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A general analytic method for calculating the scattering of sound by multiple rigid circular cylinders
arranged in an arbitrary parallel configuration is presented. The sound scattered by this collection of
cylinders is generated by a time-periodic, spatially distributed, axisymmetric source located within
the domain of interest. A Hankel transform method is used to calculate the incident field, while
separation of variables is used to obtain the scattered fields from each cylinder in the collection. The
unknown scattering coefficients are determined through the use of general addition theorems that
allows the various fields to be readily transformed between coordinate systems. The method is
validated using various two-, three-, and four-cylinder configurations, and the number of coefficients
that must be retained in the truncated series is examined. Benchmark configurations consisting of
two- and three-cylinder systems with cylinders of varying radii are also presented. These solutions
have been used to validate computational aeroacoustic solvers developed for complex geometries.
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I. INTRODUCTION matrix inversion and iterative procedures and compared to
experimental data. The latter technique used a recursive ap-
The scattering of waves by two-dimensional circularproach based on the “T-matrix methotito formulate the
cylinders is a fundamental problem in both acoustics andcattering from an arbitrary number of general scatterers with
electromagnetics. Analytical solutions to the scattering ofa general, nonsingular incident field, although results are
plane waves by a single circular cylinder are presented bynly presented for plane-wave scattering from two spheres. A
among others, Morse and Ingarabithin the context of general classification system for the various techniques avail-
acoustics and Balarfisn electromagnetics. Single-cylinder able to solve the multiple-scattering problem as well as ad-
solutions have also been developed for incident fields othegitional references for the multiple-cylinder case is given by
than plane waves. For example, Shend&mresents a solu- E|sherbeni®
tion for the Scattering of sound generated by a Cylindrical |\/|u|tip|e_scattering phenomena have also received con-
line source from a single, rigid circular cylinder, while siderable attention as related to phononic crystals and wave
Balanis presents the solution for the equivalent electromagiocalizationt* Within this application, solution methods have
netic problem. Various authors have also developed solutiongeen developed by Kafesaki and Econonfowhich was
for single-cylinder scattering with spatially distributed ysed by Kafesaket al*® to examine the phononic properties
acoustic sources. These include Kurbat8kitho used a of air bubbles in water, and by Psarobetsal,** which was
Green'’s function approach to calculate the scattering from @mployed by Yanget al’® in their investigation of the
single, rigid, circular cylinder using a source with a Gaussiarphononic properties of tungsten carbide beads in water. Simi-
spatial distribution, and Morri$who developed via a Han- |arly, exact solutions for the localization lengths associated

kel transform approach solutions for scattering by a singlewjith a random array of air cylinders in a water medium are
acoustically permeable, circular cylinder for various spatiallypresented by Gupta and Y2.

distributed sources including Gaussian and circular disk dis- In the current Work, an ana|ytic method is deve'oped to

tributions. obtain solutions to the problem of the scattering of sound
Exact and approximate solutions have also been develenerated by two types of axisymmetric sources by multiple
oped for the scattering of plane waves by multiple parallekigig, circular cylinders of varying radii. The long axes of the
circular cylinders. One of the earliest solutions to this prOb'cyIinders are assumed to be parallel to each other, and thus
lem for rigid cylindersiwas. developed. by Twer§<wh° d?' the problem is two-dimensional. However, the distribution of
composed the total field into an incident field plus higherihe cylinders within this two-dimensional plane is arbitrary
order scattered field contributions whose coefficients wernder the constraint that they do not overlap nor are they in
determined in an iterative manner. Additional solution tech--ontact with each other. This approach, which is an extension
niques were later developed by Young and Be_rt?amjwel_l of the single-cylinder work of Morris, utilizes a Hankel
as Peterson and St In the former, acoustic scattering (ransform method to determine the incident field from a spa-
calculations for a plane wave incident upon two identicala)y distributed acoustic source. Separation of variables
rigid, circular cylinders were performed using both direct 54yides the general solution for the scattered field from each
cylinder in its own coordinate system, and cylindrical addi-
dElectronic mail: Scott.Sherer@wpafb.af.mil tion theorems are employed to allow the application of the
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boundary conditions in the various coordinate systems. The cylinder j
scattering coefficients for all cylinders are solved simulta-

neously by direct inversion, and thus the approach would be
considered a boundary value solution method per the classi
fication scheme of Ref. 10.

The solutions presented here are analytic in nature, al-
though the necessary truncation of infinite series, numerica
inversion of potentially ill-conditioned matrices, and the nu-
merical evaluation of certain integrals can result in the gen-
eration of numerical error if not addressed. Because it is
analytic, this approach is useful for establishing benchmark
scattering solutions that may be used to assess the accurai
of computational aeroacoustic solvers developed for geo-
metrically complex configuration$*°The use of solutions
generated by a spatially distributed source is preferred over :
line source or plane-wave solution for this purpose due to the
presence of a singularity in the total field for the former and
the requirement to propagate the incident wave into the do-
main of interest from beyond its boundaries when using the
total field formulation for the latter. This analytic approach _
may also prove amenable to parametric studies of the scal
tering behavior of systems involving multiple-cylinder ge-
ometries.

The following section addresses theoretical analysis, in-  cylinder i
cluding the formulation of the problem under consideration,
its analytic solution, and the acoustic source types ConSiOEIG'_ 1. S_chematic showing (;oordinate system defini_tions and ge_ometric

. . . . relationships between acoustic source located at f&irdn observation

ered. The next section contains results obtained for varioug,int at pointo, and two arbitrary cylinders labelddandj.

configurations and source frequencies, including validation

studies and investigations of some of the numerical issues

associated with this procedure. This section concludes wit§oordinate system of cylinderis given by Oj;,#;;), and

scattered and total field results obtained for two- and threelikewise the position of the cylinderin the coordinate sys-

cylinder benchmark configurations. tem of cylinderj is given by ©j; ,#;;). It is noted thatD;;
=Dj; and|y;;— ;i|= 7. The radii of the cylinders are de-
noted bya; and a;, respectively, and in general are not

Il. THEORETICAL ANALYSIS equal.

A. Problem formulation Assuming linear scattering and a time-dependent, axi-

ymmetric source of the foriB(R,t)=f(R)e™*!, the inci-

ent field satisfies the nonhomogeneous Helmholtz equation,

ere written in terms of the source coordinate system as

The problem considered here is the scattering of soun
generated from a time-periodic, axisymmetric source by a sql
of M parallel, infinitely long(i.e., two-dimensionaJ rigid,
circular cylinders. The arrangement of the cylinders and the d2@inc 1 dginc
source within the unbounded, two-dimensional domain of
interest is arbitrary, with the caveat that the cylinders may
not be in contact with nor overlap one another. This domain

initially consists of a fluid with a speed of sound given by Where f(R)=—kf(R) andk=w/c... Note that the¢ de-
C... A reference length o, given by the diameter of the Pendence has been dropped due to axisymmetry of the

largest cylinder in the collection, and a reference timg source. Similarly, the scgttgred field generated by each cyl-
given byt,.=Ie/c., have been used throughout this work inder independently satisfies the homogeneous Helmholtz

for nondimensionalization purposes. It is also assumed thagauation, written in the local, cylinder-based coordinate sys-

there is no mean flow in the domain. tem as
The geometric relationships between any two cylinders
i in thi i i PO} 1 9d7 1 DY
andj in this collection, the acoustic source centere® and il L K2DS=0, i=12,..M.
an arbitrary observation point & are given in Fig. 1. A gré T dr r2 962 b w
polar coordinate systent(, ¢;) is defined based on the cen- (2
ter of cylinderi, while a second polar coordinate system o . ] _
(r;,6;) is defined based on the center of cylingleA third The principle of superposition is used to write the total field

polar coordinate systenR(¢) is centered on the source. The @S the sum of the incident and scattered fields

- 2 inc_§
i +R iR +k-® f(R), (@D

positions of the cylinders with respect to the source are given M
in this source—bqsed polar coorqlinate system'Lasg(i.) and O=Ppincy E @S, 3)
(L;j,«)), respectively. The position of the cylindgrin the i=1
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The standard rigid-body boundary conditions applied at the “ e
surface of each cylindgrthus may be expressed in terms of H,(krj)sin(né;)= E_ 7{[(_1)"]’@51'%
these fields as m=0

o o + Kmnlcogmé;) —[(— 1)”‘ICIJmn
igl (?I'] : - z9l’j F—a J=1.2,..M. ) |Jmn]sm(m0 )} (10
b wheree,, is the Neumann factor, defined as
B. Solution development 1 m=0 a1
€Em= ’
Morris® solved Eq/(1) using a Hankel transform method "2 m=1
to determine the incident field, given in terms of the sourceq
based coordinate system as 5 ]
. cog (nm)
~ (9 = H 2 m(KDij) Im(kr)) - § TRV
) wSJQ(SR)F(S) ’Cljmn n,m( IJ)‘Jm( rJ) S|r[(nim)l/lij] ( )
(I)'”C(R):—j Z—dS, 5 . . .
0o (s*—k? It is noted that the transformations for the Hankel functions

are only valid forr;<Dj; , but that this condition will always
where F(s) is the Hankel transform of the spatial source be satisfied on the surface of the cylinders where the bound-
d|str|but|onf(R) ary conditions are evaluated provided they are neither over-
lapping nor in contact with one another.

Using the previous transformations in conjunction with
the incident and scattered fields given by E&$.and(7), the
coefficientsA,; andB,; may be determined through the ap-
and J, is the Bessel function of the first kind of ordar  plication of the boundary conditions as given by E4). on
Likewise, the solution for each scattered field may be obthe surface of each cylinder. The resultiMgequations con-
tained by solving Eq(2) using separation of variables. In- sist of infinite summations on both the left- and right-hand
voking an outgoing radiation boundary condition at infinity side of the equality, with each term possessing a factor of
for the e “! time dependency, the scattered field from thecosd)), or of sinfng,), or having no#; dependency at all
ith cylinder is written in its local coordinate system as (them=0 case. Equating on a term-by-term basis and trun-
cating the infinite series at some finite valteyields (2N
+1) equations for each cylinder, & - (2N+1) equations
for the entire cylinder set. These equations are linear with
respect to theM-(2N+1) unknown coefficientsA,; and
+Bp;sin(né)] (1) B,;, and may be expressed concisely in matrix form as

E(s)=f:RJo(sR)~f(R)dR, (6)

®F(ri,6)=AgiHo(kr) + 2, Hy(kr)[An cogn6)

whereH,, is the Hankel function of the first kind of order Zx=b. (13

The scattered field coefficients,; andBy; from EQ.(7)  The matrixz may be written in terms of12 submatrices of
are found though the application of tié boundary condi-  §imension (N+1)x(2N+1) as

tions given by Eq.(4). This is accomplished through the

application of the Graf addition theorefhyhich allows the Zn 212 0t Zam

incident and scattered fields to be written in terms of the Zo 2oy Zow

coordinate system of each cylinder in order to apply the Z=| . . . - (14
boundary conditions at its surface. Using this theorem, the ’ - )

Bessel and Hankel functions in EdS) and(7) are written in Zvr 2v2  Zum

terms of the coordinate system of cylingeas The off-diagonal submatrices;; , i #j, may be further sub-

% divided as
Jo(kR)= 2 €m(—1)™In(KLj) In(kry) s
. . S G
X[ cogma;)cogmé;) + sin(me;)sin(mé;) 1, ! !
®) where the elements of these submatrices are given by

C*:{m=0—N,n=0—N}

Z. =

ij (15

and —ege | STH{M=0-N,n=1-Nj}
_p [(C.S) |]]mn _Kjlmn - S*:{m:1_>|\|,n:0_>N}’
H,(kr)cogné)= >, 7’“{[(—1 e ¢ :{m=1-N,n=1—N}
m=0 (16)
+K:|c|mn]C05(m0 )+[( l)mIC”mn W|th
|]mn]sm(m6 )} (9) Kffmsr:+_(_1)mIC|(JCmSn+,+IC|(JCmSn ' (17)
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and from Eq.(12) The solution and right-hand-side vectors may also be ex-
pressed in block form as

(c,s)+
Ke9*r — Kijmn
ijmn (9[‘1- B - A E
ri=a; Oi
K ¥ A:1i
:EHmtn(kDij)[Jm—l(kaj)_Jm+1(kaj)] 1 :
w=| ¥ | x| B (21)
| cod(n=m) ] 18) : "ol B |
sin(n=m) ;1 Xy Bai
The submatricesZj; on the diagonal of Eq(14) are them- B:
selves diagonal matrices of the form L Ni
[HY; ] and
O p= -
cr
H; o
Zjj= Y ' (19) 1
1j Bl N
0 B |
, b=| = |=B=| & |, 22
I HYj : I H (22
St
where B 2j
, aH(kr)) k s
nj:a—rj :E[Hn—l(kaj)_Hn+l(kaj)]- L 'Nj
r.=a.
b (200 with

(23

cor Em o [ SPIm(SL)[ I 1(58) — Iy 1(s8)TF(S)  [cogmay)
I 2 Y Jo ] s2—k? s Sin(maj])

Upon solving this system of equations for the coefficients ,
Ani andB,,;, the scattered and total fields may be found via ~ ®™(R)=— 7 Ho(kR). (25
Egs.(7) and(3), respectively.
Likewise, the components making up the vedicare given
by

2

€K
15" == (= D™Ha(kL)[Im-1(kay)

C. Acoustic source types

To determine the incident field given by E¢) and the
right-hand-side vectob using the definitions in Eqs22) codma;)
and(23), a specific form ofF (s) is required. Two particular _‘]m+1(kaj)]'[sin(ma_1)- (26)
source types will be considered here: a cylindrical line .
source and a spatially distributed cylindrical source with a  The second source type considered here is a spatially
Gaussian spatial distribution. Morfigreviously considered distributed source of the form
both of these source types for the single-cylinder case, and _ — ik 2
the reader is referred there for more detail. f(R)=exp(—dR?)—F(s)= —exr{ — —) (27)

o . . 2d 4d

For the cylindrical line source, the spatial source func-
tion f(R) and its corresponding Hankel-transformed counterfor this source, the integrals in EdS) and (23) cannot be
part|~:(s) are given by integrated analytically. The approach used by Mdrdsper-

form the integration numerically is instead used with some

B ~ = tk minor modifications. In this approach, the variable of inte-
f(R)= ZWRHF(S)_ 2’ (24) grationsis replaced by a new variablesuch that
s=r—yexd — B(r—k)?], (28

where §(R) is the Dirac delta function. Integrating in the
complex plane and applying the residue theorem yields fowhere y=k/10 andB= —In(1x10 '%y)/k?. The curve de-
the incident field fined by the new variable is deformed below the real axis,
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thus by-passing the pole located stk and allowing the

(]
numerical integration to proceed. While in R&fa ten-point 1
Gauss—Legendre integration scheme was employed over in- 10%
dividual intervals of lengttk/40 along the integration path, il
here the numerical integration is performed by the software 510
packagevATHEMATICA .2 This approach allows for intervals %10“‘
of various lengths to be employed while still maintaining a =
specified error tolerance. The use of larger intervals in those 19
regions that can be numerically integratedNATHEMATICA 107"
to the specified precision decreases the time it takes to cal- il ka=w
culate the value of the integral over the entire path. Even so, 10656720 36 40 ?qo 60 70 80 90 700

with M- (N+1) integrals required to construct the right-
hand side of Eq(13), the numerical integration of EqRJ) is FIG. 2. Numerical convergence behavior for two-cylinder configuration
still the most time-consuming aspect of calculating the scatwith various values_ oka. AdD3 represents the maximum_ change for the
tering coefficients. Note that the selection of this contour istS:r'rf‘sce scaftered field between solutions generated Mitnd N+AN
not unique, and that other contours may be used to perform
the numerical integration.

mal places. Thus, the lack of accuracy in the coefficient ma-
Ill. RESULTS AND DISCUSSION trix and right-hand-side vectors did not result in large
changes in the solution, indicating that the steps taken to

All results presented in this work are normalized by the dd tential il ditioni f th i P
value of the incident field at a distand®=L, from the ?Veress potential fli-conditioning of the matrix were efiec-

source, i.e., the distance from the source to the center of the . .
Next, the issue of number of terms needed to obtain a

left-most cylinder in a given configuration. L . .
converged solution is examined. For plane-wave scattering
A. Implementation and validation from symmetric, two-cylinder configurations, Young and

- - 23 - - . -
To obtain the incident and scattered fields for the variou@ertrana and Decaniniet al.™ give empirical expressions

situations examined here, the previously presented formuld©" the value ofN as
tion was coded imMATHEMATICA . This software package was 5—-10, ka<1

used to solve the linear system of equations given by Eq. N=2ka+Q, Q= (29)
S . 0, ka>1,

(13) and to perform the necessary numerical integrations for

the cases involving the spatially Gaussian source. As disand

cussed in the Introduction, there are several issues associated N=max8[ka+4(ka) 3+ 1]}, (30)

with the numerical implementation of this approach. These
include the truncation of the infinite summations in the seriegespectively. Here, the number of terms required for a given
solution for the scattered fields and in application of the adievel of accuracy is evaluated for two particular configura-
dition theorems, the potential for the coefficient system to beaions. The first consists of three identical cylinders located at
ill-conditioned, and the numerical evaluation of the integralsthe vertices of an equilateral triangle with sides of length 3
required for the spatially Gaussian source. These issues wiind a line source located at the centroid of the configuration.
now be discussed. The second consists of two identical cylinders separated by a
The issue of ill-conditioning arises from the potential distance of 8, with a spatially Gaussian source given by Eq.
disparity in the eigenvalues of the coefficient matéxas (27), whered=25In2 located midway between them. To
additional terms are retained in the series solution for theheck convergence, the scattered field at the surface of one
scattered fields. Two methods were employed to address thif the cylinders was tracked as the valueNbivas increased
issue. First, only the minimum number of scattering coeffi-by steps ofAN. The maximum difference between the scat-
cients required to obtain a converged solution was retainedered field obtained withN coefficients and the scattered field
as the condition number of the coefficient matrix grows rap-obtained withN+ AN is plotted in Fig. 2 for the two-
idly as additional terms are included. Second, partial pivotcylinder configuration and Fig. 3 for the three-cylinder con-
ing was used in conjunction with Gaussian elimination tofiguration for various values oka. Here, AN=5 for all
find the scattered coefficients, which helps to limit anycases except theka= 16 case, in whichAN=10. Exami-
round-off erro? To test the effectiveness of these steps,nation of these figures shows that the formula given by Eq.
several of the cases shown in this work were solved using30) matches very well with the number of terms required to
various levels of precision by first calculating the elements ofbbtain a converged solution, here defined as truncation errors
the coefficient matrix and right-hand-side vector using exacof less than 10°. However, the simpler formula given by
algebra, and then evaluating them to a specified precisiokg. (29) underpredicts the number of coefficients required at
before solving the linear system. For all cases examined, thine lowest value oka= 7 and overpredict at the highest
precision of the solutions obtained was comparable to thealue ofka=16x. Thus, Eq.(30) was used to determine an
original precision used to generate the matrix elements, i.einitial value ofN to use for subsequent calculations, although
solutions generated using four digits of precision matchedlightly higher values oN were also used to verify conver-
solutions obtained with higher precision to the first four deci-gence.
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FIG. 3. Numerical convergence behavior for three-cylinder configuration
with various values oka. A®$ represents the maximum change for the
surface scattered field between solutions generated Mitgnd N+AN

terms.
——— @ ;
Various validation checks were performed on the multi- FNI A
scattering formulation presented here in order to verify its N ’
consistency. For the single-cylinder scattering case, the scat
tering coefficients from this formulation were found to de-
generate to those presented by MGdrris the rigid-body
limit. It was also verified that the formulation yielded the
same results for configurations that were different numeri-
cally but nearly identical acoustically, i.e., configurations that
have a different number of cylinders but, because of the size
and/or locations of one or more of the cylinders, appear from
an acoustic standpoint to be the same. Results from two sudhG. 5. Benchmark acoustic scattering geometrias.Two-cylinder con-
cases are shown in Fig. 4. In the first case, computed witfjguration.(b) Three-cylinder configuration.
k=87, an initially symmetric two-cylinder configuration is
degenerated into a one-cylinder configuration by fixing thesource and cylinder centgrsn the surface of a fixed cylin-
location and size of one of the cylinders and either incremeneer versus the parameterwhich controls either the distance
tally increasing the distance between the source and the othbetween the cylinders being acoustically removed and the
cylinder towards infinity or incrementally decreasing its ra-source via the formula =2", or radii of the removed cylin-

dius towards zero. The second case, vkth2m, involved  ders viaa=(3)". For all cases, the results obtained by acous-
the degeneration of an initially symmetric four-cylinder con-tically removing one or more cylinders from consideration
figuration into a symmetric two-cylinder configuration by match those obtained if the removed cylinders were never
fixing the two cylinders on opposite sides of the source angonsidered. Additional validation was also provided by com-
either increasing the distances between the source and th@rison with numerical results obtained for various two- and
other two cylinders in opposite directions, or decreasing thghree-cylinder configurations via a finite-difference time-

radii of these two cylinders. Figure 4 plots the scattered fieltjomain computational aeroacoustics cot¥.
in the backscatter directiofalong the line connecting the

A~ -

D;=0.75

b) Three-cylinder configuration

B. Two- and three-cylinder benchmark configurations

2r —O— M=2,k=8n, Lo
- G-- M2, k=8ﬁ, a—0 Two specific cases are considered here to provide bench-
1.8F v M=1, k=8, baseline mark results for use in the validation of computational aeroa-
g - _[)E' - m::' ‘;jg; ';:: coustic methods developed for complex geometfieghese
1.6r A M=2,k=2r, baseline consist of a two-cylinder configuration and a three-cylinder
w configuration as shown in Fig. 5. Both cases are symmetric
14r about the centerline axighe axis connecting the centers of
' the left-most cylinder and the souj¢céout are asymmetric
1.2¢ . . .
’_ about the perpendicular axis. Each case was solved kvith
n \_<F Sl gh s s =87 using both line and spatially distributed Gaussian
. i L sources, wheral=25In2 for the latter. Results presented

here include the scattered and total root-mean-squanes)

_ o o fields on the surface of the cylinders and the total rms fields
FIG. 4..Scattered. fleld'behawor in the backscatter direction for two- andalong the centerline. These are shown in Figs. 6 through 9
four-cylinder configurations as cylindsy are acoustically removed from

problem either by increasing the distance between the cyligdend the ~ 10r the two-cylinder configuration, and in Figs. 10 through
source [ —) or decreasing their radiia(—0). 13 for the three-cylinder configuration. It is observed that the
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FIG. 6. Scattered field on surfaces of the cylinders for the two-cylinder i istributed source
configuration shown in Fig.(5). 102’
line source and spatially distributed Gaussian source produce em1 o'l
nearly identical results everywhere except in the immediate
vicinity of the source. In this region, the total fields gener- 100k
ated by the spatially distributed source begin increasing fur-
ther away from the source center compared to the field gen- A
erated by the point source. However, the total field associated W% 0

with the distributed source remains finite everywhere, while %s

the total field for the line source becomes infinite at the b) Between cylinder | and source

source center. ) ) . ) FIG. 8. Total rms field on the centerline to the left of the source for the
For the two-cylinder configuration, the scattered fieldwo-cylinder configuration shown in Fig(&. (a) To the left of cylinder 1.

and total rms field on the surface of each cylinder are showb) Between cylinder 1 and source.

in Figs. 6 and 7, respectively. They are characterized by a

smooth variation on the insonified faces of the cylinders. The

fields on the quiet sides of the cylinders exhibit more variadated along the centerline is shown in Figs. 8 and 9. In both

tion, although the magnitude of the total field in Fig. 7 is figures, the field along the centerline between the source and

considerably less on the quiet faces compared to the insonike cylinders is highly oscillatory, with a smooth variation in

fied faces due to the higher incident field magnitudes theregeak and null magnitudes. The behavior of the total field in

Due to its larger radius, the cylinder to the left of the sourcethe shadowed regions is characterized by a slight rise in mag-

exhibits more variation, both in terms of the number of peakshityde near the cylinders followed by a gradual decline as the

and nulls in the field strength as well as the range betweegisiance from the cylinder is increased.
them, over its quiet face compared to the smaller, right-hand ¢ gcatered and total rms fields on the surfaces of the

point directly facing the source is slightly higher for the tion are shown in Figs. 10 and 11. The surface fields for the

smaller cylinder due to the greater scattered field it is ex- . . e .
. : three-cylinder case show considerably more variation with
posed to from the larger cylinder. The total rms field calcu-

angular position than was seen in the two-cylinder case, both
on the insonified facethetween approximately 143 and 323
degrees for the top-right cylindeand on the quiet faces.

el Because the cylinders to the right of the source experience
the incoming incident and scattered fields from different di-
rections, no angular symmetry exists for these two cylinders.
The centerline mean-squared total field is shown in Figs. 12
and 13 and also exhibits more complexity than was seen in
the two-cylinder case, as the magnitudes of the peaks and

1.5}

g"‘,.’ n
J .

.
Y
‘e

CYL1, Line source
CYL2, Line source
CYL1, Distributed
CYL2, Distributeq

FIG. 7. Total rms field on surfaces of the cylinders for the two-cylinder

configuration shown in Fig.(8).
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nulls themselves vary in an oscillatory manner between the
left cylinder and the source. Also, the field in the shadow
region, while still diminishing at larger distances from the

cylinder, shows additional variation due to the more complex
scattering geometry that was not seen in the two-cylinder
case.
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FIG. 9. Total rms field on the centerline to the right of the source for the
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FIG. 11. Total rms field on surfaces of the left- and top-right cylinders for
the two-cylinder configuration shown in Fig(t5.

incident field, and separation of variables to find the scat-
tered fields from each cylinder in the collection. The un-

known scattering coefficients are then determined through
the solution of a linear system of equations obtained from the
simultaneous application of boundary conditions on the sur-
faces of all cylinders. For a line source, analytic expressions
for all terms in this system of equations may be obtained,
while numerical evaluation of some integrals is required for
the spatially distributed source. Various two-, three-, and
four-cylinder symmetric configurations were examined for

validation purposes and to investigate the number of coeffi-
cients required to obtain a converged solution. Also, results
are presented for asymmetric two- and three-cylinder con-

two-cylinder configuration shown in Fig(&. (a) Between source and cyl-

inder 2.(b) To the right of cylinder 2. 0.6
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IV. CONCLUSIONS
0.3
An analytic method for evaluating the scattered fields :
created by a collection of rigid, two-dimensional, circular %0-2
cylinders when exposed to an incident field generated by two &
types of axisymmetric sources has been developed. The o1
source types considered here include a cylindrical line source '
and a source with a Gaussian spatial distribution. The ap- L Dmesabrce e
proach uses a Hankel transform method to determine the . . . . .
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b) Between cylinder 1 and the source

FIG. 12. Total rms field on the centerline to the left of the source for the
FIG. 10. Scattered field on surfaces of the left and top-right cylinders for thethree-cylinder configuration shown in Figid. (a) To the left of cylinder 1.
three-cylinder configuration shown in Fig(tb. (b) Between cylinder 1 and the source.
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