an analytical justification of Algo-
rithm 5.1 would be desirable. The analytical verification of the introduced error
estimators needs high regularity assumptions on v which are in general not satisfied
and—according to our experiments—not necessary in praxis.

(¢) The justification of nys for the higher-order term ||(1 — Gg)ul reads more
precisely as follows, where L < 1 denotes the constant from (4.1): Provided that

L Jlu=Gaul _

(71) =: 0nH < 17
1=L Jlu— un

Theorem 4.2 states that [Ju — up|| < 27 7 + onullu — up|| and thus

1
(1=L)(1 - onn)
Sufficient smoothness of u (cf. (4.2)) justifies (7.1) for sufficiently small mesh-sizes h

and H. However, singularities yield much poorer smoothness, e.g., u € H*(7y) for
s < % — €. Then, uniform meshes result in

(7.2) lw — un|l < -

lu — unll = C7h® + o(h®) and |lu— Ggul = CsH® + o(H®)
for the same order of convergence o > 0 as h — 0. Then, there is no guarantee that

H/h)~
onn = S 5 o)
satisfies opg < I. However, because higher-order discrete spaces are better, one may
expect that Cs < C7 so that there is room for (7.1). Since details depend on all the
constants, a further analysis lies beyond the scope of this work.
(d) Three-dimensional experiments for Symm’s integral equation and the hyper-
singular integral equation are postponed to a forthcoming paper [FFP].
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