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The wave resonance in a circular harbor surrounded by a porous seawall is analy
Matching the velocity and pressure along the porous seawall and the harbor entranc
full solution is obtained. The resonance condition is found to depend on the wave
quency, the complex porous-effect parameter and the internal dimension of the p
seawall. The oscillation characteristics are analyzed in different cases. The conditio
natural oscillation is derived by studying the wave resonance in a closed circular ha
surrounded by a porous seawall.@DOI: 10.1115/1.1379955#
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1 Introduction
In the last decade, there has been a significant change in

nature of harbor traffic in Hong Kong, which results in the de
rioration of wave conditions in Victoria Harbor. As a result, th
dynamic and mooring forces acting on ships and docks are
ously affected by the high wave oscillation and in turn cre
serious problems to different marine structures, affecting load
and unloading of cargoes. As a means to dissipate wave ener
porous seawall is introduced inside an existing harbor, which
reduce the wave oscillation and improve the general wave clim

The vertical-wall harbors are widely used for their simple d
sign and construction. In the presence of waves, a vertical ha
wall reflects most of the wave energy incident on it. With stro
harbor oscillations, vertical walls are subjected to large wa
forces. Recently, permeable breakwaters, detached breakw
and submerged breakwaters have received much attention
their capability to dissipate wave energy is widely studied. So
of the energy-dissipating breakwaters are being tested in har
~@1,2#!.

On the other hand, wave agitation in harbor due to an incom
wave of a particular frequency may last for a long time. Th
agitation leads to a resonant state and is the cause of extre
high wave oscillations inside the harbor. The dynamic and mo
ing forces acting on marine structures are increased during
high oscillation which usually create serious problems to load
and unloading of cargoes. Thus, during the harbor planning, m
sures should be taken to avoid such harbor resonance. Ther
two kinds of oscillations existing in a harbor, one is the free
cillation and the other forced oscillation. Lamb@3# analyzed the
effect of free oscillation in closed rectangular, circular, and ell
tical basins. McNown@4# investigated the forced oscillation in
circular harbor having a narrow opening. In a rectangular har
the effect of forced oscillation was analyzed by Kravtchnenko a
McNown @5#. Further study on harbor resonance was done
Miles and Munk @6#, LeMehaute@7# and Ippen and Goda@8#.
Miles and Munk@6# found that the wider the harbor mouth, th
smaller the amplitude of the resonant oscillation which is con
dictory to the fact that less wave energy will be transmitted to
harbor through a smaller opening. This phenomenon was kn
as the harbor paradox. Lee@9# considered rectangular and circul
harbors with their openings located on a straight coastline w
Mei and Petroni@10# dealt with a circular harbor protruding half
way into the open sea. To deal with arbitrary harbor configurat
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Hwang and Tuck@11# and Lee@9# developed integral equation
methods while Mei and Chen@12# provided a hybrid elemen
method. Numerical studies for harbors of arbitrary geometry h
also been verified by field and experimental data~e.g. @9,11#!.
Recently, certain amount of numerical work is available to inclu
the reflectivity of the harbor wall~@13,14#!. However, because o
the deficiency of numerical methods, the results can only rep
sent special conditions, not the general relationship between
reflectivity and the harbor oscillation.

In recent times, porous breakwaters are being constructed
dissipating wave energy in order to reduce the hydrodyna
forces on breakwaters. With the assumption of Darcy’s law, So
and Cross@15# and Chwang@16# separately developed models
study the flow past porous structures. These methods were un
and combined by Yu and Chwang@17# to become the most ac
ceptable one in the recent literature of flow past porous structu
Yu and Chwang@17# studied the problem of wave resonance in
harbor with a porous breakwater. It is observed that a por
breakwater can reduce the amplitude of resonant frequency
nificantly. A small but finite permeability of the breakwater
found to be optimal to diminish the resonant oscillation.

In the present paper, we investigate the problem of wave re
nance in a circular basin surrounded by a porous breakwater.
basin has an entrance located on a straight coastline. As a pa
lar case, the wave resonance in a closed circular basin surrou
by a permeable breakwater is analyzed. Matching the velocity
well as the pressure along the porous seawall and the harbo
trance, the full solution is obtained and the resonance conditio
derived. The effect of the porous-effect parameter and the pos
of the breakwater on wave oscillation are analyzed. The pre
work should be useful in future harbor design and modificatio

2 Formulation of the Problem
The problem under consideration is three dimensional in na

and is studied in a cylindrical coordinate system with unifo
depth h. The opening of the harbor is along the coastline a
distanceb cos« from the center of the harbor with 2« being the
opening angle of the harbor~see Fig. 1!. The circular harbor is of
radiusb with an inner permeable circular wall of radiusa. Assum-
ing that the fluid is inviscid and incompressible and its moti
irrotational, we can define a velocity potentialF(r ,u,z,t) which
satisfies the Laplace equation. Assuming the motion is simple
monic in time, we can expressF as F(r ,u,z,t)
5Re@f(r,u,z)e2ivt# with v being the angular frequency. The flui
domain is divided into three regions:~i! the open sea region,~ii !
the region between the porous wall and the solid harbor wall
~iii ! the inner harbor region surrounded by the porous w
f j ( j 51,2,3) denotes the velocity potential in regionj. The spa-
tial velocity potentialf satisfies the Laplace equation
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]f

]r D1
1

r 2

]2f

]u2 1
]2f

]z2 50. (1)

The free surface boundary condition is given by

]f

]z
2

v2

g
f50 at z50, (2)

whereg is the gravitational constant. The bottom boundary co
dition is given by

]f

]z
50 at z52h. (3)

As r tends to infinity, the scattered wave potentialfs satisfies the
radiation condition

Ar S ]fs

]r
2 ik0fsD→0, as r→`, (4)

wherek0 is the wave number of the incoming progressive wa
Along the straight coastline, the velocity potential satisfies
condition

]f

]x
50 at x5b cos«. (5)

The continuity of pressure along the harbor opening requires

f15f2 on r 5b, 2«,u,«. (6)

The vanishing of velocity along the impermeable harbor wall a
the continuity of velocity along the opening is given by

f2r5H 0, at r 5b, «,u,2p2«,

f1r at r 5b, 2«,u,«.
(7)

The condition along the porous wall and the opening of the por
wall is given by

ik0G~f32f2!5H 0, at r 5a, 2«,u,«,

f3r , at r 5a, «,u,2p2«,
(8)

whereG is the porous-effect parameter or the Chwang param
~@18#!, which is different from the Chwang’s wave-effect param
eter ~@19#!. The porous-effect parameterG is a complex number
with non-negative real and imaginary parts. The real part oG
represents the resistance effect of a porous medium agains
flow. The imaginary part ofG denotes the inertia effect of fluids i
the porous medium.

Finally, the continuity of velocity along the opening of the p
rous wall is given by

Fig. 1 Schematic diagram of a circular harbor
604 Õ Vol. 68, JULY 2001

aded 28 Dec 2009 to 140.121.146.141. Redistribution subject to ASME 
n-

e.
he

nd

us

ter
-

t the

-

]f2

]r
5

]f3

]r
on r 5a, 2«,u,«. (9)

3 The Method of Solution
The velocity potential for the open sea region is the superp

tion of plane waves with the coastline reflection in the absence
the harbor,f I , and the scattered wavefs due to the presence o
the harbor,

f I5AI$e
2 ik0@2~x2b cos«!cosa1y sin a#

1eik0@~x2b cos«!cosa1y sin a#% f 0~z!

5AI f 0~z!(
m50

`

bm$Vm
c c m

c 1Vm
s c m

s %Jm~k0r !, (10)

fS5 (
m50

` F ~Am0
c c m

c 1Am0
s c m

s !
Hm~k0r !

Hm8 ~k0b!
f 0~z!

1(
n51

`

~Amn
c c m

c 1Amn
s c m

s !
Km~knr !

Km8 ~knb!
f n~z!G , (11)

where f 0(z)5coshk0(h1z)/coshk0h, f n(z)5coskn(h1z), AI
5gH/2v, a is the incident wave angle,H is the incident wave
height,b051, bn52, (n51,2,3. . . ), Jm(•) is the Bessel func-
tion of the first kind,Hm(•) is the Hankel function of the first
kind, Km(•) is the modified Bessel function of the second kin
Amn

c , Amn
s are unknown constants to be determined,

c m
c 5cosmu, c m

s 5sinmu,

Vm
c 5@~2 i !meik0b cos« cosa1~ i !me2 ik0b cos« cosa#cosma,

Vm
s 5@2~2 i !meik0b cos« cosa1~ i !me2 ik0b cos« cosa#sinma.

Superscriptsc ands represent the terms associated withc m
c and

c m
s , respectively. In ~4! and ~11!, wave numbers kn(n

50,1,2, . . . ) satisfy the dispersion relations

v25gk0 tanhk0h52gkn tanknh. (12)

Hence, in region 1,

f15f I1fS . (13)

The velocity potentialsf j ( j 52,3) are of the form

f25 (
m50

` H F ~Bm0
c c m

c 1Bm0
s c m

s !
Jm~k0r !

Jm8 ~k0b!
1~Cm0

c c m
c

1Cm0
s c m

s !
Ym~k0r !

Ym8 ~k0b!G f 0~z!1(
n51

` F ~Bmn
c c m

c 1Bmn
s c m

s !

3
I m~knr !

I m8 ~knb!
1~Cmn

c c m
c 1Cmn

s c m
s !

Km~knr !

Km8 ~knb!G f n~z!J , (14)

f35 (
m50

` H ~Dm0
c c m

c 1Dm0
s c m

s !
Jm~k0r !

Jm8 ~k0a!
f 0~z!

1(
n51

`

~Dmn
c c m

c 1Dmn
s c m

s !
I m~knr !

I m8 ~kna!
f n~z!J , (15)

where Bmn
p , Cmn

p , Dmn
p (p5c,s;m,n50,1,2, . . . ) areunknown

constants to be determined,I m(•) is the modified Bessel function
of the first kind, andYm(•) is the Bessel function of the secon
kind.

From ~6!, ~7!, ~13!, ~14! and the orthogonality off n and
c m

p (p5c,s), we have
Transactions of the ASME
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(
j 50

` H Bj 0
p

Jj~k0b!

Jj8~k0b!
1Cj 0

p
Yj~k0b!

Yj8~k0b!
2Aj 0

p
H j~k0b!

H j8~k0b!

2AIb jV j
pc j

pJj~k0b!J ejm
p 50, ~p5c,s;m50,1,2, . . . !,

(16)

(
j 50

` H Bjn
p

I j~knb!

I j8~knb!
1Cjn

p
K j~knb!

K j8~knb!
2Ajn

p
K j~knb!

K j8~knb! J ejm
p 50,

~p5c,s;n51,2, . . . ;m50,1,2, . . . !, (17)

~Bm0
p 1Cm0

p !dm
p 5(

j 50

`

@Alb jV j
pJm8 ~k0b!1Am0

p #ejm
p

~m50,1,2, . . . !, (18)

~Bmn
p 1Cmn

p !dm
p 5(

j 50

`

em j
p Ajn ~n51,2,3, . . . ;m50,1,2, . . . !,

(19)

where

dm
p 5E

0

2p

@c m
p #2du, ejm

p 5E
2«

«

c j
pc m

p du.

From ~8!, ~9!, ~14!, ~15! and the orthogonality off n and
c m

p (p5c,s), we obtain

ik0GFJm~k0a!

Jm8 ~k0a!
Dm0

p 2S Jm~k0a!

Jm8 ~k0b!
Bm0

p 1
Ym~k0a!

Ym8 ~k0b!
Cm0

p D Gdm
p

5(
j 50

`

k0D j 0
p f m j

p ~m50,1,2, . . . !, (20)

ik0GF I m~kna!

I m8 ~kna!
Dmn

p 2S Km~kna!

Km8 ~knb!
Bmn

p 1
I m~kna!

I m8 ~knb!
Cmn

p D Gdm
p

5(
j 50

`

knD jn
p f m j

p ~n51,2,3, . . . ;m50,1,2, . . . !, (21)

where

f m j
p 5E

«

2p2«

c m
p c j

pdu.

(22)

Jm8 ~k0a!

Jm8 ~k0b!
Bm0

p 1
Ym8 ~k0a!

Ym8 ~k0b!
Cm0

p 5Dm0
p ~p5c,s;m50,1,2, . . . !,

I m8 ~kna!

I m8 ~knb!
Bmn

p 1
Km8 ~kna!

Km8 ~knb!
Cmn

p 5Dmn
p

~p5c,s;m50,1,2, . . . ;n51,2,3, . . . !. (23)

The system of equations~16!–~23! can be solved to obtain th
complete solution.

4 Oscillation in a Closed Basin
In such a case, we have«50. The velocity potentialf1 will not

be taken into account. Without loss of generality, the veloc
potentials are
Journal of Applied Mechanics
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f25 (
m50

` H FBm0

Jm~k0r !

Jm8 ~k0b!
1Cm0

Ym~k0r !

Ym8 ~k0b! G f 0~z!

1(
n51

` FBmn

I m~knr !

I m8 ~knb!
1Cmn

Km~knr !

Km8 ~knb! G f n~z!J cosmu,

(24)

f35 (
m50

` H Dm0

Jm~k0r !

Jm8 ~k0a!
f 0~z!1(

n51

`

Dmn

I m~knr !

I m8 ~kna!
f n~z!J cosmu.

(25)

It may be noted thatkn (n50,1,2, . . . ) arerelated to the angular
frequency of the free oscillation of the harbor. In this case,
havef2r50 on r 5b which gives

Bmn52Cmn ~m,n50,1,2, . . . !. (26)

Condition ~8! along the permeable wall becomes

]f2

]r
5

]f3

]r
5 ik0G~f32f2! at r 5a~ j 52,3!. (27)

The orthogonality off n (n50,1,2, . . . ) and cosmu leads to

FJm8 ~k0a!

Jm8 ~k0b!
2

Ym8 ~k0a!

Ym8 ~k0b!
GBm05Dm0 ~m50,1,2, . . . !, (28)

F I m8 ~kna!

I m8 ~knb!
2

Km8 ~kna!

Km8 ~knb!
GBmn5Dmn

~n51,2,3, . . . ;m50,1,2, . . . !, (29)

ik0GFJm~k0a!

Jm8 ~k0a!
Dm02S Jm~k0a!

Jm8 ~k0b!
2

Ym~k0a!

Ym8 ~k0b! DBm0G5k0Dm0

~m50,1,2, . . . !, (30)

ik0GF I m~kna!

I m8 ~kna!
Dmn2S I m~kna!

I m8 ~knb!
2

Km~kna!

Km8 ~knb! DBmnG5knDmn

~n51,2,3, . . . ;m50,1,2, . . . !. (31)

From Eq.~28!–~31!, we derive the resonance conditions rela
ing the porous-effect parameter, the radius of the circular ba
the permeable wall and the wave number of the progressive w
mode as

iGFJm~k0a!

Jm8 ~k0a!
S Jm8 ~k0a!

Jm8 ~k0b!
2

Ym8 ~k0a!

Ym8 ~k0b!
D 2S Jm~k0a!

Jm8 ~k0b!
2

Ym~k0a!

Ym8 ~k0b! D G
5S Jm8 ~k0a!

Jm8 ~k0b!
2

Ym8 ~k0a!

Ym8 ~k0b!
D ~m50,1,2, . . . !, (32)

ik0GF I m~kna!

I m8 ~kna!
S I m8 ~kna!

I m8 ~knb!
2

Km8 ~kna!

Km8 ~knb!
D 2S I m~kna!

I m8 ~knb!
2

Km~kna!

Km8 ~knb! D G
5knS I m8 ~kna!

I m8 ~knb!
2

Km8 ~kna!

Km8 ~knb!
D ~n51,2,3, . . . ;m50,1,2, . . . !.

(33)

From ~32! and~33!, it is obvious that there is no real root for rea
G. Hence, there is no steady oscillation in a circular harbor wit
permeable wall, which is similar to the observation of Yu a
Chwang@17#.

From ~32! after rearrangement, we have

Jm8 ~k0a!

Jm8 ~k0b!Ym8 ~k0a!
2

iGJm~k0a!2Jm8 ~k0a!

iGYm~k0a!Jm8 ~k0b!2Ym8 ~k0b!Jm8 ~k0a!
50.

(34)
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WhenG50, the inner permeable wall behaves like a solid w
and we have a closed circular region and another annular reg
From ~34!,

Jm8 ~k0a!50 ~m50,1,2, . . . ! (35a)

or

Jm8 ~k0a!Ym8 ~k0b!2Jm8 ~k0b!Ym8 ~k0a!50 ~m50,1,2, . . . !.

(35b)

The solution of ~35a! represents the wave modes due to
closed circular basin of radius a, while the solution of~35b! rep-
resents the wave modes inside the closed annular basin with
and outer radiia and b, respectively. On the other hand, asG
→`, the permeable wall becomes transparent to the fluid and
resonance is due to the free oscillation of a closed circular bas
radiusb. In such a case, from~34!, we derive

Jm8 ~k0b!50 ~m50,1,2, . . . !. (36)

5 Discussion
The amplification factorR which is a measure of wave oscilla

tion inside the harbor is defined as

R5Uf3~r ,u,0!

AI
U. (37)

In the two-dimensional analysis of Chwang and Dong@20#,
when the porous-effect parameterG51 and gap length (b–a)
5(2n11)l/4, the reflection coefficient vanishes and the ph
nomenon of wave trapping takes place. From Yip and Chw
@21# it was noted that the curves for complex values ofG are of
similar shape as those for real values. To avoid repetition of s
lar results which have been investigated before, the curves
complex values ofG are not presented in the present paper.

Figure 2 shows the variation of amplification factorR at the
center versus wave numberk0b for different values of the porous
effect parameterG. As 0,a,b, we must have 0,2p(b2a)/l
,k0b. The amplification factorR increases generally asG in-
creases. AsG increases, the porous wall becomes transparen
the fluid and most of the wave energy is reflected back by
vertical harbor wall with an increase in the wave oscillation a
thus an increase in the amplification factor. However, it should
noted that whenG51, the wave dissipation is maximum~see
@17,20#! and in the process the wave resonance is minimum.
amplification factorR attains maxima for certain values of th
wave number irrespective of the porous-effect parameter. The
porous-effect parameter only reduces the amplification fa
without affecting the wave number.

In Fig. 3, the amplification factorR is plotted versus wave
numberk0b at different locations in the inner region of the harbo

Fig. 2 Variation of amplification factor R at the center versus
wave number k 0b for different values of G with aÄ0 deg, b Õh
Ä0.75, 2«Ä10 deg, and „b – a…ÕlÄ0.25
606 Õ Vol. 68, JULY 2001
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The amplification factorR attains its maximum value at differen
locations for different wave numberk0b. Generally speaking, the
wave amplification is large near the center compared to a p
towards the harbor wall. It should be noted that, for normal in
dencea50 deg, the wave condition inside the harbor is symm
ric with respect tou50 deg.

Figure 4 shows the variation of amplification factorR at the
harbor center versus the gap length (b–a)/l for different values
of the porous-effect parameterG. The two-dimensional result o
Chwang and Dong@20# showed that the wave dissipation is max
mum at (b–a)/l50.25, and the amount of dissipated energy d
pends on the porous-effect parameterG. The same phenomeno
was observed later by Fugazza and Natale@22# and Suh and Park
@23# although their analyses were different. Similar phenomem
is observed in the case of a circular harbor. However, the w
dissipation is more sensitive in the two-dimensional case~@20#!
near (b–a)/l50.25, while in the present case of a circular ha
bor, large dissipation occurs at a wider range of (b–a)/l near
0.25. It should be noted that the wave incidence at the porous
is not always normal but varying along the porous wall. In ge
eral, the incidence angle along the porous wall is very difficult
predict for three-dimensional cases. As shown in Fig. 4, the w
is dissipated most for a moderate value ofG. LargerG represents
a more porous wall and less wave energy is dissipated. AsG
→`, the porous wall becomes transparent to the fluid and
dissipation occurs.

Figure 5 shows the variation of amplification factorR at the
harbor center versus harbor opening 2« for different values of the
porous-effect parameterG. When the opening of the harbor van
ishes, the amplification factorR becomes zero, as no wave
allowed to enter the harbor. A large amplification factorR is ob-
served at moderate values of opening 2«, similar to ‘‘the harbor

Fig. 3 Variation of amplification factor R versus wave number
k 0b at different locations with aÄ0 deg, b ÕhÄ0.75, 2«Ä10 deg,
GÄ1, and „b – a…ÕlÄ0.25

Fig. 4 Variation of amplification factor R at the center versus
„b – a…Õl for different values of G with aÄ0 deg , b ÕhÄ0.75,
2«Ä10 deg, and k 0bÄ3.8
Transactions of the ASME

license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



m
o

o

e

b

u

a

h

ed
tion

be
es.

am-
de-
tion
be
ith

arch
8.
el-
vi-

,

-
ns

Tel-

ves

’’ Q.

rs

l.

he
No.

m-

ng

of

er

on

r
s.,

e-

th

ter

s

te,’’
-

n

a-

all

Downlo
paradox,’’ and the harbor oscillation decreases generally as
opening 2« further increases. There is a sharp decrease in
amplification factorR with a decrease of the porous-effect para
eterG. There is a shift in the maximum of the amplification fact
as G decreases and the opening angle of the harbor increa
When the harbor becomes a point and only the straight c
remains, all curves come to the same limiting value.

Figure 6 illustrates the variation of amplification factorR at the
center versus incidence anglea of incident waves. Because of th
symmetry of the problem, the curves are symmetric with resp
to a50 deg. The increase of incidence anglea allows less wave
energy to transmit through the opening to the harbor. Thus,
normal incidence allows the most wave energy into the har
The amplification factorR tends to fixed values as incidence ang
a approaches690 deg.

Just as a remark to the current practice in numerical comp
tion, the partially reflective boundary condition

]f

]n
5k0

12Kr

11Kr
f,

whereKr is the normal reflection coefficient at the boundary,
widely used by prescribingKr as a constant. However,Kr de-
pends on the wave number and incidence direction and no
lytical solution can be obtained if the partially reflective bounda
condition is applied in this problem. To sum up, the above ana
ses are for a harbor of circular geometry. As previous analy
have demonstrated, the harbor geometry is a critical factor to
bor oscillations.

Fig. 5 Variation of amplification factor R at the center versus
harbor opening 2 « for different values of G with aÄ0 deg, b Õh
Ä0.75, k 0bÄ3.8, and „b – a…ÕlÄ0.25

Fig. 6 Variation of amplification factor R at the center versus
incidence angle a for different values of G with b ÕhÄ0.75,
2«Ä10 deg, k 0bÄ3.8 and „b – a…ÕlÄ0.25
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6 Conclusions
The problem of wave oscillation in a circular harbor is analyz

in the presence of a porous wall. For maximum wave dissipa
the gap between the porous wall and the harbor wall should
approximately a quarter of the wavelength of the incident wav
A moderate value of the porous-effect parameterG dissipates the
maximum wave energy. For a large angle of incidence, wave
plification inside the harbor reduces. The amplification factor
pends on the wave number of the incident waves and the loca
inside the harbor. The amplification factor in the harbor can
adjusted with a proper opening angle and using a porous wall w
moderate porosity.
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