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Abstract 
It  is w el l  kn o w n  t h at  t h e m et h o d  o f  f u n d am en t al  so l u t io n s (MF S ) p r o v i d es exc el l en t  n u m er ic al  r esu l t s 
w h il e so l v i n g bo u n d ar y v al u e p r o bl em s f o r  l in ear  el l ip t ic  d if f er en t ial  eq u at io n s o n  sm o o t h  bo u n d ar ies an d  
sm o o t h  d at a. H o w ev er , d esp it e t h e t h eo r et ic al  d en sit y r esu l t s, w h en  t h e so l u t i o n  is n o t  sm o o t h  t h e 
p er f o r m an c e o f  t h e MF S  m igh t  be c o m p r o m ised  by d isc o n t i n u it ies o n  t h e bo u n d ar y c o n d it io n s o r  by t h e 
n o n sm o o t h n ess o f  t h e bo u n d ar y. Mo r eo v er , ev en  w it h  so m e bo u n d ar y r egu l ar  d at a, w e m ay h av e p o o r  
ap p r o xim at io n s gen er at ed  by c l assic al  c h o ic es f o r  t h e ar t if ic ial  so u r c e p o in t s, f o r  in st an c e o n  a c ir c l e. In  
t h is w o r k w e d isc u ss t h e l o n g st an d in g issu e o f  c o l l o c at in g t h e so u r c e p o in t s in  t h e MF S , an d  p r o p o se a 
m et h o d  m ixin g l o c al  – gl o bal  f eat u r es o f  t h e MF S  ap p r o ac h , t h at  w e w il l  c al l  glocal. Th is c h o ic e f o r  t h e 
l o c at io n  o f  t h e so u r c e p o in t s is ad ap t ed  n o t  o n l y t o  t h e geo m et r y bu t  al so  t o  t h e bo u n d ar y p r o bl em  d at a. 
Th is t ec h n iq u e c an  be u sed  t o get h er  w it h  st an d ar d  en r ic h m en t , bu t  it  c an  al so  be seen  as so m e t yp e o f  
en r ic h m en t  sin c e t h e j u st if ic at io n  f o r  t h e so u r c es p o sit io n  is based  o n  t h e l o c al  ap p r o xim at io n . Th is glocal 
ap p r o ac h  t o  t h e MF S , t o get h er  w it h  basis en r ic h m en t  (u sin g p ar t ic u l ar  so l u t i o n s), keep s ad v an t ages o f  
Tr ef f t z  m et h o d s an d  av o id s l ar ger  syst em s, w o r se c o n d i t io n ed .  
 
 
1 Introduction 
 
Th e Met h o d  o f  F u n d am en t al  S o l u t i o n s (MF S ) is a sim p l e bu t  p o w er f u l  t ec h n i q u e t h at  h as been  u sed  t o  
o bt ain  h igh l y ac c u r at e n u m er ic al  ap p r o xim at io n s f o r  bo u n d ar y v al u e p r o bl em s in  P D Es, u sin g r em ar kabl y 
sim p l e c o d es an d  sm al l  c o m p u t at io n al  ef f o r t . It  h as been  in t r o d u c ed  in  t h e 1960’ s (c f . [10]) an d  u sed  as an  
al t er n at iv e n u m er ic al  m et h o d  t o  t h e bo u n d ar y in t egr al  m et h o d s in  sev er al  el l ip t ic  h o m o gen eo u s p r o bl em s, 
eg. [5], [11] an d  [6]. F o r  an  ac c o u n t  o f  in it ial  d ev el o p m en t s an d  ap p l ic at io n s, see [7]. Th e ap p l ic at io n  o f  
t h e MF S  c an  be j u st if ied  by d en sit y r esu l t s t h at  h av e been  est abl ish ed  f o r  sim p l y c o n n ec t ed  d o m ain s w it h  
r egu l ar  bo u n d ar y (e.g. [6], [3]); it s gen er al iz at io n  t o  m u l t ip l y c o n n ec t ed  d o m ain s is st r aigh t f o r w ar d .  
O n e o f  t h e m ain  d r aw bac ks o f  t h e MF S  as an  al t er n at iv e t o  B EM is exac t l y t h e q u est io n  w h er e t o  p l ac e t h e 
ar t if ic ial  bo u n d ar y, o r  m o r e gen er al l y w h er e t o  p u t  t h e so u r c e-p o in t s. In  m an y c ases go o d  r esu l t s w il l  be 
o bt ain ed  “ al m o st ”  n o m at t e r  w h e r e  t h e se  p oi n t s ar e  p lace d , w h er eas in  so m e o t h er  sit u at io n s “ al m o st ”  all 
ch oi ce s le ad  t o p oor  ap p r ox i m at i on s. It  is u su al l y said  t h at  exp o n en t ial  c o n v er gen c e o c c u r s f o r  t h e MF S , 
w h en  t h e so u r c e p o in t s ar e p l ac ed  o n  a c ir c l e w it h  in c r easin g r ad iu s, bu t  t h is is o n l y v er if ied  in  so m e 
o p t i m al  sit u at io n s – u su al l y m ean in g an al yt ic al  bo u n d ar y d at a. Man y t im es, t h e MF S  ar r iv es t o  a go o d  
r esu l t  (u n d er  t h e p o ssibil it ies f o r  m ac h in e p r ec isio n  u n d er  il l -c o n d it io n ed  syst em s), bu t  in c r easin g bl in d l y 
t h e n u m ber  o f  p o i n t s o n  t h e ar t if ic ial  bo u n d ar y d o es n o t  p r o v i d e m u c h  bet t er  r esu l t s. O n e p o ssibil it y t o  
o v er c o m e t h ese d if f ic u l t ies w it h  t h e MF S  is t o  c o n sid er  en r ic h m en t , m ean in g ad d in g n ew  basis f u n c t i o n s – 
t h at  ar e al so  p ar t ic u l ar  so l u t i o n s, t o  keep  t h e Tr ef f t z  f eat u r e o f  t h e m et h o d . Wh il e c o n sid er in g en r ic h m en t , 
so m e a p r io r i kn o w l ed ge is n eed ed , o r  o n e c an  t r y t o  u se so l u t i o n s av ail abl e f r o m  o t h er  m et h o d s (su c h  as 
B EM o r  ev en  F EM) t o  ad j u st  so m e l o c al  d i f f i cu lt y  o n  t h e d at a (d isc o n t i n u it ies, sin gu l ar it ies...) o r  so m e 
d if f ic u l t y o n  t h e geo m et r y (c o r n er s, c r ac ks). Th is t ec h n i q u e h as been  exp l o r ed  in  [4] f o r  c r ac k p r o bl em s. 
An o t h er  p o ssibil it y, t h at  sh o u l d  n o t  exc l u d e t h e p r ev io u s o n e, is t o  c o n sid er  ap p r o p r iat e c h o ic e f o r  t h e 
l o c at io n  o f  t h e so u r c e p o in t s, in st ead  o f  p l ac in g t h em  in  so m e p r e-c h o sen  ar t if ic ial  bo u n d ar y. In  t h is w o r k 
w e w il l  p r o p o se a glocal m et h o d  – u sin g f ir st  a l o c al  MF S  t o  f in d  t h e p o sit io n s o f  t h e so u r c e p o in t s, an d  
t h en  u se t h o se c al c u l at ed  so u r c e p o in t s t o  so l v e t h e gl o bal  MF S  syst em . 



2 Basis functions in the MFS 
 
2.1 Enrichment, completeness and accuracy 
 
In  t h e u su al  f r am ew o r k o f  t h e m et h o d  o f  f u n d am en t al  so l u t i o n s, giv en  a f u n d am en t al  so l u t i o n  Φ t h e 
ap p r o xim at io n  o n  a p o in t  x ∈ Γ is m ad e u sin g basis f u n c t i o n s t h at  ar e p o in t -so u r c es Φ(x − y) w h er e y 
d en o t es so u r c e p o in t s p l ac ed  o n  an  ar t if ic ial  bo u n d ar y Σ. U sin g m  ar t if ic ial  p o in t s, t h e ap p r o xim at io n  o f  
t h e bo u n d ar y f u n c t i o n  g is t h en  giv en  by  
 

g(x) ≈ a1 Φ(x − y1)+ ... + am Φ(x − ym)     (1) 
 
Th e p o sit io n  o f  t h e so u r c e p o in t s y1, ..., ym d ef in es t h e q u al it y o f  t h e ap p r o xim at io n . If  t h e ar t if ic ial  c u r v e 
is p r ed ef in ed  t h en  w e ar e l im it ed  in  t h e ap p r o xim at io n  p o ssibil it ies.  

Co n sid er  a t r iv ial  exam p l e, w it h  d at a g p r o d u c ed  by a sin gl e p o in t -so u r c e. L et  g(x) = Φ(x− z ) w it h  z  
ext er io r  bu t  c l o se t o  t h e bo u n d ar y. Th en , in  o n e h an d  t h er e is a n ear -sin gu l ar it y o n  t h e bo u n d ar y d at a, bu t  
in  t h e o t h er  h an d , t h e c o r r ec t  c h o i c e o f  a sin gl e so u r c e p o in t  z  is en o u gh  t o  p r o d u c e a c o r r ec t  so l u t i o n . Th is 
c o r r ec t  c h o ic e is n o t  p o ssibl e if  w e p r e-c h o se an  ar t if ic ial  bo u n d ar y set  Σ t h at  d o es n o t  in c l u d e z . 

Th is sim p l e exam p l e al l o w s t o  c o n c l u d e t h at  if  w e l im it  t h e p o ssibil it ies o f  p o i n t -so u r c es yk t o  be o n  a 
c er t ain  p r esc r ibed  ar t if ic ial  c u r v e Σ t h en  w e m ay skip  a sim p l e so l u t io n .  

F r o m  t h e p r ev io u s r em ar ks, w e c o n c l u d e t h at  a go o d  c h o ic e f o r  t h e p o sit io n  o f  t h e ar t if ic ial  c u r v e st r o n gl y 
d ep en d s o n  t h e bo u n d ar y d at a t o  be c o n sid er ed . F o r  so m e a bo u n d ar y f u n c t i o n  g1 a c er t ain  ar t if ic ial  c u r v e 
Σ1 is bet t er  t h an  Σ2 t h at  m igh t  be a bet t er  c h o i c e t o  o t h er  bo u n d ar y f u n c t i o n  g2.  

Th er ef o r e in st ead  o f  u sin g bl in d l y (1) as an  MF S  ap p r o xim at io n  w e sh o u l d  c o n sid er  an  en r ic h m en t  t h at  
sim p l y c o n sist s in  ad d in g ap p r o p r iat e basis f u n c t i o n s, ψ1, ...,ψM w h en  an  in sp ec t io n  o f  t h e bo u n d ar y 
p r o bl em  su ggest s t h e n eed  o f  t h ese n ew  f u n c t i o n s 

g(x) ≈ a1 Φ(x − y1) + ... + am Φ(x − ym) + b1ψ1(x) + ... + bMψM(x).   (2) 

We c an  n o t  sp ec if y t h ese n ew  f u n c t i o n s, sin c e t h ey st r o n gl y d ep en d  o n  t h e t yp e o f  p r o bl em  t h at  is bein g 
ad d r essed !  F o r  in st an c e, w h il e c o n sid er in g t h e MF S  f o r  t h e 2D  L ap l ac e p r o bl em  it  is w el l  kn o w n  t h at  
c o n st an t s ar e n eed ed , an d  t h er ef o r e at  l east  ψ1(x)=1 sh o u l d  be u sed  as ad d it io n al  basis f u n c t io n . In  o t h er  
c ir c u m st an c es, f o r  in st an c e w h il e c o n sid er in g d o m ain s w it h  c o r n er s, sp ec if ic  p ar t ic u l ar  so l u t i o n s sh o u l d  be 
u sed .  

We d ist in gu ish  t w o  d if f er en t  sit u at io n s w er e en r ic h m en t  f o r  t h e MF S  is n eed ed : 

1. Co m p l et en ess – so m e sp ec ial  f u n c t i o n s ar e n eed ed  t o  en su r e t h at , in  t h e l im it , t h e basis is en o u gh  
t o  ap p r o xim at e t h e bo u n d ar y d at a, in  t h e ap p r o p r iat e n o r m s. 

2. Ac c u r ac y – al t h o u gh  ap p r o xim at io n  m igh t  be p o ssibl e w it h  t h e st an d ar d  MF S , it  is p r o babl y 
bet t er  t o  in c l u d e so m e sp ec ial  f u n c t io n s t o  en h an c e t h e ac c u r ac y o f  t h e ap p r o xim at io n , r igh t  f r o m  
t h e st ar t . 

Mo r eo v er , t h e st an d ar d  u se o f  t h e MF S  ap p r o xim at io n  l ead s t o  u su al  n u m er ic al  p r o bl em s, sim il ar  t o  t h e 
o n es o c c u r r in g in  o t h er  gl o bal  ap p r o xim at io n  p r o c esses. F o r  in st an c e, l ike in  t h e F o u r ier  ser ies 
ap p r o xim at io n , an  ef f ec t , sim il ar  t o  t h e G ibbs ef f ec t , w il l  o c c u r  w h il e t r yin g t o  ap p r o xim at e d isc o n t i n u o u s 
d at a f u n c t i o n s. It  is al so  c l ear  t h at  exac t  in t er p o l at io n  o f  t h e bo u n d ar y d at a w il l  l ead  t o  an  ef f ec t  sim il ar  t o  
t h e R u n ge p r o bl em  in  st an d ar d  p o l yn o m ial  in t er p o l at io n , an d  t h er ef o r e it  is bet t er  t o  c o n sid er  a l east -
sq u ar es ap p r o ac h .  



2.2 Choosing source-points 
 
Ch o o sin g an  ap p r o p r iat e ar t if ic ial  c u r v e Σ t o  p l ac e t h e so u r c e p o in t s is t h e u su al  c h o ic e in  t h e MF S  sin c e it  
h as been  p r o v en  t o  l ead  t o  c o m p l et en ess r esu l t s (so m e ext r a basis f u n c t i o n s m igh t  be n eed ed , as it  h ap p en s 
f o r  t h e 2D  L ap l ac e p r o bl em ). It  is c l ear  t h at  t h is is f ar  f r o m  bein g a r est r ic t io n . 
U su al l y an  ext er n al  c ir c l e is u sed  f o r  Σ, f o l l o w in g [6] o r  [8], bu t  an y o t h er  ext er n al  c u r v e en c l o sin g t h e 
d o m ain  w il l  w o r k, as it  h as been  p r o v ed , an d  ear l y u sed  in  [5]. Mo r eo v er , w e c an  j u st  u se ar bit r ar y o r  ev en  
r an d o m  p o i n t s o u t sid e t h e d o m ain  t o  p r o d u c e go o d  r esu l t s – t h is c an  be in c l u d ed  as a p ar t ic u l ar  c ase o f  an  
ext er n al  c u r v e, sin c e f o r  a f in it e n u m ber  o f  so u r c e-p o in t s w e c an  p r o d u c e a c u r v e Σ t h at  in c l u d es t h ese 
ar bit r ar y p o in t s. 
Th e q u est io n  is n o t  j u st  t o  kn o w  w h et h er  t h e MF S  w o r ks o r  n o t  w it h  a c er t ain  n u m ber  o f  ar bit r ar y so u r c e 
p o in t s, t h e q u est io n  is t o  kn o w  w h er e t o  ad d  m o r e so u r c e-p o in t s t o  o bt ain  a bet t er  r esu l t . 
F ir st , w e r em ar k t h at  ar bit r ar y c h o i c es f o r  so u r c e-p o in t s m igh t  l ead  t o  im p o ssibl e ap p r o xim at io n s.  

(i) F o r  in st an c e, if  t h e f u n d am en t al  so l u t i o n  h as a r ad ial  f eat u r e, m ean in g Φ(x) = φ(| x| ), t h en  if  w e 
j u st  c o n sid er  t h e so u r c e p o in t s y1, ..., ym o n  a l in e L , it  is c l ear  t h at  t h e ap p r o xim at io n  w il l  
h av e a sym m et r y p r o p er t y al o n g t h at  l in e. If  t h e l in e c u t s t h e bo u n d ar y t h is m ean s t h at  o n l y 
bo u n d ar y d at a w it h  t h at  sym m et r y p r o p er t y c an  be ap p r o xim at ed  u sin g t h ese so u r c e-p o in t s. 
Th er ef o r e so m e u n sym m et r ic al  bo u n d ar y d at a c an  n o t  be ap p r o xim at ed . 

(ii) If  w e c h o o se t h e so u r c e p o in t s o n  a c ir c l e C w it h  r ad iu s R , an d  again  t h e f u n d am en t al  so l u t i o n  
h as a r ad ial  f eat u r e, bein g n u l l  f o r  so m e v al u e R , m ean in g Φ(x) = φ(| x| ) = φ(R ) =0, t h en  t h e 
ap p r o xim at io n  v al u e in  t h e c en t er  is n u l l . Th er ef o r e, so l u t i o n s n o t  n u l l  at  t h at  c en t er  p o in t  c an  
n o t  be ap p r o xim at ed . Th is is w h at  h ap p en s w it h  t h e 2D  L ap l ac e f u n d am en t al  so l u t i o n  bec au se 
l o g(1)=0, giv in g im p o ssibl e ap p r o xim at io n s f o r  so m e c ir c l es Σ, w h en  t h e so l u t i o n  is n o t  n u l l  
at  t h at  c en t er  (o r  if  w e d o  n o t  ad d  an  ext r a c o n st an t  basis f u n c t i o n ). 

F r o m  t h ese c o n sid er at io n s w e l ear n  t h at  an  ar bit r ar y c h o ic e f o r  t h e l o c at io n  o f  t h e so u r c e-p o in t s m igh t  l ead  
t o  p o o r  r esu l t s. S ev er al  w o r ks o n  t h is su bj ec t  h av e been  p r o d u c ed  o v er  t h e year s, f r o m  t h e m o st  c o m m o n  
sim p l e c h o i c e o f  an  ext er n al  c ir c l e, o r  an  exp an sio n  o f  t h e bo u n d ar y, t o  n o n l in ear  l east  sq u ar e c h o ic es o f  
so u r c e-p o in t s, see [7] f o r  an  ac c o u n t  o f  t h ese w o r ks. H o w ev er  t h ese c h o ic es f ac e sev er al  p r o bl em s. Th ey 
u su al l y l ead  t o  a v er y go o d  ap p r o xim at io n  f o r  r egu l ar  d o m ain s an d  r egu l ar  d at a, bu t  t h ey f ac e d if f ic u l t ies 
in  n o n  sm o o t h  c ases. In  t h ese sit u at io n s, it  is n o t  c l ear  w h er e t o  ad d  so u r c e-p o in t s t o  im p r o v e t h e go o d  
r esu l t s. Th e u su al  p ic t u r e is t h at  w e get  a go o d  ap p r o xim at io n , bu t  w e c an  n o t  go  f u r t h er  easil y. Th e MF S  
is a gl o bal  ap p r o xim at io n  t h at  w h en  it  f it s bet t er  so m e p ar t  o f  t h e bo u n d ar y it  c o m p r o m ises t h e 
ap p r o xim at io n  in  so m e o t h er  p ar t . 
In  t h is w o r k, in  t h e n ext  p ar agr ap h , w e p r o p o se a st r at egy t h at  c o n sist s in  a m ixt u r e o f  gl o bal  an d  l o c al  
ap p r o xim at io n .  
 
2.3 Glocal strategy for the choice of source-points 
 
We w il l  u se t h e c u r r en t  w o r d  glocal t o  ad o p t  a c o n c ep t  f o r  t h e c h o i c e o f  so u r c e p o in t s:  

- f ir st  w e l o o k f o r  so u r c e p o in t s t h at  p r o d u c e a f air l y go o d  l o c al  ap p r o xim at io n  o f  t h e d at a; 
- t h en , u sin g t h o se so u r c e p o in t s, w e p r o d u c e a gl o bal  ap p r o xim at io n . 

Mo r e p r ec isel y, w e st ar t  by c h o o sin g t h e c o l l o c at io n  p o i n t s x1, ..., xn o n  t h e bo u n d ar y Γ.  
F r o m  t h ese p o in t s w e p r o d u c e a p ar t it io n  {x1, ..., xn1}, ..., {xnk+1, ..., xn}. F r o m  eac h  su bset  o f  t h is p ar t it io n  
w e d ef in e p o ssibl e so u r c e-p o in t s {y1, ..., ym1}, ..., {ymk+1, ..., ym}, su c h  t h at , f o r  in st an c e:  

- t h e l o c at io n  o f  t h e so u r c e-p o in t s {y1, ..., ym1} is t h e o n e t h at  p r o d u c es an  ap p r o xim at io n  
ϕ(x) = a1 Φ(x − y1) + ... + am1 Φ(x − ym1), t h at  f it s bet t er  t o  t h e D ir ic h l et  d at a {g(x1), ..., g(xn1)}. 

 



O n e p r ac t ic al  p o ssibil it y is t o  c o n sid er  a p ar t it io n  w it h  a sm al l  n u m ber  o f  c o l l o c at io n  p o in t s in  eac h  su bset  
(f o r  in st an c e, 5 o r  6 p o in t s), an d  t o  c o n sid er  a sm al l er  n u m ber  o f  so u r c e-p o in t s (f o r  in st an c e, 2 o r  3). Th ese 
2 o r  3 so u r c e-p o in t s ar e t h en  c h o sen  t o  bet t er  f it  t h e d at a v al u es o f  g o n  t h e 5 o r  6 c o l l o c at io n  p o i n t s. 
Wh il e t h e c o l l o c at io n  p o i n t s ar e f ixed , t h e so u r c e-p o in t s m igh t  be t aken  al o n g t h e ext er n al  n o r m al , in  su c h  
a w ay t h at  it s d ist an c e t o  bo u n d ar y is d ef in ed  t o  be t h e p o in t  o f  m in im u m  f o r  t h e r esid u al . S ee F igu r e 1.  
Th e c o u n t er p ar t  o f  t h is p r o c ed u r e is t h at  t o  f in d  t h e m i n im u m , t h e r esid u al  m u st  be ev al u at ed  by so l v in g a 
2×2 o r  3×3 l in ear  syst em . Th e m in im u m  c an  be f o u n d  u sin g a n o n l i n ear  m in im iz at io n  sc h em e, o r  t o  av o id  
c o n st r ain ed  m in im iz at io n  t ec h n i q u es, it  c an  al so  be ap p r o xim at ed  j u st  by t est in g w it h  a f ixed  st ep  al o n g 
t h e ext er n al  n o r m al . Th e l at er  p o ssibil it y is u su al l y go o d  en o u gh , sin c e w e ar e n o t  r eal l y in t er est ed  in  
f in d in g a go o d  l o c al  f it t in g... w e ar e j u st  in t er est ed  in  so m e l o c al  f it t in g w it h  t h e go al  o f  o bt ain in g so u r c e 
p o in t s su it ed  f o r  t h e gl o bal  ap p r o xim at io n . Th is st r at egy is q u it e sim il ar  t o  en r ic h m en t . In  so m e sen se eac h  
o n e o f  t h ese sm al l  set s o f  so u r c e p o in t s is p ar t ic u l ar l y ad ap t ed  t o  f it  so m e p ar t  o f  t h e bo u n d ar y d at a. In  t h at  
sen se, t h e w h o l e ac t s l ike a n ew  basis f u n c t i o n , ad d ed  t o  d eal  w it h  sp ec if ic  l o c al  bo u n d ar y d at a. O n  t h e 
o t h er  h an d , t h ey ar e j u st  so u r c e-p o in t s t h at  w il l  be u sed  t o  p r o d u c e t h e f in al  gl o bal  ap p r o xim at io n . 
 
 
 
 
 
 
 
 
 
 
 
 
 
F i gu r e  1: F r o m  t h e c o l l o c at io n  p o i n t s o n  t h e bo u n d ar y Γ (in  r ed ) in  t h e glocal c o n st r u c t i o n  w e d ef in e t h e 
so u r c e p o in t s (in  gr een ) t o  be in  a p o sit io n  al o n g t h e ext er n al  n o r m al  d ir ec t io n . Th is p o sit io n  is d ef in ed  t o  
be t h e o n e t h at  f it s bet t er  t h e giv en  d at a o n  t h e bo u n d ar y.  
 
2.4 Solving the linear system with Tikhonov regularization 
 
In  t h e f o l l o w i n g, d u e t o  t h e il l  p o sed n ess o f  t h e l in ear  syst em , w e w il l  u se Tikh o n o v  r egu l ar iz at io n . B ein g 
S t h e n × m  c o l l o c at io n  m at r ix an d  g t h e n × 1 v ec t o r  d ef in ed  by gi = g(xi), t o  f it  t h e o v er d et er m in ed  syst em  
o f  eq u at io n s, w h en  n  >  m , w e t ake a Tikh o n o v  p ar am et er  α >  0 v er y sm al l  (w e w il l  c o n sid er  α = 10-7 ) an d  
w e so l v e t h e l in ear  syst em  

(α I + ST S)  a = ST g        (3) 
an d  t h e so l u t i o n  v ec t o r  a giv es t h e c o ef f ic ien t s f o r  t h e ap p r o xim at io n  (1) (o r  (2) w h en  en r ic h m en t  is 
c o n sid er ed ). Al t h o u gh  t h e so l u t i o n  a an d  t h e c o ef f ic ien t s w il l  be h igh l y af f ec t ed  by t h e c h o i c e o f  t h e 
p ar am et er  α, t h e ap p r o xim at io n  giv en  by t h e su m  in  (1) o r  (2) w il l  be abo u t  t h e sam e if  sm al l  α ar e 
c o n sid er ed . To  c o n f ir m  t h e q u al it y o f  t h e ap p r o xim at io n  a h igh er  n u m ber  o f  t est  p o in t s N > n  is t o  be 
c o n sid er ed  o n  Γ. Th is q u al it y c an  be t h en  t est ed  w it h  an  av er age abso l u t e o r  r el at iv e er r o r  o n  t h o se p o in t s 
t h at  sh o u l d  n o t  be t h e sam e u sed  as c o l l o c at io n  p o i n t s. It  sh o u l d  al so  be n o t i c ed  t h at  t akin g n =m  an d  t h e n  
so l v i n g d ir ec t l y Sa = g m ay l ead  t o  go o d  r esu l t s, w h en  t h e d at a an d  t h e bo u n d ar y ar e sim p l e an d  r egu l ar , 
bu t  t h is in t er p o l at io n  p r o c ed u r e m y al so  easil y l ead  t o  h igh l y n o isy r esu l t s d u e t o  t h e il l  c o n d it io n i n g. 

Co l l o c at io n  p o i n t s: 
S u bset  o f  t h e p ar t it io n  S o u r c e p o in t s: 

- p o ssibl e p o sit io n s al o n g t h e n o r m al   

Ω 
 Γ 



3 Laplace equation as a model problem 
 
In  F igu r e 2 w e c o n sid er  a n o n -sm o o t h  bo u n d ar y Γ =  Γ1 ∪  Γ2 (in  r ed ) d ef in ed  by t h e t w o  p ar t s:  
Γ1 t h at  c o n sist s in  a segm en t  p at h  w it h  p o i n t s {(0.2,0);(0.4,0.2);(0.2,0.4);(-0.2,0.4);(-0.4,0);(-0.6,0)}; 
Γ2 t h at  it  is sim p l y an  h al f  el l ip se w it h  m aj o r  axes 0.4 an d  0.8, c en t er ed  in  (-0.2,0); 
an d  (in  gr een ) an  ar t if ic ial  bo u n d ar y Σ =  Β (0 ,1 ) , ie. giv en  by t h e u n it  c ir c l e c en t er ed  in  t h e o r igin . 

 
F i gu r e  2: A n o n -sm o o t h  bo u n d ar y Γ (in  r ed ) an d  t h e ar t if ic ial  so u r c e-p o in t s in  t h e bo u n d ar y Σ (in  gr een ); 
 
B ein g Ω t h e d o m ain  su c h  Γ = ∂ Ω t h e m o d el  p r o bl em  c o n sist s in  so l v i n g t h e L ap l ac e bo u n d ar y p r o bl em :  

∆ u  = 0 ,  in  Ω ;         (3a) 
u  = g ,  o n  Γ = ∂ Ω .       (3b) 

We w il l  p r esen t  so m e t est s u sin g w it h  d if f er en t  d at a f u n c t i o n s g. 
 
3.1 Example with known solution 
 
So u r c e  p o i n t s  o n  a c i r c l e . In  a f ir st  t est , l et  g(x) = 1 + x12 − x22 . In  F igu r e 3 w e p l o t  t h e f u n c t i o n  g (in  
bl ac k) an d  t h e ap p r o xim at io n  û A (in  r ed ) o bt ain ed  by t h e sim p l e MF S  u sin g 120 so u r c e-p o in t s o n  Σ an d  
360 c o l l o c at io n  p o i n t s o n  Γ. 

 
F i gu r e  3: S im p l e MF S  ap p r o xim at io n  (in  r ed ) an d  t h e exac t  d at a g (in  bl ac k), al o n g 360 p o in t s o n  Γ. Th e 
l ac k o f  t h e c o n st an t  f u n c t i o n  l ead s t o  an  im p o ssibl e ap p r o xim at io n . 



G i v en  t h is d at a g o n  t h e bo u n d ar y it  is c l ear  t h at  t h e ext en sio n  o f  g is al so  t h e exac t  so l u t i o n  in  Ω. 
Th er ef o r e t h e ap p r o xim at io n  û A c an  n o t  be go o d , bec au se t h e so u r c e-p o in t s l o c at ed  in  t h e u n it  c ir c l e Σ ar e 
at  c o n st an t  d ist an c e = 1 f r o m  t h e o r igin , an d  t h er ef o r e û A(0)=0 n o  m at t er  w h at  n u m ber  o f  so u r c e p o in t s ar e 
bein g u sed  o n  t h e u n it  c ir c l e . O n  t h e o t h er  h an d  t h e t r u e so l u t i o n  is u (0)=g(0)=1.  
R ec al l  t h at  t h e f u n d am en t al  so l u t i o n  f o r  t h e 2D  L ap l ac ian  is Φ(x)= l o g(| x| )/ (2π). 
As it  is w el l  kn o w n  t h is h u ge ap p r o xim at io n  er r o r  c an  be o v er c o m e j u st  by ad d in g c o n st an t s, ie. en r ic h in g 
t h e ap p r o xim at io n  w it h  ψ(x)=1 as a n ew  basis f u n c t i o n . Th en , t h e r esu l t s d r am at ic al l y c h an ge, an d  f r o m  
100%  r el at iv e er r o r s w e d r o p  t o  r el at iv e er r o r s bel o w  0.0000001%  as p l o t t ed  in  F igu r e 4. 

 
F i gu r e  4: Er r o r  o f  MF S  ap p r o xim at io n  n o w  en r ic h ed  w it h  ψ(x)=1. 

 
Th is sim p l e exam p l e an d  t h e t h eo r et ic al  d en sit y r esu l t  su ggest  t h at  ad d in g a c o n st an t  f u n c t i o n  is al w ays 
n ec essar y t o  o bt ain  go o d  r esu l t s. H o w ev er , w e c an  al so  see t h at  f o r  a d if f er en t  c ir c l e say Σ =  Β (0 , ρ)  w it h  
ρ ≠ 1 t h at  t h is p r o bl em  w o u l d  n o t  o c c u r , an d  abo u t  t h e sam e l ev el  o f  p r ec isio n  c an  be o bt ain ed . 
 
So u r c e  p o i n t s  gi v e n  b y  a glocal c o n s t r u c t i o n . It  is in t er est in g t o  see w h at  h ap p en s by u sin g t h e glocal 
c o n st r u c t i o n  p r esen t ed  abo v e, w it h o u t  en r ic h m en t . Takin g again  t h e sam e 180 c o l l o c at io n  p o in t s 
p ar t it io n ed  in t o  su bset s o f  5 p o in t s, an d  eac h  o f  t h em  asso c iat ed  t o  2 so u r c e p o in t s, t h is l ead s t o  an  
ap p r o xim at io n  w it h  72 so u r c e p o in t s d ist r ibu t ed  as p r esen t ed  in  F igu r e 5. 

 
F i gu r e  5: A glocal d ist r ibu t io n  o f  MF S  so u r c e p o in t s (in  gr een ). 

 
F o r  p r esen t at io n  p u r p o ses, so m e u p p er  l im it at io n  f o r  t h e d ist an c e o f  t h e so u r c e p o in t s w as c o n sid er ed . We 
c an  see in  F igu r e 5 t h at  t h e best  l o c al  p o sit io n  v ar ies n o t  o n l y w it h  t h e bo u n d ar y bu t  al so  w it h  t h e d at a 
f u n c t i o n  g. Th e im p l em en t at io n  w as n o t  exp en siv e sin c e o n l y 2×2 syst em s h ad  t o  be so l v ed . H o w ev er  t h e 



am o u n t  o f  syst em s t o  be so l v ed  m igh t  be h igh  – w e c o n sid er ed  70 p o sit io n s f o r  eac h  o f  t h e 36 p o sit io n s. 
Th e n u m ber  o f  o p er at io n s is r easo n abl e w h en  r el at ed  t o  t h e o p er at io n s n eed ed  t o  so l v e a w h o l e l ar ge 
syst em , t h u s t h is ext r a p r e-c o m p u t at io n  c an  be c o n sid er ed  q u it e ac c ep t abl e. 
 
3.2 Example with regular data 
 
We c o n sid er  a d if f er en t  exam p l e, g(x) = 1/ 4 + x1 | x| -2 , an d  n o w  t h e exac t  so l u t i o n  is n o t  av ail abl e – n o t e 
t h at  al t h o u gh  g p r esen t s a sin gu l ar it y at  x=0, in sid e t h e d o m ain , t h e f u n c t i o n  g is r egu l ar  o n  Γ. 
We m ake t h e sam e t est s f o r  t h e MF S  w it h  360 c o l l o c at io n  p o i n t s: (i) u sin g t h e c l assic al  c ir c l e w it h  120 
so u r c e p o in t s an d  ad d in g t h e c o n st an t  f u n c t i o n s; (ii) u sin g a glocal c h o ic e al so  w it h  120 so u r c e p o in t s 
gen er at ed  f r o m  a p ar t it io n  in t o  su bset s o f  6 p o in t s asso c iat ed  t o  2 so u r c e p o in t s. Th e ap p r o xim at io n  r esu l t s 
f o r  bo t h  c ases ar e p r esen t ed  in  F igu r e 6, w h er e t h e t h in  bl ac k c u r v e st an d s f o r  t h e v al u es o f  g o n  t h o se 360 
p o in t s, an d  t h e r ed  d o t s f o r  t h e ap p r o xim at io n s o bt ain e d  in  (i) an d  (ii).  
Th e glocal d ist r ibu t io n  (ii), p r esen t ed  in  F igu r e 7, l ed  t o  a r esu l t  10 t im es bet t er  (av er age er r o r ) t h an  t h e 
o n e o bt ain ed  w it h  t h e st an d ar d  MF S  (i). N o t e t h at  c o n st an t  f u n c t i o n s w er e n o t  ad d ed  in  (ii), w h il e w o r st  
r esu l t s w o u l d  be o bt ain ed  in  (i) if  c o n st an t  f u n c t i o n s w er e t o  be su p p r essed . 
 

    
   (i)         (ii) 
F i gu r e  6: Co m p ar iso n  o f  t h e MF S  ap p r o xim at io n s: in  (i) w it h  t h e c l assic al  d ist r ibu t io n  o f  so u r c e p o in t s o n  
a c ir c l e; in  (ii) w it h  a glocal d ist r ibu t io n , as p r esen t ed  in  F igu r e 7. 
 

 
F i gu r e  7: S o u r c e p o in t s (gr een ) u sed  in  (ii) w it h  a glocal d ist r ibu t io n . 

 



Th e r esu l t s p r esen t ed  in  t h e p r ev io u s exam p l e sh o w  t h at  a go o d  c h o i c e o f  t h e so u r c e p o in t s h as a 
c o n sid er abl e in f l u en c e, ev en  w h en  t h e p er f o r m an c e o f  t h e c l assic al  MF S  is al r ead y ac c ep t abl e.  
 
3.3 Example with discontinuous data 
 
In  t h e p r ev io u s exam p l es w e c o n sid er ed  r egu l ar  d at a. We n o w  c o n sid er  an  exam p l e w it h  d isc o n t i n u o u s 
d at a, m o r e p r ec isel y g(x) = -0.4 if  x2 = 0.4, an d  g(x) = 1–x2 o t h er w ise. 
In  t h is sit u at io n  t o  d eal  w it h  t h e d isc o n t i n u it y w e en r ic h  t h e basis w it h  an  ap p r o p r iat e p ar t ic u l ar  so l u t i o n , 
w e c o n sid er ed  ψ2(x) = ar c t an ((0.2 – x1)/ (x2 – 0.4+)) – ar c t an ((-0.2 – x1)/ (x2 – 0.4+)). Th is f u n c t io n  p l o t t ed  
in  F igu r e 8a) c an  be seen  as a cr ack le t  (see [2]) an d  is n o t  d ef in ed  f o r  x2 = 0.4, t h e n o t at io n  0.4+ m ean s t h at  
w e c o n sid er  t h e in t er io r  t r ac e, w h ic h  is a p ar t ic u l ar  so l u t io n  o f  t h e L ap l ac e eq u at io n , ad ap t ed  t o  t h e c r ac k 
segm en t  [-0.2,0.2]×{0.4} ⊆ Γ1 (w h er e t h e d isc o n t i n u it y o c c u r s, sin c e x2 = 0.4). 
In  F igu r e 8a) w e p l o t t ed  t h e n ew  f u n c t i o n  ψ2 in  560 c o l l o c at io n  p o i n t s o n  Γ an d  f r o m  t h ese c o l l o c at io n  
p o in t s, giv en  t h e d at a f u n c t i o n  g, w e o bt ain ed  t h e so u r c e p o in t s (in  gr een ) p l o t t ed  in  F igu r e 8b) f o r  t h e 
gl o c al  d ist r ibu t io n  w it h  a p ar t it io n   

(a)     (b)  
F i gu r e  8: (a) P l o t  o f  t h e en r ic h m en t  f u n c t i o n  ψ2 ; (b) glocal d ist r ibu t io n  o f  so u r c e p o in t s. 

 

(a)          (b)  
F i gu r e  9: MF S  r esu l t s f o r  t h e c l assic al  d ist r ibu t io n : (a) st an d ar d ; (b) ad d in g ψ2 t o  t h e basis. 

(a)       (b)  
F i gu r e  10 : MF S  r esu l t s f o r  a glocal d ist r ibu t io n : (a) n o  en r ic h m en t ; (b) ad d in g ψ2 t o  t h e basis. 



In  F igu r es 9 an d  10 w e p r esen t  t h e r esu l t s f o r  t h e MF S  u sin g a c l assic al  so u r c e p o in t s d ist r ibu t io n  o n  t h e 
c ir c l e an d  f o r  t h e gl o c al  d ist r ibu t io n  (r esp ec t iv el y). In  bo t h  c ases t h er e w er e 560 c o l l o c at io n  p o i n t s an d  
140 so u r c e p o in t s. In  F igu r e 9 t h e MF S  r esu l t s f o r  t h e c l assic al  d ist r ibu t io n  ar e p r esen t ed  in   

• (a) – ad d in g c o n st an t s, m ean in g an  ext r a basis f u n c t i o n  ψ1 =1;  
• (b) – ad d in g ψ1 =1, an d  t h e n ew  basis f u n c t i o n  ψ2. 

B y d ir ec t  o bser v at io n  w e see t h at  ad d in g j u st  o n e ext r a ap p r o p r iat e f u n c t io n  t o  t h e basis l ed  t o  a 
c o n sid er abl e im p r o v em en t  o f  t h e ap p r o xim at io n : in  (a) t h e av er age r el at iv e er r o r  w as abo u t  8%  an d  in  (b) 
it  d ec r eased  t o  abo u t  2% .  
Th e sam e sit u at io n  c an  be seen  in  F igu r e 10 f o r  t h e gl o c al  d ist r ibu t io n . N o t e t h at , u n l ike t h e p r ev io u s c ase, 
t h e c o n st an t  f u n c t io n  ψ1 =1 w as n o t  ad d ed . Th e ap p r o xim at io n  in  F igu r e 10a) w it h  an  av er age er r o r  abo u t  
4%  is bet t er  t h an  t h e o n e o bt ain ed  in  F igu r e 9a), bu t  it  is c l ear  t h at  ad d in g t h e ap p r o p r iat e f u n c t i o n  ψ2 
al l o w ed  t o  d ec r ease f u r t h er  t h is er r o r , an d  F igu r e 10b) giv es a bet t er  ap p r o xim at io n , sim il ar  t o  F igu r e 9b). 
Th er ef o r e, w e c o n c l u d e t h at  al t h o u gh  t h e glocal d ist r ibu t io n  giv es bet t er  r esu l t s t h an  t h e c l assic al  o n e, t h is 
r esu l t s ar e m ain l y im p r o v ed  by ad d in g an  ap p r o p r iat e n ew  f u n c t i o n  t o  t h e basis. In  t h is c ase a sim u l at io n  
j u st  by so u r c e p o in t s is n o t  abl e t o  f o l l o w  t h e abr u p t  sl o p e in  t h e d at a, an d  a p h en o m en a l ike t h e G ibbs 
ef f ec t  t en d s t o  o c c u r . Th er ef o r e in  t h ese sit u at io n s an  en r ic h m en t  by ap p r o p r iat e p ar t ic u l ar  so l u t i o n s is 
n eed ed . In  t h is exam p l e w e j u st  c o n sid er ed  a sin gl e o n e, bu t  t h is en r ic h m en t  c an  l ead  t o  ev en  bet t er  r esu l t s 
by u sin g m o r e sim il ar  p ar t ic u l ar  so l u t i o n s. In  t h e n ext  p ar agr ap h  w e br ief l y ad d r ess t h is q u est io n . 
 
3.4 Enrichment with particular solutions adapted to corners or cracks 
 
As p r esen t ed  in  [4] an  en r ic h m en t  o f  t h e MF S  ap p r o xim at io n  c an  be m ad e u sin g p ar t ic u l ar  so l u t i o n s 
ad ap t ed  t o  c r ac ks. Th is is o f  c o u r se al so  t r u e w it h  d o m ain s t h at  p r esen t  o t h er  t yp e o f  n o n  r egu l ar  geo m et r y, 
l ike d o m ain s w it h  c o r n er s.  
In  t h e L ap l ac e c ase, w r it in g t h e 2D  L ap l ac e o p er at o r  in  (r ,θ) p o l ar  c o o r d i n at es, ∆ = ∂r2 + r  −1∂r + r  −2 ∂θ2 , 
an d  by sep ar at io n  o f  v ar iabl es w e get  f o r  u (x) = v (r ) w (θ), t h e f o l l o w i n g p o ssibil it ies f o r  p ar t ic u l ar  
so l u t i o n s: 

v (r ) = r  µ, w (θ) = α c o s (µ θ) + β sin  (µ θ)    (5) 
w it h  c o ef f ic ien t s α,β,µ ar e t o  be d et er m in ed . D em an d in g t h at  u =0 w h en  θ= 0  an d  w h en  θ= Θ, w h ic h  
c o r r esp o n d s t o  a c o r n er  d ef in ed  by t h ese an gl es, t h en  w e o bt ain  f ir st  α= 0  an d  sec o n d  sin  (µ Θ) = 0.  
Th is m ean s µ Θ = k π f o r  in t eger  k,  an d  t h is giv es µ = k π / Θ.  
Th u s, p ar t ic u l ar  so l u t i o n s ad ap t ed  t o  a c o r n er  ar e o f  t h e f o r m  u (r ,θ) = r  k π/Θ sin  (k θ π/Θ). 
In  t h e c ase o f  c r ac ks, w e m ay t h en  c o n sid er  Θ= 2 π an d  u (r ,θ) = r  k/2 sin  (k θ/2 ) v er if ies t h e n u l l  D ir ic h l et  
c o n d it io n  o n  t h e c r ac k. 
 
3.5 Example with an exterior corner solution 
 
If  t h e p r ev io u s r esu l t s o bt ain ed  f o r  L ap l ac e p r o bl em s ar e q u it e ac c ep t abl e f o r  t h e c l assic al  MF S  
d ist r ibu t io n  o f  so u r c es p o in t s (p l u s ad d in g c o n st an t s), w e n o w  c o n sid er  an  exam p l e w h er e t h is is n o t  so . 
We c o n sid er  a p ar t ic u l ar  so l u t i o n  gen er at ed  by an  ar t if ic ial  c o r n er  o u t sid e t h e d o m ain . Mo r e p r ec isel y, 
f o l l o w i n g t h e p r ev io u s n o t at io n s, w e c o n sid er ed  a f u n c t i o n  g p r o d u c ed  by a c o r n er  w it h  Θ = 3π/2  w it h   
k=-1. Th e f u n c t i o n  g(r ,θ) = r  -2sin (-2θ) is sin gu l ar , bu t  w it h  p o l ar  c o o r d i n at es c en t er ed  in  t h e ext er io r  p o in t  
(-0.2, 0.5) t h e sin gu l ar it ies ar e ext er io r  an d  it  is a p ar t ic u l ar  so l u t io n  in  t h e w h o l e d o m ain  Ω. 
A sim p l e in sp ec t io n  o f  t h e gr ap h  o f  g (see F igu r e 11a o r  12a) sh o w s t h at , besid e a h igh  sl o p e o n  t h e 
bo u n d ar y p o in t s n ear  t o  (-0.2, 0.4), t h is f u n c t i o n  is an al yt ic  t h r o u gh  t h e bo u n d ar y, an d  t h er ef o r e n o  
p r o bl em s c o u l d  be an t ic ip at ed , u n l ess w e kn ew . 



In  F igu r es 11 an d  12 w e p l o t  t h e r esu l t s o bt ain ed  by t h e ap p l ic at io n  o f  t h e c l assic al  set t in g f o r  t h e MF S  
(F igu r e 11) an d  by u sin g t h e sam e glocal d ist r ibu t io n  as u sed  in  p ar agr ap h  3.3 (F igu r e 12). F o r  t h is 
d if f er en t  d at a g t h e glocal d ist r ibu t io n  c al c u l at ed  t h e so u r c e p o in t s p l o t t ed  in  F igu r e 13. 
In  F igu r es 11a) an d  12a) w e see t h at  t h e bo u n d ar y ap p r o xim at io n  (in  r ed ) u sin g t h e glocal d ist r ibu t io n  
c l ear l y f o l l o w s t h e d at a (w it h  an  av er age er r o r  abo u t  0.2% ) w h il e t h e c l assic al  ap p r o xim at io n  f ail ed  t o  
f o l l o w  t h e d at a p r o p er l y. In  F igu r es 11b) an d  12b) w e p l o t t ed  t h e r el at iv e er r o r  o n  an  in n er  c ir c l e c en t er ed  
in  t h e o r igin  w it h  r ad iu s 0.15. Th e c l assic al  MF S  p r esen t ed  r el at iv e er r o r s u p  t o  25% , w h il e t h e p r o p o sed  
glocal d ist r ibu t io n  gav e exc el l en t  r esu l t s, sm al l er  t h an  0.04% . Th is w as d o n e w it h o u t  an y en r ic h m en t , i n  
bo t h  c ases. 
 

(a)  (b)  
F i gu r e  11: MF S  r esu l t s - c l assic al  d ist r ibu t io n : (a) o n  t h e bo u n d ar y; (b) r el at iv e er r o r  o n  an  in t er io r  c ir c l e. 
 

  
F i gu r e  12: MF S  r esu l t s - glocal d ist r ibu t io n : (a) o n  t h e bo u n d ar y; (b) r el at iv e er r o r  o n  an  in t er io r  c ir c l e. 

 
F i gu r e  13: S o u r c e p o in t s (in  gr een ) f o r  t h e glocal d ist r ibu t io n  c it ed  in  F igu r e 12. 

 



4 Conclusions, current and future work 
 
In  t h is w o r k w e p r esen t ed  a m et h o d  t o  c h o o se t h e so u r c e p o in t s in  t h e MF S , c al l ed  glocal, t h at  giv es an  
au t o m at ic  p r o c ed u r e t o  c h o o se t h e so u r c e p o in t s, ad ap t ed  t o  t h e geo m et r y o f  t h e bo u n d ar y an d  t o  t h e 
p ar t ic u l ar it ies o f  t h e bo u n d ar y f u n c t i o n  t o  be f it t ed . Th is m et h o d  p r o v ed  t o  be bet t er  w h il e c o m p ar ed  t o  
c l assic al  c h o ic es, su c h  as t h e c l assic al  c h o ic e o f  an  ext er n al  c ir c l e, w h en  ap p r o xim at io n  d if f ic u l t ies o c c u r  
w it h  r egu l ar  bo u n d ar y d at a. F o r  sm al l  syst em s an d  sim p l e r egu l ar  d at a t h is c h o i c e is u su al l y n o t  n eed ed , 
an d  it  r eq u ir es a sm al l  p r e-c o m p u t at io n . Wh en  t h e d at a is n o t  r egu l ar , t h is gl o c al  t ec h n i q u e m igh t  n o t  be 
su f f ic ien t  an d  en r ic h m en t  w it h  kn o w n  p ar t ic u l ar  so l u t io n s sh o u l d  be c o n sid er ed , keep in g t h e Tr ef f t z  
m esh l ess f eat u r e o f  t h e MF S .   
It  sh o u l d  be n o t i c ed  t h at  in  so m e c ases, it  is n o t  c l ear  w h at  t yp e o f  en r ic h m en t  sh o u l d  be c o n sid er ed , an d  in  
t h o se c ases, ad d in g basis f u n c t i o n s j u st  by ad d in g, w il l  in c r ease t h e il l  c o n d it io n i n g w it h o u t  giv in g a r eal  
im p r o v em en t  f o r  t h e ap p r o xim at io n . In  t h ese sit u at io n s it  m ay al so  be c o n sid er ed  a p r e-c o m p u t at io n  w it h  
o t h er  kn o w n  m et h o d s (B EM, o r  ev en  F EM o r  F D M). Th ese m et h o d s al l o w  t o  o bt ain  an  ap p r o xim at io n  o f  
p ar t ic u l ar  so l u t io n s t h at  f it  l o c al l y so m e ir r egu l ar  p ar t  o f  t h e bo u n d ar y geo m et r y o r  o f  t h e bo u n d ar y d at a. 
Th ese c al c u l at ed  ap p r o xim at io n s c an  t h en  be u sed  f o r  an  en r ic h m en t  o f  t h e basis, t o get h er  w it h  t h e MF S  
o r  w it h  o t h er  Tr ef f t z  m et h o d . 
Th e t ec h n i q u es h er e p r esen t ed  f o r  t h e L ap l ac e eq u at io n  h av e been  al r ead y ap p l ied  t o  o t h er  P D Es, n am el y 
t h e H el m h o l t z  eq u at io n . In  t h o se p r el im in ar y t est s t h e im p r o v em en t  o f  t h e r esu l t s w it h  a gl o c al  c h o i c e 
r ev eal ed  t o  be ev en  a bet t er  o p t i o n , in  p ar t ic u l ar  w h il e f ac in g geo m et r ic al  d if f ic u l t ies. An  ext en sio n  o f  t h is 
glocal m et h o d  t o  o t h er  P D Es, ev en  v ec t o r ial , is st r aigh t f o r w ar d , sin c e it  d o es n o t  d ep en d  o n  t h e 
f u n d am en t al  so l u t i o n . S o m e m in o r  r est r ic t i o n  sh o u l d  be c o n sid er ed  f o r  so m e geo m et r y o f  t h e d o m ain s, 
sin c e h igh l y n o n -c o n v ex d o m ain s w il l  p r esen t  n o t  o n l y l o w er  bu t  al so  sm al l  u p p er  bo u n d s f o r  t h e l o c at io n  
al o n g t h e n o r m al  d ir ec t io n . A sim il ar  r est r ic t i o n  h ap p en s f o r  m u l t ip l y c o n n ec t ed  d o m ain s, bec au se t h e 
so u r c e p o in t s m u st  be in sc r ibed  in sid e t h e in n er  c av it ies. Al t h o u gh  t h e glocal c o n c ep t  h er e in t r o d u c ed  is 
easil y u n d er st o o d , t h e p ar t ic u l ar  w ay t o  im p l em en t  it  – f o r  in st an c e u sin g a d isc r et e n u m ber  o f  p o sit io n s 
al o n g t h e n o r m al  d ir ec t io n  – is j u st  o n e o f  t h e m an y p o ssibil it ies.  
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