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ù
Ä�)�):
Úå�Ú÷�«�©Ù1Ö

Úå�. 'u²¡�5åÆõ�«¯K, ©¥0�


�aÛÉÈ©�§, na Fredholm È©�§Ú

�a�ÛÉÈ©�§. ©¥�ïÄ
ÛÉÈ©�

§��Kz¯K, ==z� Fredholm È©�§�

�{. �
¦)þãÈ©�§, �A¦Èúª��


0�. �©rN
?�E ¼ê (the modified

complex potentials) ù�Vg�­�5, Ï�§*

�
¦)��. ~X, |^ù�Vg, Ã��õ�

«�¹�)�í2A^���õ�«�¹¥. �

?Ø
õ�«)�¢SA^.

3²¡�5��«¯K¥, �3X�«Ì�

){, =È©C��{ÚEC¼ê�{. 3�«

¯K¥, È©C��{=é,
AÏ¯Kk�, ~

Xµ(1) Ã�ü�«¯K, (2) �üÃ�²1�« [4].

,
, e��«p���, È©C��{ÒÃU�

å.

�é
ó, EC¼ê�{äk��(¹5.

EC¼ê�{�¢3�µ´w
´��. ½Â

Cauchy .È©Xe (ã 1)

ã 1 Ã�²¡¥��^1w­�

F (z) =
1

2πi

∫

L

f(t)dt

t− z
(1)

ª¥ L �Ã�²¡¥��^­�. dÈ©ke�

5� [2]

F±(t0) = ±f(t0)

2
+

1

2πi

∫

L

f(t)dt

t− t0
, t0 ∈ L (2)

F+(t0) − F−(t0) = f(t0), t0 ∈ L (3)

er¼ê F (z) w¤3: z ?� £, dª (3)

��, �Ä:ªC­� L �þý� (½eý�)  

£´mä�. ,��¡, <�Ù�÷X�«¤3 

�, �«km� £. ùÒL²�ÛEC¼ê2�

/$^u�«¯K¥.

3EC¼ê�{¥, ~~�Ú^��E ¼

ê φ(z) Ú ψ(z). �dÓ�,  £ÚAå�ÏLù

��¼ê φ(z) Ú ψ(z) 5L«. dù��¼ê, �

±ïá Airy Aå¼ê U(x, y) = Re[z̄φ(z) + χ(z)]

(χ′(z) = ψ(z)). �´, e|^ Airy Aå¼ê,  £

´ØUdd¼ê��L«.

éu�«¯K, ïÄöQïÆe�E ¼

ê [7]

φ′(z) = Φ(z) =
1

2π

∫

L

Q(t)dt

t− z
(4)

ψ′(z) = Ψ(z) =
1

2π

∫

L

R(t)dt̄

t− z
− 1

2π

∫

L

t̄Q(t)dt

(t− z)2
(5)

ª¥ L �Ã�²¡¥��^­�, R(t) Ú Q(t) L

«��÷­� L ½Â��Ý¼ê. �6u�¼ê

R(t) Ú Q(t) �äNÀ^, ���e��«AÏ�

¹. 31 1 «�¹¥, �Ä:÷{��L­� L

�, �«¡þ�1Ö´ëY� £´mä�. ù«

�¹·Üu�[�«¯K. 31«�¹¥, �Ä:

÷{��L­� L �, �«¡þ� £´ëY�

1Ö´mä�. ù«�¹·Üu�[­�f5�

¯K.

2 êÆÄ:�£

3²¡�5åÆ�EC¼ê�{¥, ïÄö

I�e�Ä��£, = (1) Cauchy .È©; (2)

Cauchy È©�Ì�; (3) Cauchy È©�4��;

(4) Plemelj úª; (5) í2� Plemelj úª; (6)

Poincare-Bertrand úª; (7) Riemann-Hilbert. ¯K

�). k'ù
Ä:�£���, ��e�©z

[2,4,6,7,13,14,23∼25].

3²¡�5åÆ¥, ²~��e�/ª�¼

ê f(z)g(z) , ª¥ f(z) Ú g(z) ���)Û¼ê, þ

î�L«�Ý�. ½Â¼ê f(z)g(z) ���A½�

¼êXe

d

dz
{f(z)g(z)} = lim

∆z→0
[ f(z + ∆z)g(z + ∆z)−

f(z)g(z)]/∆z = f ′(z)g(z) + f(z)g′(z)
dz̄

dz
(6)

d�ê¡�¼ê f(z)g(z) 3A½����ê ( the

derivative in a specified direction )[14]. �
²wå

�, ~^e�PÒ d{ }/dz 5L«d�ê. A½�
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��ê�A:3u, §Ø=�6uëþ z (=:�

 �), Ó���6u dz̄/dz (=,��ã���).

3²¡�5åÆ¥, A½���êù�Vg

´é­��. <�Ù�, ²¡�5åÆ¥� £

~~ØL«�üX)Û¼ê�/ª, 
L«�e

�/ª, =
∑

fi(z)gi(z). l
, 3í�úª�, �

�A½���ê´ég,�. d	, N´y²3�

��¡þ��^åÒ´Üå¼ê���A½��

�ê.

3 ² ¡ � 5 å Æ ¥, ² ~ ^ � e � È ©

ª [2,7,14,25]

F (z) =
1

2πi

∫

L

f(t)dt

t− z
(7)

G(z) =
1

2πi

∫

L

g(t)dt̄

t− z
(8)

H(z, z̄) =
1

2πi

∫

L

t̄− z̄

(t− z)2
h(t)dt (9)

Ù¥ L ��^1w­� (ã 1). d	, b½ù
¼

ê f(t), g(t) Ú h(t) ÷v Hölder ^� [2,25]. f(t),

g(t) Ú h(t) ��Ý¼ê.

3©z¥, 0�
¼ê f(t) 3­� L þ÷v

Hölder ^��½Â, d½ÂXe¤«. éu­� L

þ�?¿�:, eke�Ø�ª¤á

| f(t2) − f(t1) | ≤ A | t2 − t1 |µ (10)

K`¼ê f(t) 3­� L þ÷v Hölder ^�. ª

(10) ¥, A Ú µ (0 < µ ≤ 1) �����~ê, A �

Hölder ~ê, µ � Hölder �ê. éw,, ª (7) Ú

(8) ½Â
��)Û¼ê, 
ª (9) ½Â�KØ´.

¯¢þ, ª (7) ½ÂÒ´Ù�� Cauchy .È©.

��/`, � z → t+0 ½ z → t−0 � (t0 ∈ L) ,

ù
¼ê¬kØÓ�4�� (ã 1). ù
¼ê÷X

­� L ��ýÚKý4��Xe [2,7,14]

F±(t0) = ±f(t0)

2
+

1

2πi

∫

L

f(t)dt

t− t0
(11)

G±(t0) = ±g(t0)
2

dt̄0
dt0

+
1

2πi

∫

L

g(t)dt̄

t− t0
(12)

H±(t0, t̄0) = ±h(t0)
2

dt̄0
dt0

+
1

2πi

∫

L

t̄− t̄0
(t− t0)2

h(t)dt

(13)

3ª (11), (12) Ú (13) ¥, ¤kÈ©þAw¤Ì

�È©. ª (11) ¡� Plemelj úª, ª (12) Ú

(13) ¡�í2� Plemelj úª. dª (11) ��,

F+(t0) − F−(t0) = f(t0) (t0 ∈ L). d	,  £÷

X�«� � L ´mä�. ùÒ´�ÛEC¼ê

2�/$^u�«¯K¥���Ä���n.

�
¦Ñ,
È©�Ì�, eZÄ�úª0

�Xe. �ÑXe)Û¼ê�½Â

X(z) =
√

(z − a)(z − b) (14)

§½Âu­� L ±	�«� (ã 1). d	, éd¼

ê X(z) �e�©|

lim
z→∞

X(z)/z = 1 (15)

dd½Â, éd¼ê X(z), q- z → t+ Ú z → t−,

��e�(J

X+(t) = −X−(t), t ∈ L (16)

��BO, �- X+(t) = X(t).

²�X�í�, �� [7,14]

∫

L

X(t)R(t)dt

t− t0
= −πi

∑

n

Gn(t0), t0 ∈ L (17)

ª¥ R(t) ��kn¼ê,
∑

n
Gn(z) �¼ê X(z)R(z)

�Ì�Ü©. w,, ��aÓúªXe

∫

L

R(t)dt

X(t)(t− t0)
= −πi

∑

n

Gn(t0), t0 ∈ L (18)

ª¥
∑

n
Gn(z) �¼ê R(z)/X(z) �Ì�Ü©. Þ

~`, e L C¤«m (−a, a) , q� R(t) = t2, ��

∫ a

−a

X(t)t2dt

t− s
= −πi

(

z3 − a2z

2

)

∣

∣

∣

z=s
=

−πi

(

s3 − a2s

2

)

, |s| < a (19)

�®y², 3õ­ÛÉÈ©L§¥, �ªÈ

©��6uÈ©�gS [25]. Í¶� Poincare-

Bertrand úªL²�ªÈ©��6uÈ©�gS,

dªXe

∫

L

dt

t− t0

∫

L

ψ(t, t1)dt1
t1 − t

= −π2ψ(t0, t0)+

∫

L

dt1

∫

L

ψ(t, t1)dt

(t− t0)(t1 − t)
, t0 ∈ L (20)

ª¥ L �1w­�, Xã 1 ¤«, ¼ê ψ(t, t1) �

����Ý¼ê. ª (20) 3ÛÉÈ©�§�Kz

�k^ [14].
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8ÞÑ|^dª�~fXe. éu u«m

(−a, a) ��^�«, �A� ��Ý¼ê g′(t) A

÷ve����§

1

π

∫ a

−a

g′(t)dt

t− t0
= p(t0), |t0| < a (21)

∫ a

−a

g′(t)dt = 0 (22)

ª¥ p(t0) ��«þ��^å, 1 2 ��§�L 

£ü�^�. N´y², þ��§kXe)

g′(t) = − 1

πX(t)

∫ a

−a

p(s)X(s)ds

s− t
, |t| < a (23)

ª¥

X(z) =
√

z2 − a2,�e�©{
∑

lim z→∞

X(z)/z = 1

(24)

d)��(5N´��y². ¯¢þ, rª (23) �

\�ª (21) ¥, 2|^ Poincare-Bertrand úª, �

ª (21) =�y². d	, rª (23) �\� (22), ´

�ª (22) ð��÷v.

3 ²¡�5åÆEC¼ê�{Ä��§

3²¡�5åÆ¥, EC¼ê�{å
��

­��^ [2]. d�{�Ä��£0�Xe. 3d

{¥, Aå©þ (σx, σy , σxy), Üå¼ê (X,Y ) Ú 

£©þ (u, v) þÏL�|EC¼ê φ(z), ψ(z) ½

φ(z), ω(z) 5L«

σx + σy = 4ReΦ(z)

σy − iσxy = 2ReΦ(z) + zΦ′(z) + Ψ(z) =

Φ(z) + (z − z̄)Φ′(z) + Ω(z̄) (25)

f = −Y + iX = φ(z) + zφ′(z) + ψ(z) =

φ(z) + (z − z̄)φ′(z) + ω(z̄) (26)

2G(u+ iv) = κφ(z) − zφ′(z) − ψ(z) =

κφ(z) − (z − z̄)φ′(z) − ω(z̄) (27)

ª¥ G �}��5�þ, κ = (3 − ν)/(1 + ν) ^u

²¡AåG�, κ = 3− 4ν ^u²¡ACG�, ν �

Poisson '. 3ª (25), (26) Ú (27) ¥, Ã¼ê ω(z),

Φ(z), Ψ(z) Ú Ω(z) deª½Â [2]

ω(z) = zφ̄′(z) + ψ̄(z) (28)

Φ(z) = φ′(z),Ψ(z) = ψ′(z), Ω(z) = ω′(z) (29)

��5¿, ª (28) ¥�¼ê ψ̄(z) ´ÏL��s�

)Û¼ê ψ(z) 5½Â���)Û¼ê, §�½Â

Xe [2]

ψ̄(z) = ψ(z̄) (30)

Ø
þãÔnþ	, dª (26) Ú (27) �±½

Â��A½���êXe

J1

(

z, z̄,
dz̄

dz

)

=
d

dz
{−Y + iX} = Φ(z) + Φ(z)+

dz̄

dz
(zΦ′(z) + Ψ(z) ) = N + iT

(31)

J2(z, z̄,
dz̄

dz
) = 2G

d

dz
{u+ iv} = κΦ(z) − Φ(z)−

dz̄

dz
(zΦ′(z) + Ψ(z) ) = (κ+ 1)Φ(z) − J1

(32)

N´y², J1 = N + iT ´÷X z, z + dz �{�

Ú���^å�¤�Eê� (ã 1). Ùg, J1 Ú

J2 Ø=�6uëþ z (=:� �), Ó���6

u dz̄/dz (=,��ã���). ²¡�5åÆEC

¼ê�{��[í���© [2,4,5,7,13,14,23∼25].

�C, ²¡�5åÆ¥#�E ¼ê��¤

��0� [26]. 3T©¥, ½Â
��d £ÚÜ

å¼��¤�)Û¼ê.

4 Äu:
Úå�Ä�)

3ä�åÆ¥, Äu:
Úå�Ä�{)å

X­���^. ~X, ²¡�5åÆ¥�­��?

¯K�dëY©Ù� ��Ý½^m� £�Ý

5�[ [27]. e±©Ùå�È©�§mà�, 3c

��¹��ÛÉÈ©�§, 3���¹���Û

ÉÈ©�§. e¡, �0� 4 «Ä�).

4.1 4 «:
Úå�Ä�)

ek: ��3: z = t ?Xã 2(a) ¤«, �

AE ¼ê� [14]

φ(z) = H log (z − t)

Φ(z) = φ′(z) =
H

z − t

Φ′(z) = − H

(z − t)2

(33)

ψ(z) = H̄ log (z − t) − H t̄

z − t

Ψ(z) = ψ′(z) =
H̄

z − t
+

H t̄

(z − t)2

(34)
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ª¥ H = Hx + iHy �L: z = t ?� ��Ý.

- {f}t L«ëþ f 7: z = t �±���O

þ, Xã 2(a) ¤«. w,, dª (26) Ú (27) ��

{f}t = {−Y + iX}t = 0

2G{u+ iv}t = 2(κ+ 1)Hπi
(35)

þã���)¡�1 1 «Ä�). w,, |^1

1 «Ä�)q-©Ù ��Ý÷­�©Ù, B��

­��«�ÛÉÈ©�§.

3�¤Äu:
 �Úå�Ä�)�, ég

,�Ú\��õ�/ª, ½éê/ª�E ¼ê

φ(z) Ú ψ(z)[2]. d�,  £©þ´õ��. éuý

¢��«¯Kó,  £7Lü�. 3­��«�Û

ÉÈ©�§¥, d�§´^©Ù ��È\5�

¤�. �
 £ü�5, éu©Ù �ÿI���

å�§ª. ùa�§Xª (22) ¤«, e¡�ª (65)

�áuùa�§.

ek8¥å Px + iPy �^3: z = t ?, Xã

2(b) ¤«, �AE ¼ê� [14]

ã 2

φ(z) = F log (z − t)

Φ(z) = φ′(z) =
F

z − t

Φ′(z) = − F

(z − t)2

(36)

ψ(z) = −κF̄ log (z − t) − F t̄

z − t

Ψ(z) = ψ′(z) = − κF̄

z − t
+

F t̄

(z − t)2

(37)

ª¥

F = Fx + iFy = − Px + iPy

2π(κ+ 1)
(38)

aq/, ��e���Oþ�

{−Y + iX}t = 2(κ+ 1)Fπ i = Py − iPx

2G{u+ iv}t = 0
(39)

þã���)¡�1 2 «Ä�). ùaÄ�)�

^uf5�¯K�È©�§¥.

ek �ó4f H = Hx + iHy (−H) �A/

��3: z = t (z = t+dt) �, �ã 2(c). dª (33)

Ú (34), �Aud �ó4f�E ¼êXe [14]

φ(z) = H [ log (z − t) − log (z − t− dt)] = −H dt

t− z
(40)
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ψ(z) = H̄ [ log (z − t) − log (z − t− dt)]−

H [
t̄

z − t
− t̄+ dt̄

z − t− dt
] =

−H̄ dt

t− z
−H

dt̄

t− z
+H

t̄dt

(t− z)2
(41)

þã���)¡�1 3 «Ä�). ùaÄ�)^

uõ�«¯K�ÛÉÈ©�§¥.

aq/, ek8¥åó4f P = Px+iPy (−P )

�A/��3: z = t (z = t + dt) �, �ã 2(d) ,

dª (36) Ú (37), ���Aud8¥åó4f�

E ¼êXe [14]

φ(z) = −F dt

t− z
(42)

ψ(z) = κF̄
dt

t− z
− F

dt̄

t− z
+ F

t̄dt

(t− z)2
(43)

ª¥ F sdª (38) ½Â. þã���)¡�1 4

«Ä�).

4.2  �ó4fÚ8¥åó4fm�'X

s²y²,  �ó4f)´�ép�R�8

¥åó4f)��5|Ü [27]. l
, 3�«¯K

¥,  �ó4f){Ú8¥åó4f){´�d

� [27∼29]

31 1 «�¹, rÝ� H = Hx Ú −H = −Hx

� �ó4f��3: z = t ?, �ã 3(a). |^

ª (40) � (43) �±y², ã 3(a) �¹¥�é 

�ó4f�¤�E ¼ê�duã 3(b) �¹¥

�é8¥åó4f�¤�E ¼ê. 3ã 3(b)

¥, �é8¥åó4fdå P �¤, ,�édå

(3 − κ)P/(1 + κ) �¤. d	, �Ake�ªf¤

á [27]

Hx =
(κ− 1)

π(κ+ 1)2
P (44)

31 2 «�¹, rÝ� H = iHy Ú −H =

−iHy � �ó4f��3: z = t ?, �ã 3(c).

|^ª (40) � (43) �±y², ã 3(c) �¹¥�é

 �ó4f�¤�E ¼ê�duã 3(d) �¹¥

�é8¥åó4f�¤�E ¼ê. 3ã 3(d) ¥,

�é8¥åó4fdY²��å Q �¤, ,�é

dR���å Q �¤. d	, �Ake�ªf¤

á [27]

Hy = − Q

π(κ+ 1)
(45)

ã 3

4.3 ÅÜVá���� Green ¼ê

ÅÜVá���� Green ¼êQ�ïÄL [30]

. 8b�Û: z = t ?3þ�²¡, qþ (e)

�²¡á���5~ê�� G1,ν1,κ1 = 3 − 4ν1

(G2,ν2,κ2 = 3 − 4ν2).

�k�: �?3��Ó5á��²¡�þ

�²¡¥, d�, �A�E ¼ê�ÛÉ)�

φ1p(z) = H log (z − t)

ψ1p(z) = H̄ log (z − t) − H t̄

z − t

(46)

�dÓ�, �k�: �?3ÅÜ�²¡�þ�
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²¡¥, d�, �A�E ¼ê�L«�

φ1(z) = φ1p(z) + φ1c(z),

ψ1(z) = ψ1p(z) + ψ1c(z), z ∈ þ�²¡
(47)

φ2(z), ψ2(z), z ∈ e�²¡ (48)

d÷X¢¶��^åÚ £ëY^�, ��
[

φ1(z)

ψ1(z)

]

= I

[

φ1p(z)

ψ1p(z)

]

+ I1

[

φ̄1p(z)

ψ̄1p(z)

]

+

I2

[

zφ̄′1p(z)

zψ̄′
1p(z)

]

+ I3

[

z2φ̄′′1p(z)

z2ψ̄′′
1p(z)

]

(49)

[

φ2(z)

ψ2(z)

]

= J1

[

φ1p(z)

ψ1p(z)

]

+ J2

[

zφ′1p(z)

zψ′
1p(z)

]

(50)

ª¥

I =

[

1 0

0 1

]

, I1 =

[

0 β

α 0

]

I2 =

[

β 0

−β β

]

, I3 =

[

0 0

−β 0

]

J1 =

[

1 + α 0

0 1 + β

]

, J2 =

[

0 0

β − α 0

]

(51)

α =
κ1G2 − κ2G1

G2 + κ2G1
, β =

G2 −G1

G1 + κ1G2
(52)

3©z¥, Ý
 I1, I2 Ú I3 ¡���.�, 


Ý
 J1 Ú J2 ¡�D4.�. ���Ñ, ª (49)

Ú (50) ´Ï^�, Ú�¼ê φ1p(z) Ú ψ1p(z) �ä

N(�Ã'. ��� Green ¼êéu�¤ÅÜ�²

¡�>.È©�§´­��.

ÅÜVá�� Green ¼ê�^,�«�{5

�¤ [31]. 3T{¥, �^n�Ø��Ñu:. -n

�Ø3 z ��þ÷ −∞ � +∞ È©, D�d��

�Ø©Ù�ëY�q/¤
²¡AC^�. l
,

��

F2D =

∫ ∞

−∞

F3Ddz (53)

ª¥ F3D ´n�Ø, 
 F2D ´�Au F3D ���

Ø.

5 Äu©Ù �½©Ù�^å�¤�Ä�)

duõ�«¯K�±w¤eZü�«¯K�

S\, ü�«��«Ä�)0�Xe.

5.1 �«L¡�^k��������1Ö��

)

�!�?Øü^�«�¹��). �ûu¤

^��{, k�«�{ïáü^�«�¹��).

31 1 «�¹¥, �«L¡�^k������

����^å, 
�?Ãå�^ (ã 4(a)). d�,

>.^�Xe

(σy − iσxy)+ = (σy − iσxy)− = P (t) − iQ(t), |t | < a

(54)

ª¥ P (t) Ú Q(t) �L�«L¡�{�Ú���

^å, (+) (½ (−)) L«�«�þý (½eý) .

|^ª (25), ��e� Riemann-Hilbert ¯K
[2]

[Φ(t) + Ω(t)]+ + [Φ(t) + Ω(t)] = 2(P (t) − iQ(t))

|t | < a

[Φ(t) − Ω(t)]+ − [Φ(t) − Ω(t)]− = 0, |t | < a

(55)

d�, éN´��d¯K�)Xe

Φ(z) = Ω(z) =
1

2πiX(z)

∫ a

−a

(P (t) − iQ(t))X(t) dt

t− z
(56)

Ψ(z) = Ω̄(z) − zΦ′(z) − Φ(z) (57)

ª¥ X(z) Ú X(t) (X(t) = X+(t) = −X−(t)) s3

c¡½ÂL. s²y², ª (56) Ú (57) ¤«�E 

¼êð÷v £ü�^�. dd)�, �±á=¦

Ñ3?�:?�A��^å N + iT , �ã 1. ù�

:3�¤õ�«� Fredholm È©�§�´4�­

��.

ddE ¼ê, 3m«�à B ? (ã 4(a)), A

årÝÏf�½Â� [14,32,33]

K1 − iK2 = lim
z→a

2
√

2π(z − a)Φ(z) (58)

d	, AårÝÏf��½Â�

K1 − iK2 = lim
x→a, x>a

√

2π(x− a) (σy − iσxy) (59)

rª (56) �\ (58) ��

(K1 − iK2)B = − 1√
πa

∫ a

−a

(P (t) − iQ(t))

√

a+ t

a− t
dt

(60)
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aq, 3�«�à A ?k

(K1 − iK2)A = − 1√
πa

∫ a

−a

(P (t) − iQ(t))

√

a− t

a+ t
dt

(61)

31 2 «�¹¥, ã 4(a) ¤«�¯KdëY©Ù

� ��Ý5�[ [7,14]

Φ(z) =
1

2π

∫ a

−a

g′(t)dt

t− z

Ψ(z) =
1

2π

∫ a

−a

g′(t)dt

t− z
− 1

2π

∫ a

−a

tg′(t)dt

(t− z)2

(62)

ª¥ ��Ý g′(t) �½Â�

g′(t) = − 2Gi

κ+ 1

d

dt
[(u(t) + iv(t))+ − (u(t) + iv(t))−]

|t| < a

(63)

ª¥ (u(t) + iv(t))+ ½ ((u(t) + iv(t))−) ´�«þ

ý½eý� £. ��O�Ñdª (62) �Ñ�

J1 = N + iT �, B��e�ÛÉÈ©�§

1

π

∫ a

−a

g′(t)dt

t− t0
= P (t0) − iQ(t0), |t0| < a (64)

d	,  ��Ý¼ê g′(t) ÿL÷ve� £ü�

^�
∫ a

−a

g′(t)dt = 0 (65)

2ö, Cauchy È©��ü�Ñ [2,7,14,25,32]

g′(t) = − 1

πX(t)

∫ a

−a

(P (s) − iQ(s))X(s)ds

s− t

|t| < a

(66)

3��«à A Úm�«à B ?, AårÝÏ

f�deª¦Ñ

(K1 − iK2)A = (2π)1/2 lim
t→−a

√

|t+ a| g′(t)

(K1 − iK2)B = −(2π)1/2 lim
t→a

√

|t− a| g′(t)
(67)

dª (66) Ú (67), ��Xª (60) Ú (61) ¤«�Ó

�(J.

ã 4

5.2 �«L¡�^k�������Ó1Ö��

)

31 2 «�¹¥, �«L¡�^k����

���Ó��^å (ã 4(b)). d�, >.^�Xe

(σy − iσxy)+ = −(σy − iσxy)− = R(t) − iW (t)

|t | < a

(68)

ª¥ R(t) Ú W (t) �L�«L¡�{�Ú���

^å, (+)(½ (−)) L«�«�þý (½eý) .

aq, ��e� Riemann-Hilbert ¯K [2]

[Φ(t) + Ω(t)]+ + [Φ(t) + Ω(t)]− = 0

|t | < a

[Φ(t) − Ω(t)]+ − [Φ(t) − Ω(t)]− =

2(R(t) − iW (t)), |t | < a (69)

d�, éN´��d¯K�)Xe

Φ(z)

Ω(z)
=
κ− 1

κ+ 1

1

2πiX(z)

∫ a

−a

(R(t) − iW (t)) dt±

1

2πi

∫ a

−a

(R(t) − iW (t)) dt

t− z
(70)
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Ψ(z) = Ω̄(z) − zΦ′(z) − Φ(z) (71)

©Û¼ê Φ(z) 3: z = a ���5�Xe.

�Ä� Cauchy .È©3È©«mà:?�5�
[25], dª (70) ��

Φ(z) = c(z−a)−1/2− R(a) − iW (a)

2πi
log

1

z − a
+f(z)

(72)

ª¥ c ��~ê, f(z) ´: z = a ���)Û¼ê.

3ª (72) ¥, �«��w¤)Û¼ê�©{��

�. ù�(JL², �«à?Ø
 −1

2
ÛÉ5, �

�3Xéê.ÛÉ5 [14].

aq, �«àAårÝÏf�deª�Ñ (�

ã 4(b))

(K1 − iK2)B = −(K1 − iK2)A =

−κ− 1

κ+ 1

1√
πa

∫ a

−a

(W (t) + iR(t)) dt (73)

eÓc��¹é', �±wÑ��¹¥��


A:: (1) 3�«à?, E ¼êkéê.ÛÉ�;

(2) AårÝÏf��6u�5~ê κ; (3) {��

^å R(t) Úå1�.AårÝÏf K2, 
{��

�^å W (t) Úå1�.AårÝÏf K1; (4) k

e�'Xª�3 (K1 − iK2)B = −(K1 − iK2)A.

5.3 �«à�CAå�éêÛÉ5

Xþ¤ã, ��«L¡�^k������

�Ó��^å�, �«à�CAå�3XéêÛ

É5 [14]. �AudÛÉ5, �«à�CAå|�

L«�

σx = 4g1 log r − 2g2θ − g1(cos 2θ − 1) − g2 sin 2θ

σy = −2g2θ + g1(cos 2θ − 1) + g2 sin 2θ

σxy = −2g1θ + g2(cos 2θ − 1) − g1 sin 2θ

(74)

ª¥ g1 Ú g2 ���~Xê. dª (74) ��, (1)

=� g1 6= 0, âkAå�éêÛÉ5; (2) Aå©þ

σy Ú σxy ~�k��.

3��¯K¥, NõÆöïÄ
Aå�éê

ÛÉ5¯K [34,35].

6 õ�«¯K�1 1 aÛÉÈ©�§9Ù

�Kz

0�õ�«¯K�1 1 aÛÉÈ©�§. d

	, ��Ñ
d�§��«�Kz�{. �A�)

{����
0�.

6.1 õ�«¯K�1 1 aÛÉÈ©�§

3²¡�5åÆ��«¯K¥, È©C��{

ÚEC¼ê�{´­��óä. ØL, �õ�«p

3�� ��, È©C��{ÒC�J±¦). �

sy², EC¼ê�{�Ñ�2��¦)�� [14].

Äu: �ÚÑ�Ä�)9�A�E ¼ê,

��õ�«¯K�1 1 aÛÉÈ©�§Xe [7,36]

1

π

∫ ak

−ak

g′k(t)dt

t− sk
+

1

π

N
∑

j=1

∫ aj

−aj

[ g′j(sj)Kjk(sj , sk)+

g′j(sj)Ljk(sj , sk)] dsj =

= pk(sk) − iqk(sk), |sk| < ak, k = 1, 2, . . .N

(75)

ª¥ pk(sk) − iqk(sk) Ú g′k(t) (k=1,2. . .N) �L÷

�«©Ù�1ÖÚ ��Ý (ã 5(b)). PÒ
∑′

L

«é j = kh ��Ø�)3¦Úª¥, Kjk(sj , sk) Ú

Ljk(sj , sk) L«e����~�È©Ø [7]

Kjk(sj , sk) =
1

2
exp(iαj)

[ 1

Tj − Tk
+

exp(−2iαk)
1

T̄j − T̄k

]

Ljk(sj , sk) =
1

2
exp(−iαj)

[ 1

T̄j − T̄k
−

exp(−2iαk)
Tj − Tk

( T̄j − T̄k)2

]

(76)

Tk = zko + sk exp(iαk), k = 1, 2, . . .N (77)

w,, È©Ø Kjk(sj , sk) Ú Ljk(sj , sk) �6u: (1)


:Ú*	:� �; (2) 1 j ^Ú1 k ^�«�

�� �, l
, d¼êáu�:���¼ê. È

©�§ (75) ¡�õ�«¯K�1 1 aÛÉÈ©�

§ (S1 .).

 £ü�^���e��§

∫ ak

−ak

g′k(t)dt = 0, (k = 1, 2, . . .N) (78)

ª (75) Ú (78) �¤
õ�«¯K��Ü�§ª.

|^ù
�§, ��±)û�i.Ú©
�«¯

K [37,38].

6.2 �Kz�{

k�«�{é�§?1�Kz. 31 1 «�

{¥, éª (75) ?1e�$�

∫ ak

−ak

[.....](a2
k − s2k)1/2 dsk

sk − rk
(79)
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2ö, æ^e�Ú½: (1) |^ Poincare-Bertrand ú

ª (20); (2) |^È©ª (11), (12) Ú (13), ��e

� Fredholm È©�§ [39]

Gk(sk) +
N
∑

j=1

∫ aj

−aj

[Gj(sj)K̃jk(sj , sk)+

Gj(sj) L̃jk · (sj , sk)] dsj = − 1

π

∫ ak

−ak

(pk(t) − iqk(t))

(a2
k − t2)1/2 · dt

t− sk
, |sk| < ak, k = 1, 2, . . .N

(80)

ª¥

Gk(t) = (a2
k − t2)1/2g′k(t), |t| < ak, k = 1, 2, . . .N

(81)

q��È©Ø K̃jk(sj , sk) Ú L̃jk(sj , sk) ��~¼

ê [14]. È©�§ (80) ��lª (75) ¤«� Cauchy

È©��ü��. d	, dÈ©�§ (80) ���)

Gk(sk) ð÷v £ü�^� [39]. �§ (80) ´ Fred-

holm È©�§, ¡� R1A .. éu��¥�õ�

«¯K, ïÄö0�
aq��§ [40,41].

dÛÉÈ©�§�1 2 «�Kz�{0�X

e. 3ª (75) ¥, �Ú\e��� [14,42]

g′k(t) = − 1

πXk(t)

∫ ak

−ak

(Pk(s) − iQk(s))Xk(s) ds

s− t
(82)

ª¥

Xk(t) = X+
k (t) = −X−

k (t) = i
√

a2
k − t2, |t | < ak

(83)

2ö, æ^e�Ú½: (1) |^ Poincare-Bertrand ú

ª (20), (2) |^È©ª (11), (12) Ú (13), ��e

� Fredholm È©�§ [14,42]

Pk(sk) − iQk(sk) +
N
∑

j=1

∫ aj

−aj

[Pj(sj) − iQj(sj)]·

Cjk · (sj , sk) dsj +
N
∑

j=1

∫ aj

−aj

[Pj(sj) + iQj(sj)]·

Djk · (sj , sk)dsj = pk(sk) − iqk(sk)

|sk| < ak, k = 1, 2, . . .N

(84)

ª¥

Cjk(sj , sk) = −Xj(sj)

2πi
[ Gj(tjk, sj)+

exp(2i(αj − αk))Gj(tjk, sj) ]

Djk(sj , sk) = −Xj(sj)

2πi
[ (1 − exp(2i(αj − αk)))·

Gj(tjk, sj) + exp(2i(αj − αk))·

(tjk − t̄jk)G′
j(tjk, sj) ]

(85)

Gj(z, s) =
1

Xj(z)(z − s)

G′
j(z, s) =

a2
j + sz − 2z2

(Xj(z))3(z − s)2

tjk = exp(−iαj)( zko + sk exp(iαk) − zjo)

Xj(z) =
√

z2 − a2
j

(86)

3 þ ª ¥, � � È © Ø Cjk(sj , sk) Ú

Djk(sj , sk) ��~¼ê. d	, ª (82) ð÷v 

£ü�^� [14]. ���È©�§ (84) ´ Fredholm

È©�§, ¡� R1B .. e31 j − t �«þ��

©Ù�^å Pj(sj) − iQj(sj) (j = 1, 2, . . .N), q|

^S\�n, Ó���È©�§ (84)(ë�ã 5(c)).

ã 5 õ�«¯K�S\�{
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6.3 ê�È©

�
��e�Ã�§�ê�), = (1) ª (75)

(Üª (78) �ÛÉÈ©�§; (2) ª (80) Ú (84)

¤«� Fredholm È©�§, ��|^e�¦Èú

ª [7,14,43].

∫ a

−a

G(t)dt√
a2 − t2 (t− sm)

=
π

M

M
∑

j=1

G(tj)

tj − sm

m = 1, 2, . . .M − 1,M��ê

(87)

∫ a

−a

G(t)dt√
a2 − t2

=
π

M

M
∑

j=1

G(tj) (88)

ª¥

tj = a cos
(2j − 1)π

2M
, j = 1, 2, . . .M

sm = a cos
mπ

M
,m = 1, 2, . . .M − 1

(89)

��È©�§)Ñ�, �«à�AårÝÏ

fN´¦Ñ [14].

6.4 õ�«¯K)�S\�{

lü�«L¡�^k1Ö��)Ñu, ��

õ�«¯K��|�§ª. dd�§�¦Ñ��

�«à�AårÝÏf [44]. � u (−a, a) þ�

ü�«Éke�1Ö

p(x) = σ+
y − iσ+

xy = σ−

y − iσ−

xy, |x| < a (90)

lþã>.^�¦)EC¼ê� Riemann-Hilbert

¯K�, ��E ¼ê�e�)�

Φ(z) = Ω(z) =
1

2πiX(z)

∫ a

−a

X(t)p(t)dt

t− z
(91)

Ùg, e¼ê p(x) Cq�

p(x) =

2
∑

n=0

cnUn(x/a) (92)

ª¥ Un(x/a) �1 2 a Chebyshev õ�ª. ddÄ

�)Ñu, �«m��p�^B�½Ñ. Äud{,

õ�«¯K�,
)��Ñ [44].

e�«L¡åÐm¤e�?ê

p(x) =
∞
∑

n=0

an(x/a)n (93)

��õ�«¯K�,
aÓ)� [45,46].

e�«L¡åÐm¤e�/ª�?ê

p(x) =

N
∑

n=0

anPn(x/a) (94)

ª¥ Pn(y)(y = x/a) L« Legendre õ�ª. dd,

��õ�«¯K�,
aÓ)� [46]. ê�)�):

(1) H i1.�«3{�1Ö�^e; (2) H i1.

�«3��1Ö�^e; (3) �^²1�«3{�

1Ö�^e; (4) T i1.�«��'¯K. dþ�

�, Äuª (92), (93) ½ (94) �¤�A��{, §

��m��O´é��.

6.5 Äu�«L¡�^å²þz�õ�«¯K)

�{B�{

õ�«¯K)�{B�{Q�0� [47∼49] .

d{�6uS\�nÚ��«þ�^å�²þz

?n. d{�^u?¿ ��õ�«¯K.

��^k{�1Ö p∞ q����^�«�

�~f5©Û (ã 6). w,, �©¯K (o) �±w

¤��ü�«¯K, =¯K (a) Ú (b) �S\. 3

¯K (a) Ú (b) ¥, �A�«¡þ�1ÖP� p1(x)

Ú p2(x). ���1Ö p1(x) Ú p2(x) �²þ�P�

p1,av =
1

1 − k

∫ −k

−1

p1(x)dx

p2,av =
1

1 − k

∫ 1

k

p2(x)dx

(95)

w,, d�k p1(−x) = p2(x) Ú p1,av = p2,av. ùp

b½, 1 1 ^�«þ�1Öéu1 2 ^�«�K

�^�A�1Ö²þ�5�O. Äuù�b��

� [47∼49]

p2(x) = p∞ + p1,av

[

x+ (1 + k)/2
√

(x+ k)(x+ 1)
− 1

]

(96)

eéuª (96) ?1e�$�Ñ

∫ 1

k

[.....]dx/(1 − k)

��

p1,av = p2,av = p∞/(1 − Λ) (97)

ª¥ Λ =

√

2(1 + k)

1 +
√
k

− 1

l
, ¼ê p2(x) �±¦Ñ�«àAårÝÏf.

rAårÝÏfL«¤K1 = fp∞
√

π(1 − k)/2.

3 k=0.01 �, é'(JXe: (1) éuSý�«

à f=2.372 (d°())[18], f=2.372 (dª (84)),

f=2.134 (dª (96)); (2) éu	ý�«à f=1.184

(d°()), f=1.184 (dª (84)), f=1.175 (d

ª (96)). d±þé'��, þã{B�{ØU

^u�8õ�«�¹.
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ã 6 �^���«�S\�{

3y5á�¥, s²*	��*�«3÷*

�«à�C��uÐ. �^�«Ú��«��p

�^UwÍ/K��«àAårÝÏf��. ù

��K^�«L¡�^å²þz�{5)û. X

þ¤ã, ùp�Ä�b½�, r1 i ^�«þ�{

�1Ö pi(x) �K�^�A�²þ� pi,av (pi,av =

(1/2ai)

∫ ai

−ai

pi(x)dx, ai ��«���) 5�O. d

us²¦Ñü�«~ê1Ö��), �A�K�

����.

Þ~`, 3 N ^�«�¹¥, �1 1 ^�«þ

1Ö�²þ��, �� [47,48]

p1,av = p∞1 + Λnn
21 p2,av + Λτn

21 τ2,av + ...+

Λnn
N1pN,av + Λτn

N1τN,av

τ1,av = τ∞1 + Λnτ
21 p2,av + Λττ

21 τ2,av + ...+

Λ
nτ
N1pN,av + Λ

ττ
N1τN,av

(98)

ª¥ Λ �L²þ{�Ú��1Ö�K�Xê. ~

X, Xê Λnτ
21 �L�« L2 þ�²þ{�Aå3�

« L1 þ�²þ��Aå�K�. p∞1 Ú τ∞1 �L


�?�^�1Ö. 3db½e, ���õ�«¯K

�)ÚAårÝÏf. ØL, d�{=�^u�?

�^1Ö�¹, 
ØU^u�«L¡?Û1Ö�

¹.

,�«Cq�{Q�0� [50]. 3d{¥, õ

�«� £ÚAå|þ�Cq/ïá. d�, ��

«�m� £ ( crack opening displacement discon-

tinuity, COD) L«¤�Lý��¼êÚõ�ª�

¦È. ~X, éu3«m (−a, a) ��«, m� £

��{�©þL«¤

v+(x, 0) − v−(x, 0) = (a0 + a1(x/a)+

a(x/a)2)
√
a2 − x2, |x| ≤ a (99)

Äudb½, B�?1�A�O�. N´wÑ, d

{�duA^È©�§ (80), 3¦Èúª (88) ¥,

- M=3.

ØÓuÄu�«L¡1Ö²þz� Kachnov

�{, ïÄöJÑ?� Kachanov �{. 3T{

¥, �«þ��^1Ö©)¤�5Ü©Ú{� [51].

Â	, 3T{¥qr{�Ñ�. �'�e, ?�

Kachanov �{'Ø?��{(J�°(.

6.6 È©C� - ÛÉÈ©�§�{

�
ÆöïáÚuÐ
È©C� - ÛÉÈ©

�§�{ [23,43]. ±�²¡�5¥����«¯K

5`²d�{. 3�²¡�5¥, p� £ w(x, y)

A÷ve��§

∇2w(x, y) = 0,ª¥ e∇2 =
∂2

∂x2
+

∂2

∂y2
(100)

Aå©þ÷v

σzx = G
∂w

∂x
, σzy = G

∂w

∂y
, G�}��5�þ

(101)

éu?3«m (−a, a) þ��«, ��áe�>.

^�

σzy |y=0 = p(x), |x| < a (102)

ª¥ p(x) �L�½�1Ö.

3¦)�, �JÑe�>.�¯K

∂w

∂x

∣

∣

∣y=0 =
δ(x − t)

G
, t > 0 (103)

ª¥ δ(x − t) L« Dirac ¼ê. y3-

w = w1 + w2, Ù¥ ∇2w1 = 0, ∇2w2 = 0 (104)

�á��>.�¯KXe

∂w1

∂x

∣

∣

∣y=0 =
δ(x− t) + δ(x+ t)

2G
(105)

∂w2

∂x

∣

∣

∣y=0 =
δ(x− t) − δ(x+ t)

2G
(106)

e|^{uÚ�u Fourier C�, ��

σzy

∣

∣

∣y=0 = G

(

∂w1

∂y
+
∂w2

∂y

)

∣

∣

∣y=0 =
1

π(t− x)
(107)
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¯¢þ, ª (107) ¿�X3: t ?�ü : 

�3: x ?Úå�å�K��'u 1/(π(t − x)).

e3«m© (−a, a) þ�á©Ù ��Ý g(t) , �

�e�ÛÉÈ�§

1

π

∫ a

−a

g(t)dt

t− x
= p(x), |x| < a (108)

�dÓ�, d £ü�^�, ��Ñe��§
∫ a

−a

g(t)dt = 0 (109)

|^d{, �)û��õ�«¯KÚ²1õ

�«¯K. ØL, d{ØU^u��õ�«�¹.

3�E,�¹¥, ~X3�^��«¯K¥, �'

ÛÉÈ©�§�e�/ª

1

π

∫ a

−a

g(t)dt

t− x
+

1

π

∫ a

−a

K(t, x)g(t)dt = p(x), |x| < a

(110)

ª¥ K(t, x) ��~�È©Ø. ��
ó, dØ

K(t, x) �^��È©5L«, §7LÏLê�È

©��. �Ä�ù:, ÄuE ¼ê�ÛÉÈ©�

§�{K��k�. 3ù�¡, Erdogan 9ÙÜ�

ö�
Ø�ïÄ [52∼72].

6.7 Fourier È©C� - éóÈ©�§�{

Fourier È©C� - éóÛÉÈ©�§�{

´ Sneddon 9Ù§�
�öïáÚuÐ�. 8

^²¡�5����«¯K5`²d�{. éu

3«m (−a, a) þ��«, �JÑe�>.�¯K
[4,17,73∼75]

σy(x, 0) = −p(x), 0 ≤ x ≤ a (111)

Ù¥ p(x) = p(−x)

v(x, 0) = 0, x > a (112)

σxy(x, 0) = 0, x ≥ 0 (113)

y½Â¼ê f(ξ, x) �{uÚ�u Fourier C�X

e

Fc[f(ξ, y); ξ → x] =

(

2

π

)1/2 ∫ ∞

0

f(ξ, y) cos(ξx)dξ

(114)

Fs[f(ξ, y); ξ → x] =

(

2

π

)1/2 ∫ ∞

0

f(ξ, y) sin(ξx)dξ

(115)

|^ Fourier C�, �����5åÆ)Xe

u(x, y) = −(
√

2/πE(1 + ν))×

Fs[(1 − 2ν − ξy)ψ(ξ)e−ξy; ξ → x] (116)

v(x, y) = (
√

2/πE(1 + ν))×

Fc[(2 − 2ν + ξy)ψ(ξ)e−ξy ; ξ → x] (117)

σy(x, 0) = −
√

2/π
d

dx
Fs[(ψ(ξ); ξ → x] (118)

ª¥ E ��5�þ, ν � Poisson '. þã)ð÷

v^�ª (113). dª (111), (112), (117) Ú (118) �

�e�éóÈ©�§

√

2/π
d

dx
Fs[(ψ(ξ); ξ → x] = p(x), 0 ≤ x ≤ a (119)

Fc[(ψ(ξ); ξ → x] = 0, x > a (120)

d	, ¼ê ψ(ξ) �ÏL¼ê h(t) 5¦L«, X

eª¤«

ψ(ξ) =

∫ a

0

th(t)J0(ξt)dt (121)

ª¥ J0 L«"�1 1 a Bessel æ¼ê�±y²,

ª (121) ¤«�¼ê ψ(ξ) ð÷vª (120). òª

(121) �\�ª (119) ¥, =� Abel .È©�§

2

π

d

dx

∫ x

0

th(t)dt√
x2 − t2

= p(x), 0 < x < a (122)

dª (122), ��e�)

h(t) =

∫ t

0

p(x)dx√
t2 − x2

, 0 < t < a (123)

σy(x, 0) = − 2

π

d

dx

∫ a

0

th(t)dt√
x2 − t2

, x > a (124)

��, ���«àAårÝÏf�

K1 = lim
x→a+

√

2π(x− a)σy(x, 0) =

2
√
a√
π

∫ a

0

p(t)dt√
a2 − t2

(125)

d±þí���, d{éJ^u���«�

¹. Ùg, þãí�Û�u3 (−a, a) þ1Ö�ó

¼ê��¹, = p(x) = p(−x). éu1Ö�Û¼

ê��¹, = p(x)=−p(−x) �, �')��ë�

© [76].

6.8 õ�«)�,
A^

NõÆöïÄ
��Ó5ÔNS÷*�«Ú

�*�«m��p�^ [14,77∼79]. k')��l

±þ0���{¥��. �õ^�*�«?3Ì
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�«à��C�, k')�´J±£ã�. ��


ó, ��«?u,Ï�ÅG�. ù��¹¬E¤©

Û¥�Ø(½5. ~X, k
�¹e�*�«¬¦

÷*�«AårÝÏf�O\, k�K~�. ¯¢

þ, ÷*�«AårÝÏf��O\½~��û

õ«Ï�, §�´: (1) m�ÔN�1Ö�¹; (2)

÷*�«Ú�*�«m��p �.

Chudnovsky � [77,78] ïÄ
�^Ì�«Ú�

^�*�«m��p�^¿ïÄ
��Ó5ÔN

S÷*�«Ú�*�«m��p�^Ù¥, ÷*

�«´�^�Ã���«q�*�«?3÷*�

«à��C. ^Äu ��Ý©Ù�ÛÉÈ©�

§�{¦)d¯K. Wang � [79] éu�«àAå

rÝÏf�O�Ú¶-�A, �
�[ïÄ.

Ì�« (ÏL�Ã���«L«) Ú�*�«

m��5�p�^ (ÏLAårÝÏfL«) ��


ïÄ [80,81]. ¯K8(�± ��Ý���¼ê

�ÛÉÈ©�§. ÏLe�C�

t = (u− 1)/(u+ 1)

�r«m (−∞ < t < 0) þ½Â�ÛÉÈ©�§

=z�«m (−1 < u < 1) þ½Â�ÛÉÈ©�

§. �X�*�« ��Cz, Ì�«àAårÝ

Ïf�Cz�¹��
ïÄ.

|^��{B�{, Ì�«ÚA^�*�«

m��5�p�^��
ïÄ [82]. ©ÛL², ÷

*�«AårÝÏf��O\½~��ûõ«Ï

�. d{B�{�^uÃê�*�«m��5�

p�^�ïÄ [83]. d{Ì��6u Kachanov �

�«�^1Ö²þz�b½.

3ÅÜ�²¡�.¡�«¯K¥, Zhao � [86]

ïÄ
�*�«éu.¡Ì�« J È©��z.

|^õ�«¯K� Fredholm Èú©�§�{, �


Ø©ïÄ
ä�©Û¥�´»Ã'È©. ~X

s²y², M È©�(JÚoN�IX�ÀJÃ

' [85∼87].

�dÓ�, ?�ÚïÄL², é M È©ke

�(J [88]

M∗(CR) = M(CR) +Ma (126)

Ma =
1

8G
{[(κ+ 1)σ∞

x + (κ− 3)σ∞
y )]Fxxd+

[(κ+ 1) · σ∞
y + (κ− 3)σ∞

x )]Fyyd+

4σ∞
xy(Fyxd + Fxyd)}

(127)

ª¥M∗(CR), (M(CR)) ´3�IX (o∗x∗y∗), (oxy)

¥q3v
��þ� M È©�. d	, ��IX�

mk'Xª x∗ = x+ xd , y∗ = y + yd, σ
∞
x , σ∞

y Ú

σ∞
xy ��?�^1Ö, Fx Ú Fy �k�«�þ�^

�Üå. dª (126) Ú (127) ��, =�Üå�"

�, = Fx = Fy = 0, M È©Ú�I²£Ã'.

^��gU�{5�dm�ÔN�k��5

�þ [89]. �Ä��«éum�ÔN�RÝK�,

���k��5�þ [82]. 3d{¥, AT½Â�

�m� £Üþ B, §L«
�^åÚå�m�

 £. d{·^uÕt�«©Ù�¹.

éu�xé�«Úxé�«�¹e�Vü±

Ï�«, �
�«�pK��ìC©Û [90,91]. 3

xé�«¥, ke�'Xª�3

p(x) = kv(x)

ª¥ p(x) ��«L¡1Ö, v(x) �m� £, k �

�~ê. |^Ã�^���«�4Ü/ª), ��


��±�«L¡1Ö���¼ê� Fredholm È

©�§. l
, ��m�ÔN�k��5�þ. �

kc�ê�)é'��, 4Ü/ª)��Ñ°(

�(J.

7 õ�«¯K1 2 aÛÉÈ©�§9Ù�

Kz

0�õ�«¯K1 2 aÛÉÈ©�§Xe.

d	, ?Ød�§��Kz¯K. ¿nã
�'¦

)�{.

7.1 ÛÉÈ©�§

�
`²1 2 aÛÉÈ©�§��¤, k7

�©Ûü�«¯K (ã 4). e�Lm� £�¼

ê g(t) ÷X«m (−a, a) �á, �A�E ¼ê�

eª¤« [14,92]

φ(z) =
1

2π

∫ a

−a

g(t) dt

t− z

ψ(z) =
1

2π

∫ a

−a

g(t) dt

t− z
+

1

2π

∫ a

−a

g(t) dt

t− z
− 1

2π

∫ a

−a

tg(t) dt

(t− z)2

(128)

Ù¥m� £½ÂXe

g(t) = − 2Gi

κ+ 1
[(u(t) + iv(t))+−

(u(t) + iv(t))−], |t| < a

(129)
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dL«Ä�)�ª (40) Ú (41) ��þãE ¼

ê. dª (26) ´��dE ¼êÚå�3Ù§ 

�?�^�Üå¼ê (½ (−Y +iX) K�. ØL, 3

í��?�K��, �|^�ª (11), (12) Ú (13).

3ïáõ�«¯K1�aÛÉÈ©�§�

(ã 5), A¦^e�Ú½: (1) -m� £¼ê

gk(t)(k = 1, 2, . . .N) �á3��« �?; (2) ¦Ñ

1 k ^�«þ�á�m� £¼ê gk(t) 3��þ

�Üå (½ −Y + iX) K�; (3) ¦Ñ�^�«þ�

á�m� £¼ê gj(t)(j = 1, 2, ..k−1, k+1, . . .N)

31 k ^�«þ�Üå (½ −Y + iX) K�.

æ�þã�Ú�, ��e�ÛÉÈ©�§

1

π

∫ ak

−ak

gk(t)dt

t− sk
+

1

π

N
∑

j=1

∫ aj

−aj

[ gj(sj)Mjk(sj , sk)+

gj(sj)Njk(sj , sk)] dsj = (−Yk∗ + iXk∗)·

exp(−iαk) + ck

|sk| < ak, k = 1, 2, . . .N

(130)

ª¥ Mjk(sj , sk) Ú Njk(sj , sk) ����~�¼ê,

��© [14], q (−Yk∗ +iXk∗) �L�^31 k ^�

«þ�Üå¼ê. ÛÉÈ©�§ (130) ¡� S2 ..

d�§�A:�mà�¹k~ê ck .

7.2 �Kz�{

�
ÛÉÈ©�§ (130) ��Kz, ��é�

§ (130) �\e�$�

∫ ak

−ak

[.....](a2
k − s2k)−1/2 dsk

sk − rk
(131)

d	, ��æ^e�Ú½: (1) |^ Poincare-

Bertrand úª; (2) |^ª (11), (12) Ú (13), ��

e� Fredholm È©�§ [14,92]

Hk(sk) +
N
∑

j=1

∫ aj

−aj

[Hj(sj)M̃jk(sj , sk)+

Hj(sj) Ñjk(sj , sk)] dsj =

− i

π

∫ ak

−ak

[−Yk∗(t) + iXk∗(t)] exp(−iαk)

Xk(t)(t − sk)
dt

|sk| < ak, k = 1, 2, . . .N

(132)

ª¥

Hk(t) = (a2
k − t2)−1/2gk(t), |t| < ak, k = 1, 2, . . .N

(133)

Ù¥, ��È©Ø M̃jk(sj , sk) Ú Ñjk(sj , sk) þ��

~¼ê [14]. È©�§ (130) ��±lª (130) ¤«

� Cauchy È©�ü��.

ª (132) ¤«� Fredholm È©�§¡� R2

.. d�§�A:�: (1) ª (132) �mà��ÛÉ

È©; (2) mà�Ø�¹~ê�.

7.3 ,
�'ïÄ

Denda � [94] QrEC¼ê^uõ�«¯K

�>.��{¥. ^ëY©Ù� ��Ý5�[

m� £. d	, TïÄ¥�0�
e�È©ª

− 1

π

∫ 1

−1

√
1 − t2 Um−1(t)dt

t− z
= T (m)(z),m ≥ 0

1

π

∫ 1

−1

Tm(t)dt√
1 − t2(t− z)

= U (m−1)(z),m ≥ 0

(134)

ª¥ z = x+ iy �ECþ

T (m)(z) = (z −
√
z2 − 1)m

U (m−1)(z) = − (z −
√
z2 − 1)m

√
z2 − 1

(135)

3ª (134) ¥, Tm(t) Ú Um−1(t) ¡�1 1 aÚ1 2

a Chebyshev õ�ª. T©¥, rm� £ g(t) L

«�

g(t) =

M
∑

m=1

cm
√

1 − t2Um−1(t) (136)

d�, ��A^ª (134) Ú (135), E ¼ê�±4

Ü/ªÈÑ. l
, >.��{�±ïáå5.

Denda � [95] Q0�Lý���>.��{

���AÏ Green ¼ê. 0��>.�d�ý

���Ã���ÛÉ)�¤. ��3k± a Ú

c(c ≥ a)(�3 x Ú y ��) ��¶��ý���,

b�8¥å f (½: � b), �^: z = t ?. |

^ Muskhelishvili EC¼ê�{, r Green ¼êL

«¤

φtotal(z) = φs(z) + φ(z), ψtotal(z) = ψs(z) + ψ(z)

(137)

ª¥ φs(z) Ú ψs(z) �Ã��ÔN¥± z = t �Û

:��ÛÉÜ©. 2ö, φ(z) Ú ψ(z) ��~Ü©,

§dý���gd^�5û½. ��ÛÉÜ©�

�½, �~Ü©=�û½ [95,96]. �Ï�d���

gd^�®��gÄ÷v, d�ý���>.þ

®Ø7^>.�5�[.

Äu÷�«ëY©Ù�m� £¼ê, Q0

�L�«>.��{ [97]. e�« u«m (−a, a)
þ, 3��«à?, rm� £¼ê g(t) L«¤
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g(x) = c
√
a+ x. Ùg, ¦^
~5�{. �±w

Ñ, �öéu Fredholm È©�§�{�µØ´Ø

�(�. ¯¢þ, 5 «a.�È©�§ (= S1, R1A,

R1B, R2, HS .) �¦)?¿AÛ^�e�õ�«

¯K [14].

Helsing[98] Q�Ñê±�O�Å��©Ù�«

¯K�ê�). Ù¥, ¯K´ïá3 Muskhelishvili

ïÆ�E ¼ê�Ä:þ [99]. d�, �5åÆ 

�©�§�=z�1 2 a Fredhom È©�§, ¿

ïÄ
m�ÔN�k��5�þ¯K.

8 õ�«¯K��ÛÉÈ©�§

y0�õ�«¯K��ÛÉÈ©�§Xe.

8.1 õ�«¯K��ÛÉÈ©�§�í�

�ÛÉÈ©�½Â��© [13,14,100∼109]. e

±«m (−a, a) þ�È©�~, 0��ÛÉÈ©�

2 «½ÂXe

H(s) = v.f.

∫ a

−a

g(t)dt

(t− s)2
= lim

ε→0

{∫ s−ε

−a

g(t)dt

(t− s)2
+

∫ a

s+ε

g(t)dt

(t− s)2
− 2g(s)

ε

}

, |s| < a

(138)

H(s) = v.f.

∫ a

−a

g(t)dt

(t− s)2
=

d

ds

∫ a

−a

g(t)dt

t− s
, |s| < a

(139)

1 1 «½Âdª (138) ¤«, dªL², È©��

È©�k��Ü©. l
, �ÛÉÈ©~�¡�k

�ÜÈ©. 1 2 «½Âdª (139) ¤«, dªL²,

�ÛÉÈ©�w¤ Cauchy ÛÉÈ©éëþ��

¼ê. ª (139) ¿�X, �© (ds) �±?\È©P

Ò��r���(J (ª (139) ��à�) w¤k

�ÜÈ©.

eéª (130) �e�$� d[...]/dsk , B��e

�õ�«¯K��ÛÉÈ©�§

1

π

∫ ak

−ak

gk(t)dt

(t− sk)2
+

1

π

N
∑

j=1

∫ aj

−aj

[ gj(sj)M
∗

jk(sj , sk)+

gj(sj)N
∗

jk(sj , sk)] dsj = pk(sk) − iqk(sk)

|sk| < ak, k = 1, 2, . . .N

(140)

ª¥ M∗

jk(sj , sk) Ú N∗

jk(sj , sk) ���~¼ê, �ë

�© [14]. ¯¢þ, Ã¼ê g(sk)(k = 1, 2, . . .N) L

«m� £, q pk(sk) − iqk(sk)(k = 1, 2, . . .N) �

L�«L¡��^1Ö. d�«à���©Û�

�, m� £¼ê�L«�

g(sk) = Gk(s)
√

a2
k − s2 (141)

���ÛÉÈ©�§�
ê�), �«à�

AårÝÏf�d�Ñ�m� £¼ê��.

8.2 �ÛÉÈ©�¦Èúª

y 0 � � � � Û É È © � ¦ È ú ª X

e [14,101,102,109]

1

π
v.f.

∫ a

−a

g(t)dt

(t− t0)2
=

1

π
v.f.

∫ a

−a

√
a2 − t2G(t)dt

(t− t0)2
=

M+1
∑

k=1

Wk(t0)G(tk), |t0| ≤ a

(142)

ª¥

Wk(t0) = − 2

M + 2

M
∑

m=0
(m+ 1) sin

(

kπ

M + 2

)

×

sin

(

(m+ 1)kπ

M + 2

)

Um(t0/a), k = 1, 2, . . .M + 1

(143)

tk = a cos

(

kπ

M + 2

)

, k = 1, 2, . . .M + 1 (144)

ª¥ Um(t0/a) L«1 2 a Chebyshev õ�ª. �

�5¿, dªéu?¿�: t0 þk� [14].

d 	, 0 � � � A Ï � � Û É È © X

e [14,101,102,109,110]

v.f.

∫ a

−a

√
a2 − t2Um(t/a)dt

(t− t0)2
=

−π(m+ 1)Um(t0/a), |t0| < a (145)

Äuù
¦Èúª, ��
Nõõ�«¯K�

) [14].

8.3 ²¡�5åÆ�«¯KÈ©�§�©a

3²¡�5åÆ�«¯K¥, �)­��«

Úõ�«¯K, È©�§�L«� [14]

∫

L

K(t, t0)f(t)dt = p(t0), (½ p(t0)+c, t0 ∈ L) (146)

ª¥ f(t) ���¼ê, K(t, t0) �È©Ø, p(t0) �

�§¥�mà�. 3ª (145) ¥, L �L­��«

½�xõ�«. du £3 L þ�mä5, 3ª

(75) Ú (130) ¥, <���m� £½ ��Ý�

���¼ê. �dÓ�, éuÈ©�§�mà�

�ÀJ, k�«�U5. 1 1 «�¹¥, À�1Ö

�mà�. 1 2 «�¹¥, À�Üå¼ê1Ö�m

à�, 3���¹, mà�~¹k��~ê c . w
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,, È©Ø K(t, t0) òû½u�¼ê f(t) Ú p(t0)

�äNÀ^. �¼ê f(t) Ú p(t0) ��«À^�

L 1.

éuéêØ. (WS .) �fÛÉÈ©�§, ÿ

���k'õ�«¯K�ó�. �dÓ�, 'u S1,

R1A, R1B, S2, R2 Ú HS .È©�§3õ�«¯K

¥�A^, ��1 6, 1 7 Ú1 8 !. ØL, Fourier

C� - éóÈ©�§�{Ã{3L 1 ¥©a.

L 1 ²¡�5åÆ�«¯KÈ©�§�©a

a. f(t) p(t0) K(t, t0)�5�

WS  ��Ý Üå fÛÉ (éê.)

S1  ��Ý ©Ù1Ö ÛÉ

S2 m� £ Üå ÛÉ

HS m� £ ©Ù1Ö �ÛÉ

R1A  ��Ý �~ (d S1 �ü)

R1B ©Ù1Ö ©Ù1Ö �~

R2 m� £ �~ (d S2 �ü)

8.4 �'�K

C5, e�a.��ÛÉÈ©��ïÄ [111]

Iα(Tn,m, r) =

∫ 1

−1

Tn(s)(1 − s2)m−1/2

(s− r)α
ds, |r| < 1

Iα(Un,m, r) =

∫ 1

−1

Un(s)(1 − s2)m−1/2

(s− r)α
ds, |r| < 1

(147)

ª¥ α ��¢ê, m ��ê (m ≥ 0), Tn(s) Ú

Un(s) �1 1 aÚ1 2 a Chebyshev õ�ª. é

u α =1,2,3,4 Ú m=0,1,2,3, �Ñ
°(�¦È(

J [111].

��²¡±Ï�««É?¿1Ö�, �'¯

K��
©ÛïÄ [112]. ��l�«L¡� £

Ñu, ·Ü>�¯K�����ÛÉÈ©�§, 3

Ù¥�«m� £´��¼ê. d¯K8(�e

��ÛÉÈ©�§

v.f.

∫ 1

−1

V (s)ds

(s− r)2
ds+

∫ 1

−1

L(s, r)v(s)ds = p(r), |r| < 1

(148)

ª¥ L(s, r) ��~È©Ø.

|^�ÛÉÈ©�§�{, Nõ­��«¯

K��)û [113∼119]. AO´l��I�{�A

^, é­��«¯K�¦)�Ñ��k��å»,

3d{¥, r­�/GN��¢¶þ [117].

éu��	��«¯K, Q0��«�ÛÉ

È©�§�{ [120,121]. 3��L¡�gdb½

e, Ú?
��Ä�). ù�Ä�)½Â�, k�

8¥å�^3�/��	�. |^ Somigliana  

£ð�ª�, ��«�S�:�AåÚ £. e

©Û�±.òz��^�«�, B��Ñ�ÛÉ

È©�§. d{´��5�, §��±^ugd

�²¡�­��«��¹¥. d{�âÑ`:

�, 3$^�ÛÉÈ©�§�, �;� £ü�

^� [120,121].

�
©Ûk�ÔN�õ�«¯K, ��k�

��­>.�{��
ïÄ [122]. XJæ^�«

m� £���¼ê, e�«L¡1Ö´¯k�

½�, �½¬���k�ÛÉ5Ø (O(1/r2)) �È

©�§. ù��¹����«���¹�Ó.

Äum�>.�{, Ammons � [123] 0��«

¦)�{. d�, �«^ £mä�9�'Ä�)

5�[, ��©
�«¯K��)û.

Wang � [124,125] ïÄ
�õ�Úõ�«�Ã

�²�¯K. ¯K�)�´ÄuE ¼ê, §�´

du÷�«Ú�±.�©Ù�ÝÚå�. ù�, Ò

�¤
��ÛÉÈ©�§. 3å>.^��¹e,

��¼ê´÷�«�©Ù �Ú÷��� £�

�¼ê.

Cheeseman � [126] ïÄ
­��«Ú�5Ø

��p�^. ­��«^�� ��Ý5�[, �

�
ÛÉÈ©�§.

Pan � [127] Q0��«����5ä�åÆ

�>.ü��{. du3��« �?�á
 

£½©Ùå��¼ê, q3�«L¡?�á
m

� £��¼ê, d{ok~^>.��{9m

� £{�`:.

éuõ��¯K, rd¯K8(����Û

ÉÈ©�§�), Ù¥±��? £���¼

ê [128]. 3d{¥, �� £L«� Fourier ?ê,

¿�Ñ
�'Xê��ê�§|. QJÑ�«�

ÛÉÈ©�§, ¿^�Ä{)û��­Ç�­�

�«¯K [110].

9 õ�Ã���«� Fredholm È©�§

�
ïá�5²¡¥õ^�Ã���«¯K,

7LïÄü^�Ã���«��) [14,129]. d�,
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�Ã���«¯K�>.^�Xe

(σy − iσxy)+ = (σy − iσxy)− = P (t) − iQ(t), t > 0

(149)

éd�Ã���«¯K, ØJy²ke�) [14]

Φ(z) =
1

2πi
√
z

∫ ∞

0

(P (t) − iQ(t))
√
t dt

t− z
, t > 0

(150)

Ψ(z) = B(z) − zΦ′(z) − Φ(z)

B(z) =
1

2πi
√
z

∫ ∞

0

(P (t) + iQ(t))
√
tdt

t− z
, t > 0

(151)

ª¥
√
z �eª½Â�©|

√
z =

√
t,ez = t+, t > 0

√
z = −

√
t,ez = t−, t > 0

(152)

©ÛL², e3«m (0 < t < b) þ�^1Ö

(σy − iσxy)+ = (σy − iσxy)− = −p , �A�Aå

rÝÏf� K1 = 0.900 3p
√
πb. aqu1 6 !¥�

R1B .È©�§, éuõ�Ã���«, �Q0�

Laq� Fredholm È©�§ [14].

10 õ�«¯K����¹

e�«L¡1Ö�?¿�, ��/`§�Ø

�¤²ïåX, d�B¤�õ�«¯K����

¹ [130]. 3ÛÜ�I¥, 1 k ^�«þ�>.^�

Xe

(σy − iσxy)+k = [pk(sk) − iqk(sk)]+

[Rk(sk) − iW k(sk)], |sk| < ak, k = 1, 2, . . .N

(σy − iσxy)−k = [pk(sk) − iqk(sk)]−

[Rk(sk) − iW k(sk)], |sk| < ak, k = 1, 2, . . .N

(153)

ª¥þI + (½ −) �L�«¡�þeý. 3ª

(153) ¥, [pk(sk) − iqk(sk)] L«���Ó����

�1Ö, 
 [Rk(sk) − iW k(sk)] L«���Ó��

�Ó�1Ö.

aq/, �
ïá�A�È©�§, 7LïÄ

�'�ü�«¯K. �dü�« 3¢¶�«m

(−a, a) þ (ã 4(a)), q��>.^�Xe

(σy − iσxy)+ = [P (s) − iQ(s)] + [R(s) − iW (s)]

|s| < a

(σy − iσxy)− = [P (s) − iQ(s)] − [R(s) − iW (s)]

|s| < a

(154)

3d¯K¥, ��E ¼ê Φ(z) Ú Ψ(z) A�e�

©)

Φ(z) = Φ1(z) + Φ2(z), Ψ(z) = Ψ1(z) + Ψ2(z)

Ω(z) = Ω1(z) + Ω2(z)

Ψ1(z) = Ω̄1(z) − zΦ′
1(z) − Φ1(z)

Ψ2(z) = Ω̄2(z) − zΦ′
2(z) − Φ2(z)

(155)

d>.^�, ��¤�� Riemann-Hilbert ¯K, �

�)Xe [2]

Φ1(z)

Ω1(z)
=

1

2πiX(z)

∫ a

−a

(P (t) − iQ(t))X(t) dt

t− z

(156)

Φ2(z)

Ω2(z)
=
κ− 1

κ+ 1

1

2πiX(z)

∫ a

−a

(R(t) − iW (t)) dt±

1

2πi

∫ a

−a

(R(t) − iW (t)) dt

t− z
(157)

aq/, õ�«¯K�±w¤eZü�«¯

K�S\. éu1 k ^�«þ, �b½ke�1

Ö�^

(σy − iσxy)+k = [Pk(sk) − iQk(sk)] + [Rk(sk)−

iW k(sk)], |sk| < ak, k = 1, 2, . . .N

(σy − iσxy)−k = [Pk(sk) − iQk(sk)] − [Rk(sk)−

iWk(sk)], |sk| < ak, k = 1, 2, . . .N

(158)

|^U\�n, ±9dª (154) � (157) ¤«

ü�«¯K�), ��e� Fredholm È©�§

Pk(sk) − iQk(sk) +
N
∑

j=1

∫ aj

−aj

[Pj(sj) − iQj(sj)]·

Cjk × (sj , sk) dsj +
N
∑

j=1

∫ aj

−aj

[Pj(sj) + iQj(sj)]·

Djk × (sj , sk)] dsj = pk(sk) − iqk(sk) − [p∗k(sk)−

iq∗k(sk)], |sk| < ak, k = 1, 2, . . .N

(159)
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Ù¥mà�¥�¼ê [p∗k(sk)−iq∗k(sk)], k = 1, 2, ..N

deª½Â

p∗k(sk) − iq∗k(sk) =
N
∑

j=1

∫ aj

−aj

[Rj(sj) − iWj(sj)]·

C∗
jk(sj , sk) dsj +

N
∑

j=1

∫ aj

−aj

[Rj(sj) + iWj(sj)]·

D∗

jk(sj , sk)] dsj , |sk| < ak, k = 1, 2, . . .N

(160)

�È©Ø Cjk(sj , sk), Djk(sj , sk), C∗

jk(sj , sk) Ú

D∗
jk(sj , sk) �½Â�ë�© [14]. w,, ��È

©�§)Ñ�, AårÝÏf�=�¦Ñ. d¯K

�A:Xeµ(1) �k1Ö Pk(sk) − iQk(sk)(k =

1, 2, . . .N) ´È©�§¥���¼ê; (2) Aår

ÝÏf��6u�5~ê κ; (3) �«à�C�3

XAå�éê.ÛÉ5 [14].

11 ?�E ¼êÚÅÜ�²¡¥�õ�«

¯K

?�E ¼ê (the modified complex potential,

MCP) ù�Vg3ÅÜ�²¡¥�õ�«¯K¥

åX­��^ (ã 7). �k�?�E ¼ê�Ñ

�, �A�õ�«¯Kâ�±ïá [14,131].

11.1 ÅÜ�²¡�¹e�?�E ¼ê

?�E ¼ê´l�©E ¼ê (the original

complex potential, OCP) �Ñ5�, 
�©E ¼

ê´ý�� [12,14,131]. �©E ¼ê�L��3

�5�²¡þ½Â�A), ~X, �Ud)3þ�

²¡k��Û: (ã 7(a)). Ù¥�ÛÉÜ©�U

´e��«�¹¤�¤, = (1) þ�²¡�: 

�; (2) þ�²¡�åó4f; (3) 3þ�²¡¥�

^É1Ö�ü�«. y3b½�©E ¼ê�e

�/ª

φp(z) = A log(z − tc) +
N
∑

n=1

an

(z − tc)n
, tc ∈ S+

ψp(z) = B log(z − tc) +
N
∑

n=1

bn
(z − tc)n

, tc ∈ S+

(161)

ª¥ S+ L«þ�²¡, z = tc �L S+ þ�: (ã

7(a)), A, B, an, bn(n = 1, 2, ..N) �,
~ê. �

�5¿, �©E ¼ê´3���²¡þ½Â�

(ã 7(a)). b�k��ÅÜ�²¡, �éuþ�²

¡ (½e�²¡) �A��5~êP¤ G1 , κ1(½

G2, κ2).

?�E ¼ê½Â3ÅÜ�²¡þ, ½Â�

�^�Xe: (1) �©E ¼êÚ?�E ¼ê

3 þ � ² ¡ (S+) k � Ó � Û É Ü ©; (2) ½ Â

3þ�²¡ (S+) �Ú½Â3e�²¡ (S−) �

?�E ¼ê÷v¢¶þ� £ÚåëY^�

(ã 7(b)).

ã 7 ÅÜ�²¡, �/�Úk��þ½Â��«>.^�
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e-?�E ¼ê�e�/ª

φ1(z) = φp(z) + φc(z)

ψ1(z) = ψp(z) + ψc(z), z ∈ S+ + Lb

(162)

φ2(z)Ú ψ2(z), z ∈ S− + Lb (163)

|^ª (26) Ú (27),  £Ú�^å÷X.¡�ë

Y^��L«�

(φ1(t) + tφ′1(t) + ψ1(t) )+ = ( φ2(t)+

tφ′2(t) + ψ2(t) )−, t ∈ Lb (164)

G2(κ 1 φ1(t) − tφ′1(t) − ψ1(t) )+ =

G1(κ 2φ2(t) − tφ′2(t) − ψ2(t) )−, t ∈ Lb (165)

ª¥ Lb L«¢¶ (ã 7(b)). |^ù��^�, �

��

φc(z) = δ1(z φ̄
′
p(z) + ψ̄p(z) )

ψc(z) = δ2φ̄p(z) − z φ′c(z), z ∈ S+ + Lb

(166)

φ2(z) = (1 + δ2)φp(z)

ψ2(z) = (1 + δ1)ψp(z) + (δ1 − δ2)zφ
′
p(z)

z ∈ S− + Lb

(167)

ª¥

δ1 =
G2 −G1

G1 + κ1G2
, δ2 =

κ1G2 − κ2G1

G2 + κ2G1
(168)

l�©?�E ¼ê?��E ¼êù�L

§�ÓuE ¼ê�C/½?�L§. ´y²�

G1 = G2, κ1 = κ2 �, Òk δ1 = δ2 = 0, φ1(z) =

φp(z), ψ1(z) = ψp(z), φ2(z) = φp(z) .

11.2 ÅÜ�²¡�¹e�õ�«¯K

Chen � [131] 0�L�«ÅÜ�²¡�¹e

�õ�«¯K�){, d{aqu1 6.2 !0��

�{. 3d{¥, õ�«�w¤Nõü�«�S

\. ùpb½, �^�«?3þ�²¡, �«L¡

1Ö� P − iQ. d�dª (56) Ú (57) , ²LE 

¼ê�²£Ú^=C�, �±��E ¼ê φp(z)

Ú ψp(z)
[2]. 2ÏLª (166) Ú (167) ��E ¼ê

φc(z), ψc(z)(½Âuþ�²¡) Ú φ2(z) , ψ2(z)(½

Âue�²¡). �þ¡�ª (76) aq, |^S\

�n, ���A� Fredholm È©�§ [14,131]. 3d

�§¥, �«¡þ��^å���¼ê.

éuÅÜ�²¡¯K, e�^uþ (e) ²¡

��1Ö�� σ∞
x = p1(σ

∞
x = p2) , K7L·Üe

�C/�N^� [132]

p1/E1 = p2/E2,é²¡Aå�¹ (169)

e|^ÛÉÈ©�§�± ��Ý���¼

ê, K,
ÅÜ�²¡¥��«¯KÒ���)

û [57∼61,133].

�ÅÜ�²¡¥keZ�«9 ��, ^Ú

���{5�Ä§��m��p�^. 3d{

¥, |^
ÅÜ�²¡¥: �Ä�)9S\�

n. ��«�C.¡�, �Ñ
�
~f±`²�

p�^ [134]. Isida � [135] |^åó4f�{Ù5

)ûÅÜ�²¡¥��«¯K.

Wang � [136] |^A�ÐmC©�n (the

eigenfunction expansion variational method, EEVM)

)û
k�ÅÜVá�¥«É¶�.���.¡

�«¯K. du�«3.¡þ, �«àAå�3X

��ÛÉ5. Chen � [137,138] �[©Û
ÅÜVá

��.¡�«9�«àAå|.

12 �5�²¡½�/�½k�«��õ�

«¯K

�
¦)JÑ�¯K, æ^e�Ú½: (1) |

^S\�n; (2) |^?�E ¼êù�Vg; (3)

À��«L¡�^å���¼ê, �5�²¡½

k�«��õ�«¯KB�ÏL�� Fredholm È

©�§ïáå5 [14].

12.1 �5�²¡«��õ�«¯K

�
¦)�kgd>.�5�²¡«��õ

�«¯K (ã 7(c)), 7Lkí�Ñ�'�?�E

 ¼ê. - G2 = 0, dª (166) Ú (168) ��

δ1 = δ2 = −1 , q��

φ1(z) = φp(z) − z φ̄′p(z) − ψ̄p(z)

ψ1(z) = ψp(z) − φ̄p(z) + z( φ̄′p(z) + zφ̄′′p(z) + ψ̄′
p(z))

z ∈ S+ + Lb

(170)

38c�¹e, E ¼ê φp(z) Ú ψp(z) Ekd

ª (56) Ú (57) �Ñ, ²LE ¼ê�²£Ú=Ä

C� [2,14]. aq/, |^S\�n�, ��aqu

ª (84) � Fredholm È©�§ [14,139]. 3È©�§

¥, �«þ��^1Ö���¼ê. e�²¡>.
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��½, �A�õ�«¯K��Ó�¦), ��3

ª (168) ¥- G2 → ∞.

Chen � [140] Ú Ioakimidis � [141] ïÆ^Û

ÉÈ©�§�{¦)�5�²¡�õ>��«Ú

õ­��«¯K. kÆöïÆ^fÛÉÈ©�§

�{¦)�5�²¡�>��«Ú­��«¯K
[142,143]. Mogilevskaya � [121] í�Ñ�«�ÛÉÈ

©�§¦)�5�²¡�?¿/G��«¯K.

12.2 �/�½k�«��õ�«¯K

aqu1 12.1 !¥�í�, �/�½k�

«��õ�«¯K��^Ó��{)û (ã 7(d),

ã 7(e))[144,145]. d�, �
¦)JÑ�¯K, Aæ

^e�Ú½: (1) |^S\�n; (2) |^?�E 

¼êù�Vg; (3) À��«L¡�^å���¼

ê.

Ó�, E ¼ê�L«�

φ(z) = φp(z) + φc(z), ψ(z) = ψp(z) + ψc(z) (171)

Ù¥ φp(z) Ú ψp(z) �E ¼ê�Ì�Ü©, §´

Äuü�«¯K�^k��1Ö P (s)− iQ(s) ��

), φc(z) Ú ψc(z) �E ¼ê�Ö¿Ü©. E ¼

ê φc(z) Ú ψc(z) ��^´�ØE ¼ê φp(z) Ú

ψp(z) 3±.þÚå��^å. ØL, 38c�¹

e, E ¼ê�Ö¿Ü©´^ê��{���. ù

«g´aqu Laplace �§¥� Green ¼ê){.

|^ Muskhelishvili JÑ�E ¼ê9��N

�, ��
���/�¹�^�Ã��«¯K�

°() [146], ù�#.���N�´dT©1 2 �

öMá�. dd�{, ��±�Ñ,
ØÓ�á�

��«¯K�í2(J.

13 �/«��õ�«¯K

3±e©Û¥, �Äk��/«��õ�«

¯K (ã 8). ùpJ��?�E ¼êVg�1

11.1 !¥¤J�aq [12,14]. d�, �r?�E 

¼ê (d φ(z) Ú ψ(z) |¤) L«¤

φ(z) = φp(z) + φc(z)

ψ(z) = ψp(z) + ψc(z), z ∈ S+ + CR

(172)

ª¥ CR L«�±>., S+ L«�/«� (ã 8).

3ª (172) ¥, �©E ¼êd φp(z) Ú ψp(z) �

¤, φc(z) Ú ψc(z) �LE ¼ê�Ö¿Ü©.

�©E ¼ê��uü�«�¹���A),

§Xª (56) Ú (57) ¤«. Ó�, φc(z) Ú ψc(z) ��

/�S��X¼ê. ÚcaÓ, E ¼ê φc(z) Ú

ψc(z) ��^´�ØE ¼ê φp(z) Ú ψp(z) 3�

±>.þÚå��^å. ?�E ¼ê�õU´

¯c�Ø�±þ��^å. ù�, d{�k�/U

?¦)�E|.

ã 8 �/«��õ�«¯K

�: t 3�± CR þ, = t ∈ CR, k'Xª

tt̄ = R2 (R ����»). l
, dª (26), �±g

d^��L¤�

φ(t) +
R2

t
φ′(t) + ψ(t) = 0, t ∈ CR (173)

��rª (172) �\� (173) ��

φc(z) = −zφ̄′p(z)
(

R2

z

)

− ψ̄p(z)

(

R2

z

)

+ γz

ψc(z) = −φ̄p(z)

(

R2

z

)

− φ′c(z)

(

R2

z

)

− γ
R2

z

z ∈ S+ + CR

(174)

ª¥

γ =
b1

2R2
, ψp(z) =

∞
∑

k=1

bk
zk

(175)

e�±´�½�, d�?�E ¼ê φc(z) Ú

ψc(z) ò�ûueª

−κφ(t) +
R2

t
φ′(t) + ψ(t) = 0, t ∈ CR (176)

aqu1 12 !¤ã, ��æ^e�Ú½: (1)

|^S\�n; (2) |^?�E ¼êù�Vg;

(3) À��«L¡�^å���¼ê, �/«��

õ�«¯KB�ÏL�� Fredholm È©�§ïá

å5 [14].
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� � / > . � g d ½ � ½ �, k � � /

� Ú � � 	 Ã � � � õ � « ¯ K þ k � 
 )

� [147∼150]. éuÉSØ�Ù�õ�«¯K, Q

��
)�. 3d¯K¥, E ¼ê�Ö¿Ü©�

í��E,�
. �lVg5`, í��g´´a

qucã�¹¥JÑ� [151].

|^ Fredholm È©�§�{, ^=���õ

�«¯K��
)û [152]. © [153∼155] À^©Ù

 ����¼ê, ^ÛÉÈ©�§)û�/��

�«¯K. �
ÆöJÑ
««�{, ^u�/�

��«¯K [40,41,59,156,157].

Fett[158] |^>.��{Ú�¼ê{, ¦Ñ


�>��«m���¥��«àAårÝÏf.

Dong � [159] |^aq��{, ¦Ñ
ÉØ¥%m

���¥�«àAårÝÏf.

14 õ�«¯K¥� T Aå

3ä�©Û¥, T Aå�©Û�´��­�

�K [12,14].

14.1 T Aå3ä�©Û¥��^

@3 1957 c, �«àAå©Ù��
ï

Ä [160]. 3�Î�IX (r, θ) ¥, Aå©þ�L«

�
[

σx σxy

σxy σy

]

=
K1√
2πr

[

f11(θ) f12(θ)

f12(θ) f22(θ)

]

+

K2√
2πr

[

g11(θ) g12(θ)

g12(θ) g22(θ)

]

+

[

T 0

0 0

]

(177)

þª¥�Ä��´ÛÉ�, 
1 3 �´k��. 1

3 �¡� T Aå, §�^3�«�� [161]. �C, ®

@£� T Aå3ä�L§¥å��^. ù¿�X,

ä�L§d�«à�AårÝÏfÚ T Aå��

ëþ¤�� [162].

14.2 ü^�«�� T Aå©Û

3?Øõ�«¯K¥� T Aå±c, k©Û

ü^�«¯K¥� T Aå. 3©Û¥, b½�«�

L¡�^k���������å, �Ã��?

Ã1Ö�^ (ã 2(a)). d�, >.^�Xe

(σy − iσxy)+ = (σy − iσxy)− = P (t) − iQ(t), |t | < a

(178)

ª¥ P (t) Ú Q(t) �{�Ú��1Ö, (+)(½ (−)

�L�«�þ (½e) ý. ²L�X�í��, ��

d¯K�E ¼ê. Ùg, ���«à A Ú B �

T AåXe

TA = P (−a), TB = P (a) (179)

14.3 õ�«¯K¥� T Aå

�Ã�²��^�?1Ö σ∞
x , σ∞

y , σ∞
xy ��

«L¡�gd�, |^S\�n, õ�«¯K�=

z�e���¯K [12,14].

(1) Ã�«Ã�²�É�?1Ö�^.

(2) Nõü�«¯K¿��«L¡�^k1

Ö Pj(sj) − iQj(sj) (ã 5(a)).

ÄuS\�n�A^, ���| Fredholm È

©�§. Ùg, |^¦Èúª�, ��'u Pj(sj)−
iQj(sj) (j = 1, 2, ..N) �). ��, �«à� T Aå

=��Ñ, §d 3 Ü©|¤. 1 1 Ü©5gþ!A

å|, ùÜ©´¦�. 1 2 Ü©5g¤�Ä@^�

«þ�1Ö��. 1 3 Ü©5gÙ{Ã�«þ�

1Öé¤�Ä@^�«�K�. ¦ T Aå�ê�

~f��© [163].

14.4 �'ïÄó�

éu�l/�«, �«à� T Aå�d®�

4Ü/ª)¥�Ñ. éu�k:��«, |^�

�N��, T Aå��dAå|¥©lÑ5 [164].

Chen � [165] ïÆ^#.�¼{¦)²¡�5�

«� T Aå¯K. 38¥å�^e, �/�¥�«

à� T Aå��Ñ.

�Ñ
.¡÷*�«à� T Aå, §´d¯

õ�C��«Úå�. 3�«^�e, �Ñ
Nõ

T Aå�ê�(J [166,167]. æ�^u��Ó5á

��aq�{, �Ñ
��É5á�õ�«¯K

� T Aå [168]. |^>.ü��{, ïÆ
��¦

T Aå�{Búª [169]. ²� 1/4 �«àü�� 

£Ú²;)é'�, B�Ñdúª.

15 �²¡�5¥�õ�«¯K

éu�²¡�5¥�õ�«¯K, §�/¤

ÚNõk')�0�Xe:

15.1 õ�«¯K��¤

3 � ² ¡ � 5 ¥, 0 � � � E   ¼ ê X

e [7,12,14]

φ(z) = Gw(x, y) + i f(x, y) (180)
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ª¥ G �}��5�þ, w(x, y) �p� £,

f(x, y) ´Üå¼ê. d Cauchy-Riemann ^�, A

å©þ��¤

σxz = G
∂w

∂x
=
∂f

∂y
, σyz = G

∂w

∂y
= −∂f

∂x
(181)

d	, �ke��ª

Φ(z) = φ′(z) = G
∂w

∂x
+ i

∂f

∂x
= σxz − iσyz (182)

f(x, y) =

∫ (x,y)

σxzdy − σyzdx (183)

éu?u«m (−a, a) þ��«, ��>.^�X

e

σyz = p(s), |s| < a (184)

ª¥ p(s) ��½�1Ö. ²L�X�í�, ��Ä

�), ½��E ¼êXe

Φ(z) = − 1

πX(z)

∫ a

−a

p(t)X(t)dt

t− z
(185)

�Ä�dE ¼ê3�«��?9Ù§ 

�?�K�, B���� Fredholm È©�§

| [12,14,170]. eÄuëY� �©Ù, éd¯K�

�±ïáÛÉÈ©�§| [7,14]. oó�, �²¡�

5¥�õ�«¯K��¤aqu²¡�5¥�A

¯K��¤.

15.2 �²¡�5¥�õ�«¯K�,
)�

Chen � [171] ���²¡�5¥�õ�«¯K

�,
)�, X: (1) �/��õ�«¯K�,
)

�; (2) Ý/��õ�«¯K�,
)� [172] . ù


)�þ�6u?�E ¼êù�Vg�A^.

15.3 Û=\õ�«¯K�,
)�

Û=\¥��«¯Kaqu�²¡�5¥�

Óa¯K. �a¯KÑd Laplace �§û½. Chen

� [173] ïÆ^ Fredholm È©�§¦)Û=\¥

�õ�«¯K. ^O�RÝ{)Ñe�Û=\¥

�õ�«¯K: (1) Ý/Û=\¥� [174]; (2) �/

Û=\¥� [175]. kÆö^EC¼ê�{¦)Û

=\�>��«¯K [176]. �kÆö^ÛÉÈ©

�§¦)Û=\��«¯K [15,177,178].

16 ±Ï�«¯K

y0�±Ï�«¯KÚV±Ï�«¯K�)

Xe:

16.1 ^ÛÉÈ©�§¦)±Ï�«¯K

3ã 9 ¥L«
��±Ï�«¯K. d¯K�

w¤Nõk©Ù ��Ý g′(t) �ü�«¯K�S

\ (ã 9(a)). ��«þ�å>.^�� σy − iσxy =

p(s) − iq(s). ²L�X�í�, ��ÛÉÈ©�§

Xe [7,14]

ã 9 ±Ï�«¯K�S\�{
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1

π

∫ a

−a

g′(t)K(t, t0)dt+
1

π

∫ a

−a

g′(t)L(t, t0)dt =

p(t0) − iq(t0), |t0| < a

(186)

qk

K(t, t0) =
π

2h
(δctg

δπ(t− t0)

h
+ δ̄ctg

δ̄π(t− t0)

h
)

L(t, t0) =
π

2h
(δ − δ3)

[

ctg
δπ(t− t0)

h
− δπ(t− t0)

h

/

sin2(
δπ(t− t0)

h
)
]

(187)

ª¥ δ = exp(iα), ��5¿, � t → t0 �¼ê

K(t, t0) kXeÛÉ5 1/(t− t0). Savruk[7] �Ñ


�
ê�).

16.2 ^ Fredholm È©�§¦)±Ï�«¯K

^,�«�{¦)d¯K. d¯K�w¤N

õk©Ùå�Ý σy − iσxy = P (s) − iQ(s) �ü�

«¯K�S\ (ã 9(b)). ��«þ�å>.^�

� σy − iσxy = p(s) − iq(s). ²L�X�í�, ��

Fredholm È©�§Xe [14]

P (t0) − iQ(t0) +
∞
∑

j=−∞

∫ aj

−aj

[P (t) − iQ(t)]·

Cj(t, t0)dt+
∞
∑

j=−∞

∫ aj

−aj

[P (t) + iQ(t)]·

Dj(t, t0)dt = p(t0) − iq(t0), |t0| < a (188)

ª¥ Cj(t, t0) Ú Dj(t, t0) ��~¼ê [14]. |^d

Fredholm È©�§, ��
Vü±Ï�«¯K�

) [179].

16.3 ±Ï�«+¯K�)Ú{���Eâ

w,, ±Ï�«+¯K´õ�«¯K���

AÏ¯K [180,181]. 3d¯K¥, �«+´±Ïü

��, z��«+¥kA^�«. l
, d¯K�

){aqu��õ�«¯K�){. ,
, e=�

Ä�Ck���«+é¥%+�K�, O�¥�

Ø�ÒJ±�O. �Ï��Ä�d�¹, JÑ
�

«{���Eâ. e|^ Fredholm È©�§, È

©�§lÑ���ê�§Xe

AX = p (189)

ª¥ A �K�Ý
, p �L�«þ�^�®�1

Ö, X �L���þ. Ý
 A ��¤eª

A = A0+

N−1
∑

j=1

(A
−j + Aj)+

∞
∑

j=N

(A
−j + Aj) (190)

3ª (190) ¥, Ý
 A0 L«¥%�«+ég��

K�, Ý
 A
−j(Aj) L«eýÚþý1 j ��«

+é¥%�«+�K�. éuþãK�Ý
ó, ®

�ke�5�

j2(A−j +Aj) ≈ (j + 1)2(A−j−1 +Aj+1) (191)

Äud5�, ª (190) ¥1 3 ��U��

∞
∑

j=N

(A
−j + Aj) ≈ δ(A

−N + AN ) (192)

Ù¥

δ =





∞
∑

j=N

1

j2





/

(

1

N2

)

= N2





π2

6
−

N−1
∑

j=1

1

j2





(193)

�ª (192) ¿�X, �?Ã�«+�K��^

��5Cq�O, ùÒ¡�{���Eâ. ê�)

L², ù�Eâéu±Ï�«+¯K´�©k�

�.

16.4 ^A�ÐmC©�n�{ (the eigenfunc-

tion expansion variational method,

EEVM) ¦)V±Ï�«¯K

3 � @ c �, V ± Ï � « ¯ K � � ï

Ä [182,183]. �
¦)d¯K, Chen � [184,185] 0

�L,�«�{. éuV±Ï�«¯K, �lÃ�

��¥�Ñ��Ý/ü�. d�, �^A�ÐmC

©�n�{¦)d¯K [184,185].

�Ã���¹kV±Ï�«¯K, �?1Ö

� σ∞
x = 0, σ∞

xy = 0 Ú σ∞
y = p (ã 10). elÃ

���¥�Ñ��Ý/ü�, K��Ñ>.^�

v = v̄ = ±vb, σxy = 0, −b ≤ x ≤ b, y = ±h

u = ū = ±ub, σxy = 0, x = ±b,−h ≤ y ≤ h
(194)

ª¥��~ê vb Ú ub deªû½

∫ b

0

σy(x, h)dx = bp,

∫ h

0

σx(b, y)dy = 0 (195)
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ã 10

d�, E ¼ê�L«�

φ(z) =

2M
∑

k=1

Xkφ
(k)(z), ψ(z) =

2M
∑

k=1

Xkψ
(k)(z) (196)

ª¥¼ê φ(k)(z), ψ(k)(z) (k = 1, 2, ..2M) A÷v:

(1) �«L¡gd^�; (2)  £ü�^�. Ù¥,

Xê Xk (k = 1, 2, ..2M) �dA�ÐmC©�n�

{�Ñ. ��, �«à� T AåÚAårÝÏf�

±�Ñ.

Karihaloo[186] ��Ñ
��Vü±Ï�«¯

K�){. 3d{¥, ��«þ�^�1Ö���

¼ê. |^S\�n, �Ñ
�� Fredholm È©

�§. 3d�§¥, È©Øäk4Ü/ª. rE 

¼êÐm¤?ê/ª, )Ñ
Vü±Ï�«¯K.

lV­?ê�¦Ú¥, ��
��Cq�, q�Ñ


Nõê�(J [187].

17 ( Ø

�nã�Ì�(ØXe

17.1 EC¼ê�A^

�,EC¼ê�{3²¡�5åÆsA^

õc [2,5], §3�«¯K¥�A^Ñy3��c

� [7,12,14,32,36,42]. A^d{�Ôn�µ´w
´

��. b�Ã�²�¥k�­��« L (ã 1). �

�m���.�, ÷X�«� L 7,¬Ñym�

 £. �ó�, 3�«?�3 £mä, ½k

(u(t) + iv(t))+ − (u(t) + iv(t))−(t ∈ L)

ª¥ (u(t)+iv(t))+ ((u(t)+iv(t))−) �L�«þ (e)

ý� £ (ã 1). �dÓ�, éu Cauchy .È©

F (z) = (1/2πi)

∫

L

f(t)dt/(t− z), dª (7) Ú (11) �

�ke�5� F+(t) − F−(t) = f(t) (t ∈ L). du

Cauchy .È©, ½E ¼ê F (z), �±�[Ä:�

L�«���mä5, Cauchy .È©2�^u�

«¯K¥ÒØv�Û
. �´, ²¡�5¥� £

L«ª�

2G(u+ iv) = κφ(z) − zφ′(z) − ψ(z) (197)

§´ÏL 2 �E ¼ê φ(z) Ú ψ(z) �¤�. d

�, Óü� Cauchy .È©', k'í���,�


. ,
, 3�«¯K¥, |^ Cauchy .È©4�

��mä5´�©���.

17.2 È©�§��¤

EC¼ê�{�1 2 �wÍA:´3�«¯

KÈ©�§��¤�¡. �Ä�«¯K���>

.��{�/¤L§Xe: b���þ�^k,


1Ö. |^ Somigliana  £�ª�, B���«

¢S:?� £ÚAå. e��±.ØA���

«�, e-*	:ªCu�«L¡, B���ÛÉ

È©�§. ØL, ù�L§´/ªþ�, 
*	:

ªCu�«L¡�4�L§¿Ø²w.

�|^EC¼ê�{�¤È©�§�, ��

æ^e�Ú½ (ëwã 5(b)): (1) |^S\�n;

(2) 3��« �?�á ��Ý; (3) À��«

þ�1Ö���¼ê, Bg,/��õ�«¯K

�ÛÉÈ©�§, §Xª (75) ¤«. 3í��, �

�|^ª (31) Ú (62). ù�í�´�~{$q�

Ù�, ù´Ù§�{Ã{���. �dÓ�, ��

±rÛÉÈ©�§�Kz. ²�Kz�, ���

Fredholm È©�§Xª (80) ¤«. w,, ÄuÛÉ

È©�§�Ä��£, â�U¢�d�Kz [25].
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e^�«L¡1Ö���¼ê, ���«õ

�«¯K� Fredholm È©�§. §Xª (84) ¤

«. �é
ó, Fredholm È©�§�{�N´�ó

§�¤�É.

17.3 ?�E ¼êVg�A^

l��þ`, ?�E ¼êù�Vg�du

¦) Laplace �§>�¯K�� Green ¼ê�{.

ØL, �r?�E ¼ê^u�«¯K�, k'í

����
.

3�/«��¹e, ��Ä?�E ¼ê�

�¤¯K (ã 8), �±>.gd^��dud

ª (26) ¤«� f = −Y + iX ÷XÓ�>.�".

dª (26), d^��U��

φ(z) = −z̄φ′(z) − ψ(z), z ∈ CR (198)

ª¥ CR L«�±>.. ��5¿, ª (198) ��

à�, ½ φ(z) ´)Û¼ê φ(z) 3: z ?��Ý�

(z ∈ CR) . ,
, mà�, ½ −z̄φ′(z) − ψ(z) ¿Ø´

��X{)Û¼ê3: z ?��. l
, ��lª

(198) ØU�Ñk^�ÀÜ.

w,, éu?¿�± CR þ�: z ( z ∈ CR) ,

ðk zz̄ = R2 (R ��±�»). l
, ª (198) ¤«

��±>gd^��U��

φ(z) = −R
2

z
φ′(z) − ψ(z), z ∈ CR (199)

Úª (198) ØÓ, ª (199) �mà�, ½ −R2φ′

(z)/z−ψ(z) s´��X{)Û¼ê3: z ?��.

l
, dª (199) ����
�B.

d�, ?�E ¼ê (d φ(z) Ú ψ(z) �¤) �

L«¤

φ(z) = φp(z) + φc(z), ψ(z) = ψp(z) + ψc(z)

z ∈ S+ + CR

(200)

Ù¥, �©E ¼êd φp(z) Ú ψp(z) ´¯k�½

�, φc(z) Ú ψc(z) �LE ¼ê�Ö¿Ü©. r

ª (200) �\�ª (199) ¥, E ¼ê�Ö¿Ü©

φc(z) Ú ψc(z) =���, §�Xª (174) Ú (175)

¤«.

$^?�E ¼ê�AÏ`:´w
´��.

~X3þã�/�¯K¥, ?�E ¼ê®¯k

÷v�/±.gd^�, l
d^�®Ø2´¯

K�^�. dd��, ?�E ¼êù�Vg´­

��. §*�
¯K�¦)��, ~XrÃ�²�

¥�õ�«¯K�¦)í2���¥�õ�«¯

K�¦). aq��g, �^uÅÜ�²¡��«

¯K¥.
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INTEGRAL EQUATION METHODS FOR MULTIPLE CRACK

PROBLEMS AND RELATED TOPICS*

CHEN Yizhou

Division of Engineering Mechanics, Jiangsu University, Zhenjiang, Jiangsu 212013, China

Abstract The content of this review consists of recent developments covering an advanced treatment of multi-

ple crack problems in plane elasticity. Several elementary solutions are highlighted, which are the fundamentals

for the formulation of the integral equations. The elementary solutions include those initiated by point sources

or by a distributed traction along the crack face. Two kinds of singular integral equations, three kinds of

Fredholm integral equations, and one kind of hypersingular integral equation are suggested for the multiple

crack problems in plane elasticity. Regularization procedures are also investigated. For the solution of the

integral equations, the relevant quadrature rules are addressed. A variety of methods for solving the multiple

crack problems is introduced. Applications for the solution of the multiple crack problems are also addressed.

The concept of the modified complex potential (MCP) is emphasized, which will extend the solution range,

for example, from the multiple crack problem in an infinite plate to that in a circular plate. Many multiple

crack problems are addressed. Those problems include: (i) multiple semi-infinite crack problem, (ii) multiple

crack problem with a general loading, (iii) multiple crack problem for the bonded half-planes, (iv) multiple

crack problem for a finite region, (v) multiple crack problem for a circular region, (vi) multiple crack problem

in antiplane elasticity, (vii) T-stress in the multiple crack problem, and (viii) periodic crack problem and many

others. This review article cites 187 references.

Keywords multiple crack problem, integral equation plane elasticity
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