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In earthquake engineering and strong motion seismology, an important issue is to
describe and analyse the displacement amplitudes and the relative phases of motions of
infrastructures on or nearby the ground surface. In this paper, the influence of a beeline
crack on the ground motion of a half space with a semi-cylindrical canyon under anti-
plane loading is studied. A novel method combining Green’s function and complex
functions that can consider very irregular topography is developed for deriving the
function of ground motion of the half space. Analytical expressions for the displacement
and stress in the half space are obtained. Our results show that the positions and
dimensions of the canyon and the beeline crack have a big influence on the ground
motion. The crack can amplify the amplitudes of the motion significantly, and its
influence cannot be neglected until the distance between the crack and the ground
reaches up to 100 times more than the dimension of the crack.
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1. Introduction

Seismic wave scattering by irregular topography is a very important and
challenging problem in the field of earthquake engineering and strong motion
seismology. During past decades, intensive studies were dedicated to under-
standing the mechanics of ground motion with irregular topography by
theoretical and numerical approaches. For simple topography, e.g. a semi-
cylindrical canyon (Trifunac 1973), a semi-elliptical canyon (Wong & Trifunac
1974) and a circular underground cavity (Lee 1977) or tunnel (Lee & Trifunac
1979), the analytical solutions for problems of anti-plane diffraction have been
obtained. However, a more complex topography, e.g. the anti-plane diffraction
from a canyon above a subsurface unlined tunnel with incident shear horizontal
(SH) waves, was just pursued recently (Lee et al. 1999). The diffraction of a
triangular dike on a flexible embedded foundation was studied by Todorovska
et al. (2001) using a fractional order Bessel function. The problem of a
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Figure 1. A half space with a semi-cylindrical canyon, a beeline crack and an incident SH wave
coming from the left.

semi-circular hill above a subsurface cavity was studied using an advanced
analytical method (Lee et al. 2006; Liu & Wang 2006). The above analytic
solutions were obtained using the method of expansion of a wave function in
polar coordinates, which can only deal with problems with relatively simple
boundary conditions. If even more complex topography is considered, it will be
very difficult for current approaches to obtain an analytic solution.

During the past 20 years, many numerical methods were successfully applied to
solve the scattering problems caused by various irregular topographies or complex
alluvium basins encountered in seismological studies. These methods include the
boundary integral equation method (Aki & Richards 1980; Zhang & Chopra
1991) and the indirect boundary-element method (Yokoi & Sanchez-Sesma 1998).
The semi-analytic methods include, but are not limited to, the Aki—Larner
method (Aki & Larner 1970), the Bouchon—Campillo method (Campillo &
Bouchon 1985; Bouchon 2003) and Chen’s method (Chen 1999; Cao et al. 2004).
Although the numerical methods are efficient for some complex engineering
problems, the analytical method is essential to the understanding of the
underlying physics of the problems. For analytical approaches, a big challenge
is how to obtain the analytical solutions of elastic wave scattering under arbitrary
boundary conditions and combined boundaries. A novel method, combining
complex functions and multipolar coordinates, was recently developed by the
authors and co-workers (Liu et al. 1982; Liu & Han 1991; Liu & Liu 2007), which
can be applied to these problems. It is found that our method (Liu & Liu 2007) is
effective in dealing with the problems with complex irregular topography. With
complex functions, the wave functions can be conveniently transferred between
different coordinates through the multipolar coordinates method without the Graf
expansion (Lee et al. 1999) to handle the combined complicated boundaries.

In this work, we are interested in the anti-plane problem of scattering by a half
space with a surface canyon and a beeline crack (figure 1). The crack is used to
simulate a crack-like flaw below the basin. The existence of the crack and its
interaction with the canyon should have a big influence on the ground motion of
the half space. A critical challenge in this work is how to establish a wave function
that is compatible with the intrinsic mechanics of the problem and satisfies all the
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Ground motion of a half space 3

boundary conditions, especially to construct the traction-free conditions on crack
surfaces. Here, a novel method simultaneously adopting Green’s function,
complex functions and multipolar coordinates will be developed and then applied
to obtain analytical expressions of the displacement field of the surface.

2. Model and governing equations

For the anti-plane problem, the displacement satisfies the following Helmholtz
equation:

1

2

S

Viw = =, (2.1)

where ¢, = /u/p stands for the shear wave velocity; and p and u are the mass
density and shear modulus of elasticity of the media in the half space, respectively.

For the case of harmonic incident, the anti-plane displacement w can be set as
w= W(z;)T(t). Separating the variables, (2.1) can be written in the polar

j
coordinates

62W+16W+ 1 W
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and
T+ *T =0, (2.3)

where k = w/c,, w is the circular frequency of the displacement, and the corres-
ponding stress components are given by
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The solution of (2.3) is
T = exp (Fiwt). (2.6)
If we set W= R(r)®(f) in (2.2) and separate the variables, we can obtain
2R rdR ., 1 d%0
R Pty 2.7
Ra? Rar "7 T 76 R @7

Observing that the 1.h.s. terms of the above equation are only functions of r and
the r.h.s. term is only a function of #, we set that they are both equal to a
constant number (mp)?, where m is an integer and p is a number determined by
the boundary conditions. Then, we obtain

2

20 —
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Figure 2. A half space with a semi-cylindrical canyon under (@) an anti-plane line source force and
(b) incident SH waves.

The solution for (2.8) is
O = hcos mpd + Xsin mpd or LeTPY (2.10)
We find that (2.9) is a Bessel equation with the order of mp and the variable is kr,
so the solution of (2.9) is
R = J,,(kr) or H,,(kr), (2.11)
where J,,,,(+) is a Bessel function of order mp and H,,,(-) is a Hankel function of

order mp. According to (2.6), (2.10) and (2.11), the solution of the governing
equation (2.1) is obtained as (Liu & Liu 2007)

W= > Juplkr)e= ™= or W= H,,(kr)eSimletiol —(2.19)

When |r|— o, the asymptotic expression of (2.12) is (Pao & Mow 1973)

[o2] 2 ) .
W — ; %COS (kr—%—%) eilmpﬂeilwt

o (2.13)

- 2 o
W — Z % exp [1 (kr—%—%)]ei””peeiwt'

3. Green’s function

Green’s function of this problem is adopted as the displacement response of the
elastic half space containing a semi-cylindrical canyon impacted by an anti-plane
harmonic linear source force at a point in the half space (figure 2a). In a polar
coordinate system, the governing equation of Green’s function G is

PG 190G 1 6°G 9

———+t—=—+tEG=0r—r 3.1

ar: r ar  r? 96° ( ) (3.1)
where 7y stands for the position of the linear source force in polar coordinates,
ro =15 exp(ify), and 7 stands for the position of the observation point,
r=rexp(if). The boundary conditions can be expressed as

T..,=0 at r=R, (3.2)

and

79, =0 at 6#=0,m. (3.3)

Proc. R. Soc. A



Ground motion of a half space 5

The basic solution that satisfies the control equation (3.1) and the boundary
conditions (3.2) and (3.3) should include two parts of the motion, the disturbance
of the anti-plane linear source force and the scattering wave induced by the semi-
cylindrical canyon. The response of the half space due to the line source load
6(r—mry) is given by

; i
Gt :@H(gl)(kh’_ﬁﬂ)? (3.4)

where Hél) (+) is the first kind of the Hankel function with zero order. According to
the addition theorem of the Bessel function, (3.4) can be written as (Pao & Mow
1973)

i & I (ki kr r> 1y,
: Z &, cos[m(6— 6,)] wl 0) ( ) ’ (3.5)
Jm(kT)Hm)(kTO)? r<Tp,
when m=0, ¢,,=1; m>1, ¢,=2.
According to the ‘symmetry theory’ (Lee et al. 1999), the wave reflected by a
horizontal surface can be written as

G\ = —H (ke —7y)), (3.6)

where 7, stands for the conjugate of ry where the linear source force is applied in
polar coordinates and 7= ry exp(—ify). According to the addition theorem of
the Bessel function, (3.6) can be written as

I (ki H,(nl) kr), r>n,
G = — Ze cos [m(6 + 6,)] (o) Hn (k) ’ (3.7)
m= Jm(kr)HT(nU(kro), r<rp.

The scattering wave induced by the semi-cylindrical canyon can be written as

ZA cos [m(0— 6,)]HY (kr) (3.8)

and

Z B,, cos [m(6 + 60)| HD (kr), (3.9)

where A,, and B,, are unknown coefficients. Therefore, the total wave function is
G=a"+a" +a" + g, (3.10)

In order to satisfy the stress-free condition on the surface of the semi-cylindrical
canyon, the total wave function G must satisfy the following equation:

G

= 0. 3.11
| (3.11)
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Substituting (3.5), (3.7), (3.8) and (3.9) into (3.11) and considering Ry <1y,
(3.11) can be transformed into

%Ze cos [m(0 — 09)]Jy,(kRo) HY) (kry)

+

+
M+ iMe £1-

e, cos [m(0 4 0,)]J5, (kR o) HY (kry)

hgE

0

3
Il

Ay, cos [m(0— 60)| HY)' (kRy)

+ Y B, cos [m(0 + 0y)|H,, (k:R ) =0. (3.12)

0

3
I

The total displacement should satisfy the traction-free condition on the surface
(at y=0). Setting A,,= B,,, the unknown coefficients A,, and B,, in (3.12) can be
obtained as

. / ( )
4, == -, JnhBo) Hn (ko) (3.13)
4 HY (kRy)

and

i J’(k:R) qY (kry)
By=—nen 0k 2 (3.14)

where J},(+) is the derivative of J,(-) and anl) (-) is the derivative of anl)()
Substituting (3.13) and (3.14) into (3.8) and (3.9), respectively, and then
substituting (3.5), (3.7), (3.8) and (3.9) into (3.10), the total wave function G can
be obtained as

G(r,19,0,0p) =— Zem{cos (60— 0,)] + cos [m(8 + 0)]} J,,(kr) H (kry)
T (kR o) Hy (kry)

- z e cos mf cos mb
H'(Rq)

HY (kr).  (3.15)

Applying the addition theorem of the Bessel function reversely, (3.15) can be
transformed into

i _
G, 0,00) = { L5kl = o]+ Hy (ke =)

T (kRo) Hy, )(’fro)H,gp(kr)}. (3.16)

- 2¢,, cos mf cos ml,
2 H) (kRy)
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Ground motion of a half space 7

4. Scattering by a half space with a semi-cylindrical canyon

First, we consider the incidence of an SH wave on the linear elastic half space
contalmng a semi-cylindrical canyon (Trifunac 1973), and the model is as shown
in figure 2b. The harmonic incident displacement field W) can be written as
follows:

W = W, explikr cos(f — )] WOZE i"cos [n(0 — )] J, (kr), (4.1)

which is the expansion with wavevector kr that forms an angle « with the z-axis,
where « is the incident angle and k=w/ ¢, is the shear wavenumber of the media.
If n=0, ¢,=1 then n>1, ¢,=2. The wave reflected by the horizontal surface can
be written as

W) = W, explikr cos(0 + a)] = W, Z e,i'cos [n(0 + a)]J,(kr). (4.2)

n=0

The scattering wave induced by the semi-cylindrical canyon is

= W, Z A, HWY (kr) cos [n(6 — )] (4.3)
and
W = w, io: B, H"Y (kr) cos [n(6 + a)], (4.4)
n=0

where A,, and B, are unknown coefficients. Using the stress-free condition on the
surface of the semi-cylindrical canyon, we have

(WO + w4+ w4+ W)
% = 0. (4.5)
or r=Ry

This total displacement should satisfy the traction-free condition on the surface
(at y=0). Setting A, = B,, we can get the coefficients A,, and B, as

JL (kR
Ay = —eyn—2ER0) (4.6)
" (kRq)
and
w Jn(kR
B, =—e¢,i" 7717'(, 0) . (4.7)
HY (kRy)
Therefore, the total wave field is obtained as
w=w"+ w4 w4 i
= J) (kR
=2W, Z eni | J,(kr) — MHS)(IW) cos nfcos na. (4.8)

r
n=0 Hﬁbl)/(kRO)
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The corresponding stresses are given by

0 / 2
Ty, = 20 WOkZSHin [J;(k:r) _ _InlkRy)

mﬂél)/(k"r’)] cos nfcos no (4.9)
=0 n 0

and

—2u W) < J (kR
ng=7u 0 E ne,i" Jn(kr)——”(, 0) H,(Irl)(kr) sin nfcos na.  (4.10)
(1)
r =0 H, (kRO)

5. Wave functions and the stress field in new coordinates

By introducing the complex plane, z=x+yi and z= z—yi, the wave functions
(3.16) and (4.8) are converted into

i
G(2 20) = @{ [ (k|2 2ol) + B (k|2 7))

— " 96, cos mcos mbg—2EE) gy g0 b )
1’
m=0 Hm (kRO)
and
al J) (kR
W =2W, g e | J(k|2]) — MH,(LI)(MA) cos nflcos na. (5.2)
"= HY (kRy)

In order to express the traction-free condition conveniently on the surface of
the crack, we introduce new coordinates (z’,%y’) and the corresponding
new complex plane (z',z) by rotating the original coordinates (z, y), where
Z=x'+y'1, 2 =2 —y'i, 2= 2'e¥, z=7'e7¥ and B is the inclined angle of the
crack. In the new complex plane (z',z’), the expressions of wave functions (5.1)
and (5.2) are changed into

G(Z, zp) = ﬁ{[Hgl)(Mz/eiﬁ—z()eiﬁD + Hél)(k|z/eiﬁ—26efiﬁ|)]

© ! k
—Z 2¢,, cos m(0' + B) cos m (6 + B) M
= ) (kRy)
XCH{Y (klz6)) Y (k1)) | (5:3)
and

© / k
W= 21y > et [ 1, (42—~ o)
= H'(kR,)

X cosn(f’ + B) cosn(a’ + B). (5.4)

where z(, is the position of the linear source force in the complex plane (2/,z'), z,
is the conjugate of z(, and a’ stands for the incident angle in the new complex
plane (2/, 7).
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The stress fields induced by the wave function (5.4) in the new coordinates
(2/,7") are

ow - ,
Tye =Hg = 2u WokZeni” cos n(6’ + B)cos n(a’ + B)
n=0
J) (kR / 7
x| Ji (k1! — 2R oy ) |
HY'(kRy) |
+2u W, Z eni'nsinn(0’ + B)cos n(a’ + B)
n=0
Ju(kRy) Y
x| 1kl — 2o Lo (s
HY (kRy) |2/|
and
aW - n / /
Ty, = “a_y/ =2u WOkZenz cos n(6" + B) cos n(a’ + B)

n=0

X

! !
Tk — ~DlERo)_ gy | Y
HY' (kRy) |2/|

—2u W, Z eni"nsinn(d’ + B) cosn(a’ + B)

n=0

X

7Y (kR,) Ed

J,L<k|z’\>—MHw<krz’|>] : (5.6)

6. Scattering by the half space with both a semi-cylindrical
canyon and a crack

Now, we consider the scattering of the incident SH wave when the semi-
cylindrical canyon and crack coexist in the half space. Based on the incident and
scattering fields of the half space containing only a semi-cylindrical canyon and
Green’s function of the half space containing the semi-cylindrical canyon with a
harmonic anti-plane line source force we derived in previous sections, we can
construct the wave function of scattering by a half space containing both the
semi-cylindrical canyon and the beeline crack.

According to the solution of the scattering of the SH wave by the half space
with only the semi-cylindrical canyon, we can calculate the stress value on a line
AB where the crack will be constructed. Then, opposite anti-plane stresses of
exactly the same magnitude —7,/, are loaded at the same position as AB, which
induces a zero resultant force on AB (i.e. traction free), so that AB is equivalent
to a crack, as shown in figure 3.

The additional displacement field induced by —7,/, can be obtained as

—7,.G(7, 2p). (6.1)
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SH wave

_

Figure 3. Illustration of constructing a subsurface crack using Green’s function.

Integrating along the line of crack AB, we can obtain

l

— JHZ 7,.G(7, ) da’. (6.2)
)
Hence, the total displacement field can be written as
W = W—J : 7,.G(2, zp) do’, (6.3)
‘ZJ

1

where W, 7, and G(2, z,) are shown in (5.4), (5.6) and (5.3), respectively, and
z1 and 7}, stand for the positions of the points A and B, respectively, of the crack
in coordinates (2, ¢/).

The dimensionless parameters used in this paper are defined as follows: z/ Ry is
the non-dimensional z coordinate normalized by the radius of the canyon Ry;
2Ry/b is the ratio of the radius of the canyon to the dimension of the beeline
crack; 2a/b is the ratio of the distance between the crack and the horizontal
surface to the dimension of the crack; and 7 is defined as n=kRy= wR/c;=
2Rqm/A for convenience of discussion of the influence of the crack size on the
surface motion, where kR is the dimensionless wavenumber (we assume Ry=1).
It also represents a dimensionless frequency wR/ ¢, as well as 27 times the ratio
of the radius of the canyon to the wavelength A of the waves. The ground motion
is characterized by the amplitudes of the total motion | W/ Wy|. For convenience
of discussion in the following, we assume that the crack is located directly below
the canyon, and the incident plane SH waves come from the left, as shown in
figure 4.

7. Results and discussions

With the novel method developed in this work, we can study the influence of the
crack on the ground motion of the half space. All the calculations are performed
with a MATLAB code. In order to check the validity of our new method, we
calculate the ground motion of a half space with only the semi-cylindrical
canyon. That is, we set the length of the crack to b=0. This condition
corresponds to the case of a half space with the canyon without the crack.
Figure 5 illustrates the amplitude of the surface motion with n=1.0 and a=60°

Proc. R. Soc. A
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SH wave
C o

Figure 4. Illustration of the model of a half space with a semi-cylindrical canyon and beeline crack,
where the crack is directly below the centre of the canyon.
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Figure 5. Our results (squares) in comparison with those of Zhou & Chen (2006; circles).

(this angle value corresponds to #=30° in the work of Zhou & Chen 2006). It can
be seen that the analytical results are consistent with the numerical results of
Zhou & Chen (2006) of the scattering by a half space with a semi-cylindrical
canyon, except at the two rims (points C and D), i.e. z/Ro= 1. Our results
show that the amplitude of the surface motion is a continuum at the rims of
z/Ry= %1, but Zhou & Chen’s results show that the amplitude at the two rims is
discontinuous. More results with various incident angles, «=0°, 30°, 60° and 90°,
and incident wavenumbers n=0.1, 1.0, 1.5 and 2.5, are shown in figure 6a for
comparison with those when the crack is present.

To study the influence of an existing crack on the ground motion, we set
the distance between the semi-cylindrical canyon and the centre of the crack
to a=2.5, the length of the crack to b=2 and the oblique angle of the beeline crack to

Proc. R. Soc. A



12 G. Liu et al.

—~
S

=
w

r (@ r (i)

amplitude

3 (iii) r (i)

amplitude

—~
S
~

amplitude

w o

- (iii) - (iv)

amplitude

.Z'/R(]

Figure 6. (a(i)—(iv)) Amplitudes of the ground motion without a crack; (b(i)—(iv)) amplitudes of the
ground motion with a subsurface crack, where b=2 and §=45° ((i) n=0.1 (solid line, «=0°; dashed
line, 30° dotted line, 60°; dashed dotted line, 90°), (ii) n=1.0, (iii) n=1.5 and (1v) n=2. 5)

B =45°. Figure 6b shows the amplitude of the surface motion with the presence of
the crack. In comparison with the no-crack condition (as shown in figure 6a), we
find that the crack amplifies the amplitudes of the surface motion both left and right
of the canyon, especially at low frequency (n=0.1). However, at high frequencies,
the amplitudes of the Lh.s. (z/Rp<—1) keep almost the same magnitude as
those without the crack. By contrast, the amplitudes of the r.h.s. (z/Ry> —1) are
amplified distinctly. These general characters of surface motion result from the
scattering and diffraction of SH waves by the semi-cylindrical canyon and subsurface
crack, as well as a decrease of the stiffness of the global structure due to the existence
of the crack. Previous studies (Lee et al. 1999) have shown that a subsurface
unlined tunnel under the semi-cylindrical canyon plays similar roles to the crack.
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Figure 7. Amplitudes of the ground motion for different sizes of the beeline crack (squares, b=0;
circles, b=2, a=2; up triangles, b=4, a=2; down triangles, b=>5, a=2).
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Figure 8. Amplitudes of the ground motion for different positions of the beeline crack (squares,
b=0; circles, b=2, a=2; up triangles, b=2, a=6; down triangles, b=2, a=10; left triangles, b=2,
a=200; diamonds, b=2, a=20).

Now, we study the effect of the size and position of the crack on the ground
motion. We set the slantwise angle of the crack to $=45° incident angle to
a=060° and frequency of the incident wave to n=1.0. Figure 7 illustrates the
ground motion amplitude versus the size of the crack (length of crack b=2, 4 and
5, respectively). The numerical results show that the displacement amplitudes
are obviously amplified as the crack size increases, especially in the region at the
r.h.s. of the rim C. Figure 8 shows that the position of the crack can have
a significant effect on the ground motion amplitude. If we continuously increase
the distance between the centre of the crack and the origin (a=2, 6, 10,
20, ..., 200), the amplitudes of ground motion will decrease until this distance
reaches up to 100 times larger than the size of the crack. The system at this
limiting condition (b=2 and a=200) is equivalent to a half space containing a
semi-cylindrical canyon, but without a crack. The decay of the influence of the
beeline crack is slow because the anti-plane motion around the crack decreases at
the rate of z /2, which is slower than the rate of z *? in the in-plane motion.
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Figure 9. Amplitudes of the ground motion at different slantwise angles of crack with n=12.0,
2a/b=2.5, 2Ry/b=1.0, where (a) 8=0° (b) 8=45° and (c) 8=90° (solid line, a«=0°; dashed line,
30°; dotted line, 60°% dashed dotted line, 90°).

Figure 9 shows the amplitudes of motion at a very high frequency n=12, and at
various incident angles a=0° 30° 60° and 90°, with the slantwise angles of
the crack being f=0° 45° and 90° (as shown in figure 9a—c). Consistent with
previous work (Lee et al. 1999), the amplitudes of motion at the front of
the canyon are in general more complex and larger than those at the back. It
should be noted that the maximum amplitude (equal to 2.34) occurs at the left
rim C when «=0° and 8=45°. As can be seen, at a specific position of the crack,
the slantwise angle of the beeline crack does not affect the amplitudes significantly
under high frequency incidence, except for «=90°. When the crack is parallel with
the incident wave, i.e. a vertical crack (6=90°) with vertical incidence («=90°),
or a horizontal crack (8=0°) with horizontal incidence («=0°), the amplitudes of
the ground motion exhibit almost the same characters as those of the half space
without the crack. We call this phenomenon ‘sweep incidence’. We note that the
amplitudes of the motion tend to be smoother at the r.h.s. of the canyon, which
may be attributed to energy absorption and resistance of propagation of the
incident waves by the semi-cylindrical canyon at this frequency. This suggests
that it might be possible to carve artificial caves to protect important structures
behind them from the dynamic impact of certain frequencies.

Figure 10 is a three-dimensional plot of the amplitudes of ground motion at
different radii of the semi-cylindrical canyon with a horizontal crack of constant
size (b=2) under incident SH waves (figure 10a,b corresponds to 2a/b=2.5,
2Ry/b=1.0, at a=0° and 45°, respectively, and figure 10¢,d corresponds to
2a/b=2.5, 2Ry/b=0.25, at «=0° and 45°, respectively). Here, we define a new
dimensionless frequency f=bmr/A in order to study the effect of the radius of the
canyon on the ground motion. For horizontal incidence (as shown in
figure 10a,c), we find that the amplitudes of the ground motion are complex
on the Lh.s. of the canyon (z/R;<0), and the amplitudes decrease and become
smoother on the r.h.s. (z/Ry>0). The maximum amplitudes occur at the points
around z/Ro=—1, | W/ W,|=2.76 (figure 10a) and z/Ry=—1.1, | W/ W,|=1.90
(figure 10¢). The maximum values occur at these positions because the
diffraction waves are excited around the tip of the canyon, which results in
the amplification of the motion. Again, it is shown that the amplitudes tend to be
smoother on the r.h.s. of the canyon. For oblique incidence (i.e. «=45° as shown
in figure 10b,d), the displacement amplitudes increase with frequency on both
sides of the surface at low frequency, but decreases after it reaches its maximum
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Figure 10. Three-dimensional plots of amplitudes of the ground motion with 0</<15.0. (a)
2a/b=2.5, 2Ro/b=1.0, at a=0° (| W/ Wy| =2.76 at =6.6, 1/ Ro= —1); (b) 2a/b=2.5, 2Ro/b=1.0,
at a=45° (|W/Wy|=2.05 at n=2.7, z/ Ry= —1); (¢) 2a/b=2.5, 2Ry/b=0.25, at a=0° (| W/ Wy|=
1.90 at n=4.8, /Ry=—1.1); (d) 2a/b=2.5, 2Ry/b=0.25, at a=45° (|W/Wy|=1.77 at f=2.4,
z/Ry=1.3).

value, and the maximum amplitudes occur at the points of z/Ry=—1, f=2.7,
| W/ Wy|=2.05 (figure 10b) and z/Ry=1.3, f=2.4, |W/ Wy|=1.77 (figure 10d). If
the frequency of the incident wave is larger than a critical value, the amplitudes
of the motion become smoother and smoother with the increase of frequency. The
mechanism is that the structure loses sensitivity to external loading at high
frequency. In comparison with the results of Lee et al. (1999), we find that the
amplification of the ground motion by the subsurface crack is 73% smaller than
the subsurface cavity.

8. Conclusions

In this paper, we have developed a novel method for deriving the analytical
expressions of the ground motion of a half space with a semi-cylindrical canyon
and beeline crack. Green’s function for the half space with only a semi-cylindrical
canyon was firstly obtained. The crack was then constructed by applying a series
of line-source forces to satisfy the traction-free condition at the crack surfaces
with Green’s function. Based on the solution for the scattering of the SH wave by
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an elastic half space with a semi-cylindrical canyon and the Green’s function we
derived, the analytical expressions of the total displacement field in the half
space were obtained. This powerful methodology can be used for further studies
with other topographies, such as a half space with multiple cracks and irregular
canyons or hills.

We have shown that the presence of the subsurface beeline crack results in
amplification of the amplitudes of the ground motion. In comparison with the
no-crack condition, the crack amplifies the amplitudes of motion at all positions on
the ground’s surface at low frequency incident waves (n=0.1). However, at high
frequencies, the amplitudes of motion at the 1.h.s. (z/Ry< —1) are not amplified
and keep almost the same magnitude as those without a crack. By contrast, the
amplitudes of the r.h.s. (z/Ry> —1) are significantly amplified. Our results also
show that the amplitudes of motion are obviously amplified as the crack size
increases, especially in the region on the r.h.s. of the rim C (figures 4 and 6). The
positions of the crack can also have an important influence on the ground motion.
Along with the continuous increase of the distance between the centre of the crack
and the origin of the coordinates, the amplitudes of motion will decrease until this
distance reaches up to 100 times larger than the size of the crack. In comparison
with a subsurface cavity (Lee et al. 1999), the existence of a subsurface crack has
less influence on the ground motion.
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