
Scattering of sound from axisymetric sources by multiple
circular cylinders

Scott E. Sherera)

Air Vehicles Directorate, Air Force Research Laboratory, Wright-Patterson AFB, Ohio 45433-7521

~Received 10 January 2003; revised 15 November 2003; accepted 24 November 2003!

A general analytic method for calculating the scattering of sound by multiple rigid circular cylinders
arranged in an arbitrary parallel configuration is presented. The sound scattered by this collection of
cylinders is generated by a time-periodic, spatially distributed, axisymmetric source located within
the domain of interest. A Hankel transform method is used to calculate the incident field, while
separation of variables is used to obtain the scattered fields from each cylinder in the collection. The
unknown scattering coefficients are determined through the use of general addition theorems that
allows the various fields to be readily transformed between coordinate systems. The method is
validated using various two-, three-, and four-cylinder configurations, and the number of coefficients
that must be retained in the truncated series is examined. Benchmark configurations consisting of
two- and three-cylinder systems with cylinders of varying radii are also presented. These solutions
have been used to validate computational aeroacoustic solvers developed for complex geometries.
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I. INTRODUCTION

The scattering of waves by two-dimensional circu
cylinders is a fundamental problem in both acoustics a
electromagnetics. Analytical solutions to the scattering
plane waves by a single circular cylinder are presented
among others, Morse and Ingard1 within the context of
acoustics and Balanis2 in electromagnetics. Single-cylinde
solutions have also been developed for incident fields o
than plane waves. For example, Shenderov3 presents a solu
tion for the scattering of sound generated by a cylindri
line source from a single, rigid circular cylinder, whi
Balanis2 presents the solution for the equivalent electrom
netic problem. Various authors have also developed solut
for single-cylinder scattering with spatially distribute
acoustic sources. These include Kurbatskii,4 who used a
Green’s function approach to calculate the scattering fro
single, rigid, circular cylinder using a source with a Gauss
spatial distribution, and Morris,5 who developed via a Han
kel transform approach solutions for scattering by a sing
acoustically permeable, circular cylinder for various spatia
distributed sources including Gaussian and circular disk
tributions.

Exact and approximate solutions have also been de
oped for the scattering of plane waves by multiple para
circular cylinders. One of the earliest solutions to this pro
lem for rigid cylinders was developed by Twersky,6 who de-
composed the total field into an incident field plus high
order scattered field contributions whose coefficients w
determined in an iterative manner. Additional solution tec
niques were later developed by Young and Bertrand7 as well
as Peterson and Stro¨m.8 In the former, acoustic scatterin
calculations for a plane wave incident upon two identic
rigid, circular cylinders were performed using both dire

a!Electronic mail: Scott.Sherer@wpafb.af.mil
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matrix inversion and iterative procedures and compared
experimental data. The latter technique used a recursive
proach based on the ‘‘T-matrix method’’9 to formulate the
scattering from an arbitrary number of general scatterers w
a general, nonsingular incident field, although results
only presented for plane-wave scattering from two sphere
general classification system for the various techniques av
able to solve the multiple-scattering problem as well as
ditional references for the multiple-cylinder case is given
Elsherbeni.10

Multiple-scattering phenomena have also received c
siderable attention as related to phononic crystals and w
localization.11 Within this application, solution methods hav
been developed by Kafesaki and Economou,12 which was
used by Kafesakiet al.13 to examine the phononic propertie
of air bubbles in water, and by Psarobaset al.,14 which was
employed by Yanget al.15 in their investigation of the
phononic properties of tungsten carbide beads in water. S
larly, exact solutions for the localization lengths associa
with a random array of air cylinders in a water medium a
presented by Gupta and Ye.16

In the current work, an analytic method is developed
obtain solutions to the problem of the scattering of sou
generated by two types of axisymmetric sources by multi
rigid, circular cylinders of varying radii. The long axes of th
cylinders are assumed to be parallel to each other, and
the problem is two-dimensional. However, the distribution
the cylinders within this two-dimensional plane is arbitra
under the constraint that they do not overlap nor are the
contact with each other. This approach, which is an extens
of the single-cylinder work of Morris,5 utilizes a Hankel
transform method to determine the incident field from a s
tially distributed acoustic source. Separation of variab
provides the general solution for the scattered field from e
cylinder in its own coordinate system, and cylindrical ad
tion theorems are employed to allow the application of
004/115(2)/488/9/$20.00
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boundary conditions in the various coordinate systems.
scattering coefficients for all cylinders are solved simul
neously by direct inversion, and thus the approach would
considered a boundary value solution method per the cla
fication scheme of Ref. 10.

The solutions presented here are analytic in nature,
though the necessary truncation of infinite series, numer
inversion of potentially ill-conditioned matrices, and the n
merical evaluation of certain integrals can result in the g
eration of numerical error if not addressed. Because i
analytic, this approach is useful for establishing benchm
scattering solutions that may be used to assess the acc
of computational aeroacoustic solvers developed for g
metrically complex configurations.17–19The use of solutions
generated by a spatially distributed source is preferred ov
line source or plane-wave solution for this purpose due to
presence of a singularity in the total field for the former a
the requirement to propagate the incident wave into the
main of interest from beyond its boundaries when using
total field formulation for the latter. This analytic approa
may also prove amenable to parametric studies of the s
tering behavior of systems involving multiple-cylinder g
ometries.

The following section addresses theoretical analysis,
cluding the formulation of the problem under consideratio
its analytic solution, and the acoustic source types con
ered. The next section contains results obtained for var
configurations and source frequencies, including validat
studies and investigations of some of the numerical iss
associated with this procedure. This section concludes w
scattered and total field results obtained for two- and thr
cylinder benchmark configurations.

II. THEORETICAL ANALYSIS

A. Problem formulation

The problem considered here is the scattering of so
generated from a time-periodic, axisymmetric source by a
of M parallel, infinitely long~i.e., two-dimensional!, rigid,
circular cylinders. The arrangement of the cylinders and
source within the unbounded, two-dimensional domain
interest is arbitrary, with the caveat that the cylinders m
not be in contact with nor overlap one another. This dom
initially consists of a fluid with a speed of sound given
c` . A reference lengthl ref , given by the diameter of the
largest cylinder in the collection, and a reference timet ref ,
given by t ref5 l ref /c` , have been used throughout this wo
for nondimensionalization purposes. It is also assumed
there is no mean flow in the domain.

The geometric relationships between any two cylindei
andj in this collection, the acoustic source centered atS, and
an arbitrary observation point atO are given in Fig. 1. A
polar coordinate system (r i ,u i) is defined based on the cen
ter of cylinder i, while a second polar coordinate syste
(r j ,u j ) is defined based on the center of cylinderj. A third
polar coordinate system (R,f) is centered on the source. Th
positions of the cylinders with respect to the source are gi
in this source-based polar coordinate system as (Li ,a i) and
(L j ,a j ), respectively. The position of the cylinderj in the
J. Acoust. Soc. Am., Vol. 115, No. 2, February 2004
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coordinate system of cylinderi is given by (Di j ,c i j ), and
likewise the position of the cylinderi in the coordinate sys-
tem of cylinderj is given by (D ji ,c j i ). It is noted thatDi j

5D ji and uc i j 2c j i u5p. The radii of the cylinders are de
noted by ai and aj , respectively, and in general are n
equal.

Assuming linear scattering and a time-dependent, a
symmetric source of the formS(R,t)5 f (R)e2ivt, the inci-
dent field satisfies the nonhomogeneous Helmholtz equa
here written in terms of the source coordinate system as

d2F inc

dR2
1

1

R

dF inc

dR
1k2F inc5 f̃ ~R!, ~1!

where f̃ (R)52ik f(R) and k5v/c` . Note that thef de-
pendence has been dropped due to axisymmetry of
source. Similarly, the scattered field generated by each
inder independently satisfies the homogeneous Helmh
equation, written in the local, cylinder-based coordinate s
tem as

]2F i
s

]r i
2

1
1

r i

]F i
s

]r i
1

1

r i
2

]2F i
s

]u i
2

1k2F i
s50, i 51,2,...,M .

~2!

The principle of superposition is used to write the total fie
as the sum of the incident and scattered fields

F5F inc1(
i 51

M

F i
s . ~3!

FIG. 1. Schematic showing coordinate system definitions and geom
relationships between acoustic source located at pointS, an observation
point at pointO, and two arbitrary cylinders labeledi and j.
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The standard rigid-body boundary conditions applied at
surface of each cylinderj thus may be expressed in terms
these fields as

(
i 51

M ]F i
s

]r j
U

r j 5aj

52
]F inc

]r j
U

r j 5aj

j 51,2,...,M . ~4!

B. Solution development

Morris5 solved Eq.~1! using a Hankel transform metho
to determine the incident field, given in terms of the sour
based coordinate system as

F inc~R!52E
0

` sJ0~sR!F̃~s!

~s22k2!
ds, ~5!

where F̃(s) is the Hankel transform of the spatial sour
distribution f̃ (R)

F̃~s!5E
0

`

RJ0~sR! f̃ ~R!dR, ~6!

and Jn is the Bessel function of the first kind of ordern.
Likewise, the solution for each scattered field may be
tained by solving Eq.~2! using separation of variables. In
voking an outgoing radiation boundary condition at infin
for the e2ivt time dependency, the scattered field from t
ith cylinder is written in its local coordinate system as

F i
s~r i ,u i !5A0iH0~kri !1 (

n51

`

Hn~kri !@Ani cos~nu i !

1Bni sin~nu i !# ~7!

whereHn is the Hankel function of the first kind of ordern.
The scattered field coefficientsAni andBni from Eq. ~7!

are found though the application of theM boundary condi-
tions given by Eq.~4!. This is accomplished through th
application of the Graf addition theorem,20 which allows the
incident and scattered fields to be written in terms of
coordinate system of each cylinder in order to apply
boundary conditions at its surface. Using this theorem,
Bessel and Hankel functions in Eqs.~5! and~7! are written in
terms of the coordinate system of cylinderj as

J0~kR!5 (
m50

`

em~21!mJm~kLj !Jm~kr j !

3@cos~ma j !cos~mu j !1sin~ma j !sin~mu j !#,

~8!

and

Hn~kri !cos~nu i !5 (
m50

`
em

2
$@~21!mKi jmn

c1

1Ki jmn
c2 #cos~mu j !1@~21!mKi jmn

s1

2Ki jmn
s2 #sin~mu j !%, ~9!
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Hn~kri !sin~nu i !5 (
m50

`
em

2
$@~21!mKi jmn

s1

1Ki jmn
s2 #cos~mu j !2@~21!mKi jmn

c1

2Ki jmn
c2 #sin~mu j !%, ~10!

whereem is the Neumann factor, defined as

em5H 1 m50

2 m>1
, ~11!

and

Ki jmn
~c,s!65Hn6m~kDi j !Jm~kr j !• H cos@~n6m!c i j #

sin@~n6m!c i j #
. ~12!

It is noted that the transformations for the Hankel functio
are only valid forr j,Di j , but that this condition will always
be satisfied on the surface of the cylinders where the bou
ary conditions are evaluated provided they are neither o
lapping nor in contact with one another.

Using the previous transformations in conjunction w
the incident and scattered fields given by Eqs.~5! and~7!, the
coefficientsAni andBni may be determined through the a
plication of the boundary conditions as given by Eq.~4! on
the surface of each cylinder. The resultingM equations con-
sist of infinite summations on both the left- and right-ha
side of the equality, with each term possessing a facto
cos(muj), or of sin(muj), or having nou j dependency at al
~them50 case!. Equating on a term-by-term basis and tru
cating the infinite series at some finite valueN yields (2N
11) equations for each cylinder, orM•(2N11) equations
for the entire cylinder set. These equations are linear w
respect to theM•(2N11) unknown coefficientsAni and
Bni , and may be expressed concisely in matrix form as

Zx5b. ~13!

The matrixZ may be written in terms ofM2 submatrices of
dimension (2N11)3(2N11) as

Z5F Z11 Z12 ¯ Z1M

Z21 Z22 ¯ Z2M

] ] � ]

ZM1 ZM2 ¯ ZMM

G . ~14!

The off-diagonal submatricesZi j , iÞ j , may be further sub-
divided as

Zi j 5F Ci j
1 Si j

1

Si j
2 2Ci j

2G , ~15!

where the elements of these submatrices are given by

@~C,S! i j
6#mn5

em

2
K̄j imn

~c,s!6→H C1:$m50→N,n50→N%
S1:$m50→N,n51→N%
S2:$m51→N,n50→N%
C2:$m51→N,n51→N%

,

~16!

with

K̄i jmn
~c,s!65~21!mKi jmn

~c,s!186Ki jmn
~c,s!28 , ~17!
Scott E. Sherer: Scattering by multiple cylinders



ex-
and from Eq.~12!

Ki jmn
~c,s!685

]Ki jmn
~c,s!6

]r j
U

r j 5aj

5
k

2
Hm6n~kDi j !@Jm21~kaj !2Jm11~kaj !#

• H cos@~n6m!c i j #
sin@~n6m!c i j #

. ~18!

The submatricesZj j on the diagonal of Eq.~14! are them-
selves diagonal matrices of the form

Zj j 53
H0 j8

� 0

HN j8

H1 j8

0 �

HN j8

4 , ~19!

where

Hn j8 5
]Hn~kr j !

]r j
U

r j 5aj

5
k

2
@Hn21~kaj !2Hn11~kaj !#.

~20!
nt
via

ne

a

c
e

e
fo
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The solution and right-hand-side vectors may also be
pressed in block form as

x5F X1

X2

]

XM

G→Xi53
A0i

A1i

]

ANi

B1i

B2i

]

BNi

4 , ~21!

and

b5F B1

B2

]

BM

G→Bj53
I 0 j

c8

I 1 j
c8

]

I N j
c8

I 1 j
s8

I 2 j
s8

]

I N j
s8

4 , ~22!

with
I m j
~c,s!85

em

2
~21!mE

0

` s2Jm~sLj !@Jm21~saj !2Jm11~saj !#F̃~s!

s22k2
ds• H cos~ma j !

sin~ma j !
~23!
ially

me
te-

,

Upon solving this system of equations for the coefficie
Ani andBni , the scattered and total fields may be found
Eqs.~7! and ~3!, respectively.

C. Acoustic source types

To determine the incident field given by Eq.~5! and the
right-hand-side vectorb using the definitions in Eqs.~22!
and~23!, a specific form ofF̃(s) is required. Two particular
source types will be considered here: a cylindrical li
source and a spatially distributed cylindrical source with
Gaussian spatial distribution. Morris5 previously considered
both of these source types for the single-cylinder case,
the reader is referred there for more detail.

For the cylindrical line source, the spatial source fun
tion f (R) and its corresponding Hankel-transformed count
part F̃(s) are given by

f ~R!5
dR

2pR
→F̃~s!5

2ik

2p
, ~24!

where d(R) is the Dirac delta function. Integrating in th
complex plane and applying the residue theorem yields
the incident field
s

a

nd

-
r-

r

F inc~R!52
k

4
H0~kR!. ~25!

Likewise, the components making up the vectorb are given
by

I m j
~c,s!85

emk2

8
~21!mHm~kLj !@Jm21~kaj !

2Jm11~kaj !#• H cos~ma j !

sin~ma j !
. ~26!

The second source type considered here is a spat
distributed source of the form

f ~R!5exp~2dR2!→F̃~s!5
2ik

2d
expS 2

s2

4dD . ~27!

For this source, the integrals in Eqs.~5! and ~23! cannot be
integrated analytically. The approach used by Morris5 to per-
form the integration numerically is instead used with so
minor modifications. In this approach, the variable of in
grations is replaced by a new variablet such that

s5t2ig exp@2b~t2k!2#, ~28!

whereg5k/10 andb52 ln(1310210/g)/k2. The curve de-
fined by the new variablet is deformed below the real axis
491Scott E. Sherer: Scattering by multiple cylinders
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thus by-passing the pole located ats5k and allowing the
numerical integration to proceed. While in Ref. 5 a ten-point
Gauss–Legendre integration scheme was employed ove
dividual intervals of lengthk/40 along the integration path
here the numerical integration is performed by the softw
packageMATHEMATICA .21 This approach allows for interval
of various lengths to be employed while still maintaining
specified error tolerance. The use of larger intervals in th
regions that can be numerically integrated byMATHEMATICA

to the specified precision decreases the time it takes to
culate the value of the integral over the entire path. Even
with M•(N11) integrals required to construct the righ
hand side of Eq.~13!, the numerical integration of Eq.~23! is
still the most time-consuming aspect of calculating the sc
tering coefficients. Note that the selection of this contou
not unique, and that other contours may be used to perf
the numerical integration.

III. RESULTS AND DISCUSSION

All results presented in this work are normalized by t
value of the incident field at a distanceR5L1 from the
source, i.e., the distance from the source to the center o
left-most cylinder in a given configuration.

A. Implementation and validation

To obtain the incident and scattered fields for the vario
situations examined here, the previously presented form
tion was coded inMATHEMATICA . This software package wa
used to solve the linear system of equations given by
~13! and to perform the necessary numerical integrations
the cases involving the spatially Gaussian source. As
cussed in the Introduction, there are several issues assoc
with the numerical implementation of this approach. The
include the truncation of the infinite summations in the ser
solution for the scattered fields and in application of the
dition theorems, the potential for the coefficient system to
ill-conditioned, and the numerical evaluation of the integr
required for the spatially Gaussian source. These issues
now be discussed.

The issue of ill-conditioning arises from the potent
disparity in the eigenvalues of the coefficient matrixZ as
additional terms are retained in the series solution for
scattered fields. Two methods were employed to address
issue. First, only the minimum number of scattering coe
cients required to obtain a converged solution was retain
as the condition number of the coefficient matrix grows ra
idly as additional terms are included. Second, partial piv
ing was used in conjunction with Gaussian elimination
find the scattered coefficients, which helps to limit a
round-off error.22 To test the effectiveness of these ste
several of the cases shown in this work were solved us
various levels of precision by first calculating the elements
the coefficient matrix and right-hand-side vector using ex
algebra, and then evaluating them to a specified preci
before solving the linear system. For all cases examined,
precision of the solutions obtained was comparable to
original precision used to generate the matrix elements,
solutions generated using four digits of precision match
solutions obtained with higher precision to the first four de
492 J. Acoust. Soc. Am., Vol. 115, No. 2, February 2004
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mal places. Thus, the lack of accuracy in the coefficient m
trix and right-hand-side vectors did not result in lar
changes in the solution, indicating that the steps taken
address potential ill-conditioning of the matrix were effe
tive.

Next, the issue of number of terms needed to obtai
converged solution is examined. For plane-wave scatte
from symmetric, two-cylinder configurations, Young an
Bertrand7 and Decaniniet al.23 give empirical expressions
for the value ofN as

N52ka1Q, Q5H 5210, ka<1

0, ka.1,
~29!

and

N5max$8,@ka14~ka!1/311#%, ~30!

respectively. Here, the number of terms required for a giv
level of accuracy is evaluated for two particular configu
tions. The first consists of three identical cylinders located
the vertices of an equilateral triangle with sides of length
and a line source located at the centroid of the configurat
The second consists of two identical cylinders separated
distance of 8, with a spatially Gaussian source given by
~27!, where d525 ln 2 located midway between them. T
check convergence, the scattered field at the surface of
of the cylinders was tracked as the value ofN was increased
by steps ofDN. The maximum difference between the sca
tered field obtained withN coefficients and the scattered fie
obtained with N1DN is plotted in Fig. 2 for the two-
cylinder configuration and Fig. 3 for the three-cylinder co
figuration for various values ofka. Here, DN55 for all
cases except theka516p case, in whichDN510. Exami-
nation of these figures shows that the formula given by
~30! matches very well with the number of terms required
obtain a converged solution, here defined as truncation er
of less than 1026. However, the simpler formula given b
Eq. ~29! underpredicts the number of coefficients required
the lowest value ofka5p and overpredictsN at the highest
value ofka516p. Thus, Eq.~30! was used to determine a
initial value ofN to use for subsequent calculations, althou
slightly higher values ofN were also used to verify conver
gence.

FIG. 2. Numerical convergence behavior for two-cylinder configurat
with various values ofka. DF1

s represents the maximum change for th
surface scattered field between solutions generated withN and N1DN
terms.
Scott E. Sherer: Scattering by multiple cylinders
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Various validation checks were performed on the mu
scattering formulation presented here in order to verify
consistency. For the single-cylinder scattering case, the s
tering coefficients from this formulation were found to d
generate to those presented by Morris5 in the rigid-body
limit. It was also verified that the formulation yielded th
same results for configurations that were different num
cally but nearly identical acoustically, i.e., configurations th
have a different number of cylinders but, because of the
and/or locations of one or more of the cylinders, appear fr
an acoustic standpoint to be the same. Results from two s
cases are shown in Fig. 4. In the first case, computed w
k58p, an initially symmetric two-cylinder configuration i
degenerated into a one-cylinder configuration by fixing
location and size of one of the cylinders and either increm
tally increasing the distance between the source and the o
cylinder towards infinity or incrementally decreasing its r
dius towards zero. The second case, withk52p, involved
the degeneration of an initially symmetric four-cylinder co
figuration into a symmetric two-cylinder configuration b
fixing the two cylinders on opposite sides of the source a
either increasing the distances between the source and
other two cylinders in opposite directions, or decreasing
radii of these two cylinders. Figure 4 plots the scattered fi
in the backscatter direction~along the line connecting th

FIG. 3. Numerical convergence behavior for three-cylinder configura
with various values ofka. DF1

s represents the maximum change for th
surface scattered field between solutions generated withN and N1DN
terms.

FIG. 4. Scattered field behavior in the backscatter direction for two-
four-cylinder configurations as cylinder~s! are acoustically removed from
problem either by increasing the distance between the cylinder~s! and the
source (L→`) or decreasing their radii (a→0).
J. Acoust. Soc. Am., Vol. 115, No. 2, February 2004
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source and cylinder centers! on the surface of a fixed cylin
der versus the parametern, which controls either the distanc
between the cylinders being acoustically removed and
source via the formulaL52n, or radii of the removed cylin-

ders viaa5( 1
2)

n. For all cases, the results obtained by aco
tically removing one or more cylinders from considerati
match those obtained if the removed cylinders were ne
considered. Additional validation was also provided by co
parison with numerical results obtained for various two- a
three-cylinder configurations via a finite-difference tim
domain computational aeroacoustics code.17,18

B. Two- and three-cylinder benchmark configurations

Two specific cases are considered here to provide be
mark results for use in the validation of computational aer
coustic methods developed for complex geometries.19 These
consist of a two-cylinder configuration and a three-cylind
configuration as shown in Fig. 5. Both cases are symme
about the centerline axis~the axis connecting the centers
the left-most cylinder and the source!, but are asymmetric
about the perpendicular axis. Each case was solved wik
58p using both line and spatially distributed Gaussi
sources, whered525 ln 2 for the latter. Results presente
here include the scattered and total root-mean-squared~rms!
fields on the surface of the cylinders and the total rms fie
along the centerline. These are shown in Figs. 6 throug
for the two-cylinder configuration, and in Figs. 10 throug
13 for the three-cylinder configuration. It is observed that

n

d

FIG. 5. Benchmark acoustic scattering geometries.~a! Two-cylinder con-
figuration.~b! Three-cylinder configuration.
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the
line source and spatially distributed Gaussian source prod
nearly identical results everywhere except in the immed
vicinity of the source. In this region, the total fields gene
ated by the spatially distributed source begin increasing
ther away from the source center compared to the field g
erated by the point source. However, the total field associ
with the distributed source remains finite everywhere, wh
the total field for the line source becomes infinite at t
source center.

For the two-cylinder configuration, the scattered fie
and total rms field on the surface of each cylinder are sho
in Figs. 6 and 7, respectively. They are characterized b
smooth variation on the insonified faces of the cylinders. T
fields on the quiet sides of the cylinders exhibit more var
tion, although the magnitude of the total field in Fig. 7
considerably less on the quiet faces compared to the ins
fied faces due to the higher incident field magnitudes th
Due to its larger radius, the cylinder to the left of the sou
exhibits more variation, both in terms of the number of pea
and nulls in the field strength as well as the range betw
them, over its quiet face compared to the smaller, right-h
cylinder. However, the peak total field on the surface at
point directly facing the source is slightly higher for th
smaller cylinder due to the greater scattered field it is
posed to from the larger cylinder. The total rms field calc

FIG. 6. Scattered field on surfaces of the cylinders for the two-cylin
configuration shown in Fig. 5~a!.

FIG. 7. Total rms field on surfaces of the cylinders for the two-cylind
configuration shown in Fig. 5~a!.
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lated along the centerline is shown in Figs. 8 and 9. In b
figures, the field along the centerline between the source
the cylinders is highly oscillatory, with a smooth variation
peak and null magnitudes. The behavior of the total field
the shadowed regions is characterized by a slight rise in m
nitude near the cylinders followed by a gradual decline as
distance from the cylinder is increased.

The scattered and total rms fields on the surfaces of
left- and top-right cylinders in the three-cylinder configur
tion are shown in Figs. 10 and 11. The surface fields for
three-cylinder case show considerably more variation w
angular position than was seen in the two-cylinder case, b
on the insonified faces~between approximately 143 and 32
degrees for the top-right cylinder! and on the quiet faces
Because the cylinders to the right of the source experie
the incoming incident and scattered fields from different
rections, no angular symmetry exists for these two cylinde
The centerline mean-squared total field is shown in Figs.
and 13 and also exhibits more complexity than was see
the two-cylinder case, as the magnitudes of the peaks
nulls themselves vary in an oscillatory manner between
left cylinder and the source. Also, the field in the shad
region, while still diminishing at larger distances from th
cylinder, shows additional variation due to the more comp
scattering geometry that was not seen in the two-cylin
case.

r

r

FIG. 8. Total rms field on the centerline to the left of the source for
two-cylinder configuration shown in Fig. 5~a!. ~a! To the left of cylinder 1.
~b! Between cylinder 1 and source.
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IV. CONCLUSIONS

An analytic method for evaluating the scattered fie
created by a collection of rigid, two-dimensional, circul
cylinders when exposed to an incident field generated by
types of axisymmetric sources has been developed.
source types considered here include a cylindrical line sou
and a source with a Gaussian spatial distribution. The
proach uses a Hankel transform method to determine

FIG. 9. Total rms field on the centerline to the right of the source for
two-cylinder configuration shown in Fig. 5~a!. ~a! Between source and cyl
inder 2.~b! To the right of cylinder 2.

FIG. 10. Scattered field on surfaces of the left and top-right cylinders for
three-cylinder configuration shown in Fig. 5~b!.
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s
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incident field, and separation of variables to find the sc
tered fields from each cylinder in the collection. The u
known scattering coefficients are then determined thro
the solution of a linear system of equations obtained from
simultaneous application of boundary conditions on the s
faces of all cylinders. For a line source, analytic expressi
for all terms in this system of equations may be obtain
while numerical evaluation of some integrals is required
the spatially distributed source. Various two-, three-, a
four-cylinder symmetric configurations were examined
validation purposes and to investigate the number of coe
cients required to obtain a converged solution. Also, res
are presented for asymmetric two- and three-cylinder c

e

e

FIG. 11. Total rms field on surfaces of the left- and top-right cylinders
the two-cylinder configuration shown in Fig. 5~b!.

FIG. 12. Total rms field on the centerline to the left of the source for
three-cylinder configuration shown in Fig. 5~b!. ~a! To the left of cylinder 1.
~b! Between cylinder 1 and the source.
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figurations that have proved useful for the validation of co
putational aeroacoustic codes developed for complex ge
etries.
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