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Abstract In this paper we formulate the boundary value problem of plane mi-
cropolar elasticity for a domain containing a crack in Sobolev spaces and prove
the existence and continuous dependence on the data of the corresponding weak
solutions. We consider the cases of both finite and infinite domain and find the
solutions in terms of modified single layer and modified double layer potentials with
distributional densities.
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1 Introduction

The micropolar theory of elasticity (also known as Cosserat or asymmetric theory of
elasticity) was introduced by Eringen in [1] (see [2] for a review of works in this area
and an extensive bibliography) to eliminate discrepancies between classical theory
of elasticity and experiments in cases when material microstructure was known to
have a significant effect on the body’s overall deformation, for example, materials
with granular microstructure such as polymers or human bones (see [3-5]). In the last
30 years various problems of Cosserat elasticity have been investigated by a variety of
methods. For example, three dimensional problems of Cosserat elasticity have been
formulated in a rigorous setting and solved by means of potential theory methods
by Kupradze in [6]. In [7-10], the corresponding boundary value problems for plane
deformations of a micropolar homogeneous, linearly elastic solid were shown to be
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well-posed and subsequently solved in a rigorous setting using the boundary integral
equation method.

In the case when a domain is weakened by a crack the nature of the boundary
conditions across the crack region presents formidable difficulties in the boundary
integral analysis in a classical setting. Several studies of a crack problem have been
undertaken in the classical elastic setting under assumptions of a simplified theory
of plane Cosserat elasticity [5, 11, 12] and recently there has been some activity
in the area of crack analysis in three-dimensional Cosserat elasticity [13-16]. The
rigorous analysis of the corresponding crack problems in plane Cosserat elasticity in
the general case still remains absent from the literature.

Recently, Chudinovich and Constanda [17] have used the boundary integral
equation method in a weak (Sobolev) space setting to obtain the solution for several
crack problems in a theory of bending of classical elastic plates. In spite of the fact
that the methods used are extremely complicated (mathematically) they seem to be
very effective and give very good results for applications. We continue to study the
effectiveness of these methods with a view to the analysis and solution of the plane
problems of interest here.

In this paper we formulate boundary value problems for both finite and infinite
domains which contain cracks in the case of plane micropolar elasticity when dis-
placements and microrotations or stress and couple stress are prescribed along the
two sides of the crack in Sobolev spaces and find the corresponding weak solutions
in terms of integral potentials with distributional densities.

2 Preliminaries

In what follows Greek and Latin indices take the values 1, 2 and 1, 2, 3, respectively,
the convention of summation over repeated indices is understood, M, is the space
of (m x n)- matrices, E, is the identity element in M,,,, the columns of a (3x3)-
matrix P are denoted by P®, a superscript T indicates matrix transposition, the
generic symbol ¢ denotes various strictly positive constants, and (...),, = 9(...)/9X4.
Also, if X is a space of scalar functions and v is a matrix, v € X means that every
component of v belongs to X.

Let S be a domain in R? occupied by a homogeneous and isotropic linearly elastic
micropolar material with elastic constants A, u, a, y and ¢. We use the notations
Il - llo;s and (-, -)¢. s for the norm and inner product in L?(S) N M, for any m € N.
When S = R?, we write | - ||o and (-, -) .

The state of plane micropolar strain is characterized by a displacement field
u(x)=(u (x'), un (x') , us (x/))T and a microrotation field ¢ (x')= (¢ (x'), ¢2 (x).
o (x/))T of the form

Uy ()C/) = Uy (X)), u3(x/) =0,

o (¥') =0, $3(X) = 3 ()., 2.1)
where x' = (x1, X2, x3) and x = (x1, x,) are generic points in R* and R?, respectively.
The equilibrium equations of plane micropolar strain written in terms of displace-
ments and microrotations are given by [7, 8]

LO@)ux)+qx)=0, xesS, (2.2)
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in which now, denoting ¢3 by u3,we have u(x) = (u, u3)”, where u = (u;, uy)7, the
matrix partial differential operator L(d,) = L(9/9x,) is defined by

L) =L ()

(m+a)A+ O+ pu— o)} (4 p — )16 2aé,
O+ 1 —a)éié (m+a)A+ O +p—a)  —2af :
—2aé&; 20 (y +e)A —4da

where A =£,&,, and vector g=(q,, g2, q3) T represents body forces and body couples.
Together with L we consider the boundary stress operator 7(dy) = T (9/9x4)
defined by

TE¢) =T ()
(A +2u) Einy + (1 + a) &np (i — a)éingy + A&y 20n;
= (n — a)éony + A& ny (A +2uw) 6omo + (0 + @) E1ny - —2am; ,
0 0 (v + &)éaha

where n = (n;, ny)7 is the unit outward normal to 3S. To guarantee the ellipticity of
system (2.2), in what follows we assume that

A+pu>0 >0, y4+e>0, aa=>0.
The internal energy density is given by
2F (u,v) =2Ey (u, v)

+u(urn + uz 1) (2 +v21)
+o(urp — Uz + 2uz)(vi2 — v21 + 2v3)
+(y + &) (3131 + Uz 2032),

2Ey (u,v) = (A +2p) (u1,1v1,1 + t22022)
+A (U1, 1022 + U2 201,1).

Clearly, E(u, u) is a positive quadratic form.
The space of rigid displacements and microrotations F is spanned by the columns

of the matrix
1 0 —X2
F= 0 1 X1
0 0 1

from which it can be seen that LF =0 in R?, TF =0 on S and a general rigid
displacement can be written as Fk, where k € M3, is constant and arbitrary.

A Galerkin representation for the solution of Eq. (2.2) when g(x) = —3(]x — y|),
where § is the Dirac delta distribution, yields the matrix of fundamental solutions [§]

D(x, y) = L*@0)i(x, y), (2.3)
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where L* is the adjoint of L,

a

tx,y) = {[k2 |x—y|2+4]ln|x—y|—|—4K0(k|x—y|)}, (24)
8wkt

K, is the modified Bessel function of order zero and the constants a, k%> are defined

by

1 2 4o
a =@y+er+2up+a), k = vt eta)

In view of Egs. (2.3) and (2.4)
D(x,y) = DT (x,y) = D(y,x).
Along with matrix D(x, y) we consider the matrix of singular solutions

P(x,y) = (T(@y)D(y,x)". (2:5)

It is easy to verify that D?(x, y) and P? (x, y) satisfy Eq. (2.2) with g(x) = 0 at all
xeR% x #y.

First, we consider an infinite domain with a crack modelled by an open arc I'y. We
assume that Ty is a part of a simple closed C?-curve I" that divides R? into interior
and exterior domains Q% and Q™. In what follows we denote by the superscripts +
and — the limiting values of functions as x — I" from within Q" or Q~. We define
Q = R?\I'y and I'; = I'\I'p. Regarding the definition of €2, we can also use || - || and
(-, -)o for the norm and inner product in L*(£2).

We say that u € CX(Q) if u e CHQY), ue CY(Q7) and (8%u)*(x) = (3%u)~(x),
x € I'y, for all two-component multi-indices « such that |¢| < k.

For any m € R, let H,,(R?) be the standard real Sobolev space of three-component
distributions, equipped with the norm

2= /Rza T 1E P e,

where # is the Fourier transform of u. In what follows we do not distinguish between
equivalent norms and denote them by the same symbol; thus, the norm in H;(R?)
can be defined by

3
2 2 2
I lly=Ilwl + E I Vi llg -

i=1

The spaces H,,(R?) and H_,,(R?) are dual with respect to the duality induced by
<'7 .)0 .

We introduce the space L2 (R?) of (3 x 1)-vector functions u = (u, u3)’, where
u = (u;.uy)7, such that

2
lullg= < 00..

lu(x)|* J / |z (x)
X
g (14 xD2(1 + In |x])2 g (1+ [xD*(1 + In |x])2
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Also, we consider the bilinear form b (i, v) = 2 fR2 E(u, v) dx. Let H, ,(R?) be the
space of three-component distributions on R? for which

2 2
I lIf o=t Ml +b @, 1) < o0,

H_ ,(R?) is dual to H,,(R?) with respect to the duality generated by (-, -),. The
normin H_, ,(R?)is denoted by || - || _1.,, .

Let H,,(Q7%) be the subspace of H,,(R?) consisting of all u which have a compact
support in QF. H,,(Q") is the space of the restrictions to QFof all u € H,,(R?).
Denoting by n* the operators of restrictions from R? to Q%F, respectively, we
introduce the norm of u € H,,(2") by || u |l mo+= infycpr, ®2)mtv=y | U llm - Em =1,

then the norms of u € H(Q1) and u € H,(Q") are equivalent to

3 1/2
{” u ||(2):Q+ +ZL+ |Vu,-(x)|2dx} .
i=1

The spaces Ioim(Qﬂ and H_,(2") are dual with respect to the duality induced by
<'» '>O:QJr .
Let H;,,(27) be the subspace of H ,(IR?) consisting of all u which have a compact

support in Q7. H; (") is the space of the restrictions to Q~of all u € H; ,(R?).
The normin H, ,(27) is defined by || u ||1 o,0-= infyemr, ,®2)r-v=u || V |1, . From the

definition it follows that H, ,(€27) is isometric to Hl,w(Rz)\Ioil(Qﬂ. It can be shown
that the norm of u € H, ,,(27) is equivalent to

(o +b-@w}’?,

where

u P _/ |u(x))? » /' Ju3 (x)
002 | (1 + |xD2(1 + In |x])2 o (L+[xD*(1 +1In|x))?

and b_(u,v) =2 fQ, E(u, v) dx. This norm is compatible with asymptotic class A
introduced in [8].

The dual of 101 1.0(£27) with respect to the duality generated by (-, -)(.o- is the space

H_, ,(Q7), withnorm | - |- 4:q-; the dual of H, ,(27) is H_; ,(27), which can be
identified with a subspace of H_; ,(R?).

Let H,(I') be the standard Sobolev space of distributions on I', with norm
I lm:r - Hn(T') and H_,,(I") are dual with respect to the duality generated by the

inner product (-, -)o.r in L*>(T"). We denote by H,,(I'y) the subspace of all f € H,,(I')
with compact support on I'y, and by H,,(I'y) the space of the restrictions to I'y of
all fe H,(). Let myp and 7; be the operators of restriction from I" to I'y and T';.
The norm of f € H,,(I'y) is defined by || f llu;ry= infoem, ry:mv=7 | V llm;r . For any

meR, Ioim(l’o) and H_,,(Ty) are dual with respect to the duality generated by the
inner product (-, -)o., in L*(I).
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Let y* and y~ be the continuous trace operators from H;(Q") and H; ,(227)

to Hy (). Also, let y* = m;y*, i =0, 1. For any u defined in Q (or R?) we write
u={uy,u_}, where uy = n*u.
Let H;,(R2) be the space of all u = {u,,u_} such that u, € H|(Q"), u_ €

H, ,(©Q7)and y1+u+ =y, u—. The norm in H, ,(2) is defined by
Il I} o=l s e + = 1] g -

I(ill »(£2) is the subspace of H, ,(£2) consisting of all u such that Vo uy =y, u_ =0;
therefore, H L.o(2) can be 1dent1ﬁed with a subspace of H L »(R?).

We denote by H_; ,(Q2) and H L.o(2) the duals of Hl »(R) and H1 () with
respect to the duality induced by (., -),. The norms in H_, ,,(2) and H_Lw(Q) are
denoted by || - l-1wmeand || - [l-1.0 -

Further, we introduce the corresponding area, single layer, and double layer
potentials given, respectively, by

Up)(x) = /R DG e dy,

(Vo)) = fr D(x, y)o(y) ds(y).

(We)(x) = f P(x. y)p() ds(),
Iy

where ¢ € M3, is an unknown density matrix.

It is not difficult to check that L(Uq) = g in R?.

The properties of single and double layer integral potentials are well known and
may be formulated in the following theorem, which can be proved using technique
described in [8-10].

Theorem 1

(a) If ¢ € C(3S), then Vo, Wy are analytic and satisfy L(Vo) = L (W¢) =0 in
StuUST.

(b) If o € C*(@S), a € (0,1), then the direct values Vop, Wop of Vo, We on 38
exist (the latter as the principal value), the functions V*(¢) = (V)| ¢ Vilp) =
(V)| are of class Cl'“(S+) and C“(S), respectively, and TV™*(p) =
(Wg+ Do, TV=(p) = (W — 1 D¢ on dS, where W} is the adjoint of Wy and
[ - the identity operator.

(c) Ifpe CH*(dS), a € (0,1), then the functions

v | Wo)lge, in ST, | We)g, inST,
W)= {(WO — 1Dy, onds, W) = (Wo+ 1Dg. on dS,

are of class Cl'“(S+) and C" (8 ), respectively, and TW+(p) = TW~(¢) on 3S.
@ Springer
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3 Boundary Value Problems

We consider two types of boundary values problems: Dirichlet and Neumann bound-
ary value problems. The first one consists of finding u € C*(Q) N C(RQ), u_ € A* such
that
Lu(x)+q(x) =0, xe,
M+(.x) = f+(x)7 ui(x) = f*(x)’ X € Iﬂ()v (D)

where f+ and f~ are prescribed on Iy.
The second problem consists of finding u € C*(Q) N C!(R), u_ € A such that

Lu(x)+q(x) =0, xeQ,
(Tw(x) =g"(x), (Tw) (x) =g (x), xeTly, (N)
where gt and g~ are prescribed on I'y. Asymptotic classes A* and A were introduced
in [8].

The variational formulations are based on the Betti formulae [18] and [19]. The
variational formulation of (D) is as follows. We seek u € H; ,,(€2) such that

b(u,v) = (q,v)y Vo€ Hy (),
Your = f* wu-=f", (3.1)
where ¢ € H_1 ,(Q) and f*, f~ € H,»(I'y) are given.

The variational formulation of (N) is as follows. We seek u € H, ,(2) such that

b(u,v) = (g, v)o + (g5 ¥ v, — (875 ¥av-)or, YV € Hio(®),  (32)

where g € H_; ,(Q) and g*, g~ € H,»(Ty) are given.
In what follows we write §f = f* — f~ and §g = g™ — g~ for the jump of these
quantities across the crack.

Theorem 2 Problem (3.1) has a unique solution u € H, ,(2) for any q € H_, ,(2)

and any [T, f~ € Hi(To) such that §f € H,,» (Do), and this solution satisfies the
estimate

lulltoe<c(l g ll-twae + I 2, + 11 8f llyzr) - (3.3)

Proof Assume first that f+= f~=0. To prove this assertion it is sufficient to verify
that b (1, v) is coercive on H; ,(€2). In [18] and [19] it was shown that any u = {u,,

u_}e H, () satisfies || u; |I}.q.<cb(uy,uy)and || u_ |7 .o <cb _(u_,u_), where
bi(u,v) =2 [,. E(u, v)dx; consequently,

1} =l 1t g + 1= 1 e < € [by ) + b (u )] = b (u, w).
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By the Lax-Milgram lemma, (D) with f* = f~ =0 has a unique solution u €
Ioil,w(Q) and
lulhos<cellgll-1me - (34)

In the full problem (D), we consider an operator [, of the extension from Ty to
', which maps H,>(I"p) continuously to H;,»(I'). Let F* =1, f* and let F~ be the
extension of f~ to I' such that = F* = 7; F~. We denote by /. operators of the
extension from I' to Q*, which map H,;;(I") continuously to H,(Q*1) and H; ,(Q27),
respectively. Let w, =1, Ft € H|(Q") and w_=[_F~ € H,(Q7). Clearly, w =
{wy, w_} € H; ,(2). We seek a solution to (D) in the form u = uy + w, where

Ug € Iillyw(Q) satisfies
b (o, v) = (. v}y — b (w,u) Yo € Hyo(R). (3.5)

Since for allv € I(ill,w(Q)
b (w, v)| < b (wi, v+ 16— (w-, vo)| < clll wy e + | wo lwe) Ve
<cll F¥lhar + 10 F i) T e
<l iz + 10 F lyzrd) o lhe
<l £ lhyare + 118 Iz o e,
the right-hand side L(v) =< ¢q,v >¢ —b(w, u) in Eq. (3.5) defines the continuous
linear functional on 1;1,w(9) and | Ll -1we<c(1gl-roa+ 1 £ 2, +18f lh2r)
therefore Eq. (3.5) has a unique solution uy € 101 1.0(2) and
luo lwe<c(l g l-twma+ I fF lyzr, + 108f ly2r)-
The theorem now follows from this inequality and the estimate || w ;o<
c(l f* hjzirg + 108 llij2:r)- U
We proceed with problem (3.2). It is clear that, in view of the properties of rigid
displacements,

(. 2)0 + (8" Z)o;ro —(g Z)o;r” =0 VzeF (3.6)

is a necessary solvability condition for (N).

Theorem 3 Problem (3.2) is solvable for any q € I(iLLw(Q) and any g*, g~ € H_;5(Tp)

such that §g € H_»(Iy), satisfying Eq. (3.6). Any two solutions differ by a rigid
displacement, and there is a solution uy that satisfies the estimate

o o< c(lgl-to+ 18812 + 11 & ll-1/21) - (3.7)
Proof We notice that the expression
L(v) = (g+, V0+v+>0;r0 - <g7, y(fv*)o;ro

= (88, 0 Vi )ou, T (87 V), YV € Hiu(),
@ Springer
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where §v = y0+v+ — ¥yv—, defines a continuous linear functional on H; ,(2). Con-

sequently, there is q; € IiI,l_w(Q) such that L(v) = (g;, v), for all v € H; ,(2), and

g l-10<c(l g l-1/zr, + I 88 l-1/21) - (3.8)

We set g + g1 = ¢ and write Eq. (3.2) in the form b (u, v) = (G, v)y, v € H} ().
We consider the factor space H,; ,(Q) = H; ,(Q)\F with the norm || U g, @)=
infuer, @ uev | U 1,00 and define on it a bilinear form B(U, V) and a linear
functional L(V) by

BWU,V)=b@,v), LV)=Lw =(q,v)g, (3.9)
where u and v are arbitrary representatives of the classes U, V € H, ,(€2). Since
b(z,z) =0and < ¢, z >o= 0 for any z € F, definitions (3.9) are consistent.

We now consider the problem of finding U € H] ,,(€2) such that
BWU,V)=L(V), YV eH Q). (3.10)
We claim that Eq. (3.10) has a unique solution. First, from Eq. (3.8) it follows that
LA <c(lgl-1o+ 188 -0 + 118 l-1/21) IV e vEV,
which gives [L(V)| <c(ll g ll-1.0 + 1 88 l—1/2r + I & l=1/2:v) II V llm,@: this
means that £(V) is continuous. The continuity of B is clear. In every class U we

choose a representative u such that (y()* Uy, z) = 0 for all z € F. By Theorem 7 in
[18] and Theorem 4 in [19]

0;Tg

| u_ ||%w527 < c[b_(u_, u )+ |y u- ||(2):F1]
<clbouo,ul)+ I v uy 1G]
<elbo,u)+ uy g ]
and|| uy |I.q.<cby(uy, uy), where ||-[|o;r, is the normin L*(I"y). Hence, || U [, @) <

|l u ||%’w;Q <B(U, V), which proves that B is coercive on H, ,,(2). By the Lax-Milgram
lemma (3.10) has a unique solution U € H ,(2) and

U @< c(ll g 1o+ 1188 l-12r + 11 8 l-1/2:1,) -

Clearly, any element u in U is a solution of Eq. (3.2). If u; and u, are two solutions
of Eq. (3.2), then w = u; — uj satisfies

b(w,w)=0, we H,,(Q).

We conclude that w € F. To complete the proof, we choose uy € U such that
I 0 lasa=1 Ul o - -
@Springer
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We can describe H_; ,(2) explicitly. If we define

Defu = (duy, by, huy + diuz)’, Divu = 3y + dus, huy + duz)’,
Grado = (8,0, —9,0)7, where ¢ € My,

A+2u A0
R = A a+2u0 |,

0 0 u
then we can write

Lu— Div (R Def u) + o GradQusz — (curlu)s)
“= (y + &)divVus — 20 Qusy — (curlu)s)

and

b(u,v) = (R Defu, Defv)y+ a2u;
—(curlu)sz, 2vs — (curl v)3)o + (v + €){(Vus, Vus)o.

Theorem 4 H_, ,(2) consists of all q of the form
q=DivP+ Grad Q, q;=divV —2Q, (3.11)

where P € L>(R*) N Msy;, O € L>(R®) N M1, V e L*(R?) N M, . Also there are

constants ¢y > 0 and ¢, > 0 such that

cllgll-twesl Pllo+ 1 Qllo+1Vieselgl-roe-

This assertion can be proved using technique described in [17].

We now show that (D) and (N) can be reduced to similar problems for the
homogeneous equilibrium equation by means of area potential.

Let H_; ,(R?) be the subspace of H_;,(R?) consisting of all g such that (g, z), = 0
for all z € F. We choose an L? (R?)-orthonormal basis {z?}3_ for F and introduce
a modified area potential of density ¢ € C3°(R?) N'H_; ,,(R?) by

Up)(x) = Up)(x) = (Up, 2%); 27 0), xR,

where (-, -}, is the inner product in L2 (R?). It can be shown (see [17] for details)
that g € H, ,(R?) and satisfies

bUq,v) = (q,v)y, Yve H,(R?). (3.12)

The defined operator I/ can be extended by continuity from C§° (R>) NH_ »(R?) to
H_1.,(R?). The extended operator I is continuous from H_, ,,(R?) to H, ,(2). For
any g € H_1 ,(R?), U(—q) is a solution of Eq. (3.12).

We start with (D). By Theorem 4, any g € H_; ,(2) can be represented in the
form (3.11), where the equality is understood in S'(Q). Let§ € H_; ,,(R?) be defined
by the same formula (3.11), in which the equality is understood in S'(R?). We
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represent the solution of (D) in the form u =U (—q) + w. Since b (U (—q),v) =
(q, v)y = (g, v), for v € Hy (), we conclude that w € H, ,(2) satisfies

b(w.v) =0 Yve Hy,(Q),
vwe=fr—n UCED), . vyw-=Ff —y, UCD)-.

Let y, be the trace operator defined on H; ,(2) by yov = {y, vi, y5 v+ — yg v-} It
is clear that y, is continuous from H; ,(2) to H;,(I"y) x 101 1/2(p). Consequently,
without loss of generality, in what follows we consider the problem (D) that consists

in finding u € H, ,,(2) such that
b.v) =0 Yve Hyo(Q). you=1{f"of} (3.13)

In problem (N) we seek u € H; ,,(€2) such that

bu,v) ={(q,v)y, Yve H ,(Q), (3.14)

where g € Iil,lyw(Q) satisfies
(4,2)=0, VzelF. (3.15)

Since H, ,(IR?) is a subspace of H; ,(R2), we may consider § belonging to H_; ,(R?);
in addition, from Eq. (3.15) it follows that § € H_; ,(R?). We represent the solution
of Eq. (3.14) in the form u = Uq + w, then Eq. (3.14) becomes

b(w,v) =(q,v)g—bUF,v), Yve H,(Q).

Lemma 5 Forall g € 101_1@(9) satisfying Eq. (3.15), the expression
L(yov) = (4, v)g — bUq, v), v e H,(RQ) (3.16)

defines a continuous linear functional on H,,,(T'g) x Hi,,(T); therefore, L(yyv) can
be written in the form

<§7 U)O - b(u§7 1)) = (8g7 y0+v+>0:l'*0 + <g_7 81))0;1‘0 , VE Hl,w(Q)»

where {8g, g7} € H_1/2(I"0) x H_12(I'y).

Proof Let vy, v, € H; ,(2) such that yyv; =yyv,. The difference v; — vy € Ioil,w(Q) C
H;,(R?), and since bUF,vi —v2) = (4, v; —v2)y,, we find that L(yv)) =

L(ypv7). This means that definition (3.16) of £ on H,,»(I'y) x H, () is consistent.

Let {fT,8f} € Hip(Ip) x 10{1/2(1“0). Repeating the proof of Theorem 2, we choose
v e Hy () so that yovo = {f*,8f} and || v |1,m:e< el £ 112, + 11 8 [l1/2:7). We
have

LA M <l Tl vihee<c G I-to U £ Tz, + 1 8F hy2r)s

which shows that £ is continuous on H;,(I'g) x Hy,»(Tg); since H_j;(To) x

H_,,5(T'y) is the dual of H,;,(I'g) x H;;,(I'p), this completes the proof. O
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Lemma 5 implies that, without loss of generality, we may consider (N) only for the
homogeneous equilibrium equation; that is, we seek u € H, ,(2) such that

b (u,v) = (8g, ),0+U+)O;FO —|—<g7,8v)0;r“ , Yv € Hi ,(Q). (3.17)
We remark that Eq. (3.17) is solvable only if
(z,88)0.r, =0, Vz € F. (3.18)

4 The Poincaré-Steklov Operator

For F = {f+,8f} (S Hl/z(r()) X H1/2(F0) and G = {(Sg, g_} € H,I/z(ro) X H,I/z(r())
we use the notation

[F. G]o;n, =(f". 5g>0;r<, +(8f. g7>0;r0 :
We define the Poincaré-Steklov operator 7 on H»(I'y) x 101 1/2(Cp) by
[TF,¥],., =b,v) V¥ e HipTo) x HipTo),

F e Hy;»(I'g) x Hy»(Iy), (4.1)

where u is the solution of Eq. (3.13) and v is any element in H; ,(2) such that yyv =
W = {y*, §v}. The definition is independent of the choice of v. In particular, we may
take v = /W, where [ is an operator extension from I'y to € which maps H,,(I'y) x

1011/2(1’0) continuously to H, ,(2).

We identify F with the subspace of Hj/,(I'p) x 101 1/2(g) consisting of all Z =
{z, 0}, z € F. We also introduce the spaces

Hip(To) = (F € Hijp(To) x Hip(To) = (£7, 2),., = 0,Vz € F,
H_1/2(To) = {G € H_15(To) x H_15(Ty) : (88, 2)o.r, =0, Vz € F}.

Theorem 6

(tl) 7 H1/2 (Fo) X H1/2 (F()) — H_1/2 (Fo) X H_1/2 (F()) is self-adjoint and
continuous.
(b) The kernel of T coincides with F.
(c) Therange of T coincides with H 12(T0).
(d) The restriction N' of T to HI/Z(FO) is a homeomorphism from HI/Z(FO) to
H_1,2(T).

Proof
(a) Ifuis the solution of Eq. (3.13) and v = /W, then, by definition of 7, for F, ¥ €
Hy/2(To) x Hy(To)

[TF W] = 1b @ v < b wb . v) < cb.u) | ¥ |
H1/°(F0)XH1/2(F0)
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Consequently, 7 F € 12{,1/2(1“0) x H_,(Ip) and

Tr>2 <cb(u,u)=c|TF, F
” f ”H—l/z(ru)XH—l/z(Fo) - ( ) [ ]O;FO
<clTfly; I F o .
1/2(To) x H_12(T'0) Hypy(To)x Hyja(To)
(4.2)
From Eq. (4.2) it follows that
ITFI, <c|FI o (4.3)

H_12(To)x H-12(To) — HI/Z(FU)XHI/Z(F()),

which proves the continuity of 7. The definition of 7" shows that it is self-adjoint
in the sense that

[TF V], =[V.TF],, YF. W e HpTo) x HipTo).

(b) Itisclearthat 7Z =0for Z € F.If F € H,,»(I'p) X 1(111/2(1"0), TF =0anduis
the solution of Eq. (3.13), then b (u, u) = 0; therefore, u € F, which implies that
F = you € F. This also proves that A is injective.

(c¢) By Eq. (4.3), the range of 7 is a subset of H_ 1/2(F0) Let {Z?}2_, be an L2(Ty)-
orthonormal basis for F. From Theorem 7 in [18] and Theorem 4 in [19] it
follows that any u € H, ,,(2) satisfies

2
| u ||1 waSC |:b(u u) + Z Vo Uy, 2 )>0 F():| (4.4)
i=1
Let F e ’Hl 2(Fp). By the trace theorem and Eq. (4.4)
FI? . < Twa<cb@,u) =c[TFF| .
” ||H1/2(F0)><H1/2(r<1) ¢ ” “ ”LLU’Q ¢ (u u) C[ ]O;FO
hence,
£, o SclTF,
1/2(To) x Hy/2(To) H_yp(To)x H_12(Ty)’

Which shows that N~!' is continuous. If the range of 7 is not dense in

1/2(1"0) then there is a nonzero F in the dual [Hi)2(To) x Hl/g(ro)]\]: of
H_ 12(T’o) such that (TF W)o.r, = 0 for all representative F of the class F
and all W € H,»(Ip) x Hl/z(l’o). Takmgf € Hl/z(l’o) and ¥ = F, we find that
[TF. F]oA r, = 0; therefore, F e F and F = 0. This contradiction proves the
third statement.

(d) This assertion follows from the preceding ones. 0

5 Boundary Equations

Let 72[_1/2(F0) be the subspace of I(il_l/z(l’o) of all g such that (g, z)o,,, = 0 for all
zeF.
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We define the modified single layer potential V of density ¢ € 70{,1 12(To) by
~ () ~ ()
Ve)(x) = (Vo) (x) — <(V<p>o, z > z (), xeR?
0;T

where Vi is the single layer potential and V) is the boundary operator defined by

(Ve)o = vy 7 V. Let Vog be the operator defined on ﬁ,l/z(ro) by ¢ - (Vg)o =
vi 7 Ve. From the results established in [18] and [19] V, is continuous from

H_1,2(Ip) to the subspace H,,»(Ty) of all f* € Hj,(I'y) such that <f+, Z>o~r0 =0 for

all z € F. Let V be the continuous operator from 70{,1 12(I) to ﬁl 12(Ig) defined by
Vo = Vop, 0}

Theorem 7 The operator V, is a homeomorphism from H_;,,(Iy) to Hy,2(To).

Proof The continuity of 1, is proved in [18] and [19]. From the jump formula for the
normal boundary stresses and couple stresses of the single laye potential (Theorem 1)
it follows that the first component of NV Vo € H_ 1/2(Fp) is ¢. By Theorem 6

lo llazr, <IN Vo |

H_1/2(T0)x H_1/2(T'0)

<C P ) =C .
A R R A e

which shows that V !'is continuous. Next, we claim that the range of V) is H,2(I).
Let ft € Hip(To), F={f",0} € Hi,2(Tp) and let u € H, ,(2) be the solution of
Eq. (3.13) with §f =0. We take G ={8g, g} =NF e H_5(Iy) and ¢ =8g €

H_1/2(Tp). Then w = u — Voo satisfies yow = { ft — Vyp, 0} = W. By the jump for-
mula the first component of N'W is zero; consequently, b (w, w) = [N, \Ij]oAro =0.

This means that w € F so y, w; is a rigid displacement on I'y. Since y, w; =
ft—=Vop € Hi,2(Tp), we have fT =V, therefore, the assertion is proved. O

Also we introduce modified double layer potential WV of density ¢ € 101 1/2(To)

W) (x) = (W) (x) — <7T0W V. Z(”> 2w, xeq.
OZFO

Clearly,if ¥ € Hy,2(I'g) then Wy € H; ,(2) and | WY |l1, ;o< ¢ | ¥ |l1/2;r - Hence,

for ¢ € I(il 1/2(I’p) we can define the operators W% of the limiting values of the
modified double layer potential on I' from within Q* by writing Wy = yTr* W,

It is obvious that YW* are continuous from IiI 1/2(o) to H;;,(T") and satisfy the jump
formula

Why — W™y = —y. (5.1)

For ¢ € IiI 1,2(F'p) we now define the operator WV, of the limiting values of the
modified double layer potential on I'y from within © by writing

Wovr = {moW v, meOWV Y = Wy} = {mWFy, —v} .
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Clearly, W, is continuous from IiI 1/2(T) to ﬁl 2(T0).
Let G = NW,. From the jump formula for the normal boundary stresses and
couple stresses of the double layer potential it follows that the first component

of 51# is zero for any ¢ € 1011/2(F0); therefore, we can write 51# = {0, Gy} for all
Y€ Hyp(To).

Theorem 8 G is a homeomorphism from 10{1/2(1*0) to H_;»(Tp).

Proof The continuity of G follows from the properties of W, and A/. We claim that

G~!is continuous. Let ¢ € 101 12(T'0). By Eq. (5.1) and the trace theorem we conclude
that

1Y T = I W =W 100 < c I WY I b
g Cb (er[/’ WT/f) = —C (g‘ﬁ» 1p)O;I‘g
<cllG¥ l-izroll ¥ lij2:rs

consequently, | ¥ [li2.r< ¢ | G¥ [I-1/21, - If the range of G is not dense in H_; ,(T)
then there is a nonzero v in the dual 1011/2(1’0) such that (y, G&)y.r, = 0 for all £ €

1011/2(1’0). We take & = ¢ and obtain (¥, G¥/)g,r, = 0, which means that Wy € F;
hence, v = W~y — WTy = 0. This contradiction completes the proof. O

We represent the solution of Eq. (3.13) in the form

u=Vo)g+ Wy +z, (52)

where ¢ € H_;,»(I'g) and ¥ € H;,»(I'g) are unknown densities, (V¢)q is the restric-
tion of Vg to Q and

~ (i) ~ (1)
Z=<f+—7ToWﬂ0,Z > z .
OZFO

Representation (5.2) leads to the system of boundary equations

Voo + moWHy + vz, —v} = {fF. 8} (5.3)

Theorem 9 Forany {f*,8f}e H; () x 1011/2(1*0), system (5.3) has a unique solution
{o, ¥} € Ho1p(To) x Hypp(Io),

respectively, and

I {e. Y31l el {fr8fl

° < ° .
H_1/2(To)xHy/(To) ™ Hy2(To)x Hy2(To)

In this case, Eq. (5.2) is the solution of problem (3.13).
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Proof From Eq. (5.3) ¢ = —4f € 10{1/2(1“0), and the equation for ¢ becomes
~(0) ~(0)
Vop = f*+noW*8f—<f++noW+8f,z > z . (5.4)
0;To

The right-hand side in Eq. (5.4) belongs to H;,>(I'y). By Theorem 7, Eq. (5.4) has a

unique solution ¢ € H;,,(I'p) and

o ll-ir <c(l f7 lhyzr, + 1 WSS 1li/2:r,)

~
<c i ) r)=c ) o .
<c( £* hyzry + 10 8f lhyzr) I{f,8f} ||H1/2(r0)xH1/2(r0)

The uniqueness of the solution is now obvious. g

We represent the solution of problem (3.17) in the form

u=Vp)g+Wy +z, (5.5)

where ¢ € H_;,2(I'g) and € H;;,(I"p) are unknown densities and z € F is arbitrary.
Representation (5.5) leads to the systems of boundary equations

NVg + Gy = (6g.87}- (5.6)

Theorem 10 For any {8g, g} € 12{,1/2(1*0) x H_yp(Ty) satisfying Eq. (3.18), system
(5.6) has a unique solution {¢, ¥} € H;,2(Ty) x I(:Il/z([‘o) and

I fe. ¥}l o

=<
H_1/2(To)x Hy/2(To)

In this case, Eq. (5.5) is the solution of problem (3.17).

cll{8g, g} |- .
I &8 ) ||H71/2(I‘0)><H71/2(1_‘0)

Proof Comparing first components on both sides of Eq. (5.6), we see that ¢ = §g;
therefore, Eq. (5.6) takes the form

Gy =g~ — (NVsg) . (5.7)

where (VV3sg)” is the second component of A'Vsg. By Theorems 6,7 and 8, Eq. (5.7)

has a unique solution ¢ € H,,»(I'g) and

I hyzr<c(l 8 ll-izr, + I 88 ll-1/2:r) - o

6 The Boundary Equations for a Finite Domain

Let 3S be a simple closed C?-curve that divides R? into interior and exterior domains
ST and S—. We assume that ST contains inside an auxiliary simple closed C?-curve
I = 'y U T, where Iy is an open arc modeling the crack. We write Q = S™\I'y. Let
QT be the interior domain bounded by I' and let @~ = S+\Q+.

If u is defined in Q then we denote by u, and u_ its restrictions to Q% and Q7
respectively, and write u = {u,, u_}. The spaces H,(Q%) are introduced in the usual
way. The traces of the elements uy € H;(Q%) on T are denoted by y*u, and y "u_.
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We denote by 7, i = 0, 1, the operators of restrictions from I" to I'; and write y,-i =
miy*, i =0, 1. The space H,(R2) consists of all u = {1, u_} defined in Q and such that
uy € H(QY), u_ € Hi(27) and yﬁu+ =y, u—. The norm in H(2) is defined by
I lf.q=lwy I5.qr + Il u_lli.q- - Let y be the trace operator that acts on u €
H, () according to the formula you = {y, u,, y, us — v, u-}. Clearly, yy is continu-
ous from H () to H,(Ip) x 1311/2(1"0). The trace of u € H;(2) on 35S is denoted
by yMu Iill(Q) is the subspace of H;(2) consisting of all u € H;(2) such that
you = {0, 0} and y;5u = 0.

Let T= [pUdS. In what follows we make use of spaces Hl/z(l") Hl/z(Fo)x
Hl/z(r())XHl/z(aS) of all F {F fas} where F= {f+ 8f} and H,l/g(F)—H 1/2

(To)x H_yp(To) x H_15(3S) of all G= {G, gys}, where G = {0g. 87} It is clear
that these spaces are dual with respect to the duality [F G] =[F, G]o;ro

(fos+ 8a8)0.0s » Where [F, G]o;ro is the form defined in Section 4. This duality is
generated by the inner product [+, -],.7 in L? (T) = L2(Ty) x L2(Ty) x L2(3S).

We consider the following boundary value problems.

Given F = {F, fys} € Hl/z(f), we seek u € H(R2) such that

bow,v)=0Yve H|(Q), yu=F, yu= fis. (6.1)

where bo(u, v) = [, E(u, v)dx.
Given G = {G, g;s} € H,I/Q(F), we seek u € H{(2) such that

bo(u,v) =[G, yov], 1, + (8ss: Vasv)os s Vv € Hi(R). (6.2)
Clearly, Eq. (6.2) is solvable only if

(88, Z)o.r, T+ (8as: 2)0.95s =0, Vz e F. (6.3)

In what follows we assume that Eq. (6.3) holds. The proofs of the unique solvability
of Eq. (6.1) and Eq. (6.2) repeat those of Theorems 2 and 3 with the obvious changes,
so we omit them. R R

We introduce the Poincaré-Steklov operator 7 by [’Tf @] =bgq(u, v), where
F \IJ e H, /Z(F) are arbltrary, u is a solution of Eq (6.1)andve H, (Q) is any extension
of U to Q. Let F(T') be the space of all VA ={Z,z}, Z={z,0}, where zeF is
arbitrary. We define the spaces

Hip(T) = [fe Hip([®) :[F. 2],z =0VZ € f(F)} ,
Hoap® = {Ge H. @ :[G, Z],r =0 ¥Z e FD)}.

Theorem 11

(a) T is self- adjoint and continuous from HI/Q(F) to H,l/z(f'\).

(b) The kernel ofT coincides with F(T).

(c) The range ofT coincides with H - 1/2(F)

(d) The restriction N of T from Hl/z(l’) to Hl/z(F) is a homeomorphism from
Hip(T) to H_yjo(T).
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The proof of this theorem is identical to that of Theorem 6.

Let H_l/z(f) be the subspace of I(il_l/z(Fo) X H_5(3S) of all ¢ = {¢y, ¢ss} such
that (@o, 2)o.r, + (@as. 2)0.9s = 0 for all z € F. H; (') is the subspace of H,/;(I'g) x
Hi;>(3S) consisting of all f = {f*, fys} such that /T, Z)o;ro + (fys: 2)o.95 = 0 for all
zeF.

We define the single layer potential of density ¢ € 72[_1 2 ) by
(Vo) (x) = (Vowo) (x) + (Vaspas)(x),  x € R?,

where Viygy and Vjspss are the single layer potentials defined on I'y and 35,
respectively. Let {Z <")}?=l be an L2(T)-orthonormal basis for F(T), where Z@ =
{Z®, 20} and Z® = {z?,0}. The rigid displacements z? satisfy Eq. (6.1) with
boundary data F = Z®, f;5 = z?. We introduce the modified single layer potential

V) (x) = (Ve)(x) — [((V¢)0 , z("))o;n, + ((V‘/’)as , Z(z‘))();as] 79(x), xeR?,

where (Vg), and (V), are the restrictions of Vg to I'y and 3. The corresponding
boundary operator Vy is defined by Vrg = {1t Vo), ., v,5s Ve)o} ., where Vo), are
the restrictions of Vg to Q*. We also introduce a boundary operator V by writing
Vo ={yy” Vo), . 0,75 Vo)a}.

Theorem 12 Vr is a homeomorphism from H_» (F) to ﬁl /Q(F).

Proof The proof of this theorem makes use of already studied properties of the
modified single layer potential and the Poincaré-Steklov operator for the exterior
region [19] and Theorem 11. O

Let H;,2(9.5) be the subspace of H/,(9S) consisting of all f such that (f, z)p.55 =0
forall z € F. H_;,2(9S) is the subspace of H_;,,(9S) of all g such that (g, z)y.,5 =0
forall z € F.

We define the double layer potential of density ¥ = {y, ¥ys} € Hi2(Ip) x
Hl/g(BS) by

W) (x) = (Woo) (X) + (Wysas)(x),  x € Q,

where Wyyy and Wysyys are the double layer potentials defined on I'y and 35,
respectively. We introduce the modified double layer potential

WY (x) = (W) (x) — [((Wwo* L2 H OV, z(”)o;as] 2, xeQq,

where (Wy){ and (W) are the limiting values of Wy on I'y and 9S from
within QT and S*. We also define the limiting values W* of the modified double
layer potentialon I' from within Q* by writing W*y = y*z*Wy. The corre-
sponding boundary operator Wiy = {mo W*y), oV Y = W), v, Wi)g} =
vt Q/VW,)\’;WO’ Vas Wig}.

Let G = NW. From the jump formula for the normal boundary stresses and
couple stresses of the double layer potential it follows that the first compo-

nent of @// is 0 for any ¢ € I(ill/z(Fo) x H1,2(3S); therefore, we can write @// =
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-~

{0, (Q\w) (Gv), } for all ¥ € Hl/z(FO) x Hi2(3S). We also define boundary oper-
ator grw = {( (Q\W)as} from Hl/z(ro) X Hl/g(as) to Hfl/g(ro) X Hfl/z(BS).

Theorem 13 Gi is a homeomorphism from 10{1/2(1*0) x Hi2(08) to H_1/5(Tp) x
H_12(39).

Proof The proof of this assertion makes use of already studied properties of the
modified double layer potential and the Poincaré-Steklov operator for the exterior
region [19] and Theorem 11. O

We represent the solution of Eq. (6.1) in the form

u= Voo + Woy +z, (6.4)
where ¢ € 7SL 1 /Z(F), Wy is the double layer potential of density ¢ € IiI 1,2(To),

= [(f+ + 70 (Wod ), 2%). 1+ (fos + vas(Wod e, Z(D>0;BS:| ¢ (6.5)

and (Wysf), and (Wydf)q are the restrictions of Wy f to QF and Q. This represen-
tation yields the system of boundary equations

Vo + [y (Woy) 1. =, vis(Wov)e} = F — {z.0. ). (6.6)
Theorem 14 For any Fe Hl/z(f), system (6.6) has a unique solution {p,V} €
7?(_1/2(’1:) X I(ill/z(l’o), which satisfies the estimate

e ¥} I F llo -

~1/2 (FU)XH—I/’(I’S)XHIP(FO)

In this case, u defined by Eq. (6.4) is a solution of Eq. (6.1).

Proof We take ¢ = —§f and reduce Eq. (6.6) to the system
Voo =1{f*, fash+ {ve (Wod v, v5s(Wos N} — {z. 2. (6.7)

By Eq. (6.5), the right-hand side in Eq. (6.7) belongs to Hy /z(f). The assertion now
follows from Theorem 12. O

We represent the solution of Eq. (6.2) in the form
u= VF()(p + WI// +z, (68)

where Vr,¢ is the modified single layer potential of density ¢ € 70{,1 2(Tg), ¢ and

Ve IiI 1/2(Tg) x H;,2(8.S) are unknown densities and z € F is arbitrary. This repre-
sentation yields the system of boundary equations

N {y(;L(VF()(p)7 07 y{;g‘(vl"o(p)ﬂ} + ’g\W = a (69)
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Theorem 15 For any Ge H,I/Q(F) system (6.9) has a unique solution {p, ¥} €
H_1,2(Tp) x Hl/z(Fo) x H12(8S), which satisfies the estimate

) o o <c| G 7 -
e, v} ”H71/2(I‘0)><H1/2(F0)><H1/2(35)\ I ”H’”Z(F)

In this case, u defined by Eq. (6.8) is a solution of Eq. (6.2).

Proof From the jump formula for normal boundary stresses and couple
stresses of the single layer potential (Theorem 1) the first component of
N {yo (Vr,9), 0, v, S(V[‘O(p)g} is equal to ¢. Comparing the first components on the
both sides of Eq. (6.9) we see that ¢ = §g. The assertion now follows from Theorems
11,12 and 13. [l

Remark 16 In this paper we have assumed that " and 9§ are C? -curves. It can be
shown that all the above results remain valid for piecewise-smooth C%'-curves that
consist of finitely many C?-arcs [20)].

7 Summary

In this paper we have formulated Dirichlet and Neumann boundary value problems
of plane Cosserat elasticity for a domain weakened by a crack in Sobolev spaces
and showed these problems to be well-posed and depend continuously (in a suitable
Sobolev-type norm) on the data. This result is important for practical purposes, since
it validates further applications of numerical procedures. We have also shown that
the corresponding weak solutions can be represented in terms of modified integral
potentials with unknown distributional densities, which facilitate the construction of
appropriate boundary element methods for finding these distributional densities and
solving the problem numerically.
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