BSJS/DBSJS (Single/Double Precision)
Evaluate a sequence of Bessel functions of the first kind with real order and real positive arguments.

Usage
CALL BSJS (XNU, X, N, BS)

Arguments
XNU — Real argument which is the lowest order desired.   (Input) 
It must be at least zero and less than one.

X — Real argument for which the sequence of Bessel functions is to be evaluated.   (Input) 
It must be nonnegative.

N — Number of elements in the sequence.   (Input)

BS — Vector of length N containing the values of the function through the series.   (Output) 
BS(I) contains the value of the Bessel function of order XNU + I - 1 at x for I = 1 to N.

Comments
Automatic workspace usage is

BSJS 
2 * N units, or
DBSJS 
4 * N units.

Workspace may be explicitly provided, if desired, by use of B2JS/DB2JS. The reference is

CALL B2JS (XNU, X, N, BS, WK)

The additional argument is

WK — work array of length 2 * N.

Algorithm
The Bessel function Jn(x) is defined to be
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This code is based on the work of Gautschi (1964) and Skovgaard (1975). It uses backward recursion.

Example
In this example, Jn(2.4048256), n = 0,  . . . , 10 is computed and printed.

C                                 Declare variables

      INTEGER    N

      PARAMETER  (N=11)

C

      INTEGER    K, NOUT

      REAL       BS(N), X, XNU

      EXTERNAL   BSJS, UMACH

C                                 Compute

      XNU = 0.0

      X   = 2.4048256

      CALL BSJS (XNU, X, N, BS)

C                                 Print the results

      CALL UMACH (2, NOUT)

      DO 10  K=1, N

         WRITE (NOUT,99999) XNU+K-1, X, BS(K)

   10 CONTINUE

99999 FORMAT (' J sub ', F6.3, ' (', F6.3, ') = ', F10.3)

      END

Output
J sub  0.000 ( 2.405) =      0.000

J sub  1.000 ( 2.405) =      0.519

J sub  2.000 ( 2.405) =      0.432

J sub  3.000 ( 2.405) =      0.199

J sub  4.000 ( 2.405) =      0.065

J sub  5.000 ( 2.405) =      0.016

J sub  6.000 ( 2.405) =      0.003

J sub  7.000 ( 2.405) =      0.001

J sub  8.000 ( 2.405) =      0.000

J sub  9.000 ( 2.405) =      0.000

J sub 10.000 ( 2.405) =      0.000

BSYS/DBSYS (Single/Double Precision)
Evaluate a sequence of Bessel functions of the second kind with real nonnegative order and real positive arguments.

Usage
CALL BSYS (XNU, X, N, BSY)

Arguments
XNU — Real argument which is the lowest order desired.   (Input) 
It must be at least zero and less than one.

X — Real positive argument for which the sequence of Bessel functions is to be evaluated.   (Input)

N — Number of elements in the sequence.   (Input)

BSY — Vector of length N containing the values of the function through the series.   (Output) 
BSY(I) contains the value of the Bessel function of order I - 1 + XNU at x for I = 1 to N.

Algorithm
The Bessel function Yn(x) is defined to be
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The variable n must satisfy 0 £ n < 1. If this condition is not met, then BSi is set to -b. In addition, x must be in [xm, xM] where xm = 6(16-32) and xM = 169. If x < xm, then -b (b = AMACH(2), the largest representable number) is returned; and if x > xM, then zero is returned.

The algorithm is based on work of Cody and others, (see Cody et al. 1976; Cody 1969; NATS FUNPACK 1976). It uses a special series expansion for small arguments. For moderate arguments, an analytic continuation in the argument based on Taylor series with special rational minimax approximations providing starting values is employed. An asymptotic expansion is used for large arguments.

Example
In this example, Y0.015625 + n - 1(0.0078125), n = 1, 2, 3 is computed and printed.

C                                 Declare variables

      INTEGER    N

      PARAMETER  (N=3)

C

      INTEGER    K, NOUT

      REAL       BSY(N), X, XNU

      EXTERNAL   BSYS, UMACH

C                                 Compute

      XNU = 0.015625

      X   = 0.0078125

      CALL BSYS (XNU, X, N, BSY)

C                                 Print the results

      CALL UMACH (2, NOUT)

      DO 10  K=1, N

         WRITE (NOUT,99999) XNU+K-1, X, BSY(K)

   10 CONTINUE

99999 FORMAT (' Y sub ', F6.3, ' (', F6.3, ') = ', F10.3)

      END

Output
Y sub  0.016 ( 0.008) =     -3.189

Y sub  1.016 ( 0.008) =    -88.096

Y sub  2.016 ( 0.008) = -22901.732

BSIS/DBSIS (Single/Double Precision)
Evaluate a sequence of modified Bessel functions of the first kind with real order and real positive arguments.
Usage
CALL BSIS (XNU, X, N, BSI)
Arguments
XNU — Real argument which is the lowest order desired.   (Input) 
It must be greater than or equal to zero and less than one.
X — Real argument for which the sequence of Bessel functions is to be evaluated.   (Input)
N — Number of elements in the sequence.   (Input)
BSI — Vector of length N containing the values of the function through the series.   (Output) 
BSI(I) contains the value of the Bessel function of order I  1 + XNU at x for I = 1 to N.
Algorithm
The Bessel function In(x) is defined to be
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The input x must be nonnegative and less than or equal to log(b) (b = AMACH(2), the largest representable number). The argument  = XNU must satisfy 0    1. 
Function BSIS is based on a code due to Cody (1983), which uses backward recursion.
Example
In this example, In - 1(10.0),  = 1, , 10 is computed and printed.
C                                 Declare variables
      INTEGER    N
      PARAMETER  (N=10)
C
      INTEGER    K, NOUT
      REAL       BSI(N), X, XNU
      EXTERNAL   BSIS, UMACH
C                                 Compute
      XNU = 0.0
      X   = 10.0
      CALL BSIS (XNU, X, N, BSI)
C                                 Print the results
      CALL UMACH (2, NOUT)
      DO 10  K=1, N
         WRITE (NOUT,99999) XNU+K-1, X, BSI(K)
   10 CONTINUE
99999 FORMAT (' I sub ', F6.3, ' (', F6.3, ') = ', F10.3)
      END
Output
I sub  0.000 (10.000) =   2815.717
I sub  1.000 (10.000) =   2670.988
I sub  2.000 (10.000) =   2281.519
I sub  3.000 (10.000) =   1758.381
I sub  4.000 (10.000) =   1226.491
I sub  5.000 (10.000) =    777.188
I sub  6.000 (10.000) =    449.302
I sub  7.000 (10.000) =    238.026
I sub  8.000 (10.000) =    116.066
I sub  9.000 (10.000) =     52.319
BSKS/DBSKS (Single/Double Precision)
Evaluate a sequence of modified Bessel functions of the third kind of fractional order.
Usage
CALL BSKS (XNU, X, NIN, BK)
Arguments
XNU — Fractional order of the function.   (Input) 
XNU must be less than one in absolute value.
X — Argument for which the sequence of Bessel functions is to be evaluated.   (Input)
NIN — Number of elements in the sequence.   (Input)
BK — Vector of length NIN containing the values of the function through the series.   (Output)
Comments
1.
If NIN is positive, BK(1) contains the value of the function of order XNU, BK(2) contains the value of the function of order XNU + 1,  and BK(NIN) contains the value of the function of order XNU + NIN  1.
2.
If NIN is negative, BK(1) contains the value of the function of order XNU, BK(2) contains the value of the function of order XNU  1,  and BK(ABS(NIN)) contains the value of the function of order XNU + NIN + 1.
Algorithm
The Bessel function Kn(x) is defined to be
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Currently,  is restricted to be less than one in absolute value. A total of |n| values is stored in the array BK. For positive n, BK(1) = Kn(x), BK(2) = Kn + 1(x), , BK(n) = Kn + n - 1(x). For negative n, BK(1) = Kn(x), BK(2) = Kn - 1(x), , BK(|n|) = Kn + n + 1. 
BSKS is based on the work of Cody (1983).
Example
In this example, Kn-1(10.0),  = 1, , 10 is computed and printed.
C                                 Declare variables
      INTEGER    NIN
      PARAMETER  (NIN=10)
C
      INTEGER    K, NOUT
      REAL       BS(NIN), X, XNU
      EXTERNAL   BSKS, UMACH
C                                 Compute
      XNU = 0.0
      X   = 10.0
      CALL BSKS (XNU, X, NIN, BS)
C                                 Print the results
      CALL UMACH (2, NOUT)
      DO 10  K=1, NIN
         WRITE (NOUT,99999) XNU+K-1, X, BS(K)
   10 CONTINUE
99999 FORMAT (' K sub ', F6.3, ' (', F6.3, ') = ', E10.3)
      END
Output
K sub  0.000 (10.000) =  0.178E-04
K sub  1.000 (10.000) =  0.186E-04
K sub  2.000 (10.000) =  0.215E-04
K sub  3.000 (10.000) =  0.273E-04
K sub  4.000 (10.000) =  0.379E-04
K sub  5.000 (10.000) =  0.575E-04
K sub  6.000 (10.000) =  0.954E-04
K sub  7.000 (10.000) =  0.172E-03
K sub  8.000 (10.000) =  0.336E-03
K sub  9.000 (10.000) =  0.710E-03
