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ABSTRACT

Theoretical and experimental studies were conducted to
investigate the wave induced oscillations in an arbitrary shaped
harbor with constant depth which is connected to the open-sea.

A theory termed the " arbitrary shaped harbor™ theory is
developed. The solution of the Helmholtz equation, vf + K% = o,
is formulated as an integral equation; an approximate method is
employed to solve the integral equation by converting it to a matrix
equation. Thefinal solution i s obtained by equating, at the harbor
entrance, the wave amplitude and its normal derivative obtained from
the solutions for the regions outside and inside the harbor.

Two special theories called the circular harbor theory and the
rectangular harbor theory are also developed. The coordinates inside
a circular and a rectangular harbor are separable: therefore, the
solution for the region inside these harbors is obtained by the method
d separation o variables. For the solution in the open-sea region,
the same method is used as that employed for the arbitrary shaped
harbor theory. The final solutionis also obtained by a matching
procedure similar tnthat used fnrthe arhitrary shaped harbor theory.
These two special theories provide a useful analytical check on the

arbitrary shaped harbor theory.
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Experiments were conducted to verify the theories in a wave
basin 15 ft wide by 31 ft long with an effective system o wave energy
dissipators mounted along the boundary to simulate the open-sea
condition.

Four harbors were investigated theoretically and experimentally:
circular harbors with a 10° opening and a 60° opening, a rectangular
harbor, and a model of the East and West Basins & Long Beach Harbor
located in Long Beach, California.

Theoretical solutions for these four harbors using the arbitrary
shaped harbor theory were obtained. In addition, the theoretical
solutions for the circular harbors and the rectangular harbor using the
two special theories were also obtained. In each case, the theories
have proven to agree well with the experimental data.

Itisfound that: (1) the resonant frequencies for a specific
harbor are predicted correctly by the theory, although the amplification
factors at resonance are somewhat larger than those found experi-
mentally, (2) for the circular harbors, as the width of the harbor
entrance increases, the amplification at rcsonance decrcases, but the
wave number bandwidth at resonance increases, (3) each peak in the
curve of entrance velocity vs incident wave period corresponds to a
distinct mode o resonant oscillation inside the harbor, thus the
velocity at the harbor entrance appears to be a good indicator for
rasonance in harbors of complicated shape, (4) the results show that
the present theory can be applied with confidence to prototype harbors

with relatively uniform depth and reflective interior boundaries.
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CHAPTER 1

INTRODUCTION

1.1 BACKGROUND

A natural or an artificial harbor can exhibit frequency- (or
period-) dependent water surface oscillations when exposed to incident
water waves in away which is similar to the response & mechanical
and acoustical systems which are exposed to exterior forces, pressures
or displacements. For a particular harbor, itis possible that for
certain wave periods the wave amplitude at a particular location inside
the harbor may be much larger than the amplitude d the incident wave,
whereas for other wave periods significant attenuation may occur at the
same location. This phenomenon of harbor resonance has generally
been thought to be caused by waves from the open-sea incident upon
the harbor entrance, although other possible excitations may be earth-
quakes, local winds, and local atmospheric pressure anomalies, etc.

These resonant oscillations (alsotermed seiche and harbor

surging) can cause significant damage to moored ships and adjacent
structures. The ship and its mooring lines also constitute a dynamic
system; therefore, if the period d resonant oscillation of the harbor
i s close to that of the ship-mooring system, an extremely serious
problem could result. In addition, the currents induced by this

oscillation can cause navigation hazards.
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There have been natural and artificial harbors in various
locations around the world where r esonant oscillations have occurred
and have caused damage to ships and dockside facilities, e. g. Table
Bay Harbor, Cape Town, South Africa; Monterey Bay, California and
Marina del Rey, Los Angeles, California. In order to correct an
existing resonance problem one must first be able to predict the
response o that particular harbor to incident waves, i.e. the expected
wave amplitude at various locations within the harbor for various wave
periods, so that the effect of any change o the interior can be investi-
gated. Until quite recently such a study was done using a hydraulic
model alone. If an acceptable analytical solution of the problem could
be developed it could be used in conjunction with a hydraulic model to
provide a guide for the most effective and efficient use of the laboratory

model.

1.2 OBJECTIVE AND SCOPE OF PRESENT STUDY

The major objective of this study is to investigate, both
theoretically and experimentally, the response of an arbitrary shaped
harbor of constant depth to periodic incident waves. The harbors are
considered to be directly connected to the open-sea with no artificial
boundary condition imposed at the harbor entrance. The laboratory
experiments are conducted in order to verify the theoretical solution

for different harbors.
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In Chapter 2 previous studies o the harbor resonance problem
are surveyed. A theoretical analysis is presented in Chapter 3 by
which one may predict the response of an arbitrary shaped harbor of
constant depth to incident wave system. In Chapter 4 a theoretical
analysis is presented for two harbors with special shapes: acircular
harbor and a rectangular harbor. These analyses provide theoretical
results which can be compared to those o the general theory devel oped
in Chapter 3. In Chapter 5 the experimental equipment and procedures

are described. The experimental and theoretical results are presented

and discussed in Chapter 6. Conclusions are stated in Chapter 7.



CHAPTER 2

LITERATURE SURVEY

2.1 WAVE OSCILLATIONSIN HARBORS OF SIMPLE SHAPE

A significant amount of work has been done on resonant
oscillationsin harbors of idealized planform such as a circular harbor
or arectangular harbor. The methods of approach used for solving
these problems ranged from imposing a prescribed boundary condition
at the harbor entrance to matching, at the harbor entrance, the solution
obtained for the regions inside and outside the harbor.

McNown (1952) studied both theoretically and experimentally some
of the response characteristics o a circular harbor o constant depth
excited by waves incident upon a small entrance gap. The analysis was
to solve Laplace's equation:

9°8 |, 9°% , 9°% _
s T y= toeE T 0 (2.1)

with certain prescribed boundary conditions. The boundary conditions
used included the linearized free surface condition at the watcr surfacc
and the condition that the velocity normal to all solid boundaries was
zero. However, the assumption was made at the harbor entrance that
the crest o a standing wave occurred at the entrance when the harbor
was in resonance and the water surface remained essentially horizontal

across the small entrance. Thus, for resonant motion, this hypotheses
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led to a boundary condition identical to that for a completely closed
circular basin. Therefore, the wave frequencies associated with
resonant oscillations would bc thosc ci gcnval ucs for the frcc oscillation
of acircular basin. Based on this assumption, McNown computed the
amplitude variation inside the harbor for various modes o oscillation
and found the theoretical results compared reasonably well with the
experiments. This imposed condition at the harbor entrance i s not
satisfactory in the sense that the slope of the water surface at the
harbor entrance should be part of the solution of the problem and
should not be imposed initially. However, it can be shown that the
resonant frequencies (or the wave numbers) associated with the circular
harbor are indeed close to that for the free oscillation in the closed
basin if the entrance is very small.

Using the same idea of assuming an antinode at the harbor
entrance for resonant oscillation, Kravtchenko and McNown (1955) have
studied seiche (waveoscillations) in a rectangular harbor. In that
study the definition of resonance was similar to that used by McNown
(1952), 1. e. the modes o oscillation corresponding to the closed basin
configuration were termed resonant dl others termed non-resonant.
For non-resonant oscillations the boundary condition, at the harbor
entrance would have to be determined from observations in the
laboratory.

Extending McNown's work for circular harbors, Apté (1954,
1957) investigated, both experimentally and theoretically, the problem

of the rectangular harbor with a wideentrance. Both the experimental
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and mathematical models consisted of a rectangular harbor with an
asymmetric entrance to which a relatively long wave channel was
connected. A theoretical solution was obtained for the amplitude
distribution within the partially closed harbor by matching up the
entrance velocities between the two domains: the harbor and the
attendant wave channel. Good agreement was found between the
theoretical solution and the experimental data. However, the solution
obtained was not for the more realistic problem of a harbor connected
directly to the open-sea.

Biesel and LeMehaute (1955, 1956) and LeM ehaute (1960, 1961)
studied the resonant oscillations in rectangular harbors with various
types of entrances: fully open, partially open, change in depth at the
entrance and combinations of these as well as a sloping beach inside
the harbor. The harbor was connected to a wave basin having a width
less than half of a wave length and an infinite length in the direction
of wave propagation. The method which was used was based on
complex number calculus with a direct application of the superposition
of the various incidenl, reflected, and transmitted waves. An
expression was developed for the amplification factor (defined asthe
wave amplitude at the rear o the harbor to the incident wave
amplitude). However, in order to use that result an empirical
reflection coefficient and attenuation parameter are needed, in general
the values of these parameters are not obvious.

The problem o a rectangular harbor connected directly to the
open-sea has been ably treated, theoretically, by Miles and Munk (1961).

Their work was an important contribution since it included the effect of
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the wave radiation from the harbor mouth to the open-sea. This
effect limits the maximum wave amplitude within the harbor for
the invicid case to afinite value even at resonance. They considered
an arbitrary shaped harbor and formulated the problem as an integral
equation interms o a Green's function. This Green's function ,

g{x,VY, £), must satisfy the Helmholtz equation inside the harbor:

s (2.2)

g, f—g +k%°g = 0
oy ’
and have a vanishing normal derivative on the boundary o the harbor
except at the entrance where the normal derivative of the Green's
function i s a delta function. Unfortunately, as they have noted, the
Green's function for an arbitrary shaped harbor is beyond reach. Thus,
they have applied this general formulation to a harbor o simple shape:
a rectangular harbor, and found most interestingly that a narrowing o
the harbor entrance leads not to a reduction in harbor surging
(oscillation), but to an enhancement. This result was termed by them
the "harbor paradox'. At that time, there were considerable
differences in opinion as to the existance of the paradox. XLeMehaute
(1962) suggested that if it had been possible to introduce the effect of
viscous dissipation into the anlysis the paradox would become invalid.
(However, the present study on circular harbors, both theoretically
and experimentally, has supported the "harbor paradox', although
the experimental data also show that viscous dissipation of energy is

most important for harbors with small openings. (see Subsection

6.2.2). )
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Ippen and Raichlen (1962) and Raichlen and Ippen (1965) have
studied, both theoretically and experimentally, the wave induced
oscillations in a smaller rectangular harbor connected to alarger
highly reflective rectangular wave basin. The solution was obtained
by solving the boundary value problem in both regions, i.e. the region
inside the harbor and the region in the wave basin, using the matching
condition that the water surface is continuous at the harbor entrance.
Because o the high degree d coupling between the small rectangular
harbor and its attendant wave basin the response characteristics of
the harbor as afunction o incident wave period were radically different
from a similar prototype harbor connected to the open-sea. The
former was characterized by alarge number o closely spaced spikes
as opposed to the latter that would have discrete resonant modes o
oscillation. Those results most emphatically demonstrated the
importance of adequate energy dissipators in the model system when
investigating resonance of a harbor connected to the open-sea. It was
pointed out that in order to reduce the coupling effect of the reflections
of the wave ener gy whichisradiated f r omthe har bor entrance,
efficient wave absorbers and wave filters in the main wave basin are
necessary. A subsequent study by Ippen, Raichlen and Sullivan (1962)
showed that the coupling effect is indeed significantly reduced by the
use of artificial energy dissipators in the main wave basin.

Ippen and Goda (1963) also studied, both theoretically and experi-
mentally, the problem o a rectangular harbor connected to the open-

sea. Inthat analysis the waves radiated from the harbor entrance to
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the open-seawere evaluated using the Fourier transformation method
which was different from the point source method employed by Miles
and Mnnk (19461). The solution inside the rectangular harbor was
obtained by the method o separation of variables and expressed in
terms of the slope o water surface at the harbor entrance. The
solution in the open-sea region was obtained by superimposing the
standing wave and the radiated wave (also expressed in terms o the
slope o the water surface at the harbor entrance). Thus by matching
the wave amplitude, at the entrance, from the solutions in both
regions the final solution was obtained. Fairly good agreement was
found between the theory and the experiments conducted in a wave
basin (9ft wide and 11 ft long) where satisfactory wave energy dissi-
pators werc installed around thc boundary to simulate the '"open sca'ls

These previous studies o the wave induced oscillations in a
harbor with a special shape have helped to understand some of the
characteristics d the harbor resonance problem. However, the
practical application of these studies is limited simply becauseitis
not probable that the shape d an actual harbor will be as simple as
those studied.

In the following section previous studies on harbors d more

complex shape will be surveyed.
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2.2 WAVE OSCILLATIONSIN HARBORS OF COMPLEX SHAPE

Knapp and Vanoni (1945) conducted a hydraulic model study
in connection Wth the harbor improvements at t he Naval Operating
Base, Terminal Island, California (The present East and West Basins
of Long Beach Harbor). The initial phase o that study helped to
choose the "optimum' mole alignment and an extensive series o
experiments was then conducted to completely determine the water
motions in the basin so defined. A harbor response in which the
maximum vertical water motion anywhere within the basin was plotted
against incident wave period was obtained for a range o prototype wave
periods from 10 sec to 15 min. Contours of water surface elevation
throughout the basin were determined for various wave and surge
periods. These measurements have delineated the characteristic
modes of oscillation of the basin and established the regions of maxi-
mum and minimum motion in the basin. That study demonstrated the
need and the merit & a model study to determine the location and the
magnitude o the amplificationin a harbor of complex shape when
exposed to incident periodic waves.

Research and model studies on the surging problem in Table Bay
Harbor, Cape Town, South Africa were conducted by Wilson between
1942-1951. (Thatwork was made known in two papers: Wilson, 1959,
1960. ) In that study Table Bay Harbor was shown to be affected by two
forms o surging, one of which was responsible for the ranging o
moored ships, the other for a pumping action of the basin and attendant
navigational hazard. These model studies helped to reduce the surging

inside the harbor.
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Although model studies can provide many answers and are by far
still the most reliable way of obtaining information concerning the wave
induced oscillations in harbors, they are generally very expensi ve. and,
most importantly, require a considerable amount o time. Therefore,
many researchers have searched for methods of theoretically analyzing

the wave induced oscillations in a harbor of arbitrary shape which

although perhaps not replacing the model tests at |east provide a useful
guide for the experimental program.

Wilson, Hendrickson and Kilmer (1965) have studied the two-
dimensional and three-dimensional oscillations in an open basin o
variable depth. For the two-dimensional oscillation the method is
similar toane used earlier by Raichlen (1965b) in which attention is
directed to free oscillations in a closed basin. In the analysis they
have assumed that the wave lengths are large compared to the water
depths; the equation of continuity combined with the linearized dynamic
free surface condition was written in the form of a difference equation.
The periods of oscillation and the variation of the water surface
elevation within the harbor were obtained by solving for the eigenvalues
and eigenvectors o the resultant system o difference equations. How-
ever, inthis approach, an artificial boundary condition was assumed
at the entrance to the harbor or bay. The boundary condition which
was used results either from an assumed nodal line at the entrance or
using certain observed amplitudes. Although this method of approach

gives some useful answers, itis not a complete solution to the problem.
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‘An ideal solution would automatically take care d the entrance
condition by matching the wave amplitudes and velocities at the harbor
entrance derived from solutions for the domain of the harbor and of
the open-sea.

L eendertse (1967) has developed a numerical model for the pro-
pagation of long-period waves in an arbitrary shaped basin. In that
study, the partial differential equations for shallow water waves
(continuity and linearized momentum equations) were replaced by a
difference equation to operate in spatial- and time- coordinates on
definite points of a grid system. The results agreed well with certain
field measurement; however, the water surface elevations at the open
boundary still must be given.

Most recently a study conducted by Hwang and Tuck (1969)
developed an analytical method to solve the harbor resonance problem
for harbors o arbitrary shape and constant depth connected to the
open-sea. Their method o approach i s to superimpose scattered
waves which are caused by the presence of the boundary on the standing
wave system. The scattered waves are computed by a distribution
of sources (chosen as the Hankel function H((jl)(kr) ) with an unknown
strength to be determined along the coastline and the boundary o the
harbor. Thus the potential function Cpt(;;) at any point ;c’(x, y) in space

can be expressed as:

0@ = o @) + [q@ ) BV [Z-F )as &) (2.3)
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where cpo(;;)) represents the standing wave system and q(Qo) isthe
source strength along the entire coastline which includes the boundary
o the harbor. The strength q(-;<0) was determined numerically such
that the boundary condition %CE;_: 0 was satisfied along the entire
reflecting boundary. This method did not require a matching condition
at the harbor entrance; the calculation of the source strength q(§°)
along the entire reflecting boundary must be terminated at some
distance from the harbor entrance (q(§0) = 0 between that location and
ic’0). Physically, this implies that the influence of the source distri-
bution at some distance away from the entrance is negligible; however,
for an arbitrary shaped harbor the position at which the source strength
becomes zero i s not obvious unless trial calculations are made.

Although the theoretical solutions for wave induced oscillations
in harbors, especially for an arbitrary shaped harbor, arelimited,
there is a considerable amount o literature in other fields such as
optics, acoustics, electromagnetics, and mechanical vibrations which
deal with similar physical problems. Some of these studies which are
pertinent are concerned with the scattering of acoustic waves by
surfaces o arbitrary shape (Friedmanand Shaw (1962), Banaugh and
Goldsmith (1963 a, b), Shaw (1967), etc. ), sound radiation from an
arbitrary body or vibrating surfaces (Chen and Schweikert (1963},
Chertock (1964), Copley (1967), Kuo (1968), etc. ), and the scattering
of electromagnetic waves by cylinders d arbitrary cross section

(Mullin, Sandburg, and Velline (1965), Richmond (1965), etc.).
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Mathematical equations which describe these problems are nearly
identical to those for the water wave problem. Thus, similar
analytical techniqgues may be used for the harbor resonance problem.
Infact, the investigation o Hwang and Tuck (1969) as well as this
independent study are closely related to some o the literature just

cited.
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CHAPTER 3

THEORETICAL ANALYSIS FOR AN ARBITRARY SHAPED HARBOR

The theoretical solution for the wave induced oscillations in
an arbitrary shaped harbor with a constant depth is presented in this
chapter. The solution to the boundary value problem is formulated
as an integral equation, and an approximate method is presented to
solve this integral equation by converting it to a matrix equation
which can be solved using a high-speed digital computer. The final
solution i s obtained using a matching condition at the harbor entrance,
i,e. equating, at the harbor entrance, the wave amplitude and its
normal derivative obtained from the solutions in the regions outside
and inside the harbor. The numerical analysis is described in this
chapter and examples are presented which confirm the numerical
techniques used; a comparison of the theoretical and experimental
results dealing with the ful problem of the response of a harbor to

incident waves will be presented in Chapter 6.

3.1 DEVELOPMENT OF THE HELMHOLTZ EQUATION

In order to solve the problem mathematically, the flow
is assumed irrotational so that a velocity potential 8 may be defined,
such that the fluid particle velocity vector can be expressed as the

gradient of the velocity potential, i.e. W= Vg, where 11 is the velacity
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vector with components u, v, and winthex, y, and z directions

respectively, and V is the gradient operator defined as

A7+ 237+ 8% inwhicht 7 and kg are the unit vectors respec-
ox oy oz

tively in the directions x, y, and z. A definition sketch for the coordi-

nates is presented in Fig. 3. 1. From the continuity equation for an

b4

Still water 1 Ay
level ~ .
v 0 i N iy
=0 - 2 7~
z
x
w
)— \'2 h
U
velocity
Bottom (z=-h) componenls  §

77777777777 7777777

Fig. 3. 1 Definition sketch of the coordinate system

incompressible fluid, V -+ U= 0, and the definition of the velocity
potential, L aplace's equation i s obtained:
Ved=v'3=0 (3.1)

Therefore, the problem is to find the velocity potential |, which
satisfies Laplace's equation, Eq. 3. 1, subject to a number o pre-
scribed boundary conditions;. one of these is that the fluid does not
penetrate the solid boundaries which define the limits o the domain of
interest. Therefore, the outward normal velocities at the boundary of
the harbor, at the coastline, and at the bottom are zero, i.e. aa _ 0

on
on solid boundaries.
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The form d the solution d the velocity potential # whichis

sought is:

d(x,y,z;t) = :—}5 I(x,y) Z(z) o A0t s (3.2)

where ¢ is the angular frequency, defined as 2?" (T is the wave period),
A is the imaginary number /-1, and f(x,y) is defined as the wave
function which describes the variation of ¢ in the x and y - directions.

Substituting Eq. 3.2 into Laplace's equation (Eqg. 3. 1) the

following expression results:

a2 2 2
1<8f+g_y_f§_>: 19°7Z ) (3. 3)

f\9x? "Z9z°
It is expected from consideration of small amplitude water wave
theory that the function Z(z) will be in an exponential form rather than
in asinusoidal form. Therefore, since theleft-hand-side o Eq. 3. 3
i s independent o z and the right-hand-sideis independent o x and vy,
each side can be set equal to the same constant chosen here as -k?2

to insure Z(z) varying exponentially. Thus the following set o

equations i s obtained:

2 2

(i) %;;Z-z k?Z, i.e. &E 2z -0 (3. 4)
2 2

(i1) %}—{é—+g—_§r—£~+sz=0 (3. 5)

The boundary condition at the bottom i s % (X,y,-h;t)=0, in
which the depth i s assumed constant. Eq. 3.4 and the boundary
condition at the bottom suggest the solution: Z{z) = Ao cosh k (ht 2),

where A0 is a constant to be determined. The dynamic free surface
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condition from small amplitude wave theory, neglecting surface

tension, can be combined with this expression and Eq. 3.2 to give:

(—g—m)zzo - -é A cosh (kh) [f(x,y)ef"“"t]

cmp—

= A f(x,y)e 400 (3. 6)
where nis the wave amplitude at the position (x,y) and at the time t,
Ai is the wave amplitude at the crest of the incident wave (see Fig.
3. 1), and gisthe acceleration of gravity.
Frowm Eg. 3.6 the constant A.O is:
O L
0 coshKkh

Therefore, the function Z{z) in the velocity potential, Eq. 3.2, can

be expressed as:

Aig cosh k(z+h)
Z(z) = - (3.7)
cosh kh

Thus the velocity potential ¢ becomes:

1 Agcosh k (z+h) ot
¢ (x,y,z;t) = L coshkh—— f(x,y)e™ (3.8)

Substituting Eqgs. 3. 6 and 3. 8 into the linearized kinematic free

surf ace condition obtained from the small amplitude wave theory:

, {3.9)

the well known " dispersion relation' for water waves i s obtained:

= gk tanh (kh) . (3.10)
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The dispersion relation relates the wave frequency to the wave number

and the depth of the water; therefore, the arbitrary constant, k, used

in Egs. 3.4 and 3.5 is the wave number, k, which appears in the

21

dispersion relation, where k is defined as I:T » (Lis the wave length).

In order to complete the expression for the velocity potential
%, i.e. Eq. 3.2, the main problem which remains is to determine the
wave function f(x,y), which satisfies Eq. 3.5, commonly known as the

Helmholtz equation (Eq. 3. 5is repeated here for clarity. ):

2 2
SE e A= 0 (3. 5)

subject to the following boundary conditions:
of

() 35 ° 0 along all fixed boundaries such as the coastline and
the boundary of the harbor (where n denotes the outward
normal from the boundary).

(ii) as A/m—wo, there is no effect of the harbor on the wave
system; this is defined as the radiation condition. Physi-
cally, the radiation condition means that the outgoing
radiated wave emanating from the harbor entrance will
decay at an infinite distance from the harbor. Mathemati-
cally, the radiation condition is needed in order to ensure
a unique solution of wave function f (x,y) in the unbounded
domain.

In the following section (Section 3.2) the method for solving the

Helmholtz equation, Eq. 3.5, for an arbitrary shaped harbor will be

presented, thereby allowing one to determine Lhe wave induced

oscillations in such a harbor.
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3.2 SOLUTION OF THE HELMHOLTZ EQUATION FOR AN

ARBITRARY SHAPED HARBOR

The procedure in the development of the theory o the

response d an arbitrary shaped harbor to incident wave systemsis

as follows:

Q)

(i)

Gii)

The domain d interest shownin Fig. 3.2 is divided into
two regions: theinfinite ocean region (Regionl), and
tht: region bounded by the limits o the harbor (Region II).
The coastline which in part forms the shoreward limit of
Region | is located along the x-axis and i s considered to
be perfectly reflecting and perpendicular to the bottom.
The wave function £, is determined in Region | interms

o the unknown normal derivative oLy at the harbor

an
entrance. Likewise, the wave function {, is evaluated
in Region II interms o the unknown normal derivative

25,
on

The condition i s used that at the entrance the wave

at the harbor entrance.

amplitude and the slope of the water surface obtained
from the solution in Region | must equal to these quantities
obtained from the solution in Region 11, i.e. with reference

to Fig. 3.2, at y=0 in the region between A and B, f, ={,

and 2 - _ ¥
on on

solve for the unknown normal derivatives of the wave

This "continuity condition™ i s used to

function f, at the harbor entrance: -g% (Notethat the
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Region | (Open-sea) \Y
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Jal

2w
direction of
integration

Fig. 3.2 Definition sketch of an arbitrary shaped harbor
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negative sign results from the sign convention that the
outward normal to the domain of interest is considered
to be positive. )
(iv) Once the normal derivative of the wave functiongfﬁ at
the harbor entrance is obtained, the wave function £, in
Region 1I, i. e. inside the harbor, can then be evaluated.
In the Subsection 3.2. 1, the solution of the wave function £,
inside the harbor is presented, followed by the solution of wave
function £, in the infinite ocean region presented i n Subsection 3. 2. 2.
In Subsection 3. 2.3 the procedure for matching the solutions at the
harbor entrance i s shown, leading to the desired result o the
response of an arbitrary shaped harbor to incident wave systems.

3.2.1 Wave Function Inside the Har bor (Region II)

In Region II Green's identity formula (see Appendix I,
Eq. A. 1 1)is applied and the Hankel function of the 1st kind and
zero order, Hil)(kr), i s chosen to be the fundamental solution of the
two-dimensional Helmholtz equation, Eq. 3.5. The function H‘()l)(kr)
i s chosen because it satisfies the Helmholtz equation, and possesses
the proper type of singularity at the origin, which will be discussed.
Therefore, the wave function f; at any position in the domain of
interest can be expressed inintegral form as a function of the value
of f, and the value of %f-f— at the boundary. (Thisderivation has been

discussed by Baker and Copson (1950) and is referred to as Weber's

solution of the Helmholtz equation; itis presented in Appendix I.)
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=22 B ) - B V) 2 @))lasiE) (3.11)
s

where: 1, (:?’) i s the wave function f;, at the position X shown in Fig
Fig. 3.2
X isthe position vector o the field point (x,y) inside the
harbor,

—_

i, (Xo) is the wave function f; on the boundary at the position
-3
X >
(o]
SZO i s the position vector of the source point (xo,yo) on the
boundary (the significance of the source point will be
discussed presently),

B, (% )
STO is the outward normal derivative of £, at the boundary

source point >—<’O_

r i s the distance between the field and source points,’; - Ezn,,
and

i isthe imaginary number of ,/-1.

The integration indicated by Eq. 3. 11is to be performed along
the boundary of the harbor traveling in a counterclockwise direction
asindicated in Fig. 3.2.

Itis worthwhile to point outthat simlar to the arguments used
in potential theory, Eq. 3. 11 represents the potential at the position
% as a combination of the contributions from the two different kinds of
singularities (or source points). Lookingfirst at the second part in
the integrand of Eq. 3. 11, it is seen that this represents a simple

source or a sink located on the boundary with strength —é%fg (QO)» On
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the other hand, thefirst partin the integrand of Eq. 3. 11 represents
the contribution of the distribution o doublets located on the boundary
with a strength £ (5—;0). These singularities are evidently represented

by Eg. 3. 11 because the asymptotic behavior o the imaginary part o
(1)

[o]

the Hankel function H " “(kr) for very small kr is alogarithmic

singularity:
Imaginary <Hé)1)(kr)>~ r%- log (kr)

From Eq. 3. 11, itis clear that in order to be able to determine
the wave function, f,, at any interior point of Region I, either the value
f; or the value %f—lf on the boundary of the region must be known. The
boundary conditions set previously stated that the normal derivative
of the wave function on the solid boundary i s zero, i.e. ngz = 0, but
its value at the harbor entrance i s unknown. At this pointin the
dcrivation the valuc of the wawve function £5 ever ywhere onthe
boundary i s also unknown. In order to determine the wave function
f, onthe boundary, Eqg. 3.11is modified by allowing the field point
X to approach a boundary point ;;i (Xi’ ;) from the interior d the
harbor (see Fig. 3.2). If the boundary is sectionally smooth, the

following expression can be obtained: (Thisderivationis prcscnted

in Appendix 1I.)

)~ 4 0 2 O, 7 02 e D
S

th i, (¥,) (3.12)
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Rearranging Eq. 3. 12 one obtains:

6= -A [ [0y ] 017, 5 2 e,
S

(3.13)

To solve Eq. 3. 13 for the value o £, on the boundary for an
arbitrary shaped harbor, an approximate method is proposed. In the
approximate method the integral equation is converted to a matrix
equation. (Similar approachesused in solving an integral equation
have been employed by others, e. g, Banaugh and Goldsmith (1963),
Chertock {1964), Copley (19671, Mikhlin and Smolitskiy (1967).} This
is accomplished by dividing the boundary into a sufficiently large
number o segments where along each segment the average value on
that segment of fB(QO), -é-al’—lfg (-;O), Hc()l)(kr), % (»—Ll)(kr)), isused. The
line integral of Eq. 3. 13, which represents the wave function f,, is
approximated by afinite summation of the contributions of the
singularities from each segment, where the singularities are the
average values just mentioned and are considered to be located at
the center of each segment.

Writing the integral equation Eg. 3. 13 as a summation one

obtains:

NJ
1l
m|>

N
}: |: 58_( (1)(krij))— Hél)(krij)ﬁ% £ (E:’j)] hs; (3. 14)

where the boundary i s divided into N segments, and:

Fij i s the distance between the points ;J and E; and is defined

.. — —
asrij = lxj"xil: o
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X. isthe position vector for the field point on the boundary,

QJ. i s the position vector for the source point on the boundary,

and

Asj i s the length of the jth segment of the boundary.

The segments of the boundary will be numbered counterclockwise

starting from the right-hand-side of the harbor opening; with reference

to Fig. 3.3 the starting pointis point B.

It should be noted that because

o this approximate representation of the boundary, the original curved

boundary is replaced by a boundary approximating it and composed of

straight-line segments.

Eq. 3. 14 can be writtenin a matrix form as:
X=b [G X- GP] ,
or rearranging this expression:
<b G —I)X= b GP
o n - o -

where b0= -% and the following notation i s used:

}_<=f2(§i) 1= 1,2, ..... N
,i< (1) ) i=1,2,000.. N
(Gpli; = an\tlg “(kry4) Jds §2 1.2, 00 N
P——?—[f =) - 1,2 N

= n 2 J J s biy o as e
~ _ D i=1,2,..... N
(G)y; = Hy "(kry;)hs =120 N
if i#j 12 1,2, 0000, N
if 1=} P20, N

(3. 15)

(3.16)

(3. 17a)

(3. 17b)

(3.17¢)

(3. 17d)

(3. 17e)
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Fig. 3.3 Definition sketch of the harbor boundary approximated by
straight-line segments

Cl
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The evaluation of these matrix elements will be discussed in Section
3.3 which deals with the numerical analysis. It should be noted that
special care must be taken in evaluating the matrices,especially the
elements when i=j.

If theinverse o the matrix (boGn—I) exists, wherel is the
identity matrix, the vector X can be expressed as:

X= (b G D™ (b _GP) , (3.18)

in which (bOG:n-I)~1 i s defined as the inverse of the matrix (bOGn—I).

The vector Pin Egs. 3.16 and 3. 18 involve the unknown normal
derivatives o the wave function at the harbor entrance as well as the
normal derivatives of the wave function on the boundary. These latter
values are zero, i.e. the values o the normal derivative o the

wave function £, for the segment i=p+1,..... N are zero. The vector

P can be represented in the following way:

oy — (
an(xl) c1
[100. 0
010. 0
001.0
v. C.I
of, - .
o *%p) “p 00 . .1 P
P= = = ‘ = U c=26..c 3.1
%(_’ \ 006. .0 m= L i (3.19)
on Xp-l-l 0 =1
00. 0
. C
Lp
00. .0
of, - 0
B )
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for ifj

._. (theindexi =1,2,..... N, and the
for i=j

in which, Um = 6ij = {?
index j=1,2,. ....p). Since the total number of segment into which the
harbor entrance is divided i s defined as p,the values of CJ for
j=1,2,.....p are the unknown normal derivatives of wave function f;
at the harbor entrance, which is represented by the unknown vector

C.

Substituting Eq. 3. 19 into Eg. 3. 16 and Eq. 3. 18 the following

matrix equation results:
(bnGn'I)ZQZ (bnGUm)-g R (3.20)

or rearranging:

-1 _
X={®_G-I) (b GU_)C=MC , (3.21)

where M = (bu(}n—l)_1 -bOGUm isaNXxp matrix and can be computed
directly.

Eq. 3.21 shows that the wave function on the boundary, £, (;21),
can be expressed as a function of the unknown normal derivative of £,

at the harbor entrance, i.e.:
P
£, (¥.) =§ M..C. , (3.22)

where i=1,2,3...... N

If t he normal derivatives of t he wave function Cl’ CZ’ C3, -----
CPat the entrance of the harbor (which at this point are
unknown) can be obtained, then the wave function £, on the boundary
of the harbor can be computed directly from Eg. 3.22. (Itshould be

noted that Eq. 3. 22 can also be interpreted as the contribution to the
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wave function on the boundary at a particular point from the super-
position of the effect of p small harbor openings). Once the wave
function £; on the boundary i s known, the wave function in the interior
o the harbor can be evaluated from Eqg. 3. 11 expressed in discrete

form as:
N
LE - %) [fg(;j)[é%Hél)(kr)] jHél)(kr)%[fa(gj)]]Asj , (3.23)
j=1

where % is the field point inside the harbor, r is the distance between
the field point and the source point. Eq. 3.23 will be discussed in
more detail in Subsection 3.2.3.

In order to evaluate the normal derivatives at the harbor entrance:
Cl’ CZ’ cnun
entrance d the harbor must be expressed as a function o the same

. CP in Eq. 3.22, the wave function £, in Region | at the

normal derivatives: Cl’ C . Cp. By matching these wave

2, LB ]
functions f; and f; at the harbor entrance,the normal derivatives

Ciy Coyennnn CP can be evaluated from the resulting expression and

17 2
the complete solution to the response problem can be obtained.

3.2.2 Wave Function Outside the Harbor (Region )

In Eq. 3.6, the wave amplitude n is expressed as a product
d the incident wave amplitude at the crest Ai’ the wave function f (Xx,y),
and the time varying function c—,{,ct- Because the analytical treatment
islinear, the wave amplitude in Region | can be considered as
composed of three separate parts: an incident wave, a reflected wave,
(fromthe " coastline" with the harbor entrance closed), and a radiated

wave emanating from the harbor entrance. Thus, the wave function
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in Region | can be separated into three parts:

f,o=f, +f.+f; (3.24)

where: fi represents an incident wave function,

£ represents a reflected wave function considered to occur
T

as if the harbor entrance were closed,

fa represents the radiated wave function due to the presence
o the harbor.

It should be noted that Eq. 3. 24 implies that the wave amplitude in

Region I, n, = A f; e A0t

, is equivalent to n; = Ai(fi+fr +f3)e_’wt.
This implies that any differences among the wave amplitudes for the
three portions: n;, s and Ma, compared to the amplitude of n,
are incorporated in constants contained i n the wave functions: fi’ fr,
and fg.

The incident wave function, fi’ can be specified in an arbitrary
fashion; for example, a periodic incident wave with the wave ray at

an angle ato the x-axis (thecoastlinein Fig. 3.2) can be represented
cos O

as fi(x’ yv) = cos (ky sin a)e’L The reflected wave function fr,
can be represented by fr(x,y) = fi(x’ -y). For the case o a periodic
incident wave with the wave ray perpendicular to the coastline (on=90°),
the function which represents the x and y variation of the incident
wave, f,(x,y), canbe represented by 2 cosky. Thisis the casc Which
was treated experimentally in this study and therefore the following

discussion will be concerned with periodic waves normally incident

to the coastline.
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The wave function f, in Eq. 3.24 must satisfy the Helmholtz

equation in Region | (Eq. 3.5:

2 2
%_le_ + %__fz} +k%f, = 0 (3.25)
x y

with the following boundary conditions:

@) oh

5 = 0 on boundary AC and EC' (as shown in Fig. 3.2),

aiy - 2% onboundary AB (harbor entrance)

an on ’

(iii) Um f; = +f., and the radiation condition (wherer? =x®+y®) .
T~ =0

Boundary condition (i)states that the normal velocity is zero at
the coastline. The second boundary condition (ii)states that the slope
o the water surface i s continuous at the harbor entrance and the value
fromRegion | is equal in magnitude tothat abtained atthe entrance
from Region 1I. The negative signis specified for the adapted sign
convention that the outward normal to the domain of interest is con-
sidered positive. For the case d normal wave incidence in Fig. 3.2
itis noted that the normal to the boundary in Region | isin the direc-
tion of the y-axis. Thelast boundary cendition (iii)specifies that
the radiated wave in Region | emanating from the harbor entrance
will decay to zero at infinity, hence at infinity only the standing wave
resulting from the incident and reflected waves remains.

As mentioned earlier, the reflected wave function fr i s known
once the incident wave function £; is specified. Therefore, to complete
the evaluation of the wave function f;,the main problem i s to evaluate

the radiated wave function f5. Since the analytical treatment is linear,
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the functions fi, £, and fz all must satisfy the same differential
equation, Eqg. 3.25. In addition the boundary conditions in Region |
can be simplified since the normal derivative of the wave function is
zero on the impermeabl e boundaries being considered. With reference
to Fig. 3.2, onthe boundary CABC' a(f + f )-——(f + f ) 0, and

8f3 - s at harbor

an

hence boundary condition (ii)can be replaced by
entrance (boundary AB) . Thus, the radiation function f5 in Region |

can be formulated as satisfying the Helmholtz equation:

8%fy 8 % o, _
T +-a—§;'2~—+k fa =0 , (3.26)

with the following boundary conditions:

i) g—iﬁ =0 on boundary AC and BC' (asshownin Fig. 3.2),

8f3 _of,

(i) = ~5. on boundary AB (harbor entrance) ,

(iii) 11m fs = 0 and the radiation condition (wherer® = x® + y®) .

120
It is noted the these boundary conditions are reduced from those
associated with Eq. 3.25.
To construct a solution for the radiated wave function f5 in
Eg. 3.26, Green's identity formula (Appendix I, Eq. A. 1 1) will be
used again and the fundamental solution Hg)(kr) used in previous
section will be used here also. The fundamental solution H((jl)(kr) also
satisfies the radiation condition at infinity, i.e. boundary condition

(iii),since as kr-» it asymptotically goes to zero:

H(l)kr) «/ﬁ(ir)e%kr%) ) (3.27)
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If the fundamental solution is multiplied by the time dependent function

e"’wt, the resultant expression represents an outgoing radiated wave

satisfying boundary condition (iii)(see Appendix |):

(kr ot-7) (3. 28)

Hél)(kr)e_
The radiated wave function f; in Region | can be expressed

using Weber's formulain a similar fashion as Eq. 3. 11 was used

for the expression of the wave function £, in Region II:

_-—f[f oﬁ< (1) (e )) H(l)(kr)an(fs )]ds . (3.29)

where x i s the source point (x 0) along the x-axis, X isthe field
point (X,y)in Region |, and r is the distance between the field point
and the source point, i.e r = m (see Fig. 3.2).

In order to find the radiated wave function fs on the x-axis, the
field point (X,y) is allowed to approach the x-axis at the point (x;5 0).
{Thisapproach is the same as in the treatment o Region II.) Thus,

the following equation can be obtained (see Appendix II):

£ (x5, 0) - —ZJ-[fa(x L O)pe <H 1 ke )) E)l)(kr)—é-aﬁ<fa(xo,0))1&5(:;0,0).

(3.30)

The term ~~£- kr):l in the integral can be expanded to become
1'

H(l)(k ) o However, because thefield point >'<’.1(\x.1, 0) and the
source point xo(xo, 0) are all onthe x-axi s, theterm % is equal to
zero. Therefore, thefirst term inside the integral in Eq. 3.30 is
equal to zero and can be eliminated. In the second term, -g%a(xn, 0),

the normal derivative o the radiated wave function f3, is equal to zero
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everywhere except across the harbor entrance. The integral unit
ds(xo, 0) becomes dx.o because the integration i s to be performed along

X-axis. Thus, Eq. 3.30 can be simplified to:

A 1 8
fa (x;,0) = fi 53 )(kr)—a?l[fa (xO,O):]dxo ) (3.31)
AB
Using boundary condition (ii)df Eq. 3.26, Eq. 3.31 can be rewritten

as:

f4 (x,, 0) = %_J_ B er) 2l 8 e, 00 Jax (3. 32)
AB

Eq. 3.32 shows that the radiation wave function f; at the harbor
entrance can be expressed as afunction o the unknown normal deri-
vative o the wave function at the harbor entrance computed from
RegionII, i.e. interms o %fz (xo, 0).

Eq. 3.32 can be expressed in summation form similar to EqQ.
3.22:

HiCoo (3.33)

P~

-4
fa(xi! 0) - _2
ji=1

e
1l

where the matrix Hij = Hc(’l)(krij)AsJ., isapXp matrix (theevaluation
o the elements o this matrix especially for i=jwill be discussed in
Subscction 3. 3. 3), rl.J. ie the distance lxi—xj| whecrcin Xi’ xj arc the
midpoints o the ith and jth segments o the harbor entrance respect-
ively. The term CJ. in Eq. 3.33 is the normal derivative of the wave
function £, at the jth segment o the harbor entrance, Asj i s the length

of the ,ith segment of the harbor entrance, and p i s the total nhumber

of segments into which the harbor entrance has been divided.
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Because the incident wave function plus the reflected wave
function at the harbor entrance, fi + fr’ i s a constant, by substituting
Eq. 3.33 into Eq. 3.24 the wave function £, at the harbor entrance

can be represented as:
P

oy

L s
£2)=1+(-5) ZHiJ.Cj , (3. 34)
j=1

where i=1,2,.....p. Thefirstterm at the right hand side o Eq. 3.34
repr esents the incident wave pl us t he reflected wave if the entrance

is closed and for convenience it i s chosen as unity; the second term
represents the contribution of the radiated wave to the total wave
system.

3.2.3 Matching the Solution for Each Region at the Harbor

Entrance

Eg. 3.22 shows that from the solution in Region II, the
wave function at the boundary of the harbor can be expressed in terms
of the normal derivatives of the wave function f; at the .entrance o the
harbor, CJ' The corresponding equationin Region |, Eq. 3.34 shows
that the wave function at the harbor entrance can also be expressed as
a function o Cj' Since the water surface must be continuous at the
harbor entrance, the wave functions from Regions | and It must be
equal at the entrance,i.e f; = f5. Thus, by matching the two solutions
at the harbor entrance, oneis able to determine the unknown function
Cj' Thisis donein the following fashion:

Take thefirst p equations from Eq. 3.22 for the wave function

f, at the harbor entrance:



p
fE(Q.):ZM..C.=M - Cc (3. 35)

in whichtheindex i=1,2,..u... p, (pis the number of segments into
which the harbor entranceisdivided). The matrix MP inEq. 3.35is a
p X p matrix obtained from the first p rows o the matrix M.

Equating Eqs. 3.34 and 3.35, i.e fi(x;) = £,(x,), for i=1,2,....p
the following matrix equation i s obtained:

M _C = 1+b HC , (3. 36a)
p= = To =

C=(M,-bH™" -1 , (3. 36b)
where MP and H are each p x p matrices, (MP—boH)'1 istheinverse
o the matrix (MP-bOH), theterm bO is equal to -’é as defined earlier,
and 1 is the vector with each p element equal to unity. Therefore, the
value of the normal derivative of the wave function at the harbor
entrance for each of the p-segments, C, can be obtained from Eg.
3. 36b.

With the normal derivatives of the wave function £, at the harbor
entrance obtained by this matching procedure, the wave function on the
boundary can now be calculated from Eqg. 3.22 and the wave function at
any position inside the harbor can be determined from Eq. 3.23 or the

equivalent expression:

—

P
[fe (Qj)‘:-kH(ll)(kr)g-:ﬂ :'Asj - 2 Hél)(kr)ecj'Asj} ,
=1

(3.37)
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where ;;j is at the mid-point o the jth segment d the boundary, %is
the position of theinterior point and r i s the distance between ;j and
x, i.e. = l:?j—;?l . It should be noted that Eq. 3.23 iswritten in the
form d Eq. 3.37 because the normal derivative o the wave function
at the boundary is zero except at the harbor entrance.

In order to determine the response o the harbor to incident
waves, the wave amplitude inside the harbor is usually compared to
the incident plus the reflected wave amplitude which exists in the '"open-
sea" in the absence of the harbor, i. e the harbor entrance is closed.
A parameter called the "amplification factor" is defined as the ratio of
the wave amplitude at any position (x,y) inside the harbor to the incident
plus reflected wave amplitude at the coastline (with the entrance closed).

}'ﬂa (=, V;t)l ~ iAifg (=, Y)C—Lgtl

) la, £, +£_)e 4% i la, 1674

= |f2 =y - (3.38)

In Eq. 3.38, R is defined as the amplification factor. The wave
function £, (x,y)is acompl ex number; therefore, in computing the wave
amplitude the absolute value is taken.

3.2.4 Velocity at the Harbor Entrance

With the wave function £ (x, y) determined in Subsection

3.2.3, the calculation d the velocity potential ¢(X,y, z;t) for the region

insidc the harbor is now conpl et e:

Aig cosh k(z+h) ot
8(x,v,z;t) = o cosh Kh I,(x,v)e {3.39)
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In accordance with the definition sketch presented in Fig. 3. 1,
the velocities at the position (x,y, z) in the directions of x,y, z are

defined as fol | ows:

&Y 1 A.g cosh k(zth - 10t
u(x,y, z;t) = Real (g—%) = Real[%g— - 15——0311 kh ( )-Biz (x,v)e AC ],_(3.40&1)
1 A.g cosh k{(z+h) ]
ad i Ofz - A0t
v(x,v,2z;t) = Real | 5=) = Real| = = (x,v)e ,{3. 40b)
(ay) I_A.(T cosh kh oy ]
‘ 1 kA.g sinh k(z+h) ,
9¢ -Aot
w(x, v, z;t) = Real (3;) = Real [ZE ]éosh h fo(x,v)e AQ :l, (3. 40c)

and the total velocity at any position (X,y, z) and timet, can be
expressed as:

*

Vix,y,zt) =Ju® + v +w° . (3.404)
The velocity at the har bor entranceis of interest because itis
directly related to the kinetic energy transmitted into the harbor. This
total velocity v¥isa periodic function of time. In order to find the
maximum total velocity for all time, the function Vﬁf(x,y, z;t) is differ -
entiated with respect to time and the derivative i s set equal to zero;
from this condition one can determine the time for which the velocity
is amaximum. Thus, the maximum total velocity, which is denoted

as V:;, at a particular position (x,0, z) at the harbor entrance can be

calculated as follows:

E

V. (x,0,2) =

Ag [A§+A§+A§ .

——+1( A2 +A51A3 4242 A2 cos 2 (0, o)

o

. L
+ 2AZ A2 cos 2(0;-04) + 2AZ AS cos 2(ay -a@)ﬂ 2 (3.41)
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where: A, = szl cosh k(z+h)

RE cosh kh

=

A _lggg_‘ cosh k(z-+h)
2 Tloy cosh kh

k sinh k(z+h)

A =|f2[ cosh kh

%]

Az = tan_l ["

wherein the subscripts R and | which appear in the expressions for
oy, &, o denotethe real part and imaginary part respectively.

As will be discussed in Subsection 6.2. 5, experiments were
conducted to measure the velocity at the harbor entrance using a hot-
film anemometer. The hot-film sensor was oriented with its long-
itudinal axis parallel both to the "coastline™ and the bottom, and, hence,
it was primarily sensitive to the velocitiesin they and z directions
(thev and w components respectively). For comparison with the
experimental data the theoretical val ue of the maximum resultant
velocity of the v and w components, which i s denoted as Vo, can be
determined by setting u? equal to zeroin Eg. 3.40d (or A, = 0in

Eq. 3.41):
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ol

A.g 2 3 L
Vo(x,o,z) = :y I:A? ;As +-%-<A§ + AZ +2A2A§ cos 2(@2-a3)>2]

where A,, As, 0g, and ay aredefinedin Eq. 3.41 (3.42)
3.3 THE NUMERICAL ANALYSIS

Section 3. 2 was concerned only with the transformation d
the Weber's solution of the Helmholtz equation (Eq. 3. 11) into an
integral equation (Eqg. 3. 13) and the formulation o an approximate
solution to this integral equation. In this section the methods for
evaluating the elements of the matrices defined in Eqs. 3. 15 and 3. 33
will be discussed as well as the numerical method for solving the
wave function £, in Region II and the matching procedure.

3.3. 1 RegionlIl: Evaluation of Matrices Defined in Eq. 3. 15

i) Off-diagonal elements of the matrix G,

As defined in Eq. 3. 14 the notation :'Zi(xl,yi) i s used for
i=1,2,..... N, to refer to the field points, and the notation z_fj(xj, yJ)
for j=1,2,.«... N is used to refer to the source points. The elements

(Gu)ij for i#i can beevaluated as follows:

- 0 [(1)
(G )ij —-é-ﬁI:Ho (krij):'As.

n J
(1) ari.
= -kH, (kr;.) —Q?JASJ. , (3. 43)

2

in which rij = "/(Xi_xj)a + (yl. -yj) i s the distance between the mid-

points of the ith segment and thejﬂ.1 segment of the boundary. The
Hankel function Hil)(krij) in Eq. 3.43 can be expressed in terms of the

Bessel functions by the equations:
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H§”(krij) = 3y (krg) ¥ AY (R (3. 44)

Hence, Eq. 3.44 is known once the argument krii i s known.

or..
Theterm —ﬁl in EQ. 3.43 can be evaluated as follows:

or. .
ox 1] ?_1
(an j 3X (Bn). + dy. (31—1). . (3. 45)
J J J
In the right-hand side o Eq. 3.45 the differentiation with respect to

the outward normal direction o the boundary, n, i.e. (—g—’é) and (g%).,

can be changed into differentiation with respect to the tangential
direction along the boundary, 5%. Therefore, according to the

definition sketch o Fig. 3.4, Eqg. 3.45 can be rewritten as:

or, . or, . or
@) =5 (39, -5 3, - .40

Referring to the definition of rij and performing the differentiation of

or, . ar,
5-}-{-” and —Y Eq. 3.46 becomes:

j an
or... X, ~X, V.-V
ijy _ i7j (oy i 7jfox
(8n ) T el (83). + Tr.. (Bs>. ‘ (3. 47)
1 J 1] J
Writing theterms(%-}é)j and <g§>j in difference form Eq. 3.47 becomes:
or.. X, X, V=Y. s,
EN i Ay i7j(Mx
< on > ~ - ;s (As ; + T (As>j (3. 48)

Therefore, the off -di agonal elements of the matrix Gn can bc evaluated

by substituting Eqs. 3.44 and 3.48 into Eq. 3.43.
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2 Bewont,

Y gimd, = sin (90°+8; ) = cos 8,

ds
9z _8y-
"t 9n Os
9 _ ine
5y - sind;
%&é‘x cos B, =cos (900—1—91 )= =isin 6,
oy _ 8=
9 Bs

B2

kO

Fig. 3.4 Change of derivatives from normal to tangential direction
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ii) Diagona elements o the Matrix Gn

For matrix G,, since the source and field points are located
at the mid-point of the straight-line segments which have been used
to approximate the boundary, the diagonal elements o the matrix Gy
correspond to the condition o the coincidence o a particular field
point and source point. Due to the singular behavior d the Hankel
function Hil)(kr) as kr-0, special attention must be given in
evaluating these diagonal elements.

The function Y, (x) in Eq. 3.44 can be expressed as a series as

(seeHildebrand (1962) p. 147):

_'; 3
¥, (x) = %]:(mg 47, (x) -i-%ﬂ{”‘z”il} e | (3.49)

inwhich v = 0. 577216.. .is termed Euler's constant, and the logarithm
i sto the Naperian base e (=2.7128), (all logarithms will be to this
basc unlces indicated Oothcrwisc). The real part of Hankel function

Hil)(kr) presented in Eq. 3.44 is J, (kr)which i s approximately equal

to E‘_ZE when kr becomes very small; therfore, J, (kxr)~0 as kr~0. Thus,

from Eqg. 3.49 as kr-0 the function Y, (kr) can be approximated as:

Y, (kr)~—%(1-(—lr—> for kr-0 . (3. 50)

Thus, the diagonal elements of the matrix G, can be evaluated as

the limiting value as r approaches zero (Eq. 3.43 for i=j):

. { 1) A «
(Ga)y, = 2 (k}ﬂ (kr )%3) ps, = 110

r—0

[Ty (ke) +4Y, () |2 s

n - i

ar
lim o0On :l

2
= 04ag s [0

(3.51)
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Therefore, in evaluating the diagonal elements o the matrix Gn, the

ar
im 9n .

most important step is to evaluate the term 0 r 1N Eq. 3. 51

The definition o r is:

r = ,\/(x—xi)a -l-(y-yi)2

where (Xi' yl.) are the coordinates of the mid-point of the ith segment on

the boundary thus the term % can be expressed in aform similar to

Eq. 3.47:
or _drdx  9rdy 7% §X>+Z___ZL<_3_X>
dn 9x0n 9y dn 9s/ r

5s (3.52)

The terms (x—xi), (y-yi), %;5, and %% in EQ. 3. 52 can be expanded in a

Taylor's series in the neighborhood of (xi, yi):

(As)g (AS)S, 3.53

X-X, ~ (Xs)i As + (x.ss)i > +(XSSS)i 51 o0 0. (3.53)
Ax (as)® A

B gt g hts e ) L (3. 54)

where the subscript s refers to differentiation with respect to s. (The

index i means that the values o interest are evaluated at the mid-point

h o

o the it segment. ) The expansion (y-—yi) and % can be done in exactly

the same way by changing x toy in Egs. 3.53 and 3.54.
. ar
lim —

70 'E-E in Eg. 3. 51 can be evaluated using the definition

Thus the term
of r, Eq. 3.52, and Egs. 3.53 and 3. 54 to give:
ar or

limdn _lim &n
-0 r As—0 r

{As)® \ s)?
((ys)i+(yss)ia'g+.u.)((x ). As+(x )i‘—AZ—ll%..)- (x ).+(xSS)iAs..><(zys)iAs+(yss), (Le)y.)

R L L o W T
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The numerator & EQ. 3. 55 can be arranged as:

. (As)? 3
( *ssYs +Xsyss)i 2! to(4s”)

where o(As®) means terms o order As®.

The denominator o Eg. 3.55 can be arranged as:

(22 +v2 )(88)® + o(25°)
s s/
this expression can be simplified farther to become (As)" + o(as®)
because in reference to Fig. 3.4 theterm xi + ysz i s equal to unity.
Thus, neglecting the higher order terms in Eqg. 3. 55, this

expression can be approximated as:

AR,
lim ©On *ss7s T X5¥55 /i 6
As-0 T 2 (3.56)

Therefore, the diagonal elements of the natrix Gn can be found from

Eqgq. 3.51 and the approximation described in Eq. 3.56:

_4 )
(G = 3 (X‘syss h Xssys/i s, . (3.57)

In BEg. 3.57, thefirst and second derivatives of xg» Vgr ¥ggqs Vg aTE

evaluated at the mid-point of the ith

segment of the boundary.

For a boundary which i s originally composed o straight lines
the value of X Voo and YsXs s in Eq. 3.57 are both equal to zero
(becausethe second derivatives Koo and Vg are both zero); therefore
the diagonal elements o the matrix G_ are equal to zero. rtor a
curved boundary which has been approximated by straight-line segments

the expression o thefirst and second derivatives, Xg and x_g» Can be

witten in a difference fOrm as:
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Sbhx Tty Ficd
X = pg C Bs, (3.58a)
X. - X, X, - X,
Xss b As + 2s + As A1:1 +1As h Als + z—sl } (3.58b)
i+1 i i-1 i+1 i i i-1

where X; i s the X coordinate at the mid-point of the ith segment o the

boundary, X 1 i s the x coordinate at the beginning of the ith segment
-2

of the boundary, and xi+%__ is We x coordinate at the end of the ith

segment of the boundary, Asi_l, Asi, and Asi+1 are the length o the, (i—l)th
ith, and (itl)th segments o the boundary. The derivatives Vgr Ygg CAN

be evaluated in exactly the same way by changing Xtoy in Eqgs. 3.58.

iii) Off-diagonal elements d the matrix G

The elements (G)l'j for i#j can be evaluated directly by the
following expression:
_ (1) T ;
(G); = BV (kr s, = LTO(krl.j)t uo(krij)]Asj (3.59)

For a given value o kr.., in Eq. 3.59, the function J (kr.? and Y (kr.j)
ij o i o' i

are known functions.

iv) Diagonal elements o the matrix G

The diagonal elements of the matrix G correspond to the case of
i=jin Eg. 3.59. As before, due to the singular behavior o the function
Yo(kr), special attention must be given in evaluating the diagonal
elements of matrix G. Using the asymptotic formula o Jo(kr) and
Yo(kr) as the argument for kr approach zero, the following approxi-

mations are obtained (see Hildebrand (1962)):
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Jo(kr) ~ 1

2 kr
Yo(kr) = (1og = + y> .

™

Therefore, as kr-0 the Hankel function Hf)l)(kr) can be expressed as:

H V) = 7_gkr) t 4y _(kr) ~ 1t 4] £ (10g ke, y)] (forkr-0)

where y is the Euler's constant as mentioned earlier.

Using this asymptotic formulafor the Hankel function Hgl)(kr),
the diagonal elements of the matrix G can be evaluated by performing
the following integration to determine the average o this function over

the length of the segment of interest:

O = [ [ 142 (ros () +3) ] - s,

0
- [1 + ,L%—[log (kisi ) 1+ y] ] bs; (3. 60)
ks

=[1 +12[10g(—1) -0.422781 | ss,

where i=1,2,. vas« N.

3.3.2 Region II: Method of Solution for Wave Function £,

In Subsection 3. 3. 1 the methods for evaluating the elements
of the matrices G and Gn have been discussed; thus, the next stepisto
evaluate the matrix M, asdefinedin Eq. 3.21, in order todeterminethe
variation of the wave function f, along the boundary o the harbor. As
shown in Eg. 3.22 the wave function £, along the boundary of the harbor

can be expressed as a function of the unknown normal derivative o the

wave function f, at the harbor entrance, i. e Cl’ CZ’ ..... Cp; E.

3.22 is repeated herefor clarity:
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P
£ (x;) =z M;.C; (3.22)
j=1

wherein Mij isa Nx pmatrix which is the solution of the following
matrix equation, rearranged from that shownin Eq. 3.21:

(b, G - DM=b GU_ . (3.61)

The matrix (boGn-I) isaNXx N matrix, its elements can be determined
as described in Subsection 3.3. 1 using the definitions of bo and | given
in Subsection 3.2. 1. The right-hand-side of Eq. 3.61, matrix boGUm,
isaNxpmtrix, whereU_ is defined by Eq. 3. 19. (It should be
noted that the matrices G, Gn and M shownin Eg. 3.61 are all complex
numbered matrices. )

To solve Eq. 3.61for the complex numbered matrix M, a sub-
routine for the IBM 360/75 digital computer: "CSLECD/Complex System
of Linear Equations and Complex Determinant was used whichis
available at the Booth Computing Center o the Californialnstitute of
Technology. The subroutineis based on the Gaussian elimination
method where rows are interchanged leading to the conversion o the
left-hand side matrix in Eq. 3.61 to an upper triangular matrix. The
solution of M i s then obtained by backward substitulion.

3.3.3 Region|l: Evaluation of Matrix H Defined in Eg. 3.33

The matrix H defined in Eq. 3.33 can be evaluated in the
same way as was matrix G. The matrix H will be called the " radiation
matrix" because it i s the main part of the radiated wave function f, (:Z)
described in Eq. 3.33; itisapx pmatrix and its off -diagonal elements

can be evaluated in a manner similar to that shownin Eq. 3.59:
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- 1) _ : ]
(H)y = By (ks = [Jo(krij) + A Icr, ) |oss (3.62)
(fori#j andi, j=1,2,. vuus p) -
The diagonal elements can be evaluated in a manner similar to that

shown in Eq. 3.60:

(1), = [1+/L'12‘-_'(10g (kisi> - 0. 42278)] bs; (3. 63)

(fori=1,2,..a..P) .

3.3.4 Harbor Entrance: Matching Procedure

After solving Eq. 3.61for the N x p matrix M and evaluating
the elements o the matrix H as outlined in Subsection 3.3.3, the next
important step i s the matching o the two solutions from Region | and
Region II at the harbor entrance. Eqg. 3. 36ais the result of this
matching procedure and the object of this section is to describe how
the vector C (thenormal derivative d the wave function at the harbor
entrance) i s obtained.

Eq. 3.36ais firstrewritten as:

(Mp- b H) C=1 (3. 64)

in which MPiS ap x p matrix as explained in Subsection 3.2.3. To
solve Eq. 3.64 for the vector C again involves the subroutine "CSLECD/
Complex System o Linear Equations and Complex Determinant!!, but
this time the matrix size is only p x p and the solution CisapXx 1
vector.

After evaluating the vector C, the procedure for determining the
quantities of interest such as the response d the harbor, the

amplitude distribution, etc. are described in Subsection 3.2.3.
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3.4 CONFIRMATION OF THE NUMERICAL ANALYSIS
The theory for an arbitrary shaped harbor has been pre-
sented in Sections 3.2 and 3.3. However, prior to evaluating the wave
induced oscillations o an actual harbor, itis necessary to make sure
that the method presented in Subsection 3.2. 1 and the numerical pro-
cedure presented in Subsections 3.3. 1 and 3.3.2 are correct. There-
fore, the approximate solution obtained using the method devel oped
will be tested by comparing it with t he exact solution o the Helmholtz
equation for two different shapes. These two shapes are a circle and
a square. They are chosen for several reasons: (1) the theoretical
solution for both shapes can be obtained easily, (2)the boundary of a
circle represents an extreme case for which the tangent to the boundary
is rontinuously changing direction, and (3) the boundary of a square
(or arectangular) represents another extreme case that i s composed
o four straight lines; along each line the direction of the tangent to
the boundary remains the same.
The procedure for this test program can be outlined as follows:
1) A theoretical solution is selected for the wave function,
f, that satisfies the Helmholtz equation, V3f + K3f = 0,
in the domain of interest (either a circle or a square).
2) Based on this theoretical solution the value of the wave
function, f, at the boundary of the domain, the value o
its normal derivative at the boundary o the domain, %,

and the value o f at any position inside the domain are



3)

4)

5)
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calculated. (It should be noted that the boundaries for
these two test examples do not necessarily represent
solid boundaries;)

The boundary o the domain is divided into N segments;
the average o the theoretical values o f and —gin on

each segment are calculated.

These averaged theoretical values o the normal
derivative 5—3’3 for each segment on the boundary are
used to calculate the value o f for each corresponding
segment by the method described in Subsection 3.2. 1
One test of this approximate method i s the comparison
o this computed value with the theoretical value o f on
the boundary of the domain. Any difference between
these two results which i s found can be attributed to the
approximations resulting from converting the integral
equation (Eq. 3. 13) to the matrix equation (Eq. 3. 15).
The computed value of f (Step 4) and the theoretical
value of gf—n on the boundary of the domain are usedto
compute the value o f at various locations inside the
domain using Eq. 3.37. The values of f so obtained are
compared with the theoretical values. The difference

i sthe error admitted in Step 4 plus the error due to
using Egq. 3.37 which has been used as an approximation

to the exact solution, Eq. 3. 11.



-53-~
6) The theoretical values o f and %in at the boundary o the
domain are used to caluclate the value of f at some
points inside the domain by using Eq. 3.37; the values
of f so obtained are compared with the theoretical
values. The difference is solely due to the use o Eq.
3. 37 which approximates the exact equation, Eq. 3. 11.
It should be noted that these two examples (circle and square) are
not directly connected with the actual problem of wave induced oscil | -
ations in harbors, since the boundary conditions imposed by this test
program (steps 2 and 3) do not correspond to the boundary conditions
prescribed for the harbor oscillation problem (as described in Section
3.1). Rather, these examples are employed in a mathematical sense
serving as an analytical check for the approximate method that will be
used in solving the problem which i s o major concern: wave induced
oscillationsin an arbitrary shaped harbor.

3.4. 1 The First Example: A Circle

The first example that will be investigated is a circular
domain, a definition sketch of whichis presented in Fig. 3.5. The
Helmholtz equation i s writtenin polar coordinates as:

1.2(,%) +}—12--g%§+k3f= o . (3. 65)
The steps outlined previously are followed; the following parti-
cular solutionwhich satisfies the Helmholtz equation, Eq. 3.65, is

sel ected:

f(r,8)=J, (kr)cos ® (3.66)
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VE+kf = 0

Fig. 3.5 Definition sketch o a circular domain
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Fig. 3.6 Definition sketch of a square domain
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thus, differentiating Eq. 3. 66 with respect to r one obtains:

%[f(r,e)] = [kJO(kr) - }l-Ji (kr):lcos 5 . (3.67)

Suppose a boundary o the domain is located at r=a, then the value o f

and g—i on the boundary can be expressed as:

f(a,0) = J, (ka)cos 8 ; (3. 68a)

& @0 =—§f; (a,8) = | kJ_(ka) - ;L-Jl (ka)] cos8 (3. 68b)

The boundary is then divided into 36 segments (each segment
includes 10° of the central angle). On each segment the average

theoretical value o the functions f(a, 8) and 'g'f'{(a’ 8) can be evaluated

as follows:

— €..1
@, = 5 1&"“) [ 2 cos a0
it$ © Vi-% Ve,

)

sin 8, - sin 8.
+ i-
= 1y (ka)—2

ity Ci-%

ol

s (3.69a)

1
— kJ (ka) - =J;(ka) »6.,1
BN _ e ER e € -
8n> Gi - Bi 1 f cos 0d0

i +%— - -5 Gi_%

sin 8, ,1 - sin 6,
= [k;ro(ka) - %Jl (ka) Yes, _i-% (3. 69b)

—m Tig :

where (1f")i and (%f;) are the average theoretical values on the boundary
4

of the domain of f and gf; forthe ith segment, (a, ei_%-) are the coor-

dinates d the beginning o the ith segment o the boundary, and

h

(a,ei%) are the coordinates d the end o the it segment o the

boundary.
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In Step 4, the value o (g—%) , presented in Eq. 3. 69b for each
segment is used to calculate the \ial ued f o each segment on the
boundary by the approximate method o Subsection 3.2. 1. These
computed values will be denoted as f—C The value of f_and f should
be very close if the approximate method is to be useful. Three
different values o ka, i.e. ka=0.30, 2.25, 3. 75 have been tested
(wherek i s the wave number in ft™* and a is the radius of the circular
domain and chosen as 0.75 ft for this case). The approximate resul t
(FC) agreed with the theoretical values (f) within 0. 1%to 3%for ka=0. 3
and 3.75 respectively. The effect o the magnitude of ka on the
solution will be discussed more fully in Chapter 6.

After the values o f onthe boundary, i.e. f_c, have been
obtained, the value of f at any interior point can be computed using
Eq. 3.37 (Step5). The results for ka=0,30, 2.25 and 3.75 are
presented in Table 3. 1. For each value o ka, the value of f at five
interior points are computed. The theoretical value o f at each
interior pointis calculated using Eq. 3.66 and presented in Col. 3.
The results of Step 5, i.e.the computed approximate val ues of f at
each interior point, are presented in Col. 4. The difference between
the value in Cols. 3 and 4 can be attributed to: (i)the error admitted
in the approximate solution, Eq. 3. 15, which is used to approximate
the integral equation (Eg. 3. 13) in evaluating the value of f on the
boundary (Step4), and (ii)the error admitted in the use d Eq. 3.37 to
approximate the exact solution, Eqg. 3. 11, in evaluating the value of

f for the interior points.



Table 3.1 Comparison of the approximate solution with ;he theoretical
solution d the Helmholtz equation in a circular domai n

—Lg_

k Position of Thecretical Value N =36 N =45
& Interior Point of f Computed Value Computed Value Computed Value Computed Value
ka of f of f of f of f
(r,9) (Step 2) (Step 5) (Step 6) (Step 5) (Step 6)
(1) 2) (3) (4) (5) (6) (7)

r () | 8 (deg.t | Real Part | MPREINAXY | Ry payy | TMAEINATY | peg) pay | TM2EUATY | pog part | IMAEIMATY |peay payg | IMAginary

k=0. 40 ft"} 0.50 30 0.08617 0 0. 08604 0. 00003 0. 08642 -0, 00001 0. 08604 0, 000038 0.08633 -0. 00001
0.50 60 0. 04975 0 0. 04967 0, 00002 0. 04989 -0. 00001 0. 04967 0. 00002 0.04984 -0. 00000

ka = 0.30] 0:50 150 -0.08617 0 -0, 08604 -0. 00003 -0, 08642 0. 00001 -0.08604 -0.00003 {|-0.08633 0. 00001
0.20 ] 0.03997 (4} 0.03991 0. 00001 0. 04008 -0.00001 0.03991 0. 00001 0.04004 -0. 00000

0,20 180 -0.03997 0 -0,03991 -0.00001 -0. 04008 0, 00001 -0.03991 -0.00001 |-0.04004 0. 00000

3.50 240 -0,.04975 0 -0, 04967 -0. 00002 -0, 04989 0.00001 -0, 04967 -0, 00001 |-0.04984 0. 00000

0.50 30 0.48319 0 0. 4919¢ 0. 00592 0. 48273 -0,00333 0, 48854 0. 00446 0. 48290 -0.00213

k= 3.0 ft *| 0.50 60 0.27897 0 0, 28400 0, 00342 0.27871 -0.00192 0.28206 0.00257 Q.27880 -0.00123
0.50 150 -0.48319 0 -0.49191 -0. 00592 -0. 48274 0.00333 -0, 48854 -0.00446 [-0.48290 0.00213

ka = 2.25| 0.20 0 0.28670 0 0 29188 0. 00351 0, 28643 -0,00198 0.28988 0.00264 0.28653 -0.00127
0.20 180 -0.28670 ] -0.29187 -0, 00351 -0, 28643 0,00198 -0.28988 -0.00264 |-0.28653 0.00127

0.50 240 -0.27897 0 -0, 28400 -0.00342 |-0.27871 0. 00192 -0. 28206 -0.00257 1-0.27880 0.00123

0.50 30 0.43050 0 0. 42902 0.00613 0. 43020 -0,00599 0.42939 0. 00496 0.43031 -0.00384

k= 5.0 ft"* | 0.50 60 0.24855 1} 0.24770 0.00354 0.24837 -0, 00346 0.24791 0. 00287 0.24844 -0.00222
0.50 150 -0. 43050 0 -0, 42902 -0,00613 [-0.43020 0. 00599 -0. 42939 -0.00496 |-0.43031 0.00384

ka = 3,75} 0.20 0 0. 44005 0 0. 43854 0. 00626 0.43974 -0.00613 0. 43892 0. 00508 0.43986 -0,00392
0.20 180 -0. 44005 0 -0. 43854 -0.00626 -0.43974 0.00613 -0, 43892 . -0.00508 |[-0,43986 0.00392

0.50 24y -0.2485¢ 0 -0.24770 -0.00354 [-0.24838 0. 00346 -0.24791 -0.00287 |-0.24844 0.00222
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The results of Step 6 are shown in Col. 5; they are obtained by
using the theoretical values o f and g—fn- at the boundary (Eqgs. 3.69) to
compute the value of f at the interior point by applying kq. 3.37, The
difference between the theoretical results of Col. 3 and the approximate
resultsin Col. 5is solely due to the use o Eq. 3.37 which approxi-
mates the exact solution of Eq. 3. 11.

It should be noted that Step 6 applied to a given domain does not
correspond to a mathematically realistic boundary value problem,
simply because both the value o f and gin on the boundary are usually
not given in advance; usually one or the other is given. However, it
does give an indication of how good the approximation o Eg. 3.37 is,

if the correct boundary values f and gf—n are provided. Step 5 does

correspond to a mathematically realistic boundary value problem and
infact itis basically the procedure used for solving the harbor reso-
nance problem, that is: given a particular value o %fﬁ at the boundary,
calculate the value of f at the boundary and finally calculate the value
o f at any interior point (r,8).

It is expected that if the number o segments into which the
boundary of the domain is divided i s increased, the results of the
approximate method will agree better with the theoretical results.
The results for N=45 (each segment includes 8° of the central angle)
are presented in Cols. 6 and 7 of Table 3. . By comparing Cols. 3,
4, and 6 (alsocomparing Cols. 3, 5 and 7)itis seen that as the
number d boundary segment is increased the results of the approxi-

mate method compared to the theoretical results are improved only

slightly.



-59-

3.4.2 The Second Example: A Square

Suppose the square has sides o length b as shown in Fig.
3.6, then a simple particular solution of the function f that satisfies

the Helmholtz equation, Eg. 3.5, can be chosen as:
’ i 2
f(x,y) = cos (Z-xJcosh (55 ) - k2y) (fork<db)  (3.70a)

6, y) = cos (55 x) cos (fi2- (L) y)  (fork>2h) (3.700)

thus, the outward normal derivative of the function f atthe boundary of

the domain can be evaluated as following:

g-fr::—%, for y=0,  -b=x<0
%:'%’ for y=-b, ~b<x=<0
-2 forx=0  -bsy=0
gi=-—%xf—, for x=-h, -bgy=<0

The steps outlined previously are followed. The boundary of the
square domainis divided equally into 40 segments. The theoretical
value of f at any interior point (X,y) can be calculated by Egs. 3. 70
once the value o wave number k is fixed. The results for two different
values of kb, i.e kb =0.50 and 2.0 (wherek is the wave number and
the length of sides of the square domain is b = 0.50 ft} are presented in
Table 3.2. For each value o kb the value o f at nine interior points
are computed. The theoretical values of f at each point for kb = 0. 50
are computed using Eg. 3. 70a; the theoretical values of f for kb = 2.0
are computed using Eg. 3.70b. These theoretical values are presented

in Col. 3 d Table 3.2. The approximate results o the value o f in
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Step 5 are shown in Col. 4, while the results o Step 6 are shown in
Col. 5. Comparing the resultsin Cols. 3 and 4, itis seen that
dependent upon the position o the interior point the results agree
within 1% to 3%, and, as expected, the resultsin Col. 5 are closer
to the theoretical results (Col. 3).

The results for N=48 (eachside o the boundary contains 12
boundary segments) are presented in Cols. 6 and 7. Comparing the
results in Cols. 3, 4, and 6 (also Cols. 3, 5, and 7)itis seen that the
results for N=48 agree better with the theoretical value than when the
boundary is divided into 40 segments.

From the results o these two examples, a circle and a square,
which were used it i s seen that this numerical method and the approxi-
mations it entails can be used to solve the Helmholtz equation with
reasonable accuracy. Thus, the real problem of determining wave
induced oscillations in an arbitrary shaped harbor which may have
hoth curved and/or straight lined boundaries can be approached with

confidence.
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CHAPTER 4

THEORETICAL ANALYSIS FOR TWO HARBORS

WITH SPECIAL SHAPES

Two theories which deal with the wave induced oscillationsin
a circular and a rectangular harbor are presented in this chapter.
A circular harbor represents one extreme case for which the tangent
to the boundary of the harbor is continuously changing direction; a
rectangular harbor represents another extreme case whose boundary
is composed of four straight lines and along each line the tangent to
the boundary remains in the same direction. '1thus, these two
special theoretical solutions provide a useful analytical check for
the approximate theory developed in Chapter 3 for an arbitrary
shaped harbor as well as being used to compare to the results o
experiments conducted in the laboratory. The results for these
particular cases and their comparison with the theory developed
for arbitrary shapes discussed i n Chapter 3 applied to these two

harbors will be presented in Chapter 6.
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4.1 THEORETICAL ANALYSIS FOR A CIRCULAR HARBOR

The theory developed in Chapter 3 can be used for any
arbitrary shaped harbor. However, if the harbor is a special shape
such as circular, the coordinates inside the harbor are separable
and a different method can be used to obtain a solution in Region 11,
(For alist d separable coordinate systems see Morse and Feshback
(1953) pp. 656-666.) The theoretical analysis for a circular'harbor
based on this approach will be presented in this section.

In the analysis, the wave function f;, which satisfies the Helm-
holtz equation, Eq. 3.5, in Region II i s found by the method of
separation of variables. The solution for the open-sea, Region I,
which i s used for this development i s the same as that presented in
Chapter 3. By matching the solutions in both regions at the harbor
entrance, the complete solution o the wave induced oscillation in

a circular harbor can be obtained.

4. 1.1 Wave Function Inside the Circular Harbor

For the wave function f; inside the circular harbor,
the Helmholtz equation, Eq. 3.5, iswrittenin cylindrical

coordinates:

10 (26,10 o0
Tor I‘ar +r28—e~5+-k f, =0. (4. 1)

The boundary conditions that the function £, must satisfy are:

c(8)  for | 8] <8
Yo, 9)={ =%

or
0 for | 8| >80
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where ais the radius of the circular harbor, 290 is the central

angle of the harbor opening, and C(8) is the initially unknown normal

derivative o the wave function f; at the harbor entrance. A definition

sketch of the circular harbor showing both regions: Region | (the

"open-sea’”) and Region II (insidethe harbor), is presented in Fig. 41
The solution of Eq. 4. 1 will be constructed by Fourier series,

by first seeking the solution o i (r,6) in the form of:

fa(r, 8) =i |
A

mfm(r)e"“ne (4. 3)

Substituting Eq. 4. 3 into Eq. 4.1, itisfound that the functionfm(r, 8)

must satisfy the following differential equation:
1 2
fm"(r)+;fm'(r)+(k2- —%——)fm(r):O. (4.4)

This equation is aform of the Bessel equation; hence, its solution

can be expressed as:

fm(r) = cmem(kr) + BmYm(kr) , (4. 5)
wherein the function Jm(kr) i s the Bessel function o the first kind,

and Y __(kr)is the Bessel function o the second kind; o« and 8
m ™ m

are arbitrary constants to be determined.

The function Ym(kr) possesses a singular behavior at r=0, but
since the solution of the wave function f5 (r,8) must be smooth and
finite at r=0, the constant Bm must be zero. Thus, from Eq. 4.3,

the solution o Eg. 4. 1 can be expressed as:

o

f,(r,9) *z OLmJ'm(kr)e
= -®

Am@ (4. 6)
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Region | (Open-sea)

V3, +k%f, = 0

Region II (Harbor)

V3, + k3£, = 0

Fig. 4.1 Definition sketch of a circular harbor
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Because J_m(kr)is equivalent to (—1)me(kr), Eq. 4. 6is equivalent
to:

f5(r, 9)=z (Am cos mf +Bm sin me)Jm(kI‘) , (4.7)
m=0

where A and Bm are constants with real and imaginary parts to

be determined. For this particular case where the incident wave
propagates in the direction of 6=0 the wave function £, (r,8) is an

even function o 8, i.e thewave amplitude is symmetrical with
respect to the center line §=0. Therefore, the constant Bm in Eq. 4.7
i s set equal to zero. Hence, the general solution to Eq. 4. 1 reduces

to:

f2(r,8) =) A_J_(kr)cosms . (4.8)
m=0
Differentiating Eq. 4. 8 with respect to r, and evaluating the resulting

expression at the baundary, r=aone obtains:
[=]
%3 (2, ) ) i (A, cosmd ~kI_'(ka)] , (4. 9)
m=

where: kJm'(ka) :kJm_l(ka)—%lJm(ka). The coefficients Am must
be determined such that Eq. 4.9 will satisfy the prescribed boundary
conditions, Eg. 4. 2. To evaluate the coefficients A the method

of Fourier cosine transformation will be used, by first multiplying
both sides of Eq. 4. 9 by cos ns and integrating the resulting

expression with respect to 8 from zero to 4T,
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ZT\'af 2r 2
-2 _ . 1
. 52 (a.6)cosnads = [n nzao[A mcosme-ky_'(ka) | cos neds

® 27

:Z J kJ_ '(ka)A_ cosmé cosnfdf
m m

m=0 0

@©

. 2T

:Z f kJ '(ka)A * %<cos(m+n)e +cos (m—n)6>d9.
090 m m

m=0 (4. 10)

If m#n, upon integration Eg. 4. 10 is equal to zero, and if m=n=0,

Eqg. 4. 10 is equal to:

2

2w 9f
2 - t
J\O 61_—(2., 8)ds = 0 kJO (ka)Aode . (4.11)

Therefore, the constant AO can be evaluated as:

2w
of
J 3, 0)de
0 r
A = ——mm (4. 12)
ZTrkJo'(ka)

on the other hand, if m=n#0, Eg. 4. 10 becomes:

2t 9f 2T
Jo —éf-(a,a)cosmede :%fo kJ '(ka)A_d6 . (4. 13)

Thus, the constant Am can be evaluated as:

rZTI' of,

] (a,8) cosmids

0 o (4. 14)

Am:
7kJ '(ka)
m
Because the normal derivative o the wave function on the

boundary, -g—f;?(a, 8), is zero everywhere except at the harbor entrance,

as shownin Eq. 4.2, Egs. 4. 12 and 4. 14 can be simplified further.
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Using the relations:
I (ka) = -7, (ka);
1 = m
kJm (ka)~kJm_1(ka)— y Jm(ka)

the constants AO, Am in Egs. 4. 12 and 4. 14 can be written in the

following forms:

8
|8 coar
A = o , (4. 15a)
Z'rrk<—J1 (ka))
o, .
-8 C(8) cos mBdB
A = e (4. 15Db)
m

wlks(ka) -2y (ka)]

whered is a dummy variable of integration and C(8) represents the
normal derivative d the wave function evaluated at the entrance.
Therefore, the solution to Eq. 4. 1 and the boundary conditions,

Eqg. 4.2,can be obtained by the substitution of Egs. 4. 15 into Eq. 4.8:

8, ~ r 90 ~ ~
T 0x) [0 C®E o T_0x) [.9 0@ cos mBa¥ |cosms
O o]
+

f5(r.R)= ZTTk(‘Jl (ka)) £ ﬁ[kjm_l(ka)——?ifm(ka)]

(4. 16)

If the harbor entrance is small, it is assumed that C(8) can

be approximated by a constant C, and hence. Eq. 4.16 can be

expressed as:
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s ® . el e ot »
.To(kr) C eo +ﬁ 2 .Tm(kr) C slnmeo cos mb ) (4. 17)
wkdy (ka)  matl vml kI (ka) 27 (ka)]

fz<r: B)=

In order to determine the coefficient C, i.e. the average o
the normal derivative of the wave function across the harbor entrance,
the wave function f; evaluated at the harbor entrance has to be set
equal to the wave function in Region | evaluated at the entrance. This
means that at the entrance the average of the wave amplitude acr oss
the entrance must be the same when determined either in Region |
or Region II. For this purpose, the average o the wave function

f, across the harbor entrance (designated as f,) i s determined as:
— 1 0
fp = %TOJ‘ © fs(a, 5)dd

- .
7 (ka) z:rm(ka)[sm mo_ ]

_ aI: 4 : :
. 4.18
-mkTy (ka) =1 'rreomz[kJm_ 1(ka,)famffrn( ka) ] ( )

Eg. 4. 18 is written in abbreviated form defining the bracketed term

on the right-hand-side as MC, therefore:

f,=C*M_ . (4.19)

The series MC can be calculated once the radius a, the central angle
d the entrance 26_, and the wave number k are fixed. Itis noted
that Eq. 4. 19 is similar to Eq. 3.35; in both of these equations the
wave function at the harbor entrance is expressed in terms of its

normal derivative at the harbor entrance. (It should be recalled
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that the normal derivative of the wave function is proportional to the
horizontal velocity. ) The next step in the solution is to express the
average value o f; (for Region I) at the harbor entrance also as a
function of the average normal derivative of the wave function, E
so that by equating the solutions at the harbor entrance in both regions

the value o C can be determined.

4. 1.2 Wave Function QOutside the Harbor

As mentioned in Subsection 4. 1 1, the harbor entrance
is considered small. Thus, even though the harbor entrance is an
arcin Region |1 and a chord in Region I, the difference between the
length of the arc and that of the chord is assumed to be negligible.
As developed in Subsection 3. 2. 2. the wave function at the harbor

entrance obtained from the solution in Region | can be expressed as:

fx,0) = 1¢(5) [ Lo, 0 B k-, i,

5
AB

=14(-3) [ et ouVmpxex ax, . 4.20)
AB

where AR is the chord at the harbor entrance, the function C(xo_ 0)

i s the normal derivative specified in EQ. 4.2, the negative signis
specified for the adapted sign convention that the outward normal
derivative to the domain of interest i s considered positive. (EQ. 4.20
is an integral form of the Eq. 3.34 that was developed previously. )

The first term on the right-hand-side of Eq. 4. 20 represents the
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incident wave and reflected wave at the harbor entrance if the
entrance is closed; the second term represents the radiated wave
from the entrance,

In order to facilitate performing the integration in Eq. 4.20,
the origin of the coordinate system is shifted to the left corner of
the harbor entrance (point A inreferenre to Fig. 4.1). Tn keep
the same approximation as mentioned in Section 4. 1. 1, the function
C(XO, 0) is approximated by a constant C. Thus, Eq. 4.20 can be

simplified by taking the constant C outside the integral sign:

£ (x,0) = 1- %8 JHél)(k]x—xol)dxo : (4.21)

The Hankel function Hé”(k]x—xoj )in Eq. 4. 21 can be separated into

its real and imaginary parts:

gl

! )(klx-xol) - H(()l)(kr) = J_(kr) + AY_(kr) (4. 22)

where r=|x~x0| i s the distance between the field point (x,0) and the
source point (xo, 0). Substituting Eq. 4.22 into Eq. 4.21 and per -

forming the integration across the harbor entrance, it becomes:

. - 1-4¢ L2
fi0,0) = 1-58[€ 0,00+ 421 (x,0)] 5. 23)

where the terms fjo(x, 0) and%fyo(x, 0) are the results of the inte-
gration of the real part and imaginary part of the Hankel function
Hgl)(kr) in Eq. 4.21. Theinterested reader is referred to Appendix

III for the detailed derivationof fjo(x’ 0) and fyo(x, 0), (see Egs. A.3.3
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and A. 3.6). Inorder to determine the value of C by the matching
procedure, the average o the wave function, ?1, across the harbor

entrance can be found as:

As
Lt 0)ax (4. 24)
0

1:'55

where As is the length of the chord across the harbor cntrsncc.

Substituting Eq. 4.23 into Eq. 4.24 one obtains:

R 2 )
£, =1 ~2c(JC+/LﬂYC As (4.25)

2
(- 1)n<k§s> n

J =) -
¢ zO (n!)2(n+1) (2n+1)

(o) B (9

=)
1}

(552)

=1 - TN + T, (4. 262)
6 60 1008 25920
© kAs ¥R
("1)n( 3 ) /kAs \ 1 1
= 1 - - -
VC IZ:O (n! )2(2n+1)(n+1)[0g& 2 /+e\( 2(n+1) Z,Il-i-l:l

(-1 pm)(Kbe V"

1 (n!)? (2n+1) (n+1)

(kAs >2 ‘
3 2 ’kAs) 19
' [l"g > )TV 12

(e
___%__[k,g (15—@%)+- -§3§] + (4. 26b)
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The development of the series for J. and Y are also presented in
Appendix 1II  (see Sections III. 3 and III. 4).

4, 1. 3 Matching the Solution for Each Region at the Harbor

Entrance

With the average wave function f; at the harbor entrance
(f5) for Region II obtained from Eq. 4. 19 and the average wave function
f, at the harbor entrance (—fl) for Region | obtained from Eq. 4.25,
the two solufions can now be matched to solve for the average normal

derivative of the wave function, C. Eq. 4.25 is simplified as:

I = 1+BOE , (4.27)

where B = -i(J +,LEY >As inwhich 3 and Y are defined by
o 2 c ™ C C c
Eqgs. 4.26a and 4. 26b.

Equating EQ. 4. 19 to Eq. 4.27, one obtains:

CM =14B *C ; (4.28)

thus, the average value of the normal derivative of the wave function

at the harbor entrance, C, can be determined from Eqg. 4.28 as:

=__ 1
C=xmr—5 - (4.29)
C O

where Mc and B0 are defined by Eqgs. 4. 19 and 4.27 respectively.

After the value of the average normal derivative of the wave
function at the harbor entrance, C, has been determined from

Eq. 4.29, thewave function f; at any position (r,8) inside the harbor

can be calculated from Eq. 4. 17. It should be noted that the functions

C and f, (r,8) are both complex numbers.
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Once the value of the complex number C has been determined
by Eq. 4. 29, the amplification factor, R, at any position (r,8) for
a particular wave numnber k can be evaluated in exactly the same way

as discussed in Subsection 3.2.3 (as shownin Eq. 3.38):

i I'r]2 (r, 6;t) l . lAifg (r, e)e"’wt]

R(r, 8;k) =t (x, 9)]

]Ai(filfr)e'mt[ ) | Ai~1-e"wt]
+§3. 2J_ (kr) sin m8_ cos m® _ |
~wkd (ka) m=1wm|kI__ (ka) -2 3 (ka) |

It should be mentioned that the analysis presented in this

(4. 30)

section so far is concerned only with one complex constant C which

i s determined through the matching procedure. This means that the
quantities of interest are averaged over t he full entrance; however,
if a better approximation i s intended, the harbor entrance can be
divided into p segments. Thus, there are p complex constants Cl‘

C Cp, i.e the average normal derivative o the wave function

prernes
for each segment, to be determined by the matching procedure. The
average value of the wave function for each entrance segment is
expressed as a function of Cl’ Corunnnn CP; thus, a set of equations
similar to those used in the approximate method and shown in Eq. 3.35
can be developed. As for the solution in Region |, Eq. 3.34 developed
in Chapter 3 represents the wave function f; for each entrance segment
and can be used inthe solution instead of Eq. 4.25. Therefore,

by matching the average value of f; and f, at each entrance segment,

a set of p simultaneous linear equations can be obtained; the value

of the normal derivative of wave function for each segment, i. e Cl’
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CZ’ cemnn Cp, can be determined by solving this set of simultaneous
equations similar to what was discussed in Subsection 3.2.3. After
evaluating the value of Cl’ CZ’ - Cp, the wave function £, (r, 8)
at any position inside the harbor can be calculated.

It should also be noted that even though there is no limitation
on the number of segments into which the harbor entrance can be
divided the entrance still cannot be very large. This is because to
use the theoretical analysis presented in this section the arc aid the
chord at the entrance must be approximately the same length. In
addition if the harbor entrance is very large, the harbor geometry
can no longer be considered as circular and the method o separation
of variables cannot be applied.. For such casesitis necessary to

resort to the approximate methods described in Chapter 3.

42  THEORETICAL ANALYSIS FOR A RECTANGULAR HARBOR
Another example for which the coordinates inside the
harbor are separableis a harbor with a rectangular shape. Similar
to the circular harbor, for a rectangular harbor the solution inside
the harbor (RegionII) can be obtained in an eigen function expansion
with the coefficients to be determined by t he boundary conditions.
The solution i n Region II that will be presented below is the same
as the work of Ippen and Goda (1963), since it involves the standard
separation of variable method. For the solutionin Region I, the
method discussed in the previous section, i.e. Subsection 4. 1.2, will
be used. This method is different from the Fourier transformation

method that |ppen and Goda (1963) used in their work. This theoretical
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analysis can be used as a check both of the theory developed by Ippen
and Goda (1963) as well as the theory developed in Chapter 3 for an

arbitrary shaped harbor.

4.2. 1 Wave Function Inside the Rectangular Harbor

For the wave function f; (x,y) inside the rectangular
harbor, the Helmholtz equation. Eq. 3. 5, is written in rectangular

coordinates:

9%f, 0%f,
2 TayE T K =0, (4.31)

the wave function f, must satisfy the following boundary conditions:
of, af,
1 — = —_— = - <
(i) Y (0,y) =0, and o (b,y) =0 for -L <y <0

(ii)—g—f%(x, -£y=0 for 0<x<b
(4.32)
. of 0 for 0<x<d_ord_ +d<=x<b
(iii) é.e(x,o):{ o
b C(x) for d =x<d +d
(@] (0]

A definition sketch of the rectangular harbor showing both regions:
Region | and Region 1I, is presented in Fig. 4.2.

Using the method of separation of variables and considering
the boundary conditions (i)and (ii), the solution of the Helmholtz
equation, EqQ. 4. 31,can be represented by the following infinite

series:

= mw
fg(x,y)—z Arn cos = x cosh Bm(y+/ﬂ) , (4.33)

m=0

] 2
where 8 = (—13%1) -k® , and A__is an arbitrary constant to be
m ™
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determined. It is obvious that Eq. 4. 33 satisfies the Helmholtz
equation, Eq. 4. 31,and also satisfies the boundary conditions (i)
and (ii)in Eq. 4. 32. Thus, the constants Am have to be determined
so that the solution £, (X,y) will satisfy the boundary condition (iii)in
Eq. 4. 32.

Differentiating Eq. 4. 33 with respect to y, one obtains:

w©

of ~
=8 ( — R mm . "} ) )
5=, y) “) A 8_[cos PEx sinh 8 (y+1) ] (4. 34)

Evaluating Eq. 4.34 at y=0 and expanding, one obtains:

w

of _ .

T (%,0) =A k(-sinke)+ Y A_B_(sinh8 %)cos®Ix , (4.35)
m=1

The coefficients Ao and Am can be determined by the Fourier
cosine transformation method which was used in Subsection 4. 1. 1.

Using this method the following expressions are obtained for Al and A_:

b .
at, d+d
3r "‘—'L(X,U)dx j 0 C(x) ax
buoay dO
A = o , (4. 36a)
o 2k (-sink&) bk sin k&
&va 8f& N, Ay T 1, ['d_i_do C d:
b Oa‘—y (x,0) cos 73~ xdx .113 (x) cos —xdx
A = = . (4,36b)
™ . .
Bm sinhg 4 me sinh

If C(x) can be approximated by a constant C, as has been done
in Subsection 4. 1. 1, the coefficients Ao and Am in Egs. 4. 36a and

4. 36b can be evaluated as:
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~ Cd
A T "BKsSinkL (4.37a)

2C[sin %(d"‘do) - sin mdo]

Am~ mmB_ sinh 51 (4. 37b)
m m

Substituting Egs. 4. 37 into Eq. 4. 33, the solution of the wave function

f, inside the harbor can be written as:

t0x,y) = G S e, y) +5_(x,y)]| (4. 38)
wherein:
g - _dcosk (y+4)
o bk sin kt ,
e z(sin—mlf—(dm y-sin 4,/ ma
S_ = 2 b o —_ h L
m cos 7 X COs Bm(y+ )

m=1 mTer sinh Bm/f,

The complex constant C, i.e. the average normal derivative of the
wave function across the harbor entrance, in Eq. 4.38 has to be
determined by a matching procedure similar to that used previously.
The matching procedure used for the rectangular harbor is to
equate the average wave function f, evaluated at the harbor entrance

(f;) to the average wave function f; evaluated at the harbor entrance

(f5 ).
The average wave function f; across the harbor entrance (?2)
can be evaluated as:

L4+
i £, (x, 0) dx
d
(o]

i

= C (§0 +5,) , (4.39)
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where;:

L ot ke ,

]
1

2
. mn . mm
Zbl:51n-—-—-b (d+d0) - sin == do:l
5
mn)*B_ tanh g 4

0l
1

)
)
m=

4.2.2 Matching o the Solution for Each Region at the Harbor

1

Entrance

The average wave function, f;, determined in Region II
at the harbor entrance can be obtained from Eqg. 4.39. For the
solution in Region I, the relation developed in Subsection 4. 1.2,

i.e. Eq. 4.27, can be used for the average wave function, —fl. Thus
by matching these two solutions at the harbor entrance, the average
normal derivative o the wave function across the harbor entrance, C,
can be determined. Equating Eq. 4.39 to Eq. 4.27 one obtains:

C(S, +s_)=1+BC (4. 40)

thus, the value d C can be determined as:

. (4.41)

— 1
C = = =
S +S5S -8B
O m o]

After the value of C has been determined from Eq. 4.41, the

wave function f; at any position (X,y) inside the rectangular harbor

can be determined using Eq. 4.38. The absolute value o the wave
function £, (X,y) is equal to the amplification factor at the position

(X,y) aswas shownin Eq. 3.38 and Eg. 4.30.
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It is noted that in the circular harbor theory developed in
Section 4. 1, the harbor entrance is limited by the requirement
that the arc i s approximately equal to the chord at the harbor
entrance. Thistype of limitation does not exist in the rectangular
harbor theory developed in this section, since no matter how large
the harbor entrance is, the geometry in Region II is still rectangular
and the separation of variable method can be used. For the case of
awide harbor entrance compared to the length of the harbor the
entrance can be divided into a number o segments using the matching
procedure to equate the average value of f; and the average value of £,
at each segment at the entrance. Therefore, a set o simultaneous
equations can be obtained ; the value of the normal derivative o the
wave function C for each segment can be determined by solving
these simultaneous equations. After the normal derivative of the
wave function for each entrance segment has been determined, the
wave function {5 (X,y) at any position inside the harbor can be

calculated.
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CHAPTER 5

EXPERIMENTAL EQUIPMENT AND PROCEDURES

5.1 WAVE BASIN

A wave basin 1 ft 9in. deep, 15ft 5inwide, and 31 ft
5in. long shownin Figs. 5. 1 and 5. Z was used for the experiments.
The vertical walls of the basin were constructed of 3/4 in. marine
plywood with the floor constructed of 1in. marine plywood. The
basin floor was located 10 in. above the laboratory floor. This can
be seenin Figs. 5.1 and 5.2 where a substructure supporting the
basin floor was built to allow for proper leveling o the basin floor
and to raise the basin to a more comfortable working level. This
substructure consisted of wood sills and joists; seven wood sills
(1-5/8in. x 3-5/8 in. with the short dimension vertical) were
fastened to the laboratory floor, 2 ft 8in. on center running the
length of the basin. Perpendicular to these sills, a system o
joists {1-5/8 in. x 7-5/8 in. with the long dimension vertical) was
fastened on 1 ft 4in. centers. The upper face o the joists was
leveled to within t 1/32 in. by placing shim material between the
sill and the joist at each intersection. The 1in. plywood was then
glued and screwed to the joists to become the basin floor and the
3/4 in.vertical walls and their supporting structure were fastened

in place. (For additional details of the construction of the basin, see
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Raichlen (1965).) In order to ensure watertightness and to provide
a level bottom, before this study was initiated, alayer o polyester
resin ("CYBOND 2501 Part 1'"" manufactured by American Cyanamid
Company) approximately 1/4 in. thick was poured into the basin.
The resin sought its own level before it solidified; therefore, a
bottom which was horizontal to within at |east TO. 02 in. was obtained
by this treatment. All the joints were sealed by fiber glass cloth and
resin and the interior of the basin was then painted with an epoxy
base paint. After this treatment the wave basin remained free o
leaks throughout the course of the experiments.

Also shownin Figs. 5.1 and 5.2 are wave energy dissipators:
awave filter located in front of the wave machine and wave absorbers
located along t wo sides of the basin. The details of the construction
and the characteristics of these units will be presented in Sections

5. 6 and 6. 1 respectively.

5.2 WAVE GENERATOR

The wave generator used for this study was a pendulum
type designed to operate either as a paddle- or piston-type wave
machine; its detailed description and design consideration were
given by Raichlen (1965). A photograph of the wave generator and
the overhead support is shownin Fig. 5. 3. It is seen that the plate
of the generator is obscured by the wave filter; however, this shows
the arrangement of the filter relative to the generating surface. The

generating surface was an aluminoum plate 11 1t 8 in. long, 2 It high,
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Fig. 5.3 Wave generator and overhead support with wave filter and
wave absorber in place

Fig. 5.4 Motor drive, eccentric, and light source and perforated
disc for wave period measurement
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and 1/4 in. thick attached to a structural aluminum angle frame
which provided rigidity. As can be seenin Fig. 5.3, this assembly
was suspended from three pairs o arms connected to an overhead
structure which in turn was fastened to the reinforced concrete ceiling
beam. Each supporting arm was 2 ft 9 in. long with the upper end o
each forward arm able to be moved along a slot which was an arc o
radius 2 ft 9in. Hence, when the forward arm at each support was
parallel to the rear arm the wave machine operated as a piston-type
generator; when the upper end of the forward supporting arm was
moved to the furthermost forward position, the wave machine operated
as a paddle-type wave generator with the bottom d the generating plate
acting as an imaginary hinge point. This arrangement facilitated the
generation of shallow water and deep water waves. The wave generator
was driven by two arms connected to independent eccentrics which in
turn were connected through a pulley system to a 1-1/2 hp variable
speed motor. This arrangement can be seenin Fig. 5.4. The
eccentrics allowed for a maximum wave machine stroke of 12 in, , but
careful adjustment was necessary to insure that both eccentrics had
identical settings. This was accomplished by measuring the stroke o
the generator at two locations using dial gages, and it was possible
to adjust the eccentrics to within 0. 001 in. o each other. The motor
was a 1-1/2 hp U. S Varidrive Motor with a 10:1 speed range and a
continuous variation over this range. Wave periods ranging from 0.34

sec to 3.8 sec could be obtained with this system.
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5.3 MEASUREMENT OF WAVE PERIOD

A pulse counting technique was used for the determination
of the wave period. As can al so be seenin Fig. 5. 4, the pulse was
generated by interrupting a light beam, which was directed at a photo-
cell, by adisc with 360 evenly spaced holes arranged in a circle near
its outer edge. The disc was directly connected to one eccentric of
the wave drive mechanism. A schematic diagram and circuit of the
photocell device is presented in Fig. 5.5. The voltage pulses so
generated by the photocell circuit were counted over an interval of
10 seconds by a Beckman/Berkeley Division Industrial Counter Model
7351. The wave period in seconds was obtained simply by dividing
the product of the number of holes times the counting interval (3600)
by the number of counts registered by the counter in 10 seconds.
Hence, the period measured was an average over a 10 second interval;

throughout an experiment this period varied at most by TO. 03%.

5.4 MEASUREMENT OF WAVE AMPLITUDE
5.4. 1 Wave Gage
Resistance wave gages were used in conjunction with the
Sanborn (150 series) recorder for the measurement of wave amplitude.
A drawing of a typical wave gageis shownin Fig. 5.6. The wave gage
consisted of two 0. 010 in, diameter stainless steel wires 3-1/2 in.
long, spaced 1/8 in. apart. The wires were stretched taut and

parallel in aframe constructed of 1/8 in. diameter stainless steel.
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The wires were insulated electrically from each other, except that
current could pass from one wire to the other through the water in
which the gage was immersed.

A circuit diagram for the wave gage is shownin Fig.5. 7. A
Sanborn Carrier Preamplifier (Model 150 - 1100 AS) supplied the
2400 cps - 4. 5 volt excitation for the gages and in turn received the
output from the wave gages which after demodulation and amplification
were displayed on the recording unit. The displacement of the stylus
d the recorder was proportional to the probe resistance, which in
turn was proportional to the depth. ef immersion of wires.

The wave gage was calibrated before and after an experiment
(approximately one hour apart). Three typical calibration curves
are presented in Fig. 5. 8 for a wave gage with three different
attenuation settings o the amplifier, i.e. x50, x20, x10. The ordinate
shows the immersion plus withdrawal in centimeters while the
abscissa shows the stylus deflection of the recorder in millimeters.
The calibration of wave gage was performed manually by first
increasing its immersion U. US cm, then returning to the original
position and withdrawing it 0.05 cm. The same procedure was then
repeated with alarger increment o immersion and withdrawal. A
calibration curve representing an average over the duration of an
experiment was used i n the data reduction procedure. Most cali -
bration curves were essentially linear and showed very little change

during an experiment as can be seenin Fig. 5.8.
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5.4.2 Measurement of Standing Wave Amplitude for the Closed

Harbor

A's mentioned in Subsection 3.2.3, the amplification
factor is defined as the wave amplitude at a particular location inside
the harbor divided by the sum of the amplitude of the incident and the
reflected wave when the harbor entrance is closed; this latter is the
standing wave amplitude. Therefore, in order to determine the
amplification factor experimentally, both the wave amplitude inside
the harbor and the standing wave amplitude when the entranceis
closed must be measured.

The amplitude inside the harbor is measured in a straight-
forward manner using the resistance wave gages just described. Due
to the variationin the standing wave amplitude along a crest, caused
by the diffraction of waves off the edges o the wave machine and by
the wave absorbers (see also Ippen and Goda (1963)),it was necessary
to use an average amplitude of the standing wave across the entrance
in defining the amplification factor.

This average standing wave amplitude along the " coastline™ was
obtained as follows. With the harbor entrance closed, three wave
gages were placed 1/4 in, from the false wall (which represents the
"eoastline!') with the wires in a pl ane parallel to the wall. One wave
gage was located on the center line of the harbor entrance, and the

other two gages were located 2 ft to either side. After the wave

amplitude at these three locations had been determined, the wave
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amplitude at the two limits of the harbor entrance were determined
by interpolation after fitting a second order polynomial to the
measured values. The subroutine "AITKEN/Polynomial Interpolation
Function' available at the Booth Computing Center of the California
Institute of Technology was used to accomplish this. The average of
the wave amplitude measured by the center gage and those interpolated
as just described was used to represent the standing wave amplitude.
Therefore, the amplification factor was determined by dividing the
measured wave amplitude at a given location inside the harbor by the

standing wave amplitude so determined.

5.5 MEASUREMENT OF VELOCITY

The velocity at the harbor entrance was measured using a
hot-film anemometer manufactured by Thermo-Systems, Inc. (Heat
Flux System Model 1020A). The system minimized the effect of the
thermal inertia of the probe by keeping the sensitive element at a
constant temperature (constant resistance) and using the heating
current as the measure o the heat transfer and hence the velocity of
the flow. The sensor was a glass cylinder (with a diameter of 0. 001 in.
or 0.006 in. ) coated with a platinum film which in turn was covered
with a sputtered quartz layer; the platinum and quartz coatings were
each approximately 10 2 in. thick. The sensor was supported by two
insulated needles, and for the experiments, the sensor was aligned
with its longitudinal axis parallel to the bottom of the basin and per-
pendicular to the incoming wave ray. A photograph of one sensor is

shown in Fig. 5. 9 with the associated electronics shownin Fig. 5. 10.
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Fig. 5.9 Photograph o a hot-film sensor
(fromRaichlen (1967))

9334

Fig. 5. 10 Hot-film anemometer, linearizer, and recording unit
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The output of the hot-film sensor is not linearly proportional to
the flow velocity; instead, it has the following general relation (see

Hinze((1959));:
3

- . _ c , (5. 1)
E = Ia Rw = (e Ty V78)

where E i s the output voltage of the anemometer, Ia i s the current

to t he sensor, RW isthe operating resistance, V isthe fluid velocity
normal to the axis of the hot-film sensor, and ¢, and c, are constants
which depend upon the properties of the hot-film and the temperature
difference between it and the fluid. In steady flow, the exponent cz in
Eq. 5 1 isusually taken as 1/2; such a relationshipis referred to as
King's law (seeHinze (1959)).

For a constant temperature system, the operating resistance of
the sensor, R_, is kept constant by electronic feedback. The value
(RW_RS)/Rg (wherein Rg i s the cold resistance of the hot-film sensor)
i s usually called the "over-heat ratio''. For present experiments, an
over-heat ratio of 2% to 3% was used.

Assuming King's law applies for the present experiments (see

Subsection 6.2.5 for a discussion of the shortcomings o this

assumption), EQ. 5 1 can be written as:

w0

E=(c +cp/V) , (5.2)
providing a simple relationship which can be linearized so that the
output voltage is directly proportional to the fluid velocity. In order
to accomplish this, alinearizing circuit built by Townes (1965)was

used.



_96_

The sequence of operation of the linearizer is as follows. The
output of the anemometer was first amplified to the best operating

level for the linearizer (approximately 10 volts) and used as the input
to the first squaring circuit of the linearizer; the output from the first

squaring circuit, S;, can be expressed as:
= caﬁ(cl tea/ V) o, (5. 3)

where c, i s the amplification by the preamplifier.

It can be seen from Eq. 5. 3 that the output of the first squaring
circuil S; isriot equal 1o zero when the fluid velocity is zero. There-
fore, a mean voltage was subtracted from that shownin Eq. 5. 3,
when the velocity was equal to zero. Hence, the signal can then be

expressed as:
Sb=8; - cglzcl = czcm/—\? . (5. 4)
This voltage was then amplified again to the best operating level

for the linearizer, and introduced to the second squaring circuit. The

final output voltage from that stage, S;, can be expressed as:
— 2 - 2 2
S, = (chb) = (cbcach/V) = aVV . (5.5)
Thus, after thelinearizing operation, the output voltage from

the second squaring circuit, Sz, islinearly proportional to the fluid
velocity, V. It should be noted that the relationship shownin Eq. 5.5
implies that King's law (Eq. 5.2) applies. A calibrationis required
if oneisto determine the constant a, in Eq. 5.5 and thus the absolute

velocity; for the present experiments no attempt was made to calibrate
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the sensor. |If the applicability of EQ. 5. 5is assumed, the relative
velocity at two positions can be obtained as the ratio o the final
output voltage S, at those two positions. For example, for the experi-
ments dealing with the velocity distribution across the harbor
entrance the output voltage at various positions can be normalized
with respect to either the value at the center or the average value
across the entrance; both normalizations yield information regarding

the shape of the velocity distribution across the enlrance.

5.6 WAV E ENERGY DISSIPATION SYSTEM

Two types of wave energy dissipators were employed in
the present experiments: awave filter placed in front o the wave
generator, and wave absorbers located along the side-walls o the
wave basin. This system was designed to simulate open-sea conditions
in the restricted laboratory basin, and the design criterion and
characteristics of the system will be discussed in Section 6. 1.

An overall view o the wave energy dissipators is shownin the
photograph, Fig. 5. 11. The wave filter, shown in front of the wave
generator in Fig. 5. 11, was 11 ft9in. long, 1ft4in. high and 5 ft
deep in the direction of wave prupagation and was constructed of 70
sheets of galvanized iron wire screen in three sections each 3 ft 11in.
long. The wire diameter of the screens was 0.011 in with 18 wires
per inch in one direction and 14 wires per inch in the other. As seen
in Fig. 5. 12 each section of the filter had three vertical stiffening
pleats located approximately 1ft apart on each sheet; in addition,

right angle bends each 0.8 in. long were made at the top and bottom
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9320

Fig. 5. 11 Wave energy dissipators placed in the basin
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(a) Front view

9311

fb) Side view

9314

Fig. 5. 12 Section of wave filter

9337
Fig. 5. 13 Bracket and structural frame for supporting wave absorbers
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of each sheet to further stiffenthem. Seventy identical sheets were
then fastened together with 6 stainless steel rods of 1/8 in. diameter.
Spacers consisting of 1/8 in. 1. D. lucite tubing 0. 8 in. long were
placed on each rod to maintain a uniform spacing. These lucite
spacers can be seen from the side view o thefilter in Fig. 5 12. The
right angle bends at the top and the bottom of each screen also served
as spacers. The 70 sheets were then tacked together by soldering to
becoume a relatively still unit that could stand by its own rigidity in
the wave basin, resisting the waves without fixed supports.

While the wave filter was built to stand in the wave basin by its
own rigidity without additional support, the wave absorbers, shownin
Fig. 5. 11, were supported by structural frames outside the wave
basin. (Oned these structural framesis shownin Fig. 5. 13.) The
wave absorbers, placed along the side-walls of the basin, were each
1ft6in. high, 1ft 10in. thick, and 30 ft long and consisted o 50
layers of the same galvanized iron screen as used in the wave filter.
To construct these wave absorbers, aunit o 10 screens, each 30 ft
long, 1ft 6in. wide spaced 3/8 in. apart was held together by
brackets at each end of the screens. The spacers were composed of
pieces of pressed fiberboard called Benelex (3/8 in. thick, 2 in. wide,
1ft 6in. long) placed between each screen. Benelex was used since
it absorbed only a small amount of water compared to some other
materials. A bracket was fastened over the screens and spacers
clamping the 10 screens together firmly as a unit. The screensin a

unit o 10 layers were then stretched taut by 3/8 in. diameter stainless
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steel rods which connected from the brackets at the ends o the units
to the structural frames located outside the basin. Holes were drilled
into the wall of the basin for the rods; fittings with "O'-ring seals were
mounted in the wall to prevent the leakage around the rods, Therefore,
the rods transmitted all the tension required to hold the screens taut
to the structural frames at each end: hence no significant forces were
applied to the basin walls. Five identical units (atotal of 50 layers of
screens) were built in this manner along each side of the basin as
shownin Fig. 5. 11.

The wave energy dissipating system provided a large area of
galvanized iron in the wave basin, 9.0 ft? of wire screen per ft> of
basin water. Because of the chemical reaction between the wire
screens and the water when the screens were initially installed the
zinc in the galvanized screens deposited in the basin. This not only
decreased the amount of zinc that protected the wires of the screens
but the reaction also produced a coating of undissolved zinc on the
water surface. The |latter effect led to undesirable operating charac-
teristics of the wave gages. For this reason, it was necessary to
introduce additives to the water to reduce and even prevent this
reaction. A series o experiments were conducted in order to find
a proper additive. Itwas found that a technical grade of sodium
dichromate (Na, Cr, Oy)added to the water in a concentration d 500 ppm
(by weight) could accomplish this. The concentration of the sodium
dichromate was checked periodically by a light absorption technique

and if the concentration was found to be | ess than desired, more was
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added. In order that this additive could function properly as a
corrosion inhibitor, it was necessary to keep the pH of the water less
than 6. 5; usually the pH was maintained in the range of 6.2 to 6. 5 by
periodically adding hydrochloric acid (HC1l). This treatment of the
basin water proved to be successful in both preserving the wire
screens and eliminating the precipitate on the water surface, and it

had no observable effect on the wave gages.

5.7 HARBOR MODELS

Four different harbors with constant depth were investi-
gated experimentally: a rectangular harbor, a circular harbor with
a 10° opening, a circular harbor with a 60° opening, and a model of
the East and West Basins of the Long Beach Harbor (Long Beach,
California). The harbor models were designed so that each would
fitinto afalse-wall simulating a perfectly reflecting " coastline” and
itwasinstalled 27 ft 6 in. from and parallel to the wave paddle, i.e.
2 ft. 6in. from the back-wall of the basin. The false-wall was made
of lucite 3/8 in. thick and 1ft 3 in. high mounted to a frame composed
of galvanized iron angles constructed in two identical pieces: the
east-wing and the west-wing. Each wing extended 4 ft 9 in. from | ft
off the center o the wave basin to the inner most screen o the wave
absorbers. Aphotographofthesupportingframesandthewallsis
presented in Fig. 5.14. Thewalls were weighted to hold them in
place without direct connections to the basin floor, Inlinewith the
false-wall, lucite spacers 3/8 in. thick, 1in. wide and 1ft 6 in. high

were placed between each screen of the absorbers. These spacers
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Fig. 5 14 False-walls and supportingframes representing ''coastline"

9318
Fig. 5. 15 Rectangular harbor in placein the basin
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which can be seen in upper left-hand-portion of Fig. 5. 13 were placed
to prevent waves penetrating through the absorbers to the still water
region behind the false wall thereby creating undesirable oscillations
in the basin.
In the following, a brief description of the harbor modelsis

presented:

(i) Rectangular harbor: The rectangular harbor was 12-1/4 in.

long, 2-3/8 in. wide with a fully open entrance and it was constructed
of 1/4 in. thick lucite. Fig. 5. 15 shows how the rectangular harbor
was placed in relation to the false-wall inside the wave basin. It
should be mentioned that the false-wall, ' coastline”, shownin Fig.

5. 15 was different from the false-wall described in the previous para-
graph. This wall was constructed from plywood (3/4 in. thick) and
painted with an epoxy based paint. However, it was found that this
wall expanded due to water absorption; therefore, after the experi-
ments with the rectangular harbor were finished this false-wall was
replaced by the one constructed o lucite just described which was
used for all subsequent experiments.

(ii) Circular harbors: The two circular harbors (8110O opening

and a 60° opening), shownin Figs. 5. 16 and 5. 17, were each 1ft 6in.
diametcr and 1ft 3 in. high, and they wcrc constructed of 1/4 in.
lucite plate which was heated and bent to shape. The cylinders were
each connected on the top and the bottom to two 1/2 in. lucite rein-
forcing plates with holes cut to an inside diameter o 1ft 6-1/2 in. ;

thisis clearly shownin Figs. 5 16 and 5. 17. These two reinforcing
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_ _ 9323
Fig. 5.16 Circular harbor with a 10° opening

' _ 9325
Fig. 5. 17 Circular harbor with a 60° opening
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plates were necessary to keep the planform o the harbors circular.
The two vertical plates shown near the harbor entrance in both Figs.

5. 16 and 5. 17 connected to the harbor fitted into the two foot space

which had been left in the false-walls just described; thereby resulting
in a smooth " coastline™ extending from the wave absorbers to the

limits of the harbor entrance.

(iii) Model of Long Beach Harbor: The model o Long Beach

Harbor shown in Fig. 5. 18 was also constructed from 1/4 in. thick
lucite plate. The shape o the planform o the harbor was cut from
two lucite sheets using dimensions such that when the vertical
boundary walls were cemented in place the inside dimension o the
harbor would be as desired. These supporting plates can be seen at
the top and bottom of the harbor model in Fig. 5. 18. This model was
composed d 15 pieces o lucite cemented to the supporting plates

and rubber cement was used ag filets in the corners. The planform
of the model was simplified fromthe existing harbor and can be
compared to the prototype in the map (Fig. 5 19) which was extracted

fromthe U. S C. & G S map No. 5147.

5.8 INSTRUMENT CARRIAGE AND TRAVERSING BEAM

A photograph of the instrument carriage and traversing
beam is presented in Fig. 5.20; also seen inthis photographis the
frame which was placed outside the model of the harbor to support
the instrument carriage. This frame, constructed of galvanized
steel angles, was bolted to four pads that were cemented to the basin

floor. An aluminum plate 3/8 in. thick, 2 ft 4in. square with a
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9328

Fig. 5. 18 Model of the East and West Basins of Long Beach Harbor
(Long Beach, California)

Nauﬂcal Mile

Map showing the position of the East and West Basins of
Long Beach Harbor and the model planform. (Theharbor
model i s shown with dashed lines. )
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circular hole of 2 ft inside diameter was mounted to the top of the
structural frame. The carriage which was supported at three points
with ball bearings was free to rotate with the hole in the plate as its
guide and coupled with the traversing beam the wave gage could
therefore be moved to any position inside the harbor. The complete
frame could be moved toward or away from the false-wall so that the
center of the circular hole on the aluminum plate coincided with the
center of the circular harbor. In addition, the frame could be leveled
by adjusting the bolts on the supporting pads so that the wave gages
remained at the same immersion if moved to other positions within
the harbor.

The traversing beam shownin Fig. 5.20 consisted o an alum-
inum channel to which two lead screws (16 threads per inch) were
mounted. These screws were connected to a gear arrangement at

one end so that they could be rotated either alone or simultaneously.

The screws passed through two threaded blocks to which the wave
gages were attached. As the lead screws were rotated these blocks

moved in slots cut in the channel thus positioning the wave gages.
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9336

Fig. 5.20 Instrument carriage and traversing beam shown mounted
above 10° opening circular harbor
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CHAPTER 6

PRESENTATION AND DISCUSSION OF RESULTS

Experimental and theoretical results are presented in this chapter
which deal with the wave induced oscillations of three harbors with
specific shapes: circular harbors with 10% and 60° openings, a
rectangular harbor, and a model of the East and West Basins of Long
Beach Harbor located in Long Beach, California. All the harbors
investigated were o constant depth and were connected to the open-sea;
thus, an effective wave energy dissipating system was necessary to
simulate these open-sea conditions inthe laboratory. The character -
istics o the wave energy dissipators chosen for this system will be
discussed first, followed by the presentation and discussion of the
results for the three harbors mentioned. All numerical computations

were accomplished using an IBM 360175 high speed digital computer.

6.1 CHARACTERISTICS OF THE WAVE ENERGY DISSIPATION
SYSTEM
The theories developed in Chapter 3 and 4 treat the case o
a harbor connected to the open-sea which lead to the existence o the
"radiation condition', i. e. the radiated waves which emanate from the
harbor entrance decay to zero at an infinite distance from the harbor.
However, inthe laboratory, experiments must be conducted in a wave

basin of finite size; thus, the radiated waves from the harbor will be
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reflected from the wave paddle and the sidewalls o the basin unless
effective energy dissipators are provided. Indeed in the absence of

dissipators Ippen and Raichlen (1962) (also Raichlen and Ippen (1965))

have shown that the response curve of a rectangular harbor connected
to a highly reflective basin i s characterized by numerous closely
spaced resonant spikes. This result is strikingly different from the
response curve for arectangular harbor connected to the open-sea
which was subsequently studied by Ippen and Goda (1963) where fewer
modes o resonant oscillation were observed over similar ranges of
wave period. In this section the design considerations and character-
istics of the wave energy dissipating system (describedin Section 5.6)
which was used in these experiments to alleviate this problem will be
presented and discussed.

A theoretical and experimental investigation of wave energy
dissipators composed of wire mesh screens aligned normal to the
direction of wave propagation was conducted by Goda and |Ippen (1963).
In their analysis each screen was considered to be composed of
numerous equally spaced circular cylinders aligned vertically and
horizontally; it was assumed that there was no wave reflection from the
energy dissipator, and the energy dissipated by each cylinder was
assumed to be independent of its proximity to t he other cylinders.
Therefore, the total energy dissipation was taken to be equal to the
sum of that from each o the cylinders in the unit. Based on these
assumptions, Goda and Ippen (1963) developed the following semi-
empirical equation for the transmission coefficient of such a

dissipator:
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H.

K, =[1+13.4mD (BL) 77 (L) otb/L)] (6. 1)

where: Kt = transmission coefficient, defined as the ratio o the
transiitted wave height to the incident wave height,

Ht/Hi’

number of layers d screens,

= diameter of the screen wire,

center to center distance between wires,
circular wave frequency (2w/T),

kinematic viscosity o the fluid,

H

< a ¢ O 3
i

H

wave length, and

depth effect factor which is afunction of the ratio of
depth to wave length. (Theinterested reader is referred
to Goda and Ippen (1963) Eq. 2.29 for this expression;
for deep water wavesitis equal to 1.81.)

p=d
=
~

E
H

Based on the experimentally determined values o the transmission
coefficient, Kt’ and the reflection coefficient, Kr, for various dissi-
pators, an empirical relation was obtained to correlate these
quantities:

wherein Kr is defined as the ratio of the reflected wave height to the
incident wave height, Hr/Hi'

To confirm the validity of Egs. 6. I and 6.2 so that they could
be used with confidence in designing the wave energy dissipators for
this study (described in Section 5.6) a series of experiments using

model dissipators was conducted. These experiments were carried
outin awavetank 1ft 6in. wide, 1ft 9 in. deep, and 31 ft long using

a paddle type wave generator and using the procedures employed by
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Two model dissipators were tested, denoted

here as Dissipator A and Dissipator B; their characteristics are

presented in Table 6. 1

Table 6. 1 Model wave energy dissipators

Mesh (S)* Screen Wire | Distance Number
Dissipator Averaged Center | Diameter Between of Layers
g to Center Spacing (D) Layers of o Screens
of Wires Screens
(in.) (in.) (in.) (m)
A 0.0625 0.011 0.5 38
B 0.0625 0.011 0. 375 50

“For this study the horizontal and vertical spacing of the wires were
not equal and the value denoted as S i s the average spacing (see

Section 5. 6).

A dissipator is called awave filter if it is placed between the

wave generator and the back-wall of the wave tank; itis called wave

absorber if placed against a reflecting surface o the tank.

In order

to dctecrminc the transmission and rcflcction cocfficicnts of the wave

filter, two wave gages were used to measure the wave envelope in the

region ahead and behind the wave filter.

To determine the reflection

coefficient of the wave absorber one wave gage was used to measure

the wave envelope in the region in front of the wave absorber.

It can

be shown that the incident and reflected waves can be determined

simply from such wave envelopes (seelppen, 1966, pp. 46-49).

The experimental and theoretical variation of the reflection

coefficient, Kr, with the incident wave steepness, Hi/L, for Dissi-

pators A and B are presented in Figs. 6. 1 and 6. 2 respectively. In

both Figs. 6.1 and 6.2, the experimentally determined reflection
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coefficients are presented for each dissipator used both as an absorber
and as afilter. The former refers to the case where the dissipator
was placed against the back-wall of the wave tank, while the latter
refers to the case where the dissipator was located between the wave
machine and the back-wall. The theoretical curves presented in Figs.
6. 1 and 6.2 are computed in the following way: first, the transmission
coefficient, Kt’ is computed from Eqg. 6. 1, and the reflection coeffi-
cient, K. is then determined fromthe empirical rel ation, Eq. 6. 2.
The experimental data presented in Fig. 6. 1 show considerable scatter;
however, the datafollow the trend predicted by Egs. 6. 1 and 6.2, i.e
for a constant wave period the reflection coefficient, Kr’ decreases
as the wave steepness, Hi/L, increases, and for a constant wave
steepness, the reflection coefficient, Kr’ increases as the wave
period, T, increases.

Similar data are presented in Fig. 6.2 for Dissipator B where
the number of screens has been increased from 38 to 50 and the
spacing o the screens reduced from 0.5 in. to 0. 375 in. By comparing
Figs. 6. 1 and 6.2, as expected, itis seen that Dissipator B is more
efficient than Dissipator A.

In Fig. 6.3 the experimentally determined reflection and trans-
mission coefficients for these two dissipators are shown. The experi-
mental data obtained by Goda and Ippen (1963)which were the basis
for their empirical relation, Eq. 6.2, are alsoincluded in Fig. 6.3.
Three relations: K _ = Ktz, K_ = Ktz'5 and K, = Kt3, are shownin
Fig. 6.3 for reference. Itis seen that the experimental data show

considerable scatter; nevertheless, the results for Dissipator A agree
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best with the expression: K_ = Kf'a, and the results for Dissipator B

with: Kr = Kt3'°- This difference for the two dissipators suggests

that the wave energy dissipation characteristics might be affected by
the spacing between the screens which was neglected in the analysis
by Goda and Ippen (1963). The results also show that for a constant
reflection coefficient. Kr' the transmission coefficients, Kt, obtained
from the present experiments are somewhat larger than those obtained
by Goda and Ippen (1963).

The most important characteristic of the wave energy dissipators
in simulating the unbounded open-sea is the reflection coefficient, Kr.
It was suggested by Ippen and Goda (1963) that the reflection coefficient,
Kr, of wave filters and absorbers should be | ess than 20% for proper

simulation of open-sea conditions in arestricted wave basin. The wave
absorbers finally chosen for this investigation consisted o 50 layers o

screens with a spacing of 0.375 in. between screens (asdescribed in

Section 5. 6). Therefore, the wave energy dissipation characteristics
of the wave absorbers used are identical to those o Dissipator B used
in these preliminary experiments and shown in Fig. 6.2. With
referenceto Fig. 6.2, except for very small incident wave steepnesses
the reflection coefficient of the absorbers is estimated to be |less than
20% for the majority of the harbor rcsonsncc cxpcrirncnts whi ch were
conducted.

The wave filter used, which has been described in Section 5.6,

consisted of 70 layers of screens with a spacing of 0.8 in. between

layers of screens. The reflection coefficient of the wave filter is

expected to be | ess than that of the wave absorbers for comparable
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incident wave steepnesses due to the smaller number o screens and
spacing in the latter. Therefore, it is expected that except again for
the case o an extremely small wave steepnesses, the reflection
coefficient o the wave filter used i s | ess than 20%.

In order to ensure that the open-sea condition was properly
modeled in the wave basin using the wave energy dissipators described,
ininitial phases o this study the response to periodic incident waves
of afully open rectangular harbor (2-3/8 in. wide and 1ft 1/4 in. long
and identical to that studied by Ippen and Goda (1963)) was studied
experimentally. The results obtained agreed well with both the
theoretical "open-sea solution” and the experimental results obtained
by Ippen and Goda (1963). Thus, the open-sea condition for the
radiated wave was considered to have been simulated properly in these
experiments. The results o these experiments will be presented and

discussed in detail later in Section 6.3.

6.2 CIRCULAR HARBOR WITH A 10° OPENING AND A 60° OPENING
6.2. 1 Introduction

As discussed previously, the wave induced oscillationsin
a circular harbor connected to the open-sea can be evaluated by using
either the special theory developed in Section 4. 1 (if the chord which
represents the harbor entrance can be approximated by an arc of the
circle) or using the general theory developed in Chapter 3 for an
arbritrary shaped harbor. In this section, the theoretical results

obtained from these two theories are compared to the experimental
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results for harbors with a 10° and a 60° opening. In order to verify
the theory the following results will be presented and discussed:

(i) the variation of the amplification factor at a fixed position
inside the harbor as a function of incident wave number (or
wave period),

(ii) the variation of the wave amplitude inside the harbor for
various resonant modes,

(iii) the variation of the total velocity at the harbor entrance as
a function of incident wave number, and

(iv) the distribution o velocity across the harbor entrance for
various wave numbers.

6.2.2 Response of Harbor to Incident Waves

The response of a harbor is defined, for this study, as the
variation o the amplification factor, R, with the wave number para-
meter ka (whereink is the wave number and ais a characteristic
planform dimension d the harbor, the radius for the circular harbor).
The function kais of course dependent upon wave period and depth
whereas the amplification factor Ris also afunction of position. The
amplification factor R is defined as the wave amplitude at the position
(r,8) divided by the standing wave amplitude which exists in the wave
basin with the harbor entrance closed for the wave number (or period)
of interest. Over some range of wave number the wave amplitude
inside the harbor may be amplified while over another range it may
be attenuated. Physically, for such a harbor this resonance results

from the trapping o incident wave energy inside the harbor at
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particular wave numbers (or wave periods) which depend on the
geometry of the harbor as well as the depth.

Two response curves for a circular harbor with a 10° opening
are presented in Figs. 6.4 and 6.5, where the two theories described
in Chapters 3 and 4 are compared to experiments. The experiments
wer e conducted in a cirenlar harhor of 1. 5ft diameter with the depth
of water constant and equal to 1 ftin both the harbor and the " open-sea’.
In both figures, the solid line represents the theoretical curve
computed from the theory for an arbitrary shaped harbor (Chapter 3);
the theory for the circular harbor (Section 4. 1) i s shown with dashed
lines. The theoretical amplification factor was calculated using Eq.
Eq. 3.38 and Eq. 4.30 for the arbitrary shaped harbor theory and
the circular harbor theory respectively. The experimental ampli -
fication factor was obtained by dividing the wave amplitude at the
point investigated inside the harbor (center d the harbor or the
position: r=0.7 ft, O=450) by t he average wave amplitude of the
standing wave system at the harbor entrance. The standing wave
system was measured at the 'coastline when the entrance was closed;
the procedure for obtaining the average wave amplitude of the standing
wave system was described in Section 5.4.

Fig. 6. 4 shows the response at the center of the harbor while
Fig. 6. 5 shows the response at the postion r=0, 7 ft, 8=45°., The center
of the harbor is a unique position to investigate because it is the
location having an equal distance to any point on the boundary. The
position: r=0.7 ft, 9:450 is near t he harbor entrance and was chosen

because it was o interest to know whether the harbor entrance had any
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special influence on the response that might not be predicted by the two
theories. Inthe experiments the wave amplitude at these two positions
was measured simultaneously; however, the gages were separated by
about one radius, thus any disturbance caused by one of the wave gages
would not be expected to seriously affect the other.

For the case of a circular harbor with a 10° opening the arc and
the chord at the harbor entrance are almost the same length, there-
fore the theory for the circular shaped harbor developed in Section 4. 1
can be considered to be applicable. In using the theory for an arbi-
trary shaped harbor, the boundary o the circular harbor was divided
into 36 segments with each segment containing 10° o the central angle.
Since the harbor entrance was represented by one of these segments,
only one unknown complex constant of the normal derivative of the
wave function (g—ff—) needs to be evaluated by the matching procedure.

In Figs. 6.4 and 6.5 reasonably good agreement i s seen between
the experimental data and the theoretical r ceults. Bccauoc the cncrgy
dissipation due to viscous effects i s not considered in the theoretical
analysis, the theoretical values near resonance are, as expected,
higher than the experimental values; more discussion of this will be
presented later in this subsection. Four maximain the range of ka
that were investigstcd can bc scen in the curvee in Figs. 6.4 and 6.5;
the values o kafor these four are: 0.35, 1. 988, 3. 18, and 3.87.
These correspond to four distinct modes d resonant oscillation; the

shape of the water surface for these modes d oscillation will be
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discussed in detail in Subsection 6.2.4. It can also be seenin Figs.
6.4 and 6.5 that the response in region of ka= 3.87 is very peaked,
i.c. alarge amplificationfactor and a narrow wave number band-
width (ranged ka); the theoretical amplification factor at the center
o the harbor is nearly 10.

As the width of the harbor entrance increases, the difference
between the length of the chord and the arc at the entrance increases
and the theory for the circular harbor developed in Section 4. 1 may
no longer be satisfactory. In order to examine the effect d the small
entrance approximation o the circular harbor theory on the harbor
response when the entrance to the open-seais relatively large, a
circular harbor with a 60° opening was investigated. In this case the
length of the chord and the arc at the entrance differ by almost 5%.

Two response curves for the circular harbor with a 60° opening
are presented in Figs. 6.6 and 6.7. Fig. 6.6 shows the response
curve for the center o the harbor; this position corresponds to that
shown in Fig. 6.4 and experimental datafrom two circular harbors
(1.5 and 0. 5 ft diameter) are included. This smaller harbor was
used to obtain data at smaller values o ka than could be obtained
with the 1.5 ft diameter harbor. Fig. 6.7 shows the response curve
for the position: r=0. 7 ft, 9=45° corresponding in location to the
curve shown in Fig. 6.5; experimental datafor only the circular
harbor of 1. 5ft diameter are included for that location. As before,
at both locations theoretical curves obtained from each o the theories

ar e shown.
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In using the theory for an arbitrary shaped harbor, the boundary
o the harbor (including the harbor entrance) was divided into 36
segments, and for this case the harbor entrance was represented by
six of these boundary segments. Therefore, six complex constants
d the normal derivative of the wave function (—g%?) at the harbor
entrance were determined by the matching procedure. However,
when applying the circular harbor theory, only one constant was used
at the entrance, i. e. the average normal derivative of the wave function
across the harbor entrance (C) obtained by the matching procedure
discussed in Section 4. 1

The theoretical results presented in Figs. 6.6 and 6.7 show good
agreement with the experimental data. Note that in Fig. 6.6, data
obtained from experiments conducted in a circular harbor o 0.5 ft
diameter are denoted by solid circles. These data combined with the
data obtained in the harbor o larger diameter (1.5 ft) show that the
response curve of the harbor at a particular location is only a function
of ka

From the theoretical results presented in Figs. 6.6 and 6.7,
it appears that for the two theories thereis a small difference in the
value o the wave number parameter, ka, which is predicted at reso-
nance. This difference is probably caused by the different treatment
at the harbor entrance for the two theories: for the circular harbor
theory one segment was used whereas for the arbitrary shaped

harbor theory the entrance was divided into six segments. In fact,
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itis seenfrom Figs. 6.6 and 6. 7 that in the location of the peaks

the experiment agrees better with the arbitrary shaped harbor theory.
The values of kafor the four modes of oscillation shown in these
figures can be denoted by ka = 0.46, 2. 15, 3.38, 3.96 which arethe
average values from the two theories.

It should be noted that these four maxima are well defined in
Fig. 6. 7 whereas the third maximum is not obviously shown in the
response curve for the center of the harbor (Fig. 6. 6). This problem
o defining the resonant mode of oscillation solely by a response curve
such as this will be discussed more fully in Subsection 6.2. 5.4. The
amplitude distribution corresponding to these resonant modes will be
discussed in Subsections 6.2.3 and 6.2.4.

By comparing Fig. 6.4 with Fkig. 6. 6 and Pig. 6. > with Pig. 6.7
oneis able to observe the effect of the size of the harbor opening on
the amplification of waves inside the. harbor. It is obvious from these
figures that the maxima which appeared in Figs. 6.4 and 6. 5 for the
harbor with a 1000pening are replaced by peaks of smaller ampli-
fication factors and larger bandwidth for the harbor with a 60°
opening (see Figs. 6.6 and 6.7). This effect was called the " harbor
paradox' by Miles and Munk (1962). In addition, in comparing these
figuresit is seen that for the 60° opening, the values of ka of the
modes of resonant oscillation are larger than the values of kafor

the corresponding modes for the harbor with a 10° opening.
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Another characteristic that can be observed from a comparison
of Fig. 6.4 with Fig. 6.6 and Fig. 6.5 with Fig. 6. 7 is that the
theoretical results agree with the experimental results better for the
harbor with the larger opening. In order to explain this, some con-
sideration must be given to the effect of energy dissipation at reso-
nance. Inthe theoretical analysis it was shown that the radiation
of energy from the harbor to the open-sea, limits the amplification
at resonance. In nature in addition to the radiation effect, viscous
dissipation of energy limits the maximum amplification even more.
Since the theory only treated the effect of radiation, one expects the
theoretical values of the amplification factor in the region of reso-
nance to be larger than the experimental values. Moreover, for the
same incident wave characteristics the energy dissipation at the
entrance due to viscous effects are relatively more important for the
harbor with a smaller entrance. Thus a better agreement between
the experimental and theoretical results is apparent for the harbor
with a 60° opening. On the other-hand the resultsin Figs. 6.4 to 6. 7
demonstrate that the wave numbers (or periods) at resonance are
correctly predicted by the two theories. These effects for the harbor
are similar to those for a single-degree-of-freedom oscillator where
viscous dissipation affects Iesonant amplification much more than it
affects the natural periods of oscillation.

The agreement between the theories and the experiment is even
more encouraging since the experiments conducted for the response

curves presented in Figs. 6.4 to 6. 7 covered the range of waves
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from shallow water waves to deep water waves. The conventional
method o classifying waves is: shallow water waves for h/L < 1/20,
intermediate waves for 1/20 < h/L < 1/2, and deep water waves for
h/L > 1/2 (wherein L is the wave length, h is the depth); thus, the
experiments conducted for ka < 0. 236 (a=0. 75 ft) are shallow water
waves, whereas those for 0.236 < ka < 2.36 are intermediate waves
and for ka > 2.36 the waves are deep water waves. It should also be
mentioned that the experiments were accomplished using a wide-
range o stroke settings o the wave machine (see Appendix V).
Since this range of stroke settings results in a wide range of incident
wave steepnesses the good agreement between the theories and the
experiments also emphasize the applicability of these linear theories
even quite close to resonance.

It was mentioned in Chapter 3 that in using the theory for an
arbitrary shaped harbor, the boundary o the harbor must be divided
into a sufficiently large number of segments. Theword " sufficient”
implies that the results obtained using the approximate theory must
agree with the exact solution within an allowable limit. Obviously,
as the number of segments increases, the accuracy of the approximate
theory compared to an exact theory will improve; however, with this
incr ease both the required computer storage and computation time may
increase significantly. Therefore, these factors may place a practi-
cal lower limit onthe length o the segments into which the boundary
is divided, and therefore, consideration must be given to the relative

size of each segment.
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The following considerations are necessary in determining the
segment length: when the boundary is divided and replaced by
straight-line scgmcnts thcoc must be a good approximation tothe
actual boundary, and the length d each straight-line segment, As
must be small compared with the wave length, L. To understand this
second criterion, itisrecalled that in the approximate theory the
wave function along each boundary-segment is represented by a
constant value located at the mid-point of the segment; thus, the
length, As must be small compared to the wave length, L. Therefore,
within the distance of one wave length there are a number o these
segments along which the wave function is evaluated, thereby assuring
the proper representation o the wave form. This criterion can be
represented best by the parametler kias. IL was shown in Subseclion
3.4. 1 (Table 3. 1) that by using the same number d segments the
approximate solution agreed better with the exact solution for a
smaller wave number k than for larger wave numbers. Thus, in
considering the size of As, the case o larger values d k (smaller
wave lengths) is more critical than the case d small k. For the
circular harbors studied experimentally and simulated theoretically,
the length o the segments, As used was 0. 13 ft (for N=36) and the
largest value of ka for which the experiments were performed was
approximately 4. 0 (which corresponds to k=5. 3 ft "*). Therefore,
the critical value of kAs in the present caseis 0. 69. Judging by the

good agreement realized between the approximate theory and the



-132-

experimental results, it is concluded that the boundary of the harbor
was divided into segments which were sufficiently small; this criterion
corresponds to the ratio: as/1L.*~1/9. Therefore, aconservative
statement o the criterion for segment length can be stated as: the
harbor perimeter should be divided into a number, N, straight-line
segments such that the ratio of the length o the largest segment to

the smallestwave length to be considered i s | ess than about one-tenth.

6.2.3 Variation of Wave Amplitude Inside the Harbor:

Comparison of Experiments and Theory

The results presented in Subsection 6.2.2 on the response

o the two circular harbors to incident waves demonstrate that the
theoretical results obtained from the arbitrary shaped harbor theory
and the circular harbor theory agree well with the experimental data.
Both theories will be tested further in this section by comparing the
theoretical results with the experimental results for the wave ampli-
tude distribution inside the harhnr fnr varions val ues of the wave
number parameter ka.

The wave amplitude distribution within the circular harbor with
a 10° opening is presented in Fig. 6.8 for avalue of ka= 0.502. In
Fig. 6.8 the variation o wave amplitude with angular locationis
shown al ong two circul ar paths: the upper portion of the figure for
r =0.7ft (r/a=.935) and the lower portion for r = 0.2 ft (r/a=.267).
The abscissain Fig. 6.8 is the angular position, 8, in degrees and

the ordinate i s the wave amplitude normalized with respect to the
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wave amplitude at the positionof r = 0. 7 ft, 8 = 180°. (Thewave
amplitude at r = 0.7 ft, 8 = 180° is chosen for normalization as it
i s the maximum value which was measured along the two circular
paths, i.e. r = 0.7 ft and 0.2 ft. ) In Fig. 6. 8 and in other figures
throughout this section, the solid line represents the theoretical
amplitude distribution obtained from the theory for an arbitrary
shaped harbor (Chapter 3) applied to this special shape; the amplitude
distribution obtained from the theory described in Section 4. 1 for a
circular harbor is shown by a dashed line. Since the theoretical wave
function, thus wave amplitude, inside the harbor is symmetrical about
a diameter which bisects the entrance (8 = 0°), the theoretical results
presented only cover the range o 6 from 0° to 180°.

Experiments were conducted to measure the wave amplitude for
0° < 8 < 360° along certainradii: in Fig. 6.8 the experimental data
for 0° < g < 180° are denoted by an open circle while the data for
180° < 8 < 360° are denoted by a solid circle. Reasonably good agree-
ment i s seen between the theories and the experimental results; how-
ever, for r = 0.2 ft, the theoretical results calculated from the theory
for the arbitrary shaped harbor differ by about 10% from the results
o circular harbor theory, the experimental results agreeing better
with the latter. The expcrimental data for 0° <5 < 180° agr ee well
with those for 180° < 8 < 360° thus demonstrati ng the symmetry of the

wave amplitude inside the harbor with respect to the diameter at

g=0".
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Fig. 6.9 shows the wave amplitude distribution along cirecular
paths with r = 0.7 ftand r = 0.2 ftfor ka= 1.988 for the harbor with
a 10° opening. Asin Fig. 6.8 the wave amplitude at various locations
i s normalized with respect to the wave amplitude at the position of
r=0.7 ft, 8 = 180° which is again the maximum of points measured.
This value of ka corresponds to the second maximum in the response
curves shownin Figs. 6.4 and 6.5. Itis seenthat the theoretical
results agree well with the experimental data at the locations where
the measurements were made. At this value of ka, the wave
oscillation inside the harbor is termed the '"sloshing mode'; this
mode of oscillation will be discussed more fully in Subsection 6.2.4.
Fig. 6.9 shows, for r = 0.7 ft aregion of negative water surface
displacements(negative wave amplitudes) in the region 0° < <97°
with positive displacements in the region 97° < 6 < 180°. Similarly,
for r = 0.2 ft two regions are seen with opposite phase, i.e. the
region 0® < 6 < 103° with negative displacements and the region
103° < 8 < 180° with positive displacements.

Similar results for avalue of ka= 3. 188 are presented in
Fig. 6.10; this value of kacorresponds to that of the third maximum
inthe response curves shownin Figs. 6.4 and 6.5. The ordinate
in Fig. 6.10 isthe relative wave amplitude normalized with r espect
to the wave amplitude at the positionr = 0. 7 ft, § = 95°, where this
amplitude i s the maximum which was measured along both circular

paths (r = 0. 7ft and r = 0.2 ft). For this mode of oscillation two
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Fig. 6.9 Wave amplitude distribution inside the ri reular
harbor with a 10° opening for ka=1, 988
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Fig. 6. 10 Wave amplitude distribution inside the circular

harbor with a 10° opening for ka=3. 188
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nodal lines exist in the harbor (see Subsection 6.2.4 for a more
complete discussion); thus, the nodal lines cross the two circular
paths at two locations along each path: § = 50° and 138° for r = 0.7 ft
and 0 = 73° and 123° for r = 0.2 ft. Therefore, inthe upper portion
of Fig. 6. 10 (r= 0. 7ft) negative water surface displacements are
evident in the regions 0° < 0 <50° and 138° < ¢ < 180° while positive
displacements are shown in the region 50° < 8 < 138°, Positive and
negative water surface displacements can also be seenfur r =0. 2 ft.

To investigate whether the shape of the water surface i s des-
cribed well by alinear theory experiments were conducted where the
wave amplitude distribution inside the harbor at r = 0.7 ft was
measured for various incident wave amplitudes. These results are
presented in Fig. 6. 11 for three different incident wave amplitudes:
Ai = 0.0023 ft, 0.0066 ft, and 0. 0105 ft. The value o kafor these
experiments was 3. 188 which corresponds to the third resonant mode
of oscillation (seeFigs. 6.4, 6.5 and 6. 10). The theoretical curves
which are shown in Fig. 6. 11 are the same as those presented in the
upper portion of Fig. 6. 10. The agreement o the experimental data
among themselves and with the two linear theories additionally
support the linearity assumption made in the theory (for these
experiments the incident wave steepnesses are: 0. 003 < Hi/L < 0.014).
The major deviation from other data appears to be for the results
corresponding to the smallest incident wave amplitude where experi-

mental problems o accurate measurement may arise.
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The variation of the wave amplitude radially at six, fixed,

o] (o] [o] [e]

angular positions: 8 =07, 307, 457, 90°, 1357, 180° is shown in
Fig. 6. 12 for ka = 3.891. The abscissain Fig. 6. 12 is the relative
radial position, r/a,and the ordinateis the relative wave amplitude
normalized with respect to the wave amplitude at the center of the
harbor where a maximum occurs. EXxperimental results are also
shown for 8 = 270° and are included along with the data and theory
for 8 = 90° as the oscillation is symmetric about 8 = 0°% Itis seen
that the theoretical results agree well with the experimental data

for all o the values of 8 which were investigated. In Fig. 6. 13 these
results have been replotted in a manner similar to Figs. 6.8 through
6. 11 again showing the amplitude variation along the two circular
paths: r = 0.2 ftand r = 0. 7 ft.

The previous discussions have shown the applicability of the
theories developed in predicting the wave amplitude distribution in a
circular harbor with a small opening (100). In asimilar manner
experiments were conducted using a harbor with a 60° opening. The
theoretical distribution of wave amplitude within the harbor is com-
pared to the results o these experimentsin Figs. 6. 14 through 6. 17.

Fig. 6. 14 shows the wave amplitude distribution along r = 0. 7 ft
and r = 0.2 ft at ka =0 540 for the harbor with a 60° opening. This

value of ka is approximately the same as that which corresponds to the

first maximum in the response curves presented in Figs. 6.6 and 6.7.
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Fig. 6. 12 Wave amplitude distribution along six fixed angular
positionsinside the circular harbor with a 10°
opening for ka=3, 891
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Fig. 6.13 Wave amplitude distributioninside the circular
harbor with a 10° opening for ka=3. 891
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Fig. 6. 14 Wave amplitude distribution inside the circul ar

harbor with a 60° opening for ka=0, 540
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The wave amplitude is normalized with respect to the wave amplitude
at the position: r = 0.7 ft, 8 = 180°. Note that the theoretical curve
at r = 0.7 ft computed using the arbitrary shaped harbor theory covers
only the region 30° < 5 < 180°% The experimental data obtained along
the circular path r = 0. 7 ft for the region 8 < 30° arein fact outside
Region II as defined in the arbitrary shaped harbor theory (see Fig.

3. 1). Therefore, itis unrealistic to compare these experiments to
this theory for § < 30° and r = 0.7 ft. However, in the theory for the
circular harbor it was assumed that the arc was approximately equal
to the chord at the harbor entrance, implying that the region along
r=0.7ftfor 8 <30°is also contained in Region II. Therefore, only
the theoretical curve computed using the circular harbor theory is
presented for comparison with the experiments in this region. It

can be seen that the wave amplitude is relatively constant along these
circular paths except in the region near the harbor entrance and that
the thenretical results agree well with the experimental data. As
expected, there is some disagreement between the experimental data
and the circular harbor theory in the region near entrance (8 < 30° and
r = 0.7ft).

Similar results are presented in Fig. 6. 15 for a value o ka
equal to 2. 153. This value of ka is the same asfor the second maximum
in the response curves presented in Figs. 6.6 and 6.7. It can be seen
that the general shape of the water surface (wave amplitude distribution)

is similar to the one shown in Fig. 6.9 for the case d a 10° opening.
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Fig. 6.15 Wave amplitude distribution inside the circular
harbor with a 60° opening for ka=2., 153
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For this case the intersections of the nodal line with t he chosen
circular paths occur at alarger value of 8: 105° for r = 0.7 ft and
116° for r=0.2 ft. This indicates that the nodal line for this mode
of oscillation i s located closer to the back wall region than for the
case of a 10° opening.

Theoretical and experimental results are presented in Fig. 6. 16
for ka=3.38, which corresponds to the value o ka at the third
maximum in the response curve o Fig. 6.7. The wave amplitude has
been normalized with respect to the wave amplitude at the position o
r=0. 7ft, 6= 100°, where the amplitude at that location was the maxi -
mum of those measured. The shape of the water surface for the
harbor with a 10° opening which corresponds to this mode o oscillation
has been shownin Fig. 6. 10. By comparing Fig. 6. 16 with Fig. 6. 10
certain similarities and differences between the shape of water surface
for the two different openings readily can be seen: the general shape
d the wave amplitude distribution is similar. However, the inter-
sections of nodal lines with the circular path r = 0. 7 ft occur at a
larger value of 6 (8 = 54° and 1450) for the harbor with a 60° opening
and for this case the nodal line does not intersect the circular path
for r = 0.2 ft. It is seen that the theories agree well with the experi-
mental data throughout.

Fig. 6. 17 shows the results at a value of ka = 3.953; this
corresponds to the value of kafor the fourth maximum in the response

curves shownin Fig. 6.7. The wave amplitude shown in
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Fig. 6. 16 Wave amplitude distribution inside the circular
harbor with a 60° opening for ka=3, 38
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Fig. 6. 17 Wave amplitude distribution inside the circular
harbor with a 60° opening for ka=3,953
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Fig. 6. 17 has been normalized with respect to the wave amplitude
at the center of the harbor, Ac. It is seen that the agreement is
somewhat poorer between the two theories. To understand this,
recall that in the fourth peak of the response curve shown in Fig. 6.7,
some disagreement is evident between the theories, and the value
of ka at resonance predicted by the two theories also differs slightly.
Hence one would expect that for the same value of kathe two theories
could predict slightly different shapes for the amplitude distribution.
By comparing Fig. 6. 17 with Fig. 6. 13 an obvious difference between
the two can be seen: atr = 0.7 ftin Fig. 6. 17 thereis alimited
region, i. e 100° < § < 130° in which a different wave phase is seen.

In Subsections 6. 2.2 and 6. 2.3 the agreement between the theo-
retical results and the experimental data has been shown. The most
questionable element in the circular harbor theory (see Section 4. 1)
i s the small entrance approximation where the arc and chord at the
harbor cntrancc arc considcrcd to bc identical. It is not surpriaing
that this approximation should apply well for the case o a 10°
opening; however, the results have shown that this approximation
still applies well for the case o a 60° opening. Thus, it appears
that the small entrance approximation can be applied at |east up to
a 60° opening. The good agreement between the two theories as well
as between the experimental data and these theories shown in these
two subsections confirms the applicability of the arbitrary shaped

harbor theory to the first extreme case: a curved boundary with a
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continuously varying tangent. The application of the arbitrary shaped
harbor theory for the second extreme case, a harbor composed of
straight-lined boundaries will be presented and discussed in
Section 6.3.

6.2.4 Variation of Wave Amplitude Inside the Harbor for the

Modes o Resonant Oscillation
As mentioned in Subsection 6.2.2, there arefour distinct

modes of oscillation shown in the response curves for the circular
harbor with a 10° opening as well as 60° opening within the range of
ka that has been investigated. In Subsection 6.2.3 wave amplitude
distributions along two circular paths inside the harbor for various
modes of oscillation have been described in order to compare the
theories to the experimental data. However, the complete shape of
the water surface inside the harbor for various resonant modes has
not been presented yet. In order to understand more fully the shape
of the modes of resonant oscillation for circular basins and howt hey
change with changes in the width of the entrance, for each resonant
mode described by the response curves of Figs. 6.4 through 6.7, a
figure will be presented showing the contour lines of the free surface
(lines of constant water surface elevation) along with photographs for
thcsc modes.

Itis of interest to compare the shape of water surface for each
mode of oscillation for the closed circular basin with the corres-

ponding modes for a circular harbor with a 10° opening and with a
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60° opening. This comparison will indicate the effect of the size of
the harbor opening on the variation o the wave amplitude inside the
harbor.

The wave oscillation in a closed basin is usually referred to as
thefree oscillation in a basin. Suppose the wave function in a closed
circular basin of constant depth is f(r, 8), which satisfies the Helm-
holtz equation, Eqg. 4. 1, and also satisfies the condition that fluid does
not penetrate the boundary of the harbor, i. e -g—;f(a, 8) = 0, where

a istheradius o the harbor. As was discussed in Chapter 4, a

solution o the wave function £(r, 8) can be expressed as:

f(r,8) = J_ (kr) cOS mb (6.3)

m( 4
where m is zero or a positive integer.
The boundary condition and Eq. 6. 3 indicate that the following condition

must be satisfied:

[ ()] =aom=0 (6.4
r=a

This condition requires that in order to get a nontrivial solution for the
wave function £(r, 8), the values of ka must be restricted to those which
satisfy Eq. 6. 4; these roots are often referred to asthe eigenvalues.
The values o kawhich satisfy EqQ. 6.4 have been tabulated, e. g. see
Morse and Feshback (1953), and several of these eigenvalues are:

m=0, ka=3.83 702, ....

m=1, ka=184, 533, .. ..

(6.5)
m=2, ka =23.05 6.70, « « « &

m=3, ka=4.20, 802, .. ..
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The value of kafor the free modes d oscillation that will be
used to compare with the wave induced oscillations in the circular
harbors are: ka = 1.84, 3. 05, 3.83. Thus, the wave functions which
correspond to these values 0 ka are as follows:

f(r,8) = Jo (5. 11T) (for m=0, ka = 3.83)

f(r,8) = J; (2.45r) cos 0 (for m=1, ka=1.84) (6. 6)

f(r,8) = J5(4.065r) cos 28 (form=2, ka= 3. 05)
In deriving these, the value o "a" is taken as 0. 75 ft, the radius of
the circular harbor (10o opening and 60° opening) that was investigated
experimentally. As shownin Eg. 3.6, the value d the wave function,
f, is proportional to the wave amplitude; thus, for the closed basin
the relative water surface elevation, A , can be obtained by eval-
uating f from Eq. 6. 6 and normalizing with respect to its maximum
value.

Contour lines for these three modes o oscillation at the time o
maximum water surface displacement are shown in Figs. 6. 18 a b, c
The contour lines result from the intersection of a horizontal plane
with the disturbed free surface; the value of each lineis the ratio of
the water surface displacement at that location normalized with respect
to the maximum displacement in the basin. The positive water surface
elevations are represented by solid lines, while the negative water

surface elevations are described by shown dashed lines.
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The contour drawing of Fig. 6. 18 a shows a nodal circle located
at the position of r/a = 0. 628; inthis mode o oscillation the contour
lines are a series of concentric circles, so that the wave amplitude
(orwater surface elevation) does not vary with respect to 8, Fig.

6. 18 b shows a nodal diameter at the position 9 = 90° which divides
the basin into two regions o opposite wave phases; thisis usually
referred to as the "sloshing mode'. The contour drawing of Fig.

6. 18 ¢ shows two nodal diameters at the positions 8 = 45° and 135°;
the basin is divided into four regions with each quarter 180° out o

phase with its neighbor.

It should be noted that if the basin is no longer completely
closed, however small the opening may be, the solution of the wave
functionf(r, 9) is no longer limited to the eigenvalues described
by Eqs. 6.5. As discussed in Chapter 4, the solution of the wave
function f(r, 8) inside the harbor i s continuously dependent upon the
wave number k (or theincident wave period). The response curves
presented in Subsection 6.2. 2 show that resonant oscillations may
occur for particular wave numbers producing a large amplification
of the wave amplitude inside the harbor. Modes of resonant oscill-
ation will be described in the following discussions with corresponding
modes fnr the case of the 10° apening and the 60° opening discussed
together. Therefore, the similarities and differences between the

shape of the free surface for the two harbors readily can be seen.
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A contour drawing and two photographs showing the water surface
for the circular harbor with a 10° opening are presented in Fig. 6. 19
for avalue of ka= 0.35. This value of ka corresponds to the first
maximum in the response curves presented in Figs. 6.4 and 6.5. The
value of the wave amplitude within the harbor presented in this contour
drawing (or in any other contour drawing that will be presented in this
subsection) is calculated from the circular harbor theory developed in
Section 4. 1. As mentioned earlier, the value of each contour line
represents the water surface elevation normalized with respect to the
maximum elevation within the harbor; for this mode o oscillation
this maximum wave amplitude i s located at the boundary of the harbor
(r=0 75ft)at s = 180°, It should be noted that all the contour lines
are perpendicular to the solid boundary corresponding to the boundary
condition that no fluid penetrates a solid boundary. By observing this
contour drawing it i s obvious that the wave amplitude isfairly uniform
throughout the harbor, and that either positive or negative water dis-
placements occur simultaneously within the harbor. Thus, this mode
o oscillation can be called the '"pumping mode'; there is no "pumping
mode" in the case d the free oscillation in a closed circular basin
because it i s impossible to satisfy conservation of mass. The two
photographs provided in Fig. 6. 19 show the case of a positive water
surface displacement, i.e. above the still water surface. Photographs
generally show only displacement along the boundary of the harbor,

not the variation o the water surface in theinterior o the harbor.
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In the photographs, positive water surface displacement appears as
dark stripes along the boundary of the harbor. Some indication of the
interior oscillation i s provided by shadows on the bottom seen in
subsequent photographs; for this mode of oscillation the water surface
elevation i s evidently so smooth that no such shadow appears in the
bottom.

For reasons o convenience, the pumping mode will be named
Mode No. 1, and other resonant modes whi ch occur at larger values
of ka will then be named Modes No. 2, No. 3, etc. These modes o
oscillation will be discussed later in this section.

A similar figure for Mode No. 1 (the "pumping mode'') for the
harbor with a 60° opening is presented in Fig. 6. 20. This mode o
oscillation occurs at ka = 0.46, whichis the value o ka at the first
maximum in the response curves presented in Figs. 6.6 and 6.7. As
can be seen from the contour drawing the water surface elevationis
fairly constant throughout the harbor and in the phase throughout. The
shapes o the water surface shownin Figs. 6. 19 and 6.20 are similar;
however, for the case d a 60° opening the variation is larger than for
the harbor with a 10° opening

The shape o Mode No. 2 ("sloshingmode'') for the case of a
10° openingis presented in Fig. 6.21. This mode of oscillation,
which corresponds to the second maximum in the response curves
of Figs. 6.4 and 6.5 occurs at avalue of ka= 1 99. The contour

drawing shows a nodal line located near a diameter o the harbor at



\mfss—————/

o
e— 83—

g___.

-84l-

_

(o]
——-—{D
[+ ]

2
o

g_____

A

A 100 )y

mox
ka= 046

Fig. 6.20 Contour drawing and photographs showing the water surfacefor tke circular harbor with

a 60° opening, Mode No. 1, ka=0. 46



66 °1=®% 'Z 'ON ®poN ‘Burusaco 0T 2

Ui I0qaey JeTnOJIID 9y} IOF odejans JIsjes 27} Surmoys sydeadojoyd pue SurmeIp inojuon

~-159-
t
|
ll
l
|
I
|

R

v— — — S

—

12°9 *Stq



-160-
g = 900. As before, thelines of constant positive water surface
elevation are represented by solid lines, while the surface contours
below the still water level are shown dashed. The two photographs
provided are for opposite phase: when the water surface displacement
is near a maximum or a minimum. The upper photographin Fig. 6.21
shows a positive water surface displacement approximately in the
region 90° <5 < 180°. The lower photograph shows a negative water
surface displacement in this same region. I|n the photographs positive
water surface displacements appear as a dark stripe along the boundary
of the harbor; however, negative water surface displacements are not
easily seen. The shadows which appear on the bottom o the harbor
are caused by a series o short wave length ripples on the water
surface; however, because their amplitude is small compared with
the main water surface displacement, they are not easily detected by
measurement except near the nodes. For different modes o
oscillation, the pattern of the shadows change; thiswill be more
evident when other modes of oscillation are discussed.

A similar mode o oscillationis presented in Fig. 6. 22 for the
circular harbor with a 60° opening. For this opening, this mode of
oscillation occurs at a value o ka = 2. 15 which corresponds to the
second peak inthe response curve of Figs. 6.6 and 6.7. For the 10°
opening this mode occurs at ka = 1. 99, and for the completely closed
basinit occurs at ka= 1 84. Therefore, thetrend is for the wave

number at resonance to decrease as the entrance width decreases,
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approaching the value of k for that mode for the closed basin. The
upper photograph in Fig. 6.22 shows a positive water surface dis-
placement in the region opposite the harbor entrance (approximately
100° < g < 1800) and the lower photograph, shows a negative water
surface in this region.

It is of interest to compare the contour drawings of Figs. 6.2 1
and 6.22 with the one shown in Fig. 6. 18 b for the case d a closed
circular basin where the three figures represent the same mode of
oscillation: the "sloshing mode”. A direct comparison d Figs. 6. 18 b
6.21, and 6.22 reveals changes in the water surface shape as the width
of the harbor opening increases. Inthe case of a closed basin (Fig.
6. 18 b) the nodal line is a diameter at 5 = 90°, for a 10° opening
(Fig. 6.21) the nodal line occurs at a position slightly off the center
and closer to the region o the back wall; for the case of 60° opening
(Fig. 6.22) the nodal line occurs at a position further off the center
towards the back wall. Specifically, the relative wave amplitude at
the center of the harbor is: A/Amax = -0.08 for 10° opening,

= -0. 18 for 60° opening. The wave amplitude at the harbor
entrance changes significantly for the three cases: for the closed
basin, (Fig. 6. 18 b) a maximum amplitude (antinode)occurs at the
boundary at 6 = 0°; however, this antinode does not exist for the
case o a 10° opening or a 60° opening. This disappearance o the
antinode at the entrance when the harbor is no longer completely

closed contradicts the assumption made by McNown (1952) in his
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solution of oscillations in circular harbors. (His assumption is that
an antinode exists at the harbor entrance for small openings. )

In Fig. 6.23, a contour drawing and two photographs for Mode
No. 3 are presented for the case of a 10° opening. This mode of
oscillation, which corresponds to the third peak in the response
curves shown in Figs. 6.4 and 6.5, occurs at ka= 3.18. Inthe
contour drawing, there are two nodal lines; maximum wave amplitude
occurs at the boundary at 8 = 95° and its symmetrical counterpartis
at 8 = 265°. (Thewave pattern is symmetric with respect to 6 = OO.)
The two photographs shown differ 180° in phase. The upper photo-
graph of Fig. 6.23 shows an oscillation with the same phase as the
contour drawing; thus, a positive water surface displacement i s shown
in the photograph approximately in theregion 50° < 8 < 140°. The
lower photograph of Fig. 6.23 shows a negative water surface dis-
placement in the same region. Itis seen that the shadows on the
bottom for this mode of oscillation are quite different from those shown
in Figs. 6.21 and 6.22, and hence they must be related to the mode of
oscillation.

A similar mode of oscillation for the case of a 60° opening is
presentedin Fig. 6.24. This made occurs at ka= 3.38 and corres-
ponds to the third peak in the response curve of Fig. 6.7. Two nodal
lines are seen in the contour drawing; the maximum wave amplitude
occurs at the boundary at 8 = 100° (and 2600). The upper photograph

in Fig. 6.24 shows awave motion in phase with that shown in the
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contour drawing; thus the positive water surface displacement along
the boundary is seen in the dark stripe in the region 55° <9 < 145°.
The lower photograph shows the motion about 180° out of phase with
that on the upper photograph. The shadows on the bottom as seen in
the photographs are similar to those shown in Fig. 6.23; however,
they are certainly different from those shown in Figs. 6.21 and 6.22
for Mode No. 2

For the case of a closed basin (Fig. 6. 18 c), the position of t he
maximum amplitude occurs at four points on the boundary o the basin
9 = 0%, 90°, 180°, and 270°, and the two nodal diameters (8 = 45°
and 135'") are perpendicular to each other. For the case of a 10°
opening (Fig. 6.23) the two nodal lines are shifted slightly and no
longer intersect, whereas for the harbor with a 60° opening (Fig.
6.24) the two nodal lines are shifted even further apart. The wave
arnplitudes at the center have also changed considerably as the
cntrancc width increases: =zero for the case of a closed basin,
A/Amax = -0. 125 for the case of a 10° opening, and A/AmaX = -0.44
for the harbor with a 60° opening. As mentioned earlier, the wave
amplitudes at the harbor entrance also change with changes in the size
o the opening: for the case o a closed basin (Fig. 6. 18 ¢) a maximum
wave amplitude (antinode) exists at the boundary at 8 = 0°; however,
for the case o a 10° opening or a 60° opening an antinode does not

exist at the entrance. It should be noted that as the wave parameter

kaincreases, the ratio of the harbor radius to the wave length a/L
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also increases; thus, it is expected that the effect of the size o the
entrance on the resonant mode of oscillation becomes more significant
with increasing ka.

A contour drawing and two photographs are presented in Fig.
6.25 for the harbor with a 10° opening. This mode o oscillation
(ka = 3.87) istermed Mode No. 4 and corresponds to the fourth maxi -
mum in the response curves shown in Figs. 6.4 and 6.5. From the
contour drawing it is seen that the maximum wave amplitude i s at the
center o the harbor and the nodal line is a closed curve. The water
surface displacement shown by the upper photograph o Fig. 6.25 is
in opposite phase to what i s shown in the contour drawing, however
the photograph at the bottom of Fig. 6.25 is approximately in the same
phase as the drawing. Although from the photographs it i s difticult
to see the variation of wave amplitude at the interior of the harbor,
the variation around the boundary of the harbor can be seen from the
dark stripe in the upper photograph. The variation in the thickness
of the dark stripe appears to correspond to the amplitude variation
shown in the contour drawing. The shadows on the bottom are nearly
circular in the region near the center o the harbor, quite different
from the shadows shown for Mode No. 2 (Figs. 6.21 and 6.22) and
Mode No. 3 (Figs. 6.23 and 6. 24).

A contour drawing with two photographs for a similar mode o
oscillation for the case of 60° opening is presented in Fig. 6.26. This

mode of oscillation occurs at a value of ka = 3.96 which is corres-
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ponding to the fourth peak in the response curves shownin Fig. 6. 7.

It is seenfrom the contour drawing that the maximum wave amplitude
i s again located at the center of the harbor. The nodal lineis no
longer a closed curve as for the case of a 10° opening but in this case
it interesects the boundary o the harbor. Asin Fig. 6.25, the upper
and lower photographs in Fig. 6.26 are approximately 180° out of
phase. The variation of the water surface elevation around the
boundary again can be seen from the dark stripe in the upper photo-
graph; it shows a variation along the boundary similar to that shown
in the contour drawing, but with opposite phase.

It isinteresting to compare the contour drawings o Figs. 6.25
and 6.26 and 6. 18 a for the case of closed basin the contour lines are
a series o concentric circles and the nodal line is represented by a
nodal circle (Fig. 6. 18 a); however, for the case d a 10° opening

(Fig. 6.25) the contour lines are no longer represented by a series

of circles, although in the region near the center of the harbor they
areinfact close to circular. As the harbor opening increases to
60° (Fig. 6.26) a significant change in the contour lines can be
observed: the nodal lineis no longer a continuous closed line as in
the case o a 10° opening, or acircle asin Fig. 6. 18 a; instead it
intersects the boundary of the harbor, and even contours near the
center o the harbor are no longer circular in form. However, the
center o the harbor still remains the position of the maximum wave

amplitude.
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The results presented in this subsection showed the wave

amplitude distribution for four modes of resonant oscillation in the

range d kainvestigated for both the cases d a 10° and a 60° opening.

Except for Mode No. 1 (the"pumping mode™) which does not exist in

a completely closed circular basin, each mode corresponds to afree

mode o oscillation in the closed basin. The results in this subsection

can be summarized as:

(1)

(2)

(3)

(4)

The corresponding modes of oscillation for the case of a
10° opening and a 60° opening are basically similar,
however, the detailed shape of the free surface is different.
The value o ka at which a particular mode o oscillation
occurs in the harbor with a 60° opening i s larger than the
value of kafor the corresponding mode for the case of a 10°
opening which itself is larger than the value of kafor the "
corresponding mode in a closed basin. Hence the tendency

i s for the wave number parameter (ka) at resonance to
approach the value for a closed basin as the entrance width
decreases.

No antinode exists at the harbor entrance although an anti-
node might occur at that position in a closed circular basin.
The effect of the width of harhar entrance nn the shape of

water surface elevation inside the harbor i s more pronounced

for those modes of oscillation at higher frequencies,

i.e. larger values d ka



-172-

6.2. 5 Total Velocity at the Entrance of the Circular Harbor

6.2.5. 1 Introduction

In Subsection 3.2.4 the method for analytically evaluating
the velocity at the harbor entrance was discussed. The velocity at the
harbor entrance is o interest because it is directly related to the
kinetic energy transmitted into the harbor. For the present study, the

value o the wave function, f,, its normal derivative, %i—r?, as well as

the derivative -g—ff, evaluated at the harbor entrance are determined
during the process d computing the response curves for various values
d the wave number parameter, ka. Hence, the theoretical value o
the total velocity at the harbor entrance can be obtained readily from
Eq. 3.41.

As mentioned in Section 5.5, the velocity was measured at the
entrance d the circular harbors ith a 10° opening and a 60° opening)
using a hot-film anemometer with a linearizing circuit. In steady flow,
either in air or in water, the ocutput from a hot-film anemometer gener-
ally has been found to follow King's Law (Eq. 5.2). Thus, after em-
ploying the linearization procedure described in Section 5.5 the voltage
i s directly proportional to the velocity as reported by Townes (1965),
Raichlen (1967)and Lee (1967). However, at the time o the present
experiments the use of hot-film anemometers in oscillatory flows had
not been reported in the literature. Considering the relation d these

velocity measurements to the major objectives d the experimental

program, a basic assumption was made in reducing these experimental
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data: King's Law was assumed to apply equally well for oscillatory
flows; thus, after using thelinearizer the output signal was assumed
to be linearly proportional to the fluid velocity. Therefore, the ratio
of two output voltages from the linearizer was considered to be equal
to the ratio of the two corresponding velocities.

Recently, Das (1968)used a single hot-film sensor in water to
measure turbulence in an oscillatory flow. The results showed that
with one of the hot-film sensors which was used, the relation between
the voltage output and the fluid velocity was: E® ~ V°*2® (wherein E
i s the hot-film anemometer output voltage and V is the resultant fluid
velocity in a direction perpendicular to the axis of the hot-film sensor),
while another sensor behaved as: E® ~V°'*®, The latter relation
is close to King's Law (E® ~ V°'®) whereas the former is quite
different.

A typical output from the linearizing circuits as recorded on the
Sanborn recordcr (dcocribcdin Scction 5. 4) is preescnted in Fig. 6.27
(Column C). This velocity measurement was made at the center of the
entrance o the harbor with a 10° opening with a wave period of 0. 684
sec. The record corresponds to the velocity at three depthwise
locations: = -0. 10 ft, -0. 15 ft, and -0.25 ft. As expected, the
velocity decreases as the distance between the hot-film sensor and
the water surfaceincreases. In Fig. 6.27 also thewave amplitude
i s shown at two positions inside the harbor, i.e. r =0.2 ft, 8§ = 350,

and r = 0. 7ft, 8 = 215°. It is seen that the waves in these two
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Fig. 6.27 Typical record of the wave anplitude and o the
velocity after using the linearizing circuit
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positions are 180° out of phase (this was also shown in the contour
drawing of Fig. 6.2 1 evaluated for the same wave number). From Fig.
6. 27, itis seen that within one wave period, the velocity reaches its
maximum value twice, since in a periodically oscillating flow the
hot-film sensor cannot differentiate the direction of the velocity.

In determing the velocity from such records the peak value of the
output signal from the linearizing circuit as recorded was averaged.
This average value, using the notation of Section 5. 5, is denoted as S.,.
If this value, Sz, istruly linearly proportional to the fluid velocity,
thenfrom Eg. 5.% itis equal to o,VV. Therefore, assuming this
proportionality to be true, the relative velocity at any two positions
can be obtained from the ratio of the corresponding values of S, with-
out prior evaluation of a, from calibration. (This assumption was
used to determine the relative velocities that will be presented in the
following subsections even though there i s some conflict with the
results of Das, 1968.)

6. 2 5.2 Velocity distributionin a depthwise direction

The vertical distribution of the velocity at the entrance
of the harbor with a 10° opening, averaged across the entrance, is pre-
sented in Fig. 6.28 for three different values of the wave number
parameter, ka, (threewave periods): ka= 0.482, 1.988, 3.922. 'lhe
ordinate of Fig. 6.28 is the relative depthwise position, z/h, (where
z/h = 0 refersto the still water surface) and the abscissais the

relative velocity normalized with respect to the velocity measured
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nearest the water surface (z/d = -0.03). The theoretical velocity
distribution was calculated using Eq. 3.42 (sincethe hot-film sensor

is primarily sensitive to the v and w velocity components); the value
Atz
oy
harbor theory. In these experiments, measurements d velocity were

o f, and at the entrance were obtained from the arbitrary shaped
made at five lateral locations across the harbor entrance for each
vertical position (z/h) and each experimental point shownin Fig. 6.28
is thcrcforc the average of the results at these lateral locations.
(Thelocations will be described fully in Subsection 6.2.5.3. )
According to the conventional method o classifying water waves,
the distribution curvefor ka= 0.482 in Fig. 6.28 is similar to the
typical vertical distribution of fluid particle velocities for shallow
water waves. (For the present experiments, as mentioned in Sub-
section 6.2.2, shallow water waves occur inthe region 0 <ka< 0.236,
intermediate waves in the region 0.236 < ka < 2.36, and deep water
waves in the region ka > 2. 36. ) The distribution curve for ka = 1. 988
belongs to intermediate wave category and the curve for ka = 3.922
corresponds to deep water waves i n which the velocity decreases
rapidly as the distance from the water surface increases. It is seen
that the experimental datafor ka = 0.482 (wave period T = 1 838 sec)
and ka = 1.988 (T = 0.685 sec) agree well with the theoretical curves;
however, the experimental datafor ka = 3.922 (T = 0.485 sec) differ
considerably from theory. This may indicate that the assumption of

linearity between the fluid velocity and the output voltage from the
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linearizer is reasonable for ka = 0.482 and 1.988 but not for ka = 3. 922,
where the wave frequency is larger. In the following, some o the
weakness in the experimental procedure and the methad o data
reduction will be discussed.
From Eq. 3.42, itis seen that the total velocity at the harbor
entrance i s proportional to the incident wave amplitude A., and

inversely proportional to the wave frequency ¢. In the experiments,
for the same stroke o the wave machine, the standing wave anpl i t ude
at the harbor entrance (with the entrance closed) for ka = 3.922 was
approximately one-half o that for ka = 1 988 because the wave filter
i s more efficient at higher frequencies; without the filter wavemaker
theory implies the reverse. Therefore, experimentally the velocity
at the entrance for ka = 3. 922 was small compared to the velocity for
ka =1.988. Specifically for the hot-film sensor placed at the center
o the entrance at the position z/h = -0.03, for ka=1.988 (T =0.685
sec) the output voltage from the linearizer was 28.5 volts; however,
for ka=3.922 (T=0.485 sec), the output voltage was only 2.66 volts,
at this location. As the sensor was moved to the position z/h =-0.25
the recorded output voltage was |l ess than 0.3 volts for ka=3.922. It
i s felt that the disagreement between the experimental and theoretical
results for ka=3.922 as shownin Fig. 6.28 could be due to experi -

mental error in measuring the small veltage or velocity.
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6.2.5.3 Velocity distribution across the harbor

entrance

The velocity distribution across the entrance o the
circular harbor with a 10° opening is presented in Fig. 6.29 for
ka=0.482, 1.988, and 3. 922. The abscissais the relative lateral
posi tion, x/% (whered is the wi dth of the harbor entrance; x/,g*l- =0
refers to the center of the entrance, and x/% = '—"1 refers to the
lateral limits of the entrance). The upper portion of Fig. 6.29 shows
the velocity distribution normalized with respect to the average
velocity across the entrance while in lower portion of the figure the
velocities are normalized with respect to the velocity at the center.
The theoretical curves shown are obtained from the arbitrary shaped
harbor theory (Eqg. 3.42), where the entrance was divided into five
equal segments with each segment having a central angle of 2° and
the boundary was divided into 35 equal segments. The wave function
f, and its normal derivative g‘fr’ at the mid-point of each segment at
the entrance were obtained by the matching procedure (Subsection
3.2.3). With these values of f; and g—ir?, the velocity V0 at the mid-
point of each entrance segment was calculated from Eq. 3.42 for a
particular vertical position z. The average velocity across the
entrance, denoted as (Vo)ave, was obtained by computing the arith-

metic average of the velocities VO at a particular elevation for the

five segments. In Fig. 6.29 the normalized theoretical velocities so

computed are denoted by "plus signs™ and a solid line fitted through
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these values is drawn for reference. For a specific value o ka, the
velocity V0 is afunction o vertical position z (see Eq. 3.42); however,
in the range 0 > z/h > -0. 15 corresponding to the experimental data

shown, the relative velocity Vo/(V ) at the entrance is essentially

o'ave
independent of z. Therefore, in Fig. 6.29 only one theoretical curve
i s presented for each value d ka.
Experimental measurements were conducted by placing the hot-
film sensor parallel to "the coastline™ and the bottom at five lateral

positions: xlgz 0, -0.32, -0.64, 0.32, 0.64. Inthe upper portion

of Fig. 6.29, these experimental data are shown in terms of

VO/(Vo)avefor each lateral position at: z/h = -0.03, -0. 07, -0. 10,

and -0. 15. Comparing the theoretical and experimental results, the
experimental data are generally larger than the theoretical values,
although they qualitatively follow the trend predicted by the theory,
i.e. the velocity increases toward the two limits o the entrance. It
is felt that in part the reason for the disagreement could be caused by
underestimating the experimental value of (Vo)ave‘ Due to the
relatively large value of the ratio of the length of the hot-film sensor
to the width of the harbor entrance, measurements could not be made
close to the edges o the entrance where the velocities were large.
Thus, the average value o the data at the five locations i s probably
smaller than the true average velocity. In order to reduce the influ-

ence d the experimentally determined average velocity and to more

positively confirm the theoretical velocity distribution across the
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entrance, the same data were normalized with respect to the velocity
at the center o the harbor entrance, (VO)C. These results are pre-
sented in the lower portion of Fig. 6.29 with the theoretical curves
shown for comparison. Itis seen that the experimental data quali-
tatively agree with the theory; the major disagreement again is for the
case d ka=3. 922 (T=0.485 sec) where one possible reason for this
has been discussed in Subsection 6.2.5.2. From Fig. 6.29 itis seen
that for the case o a 10° opening the velocity distributions for these
three values of ka are similar in that the velocity increases toward
the entrance limits.

Similar results for the harbor with a 60° opening are presented
in Fig. 6.30 for four values of ka, i.e ka=0.64, 2.22, 3.30, and
4. 01. In obtaining the theoretical curves the arbitrary shaped harbor
theory and Eq. 3.42 were used again with the harbor entrance divided
into six equal segments (each segment having a 10° central angle) and
the boundary divided inta 30 equal segments. As before, in Fig. 6. 30
for each value o ka presented, a curve is drawn through the theoreti-
cally computed values o VO/(VO)ave which have been plotted at the
mid-point of each segment. The theoretical curve for ka=0.64 can
be considered as representing the velocity distribution corresponding
to Mode No. 1 (the "pumping mode" ). (For a description of the shape
of this resonant mode o oscillation the reader is referred to Sub-

section 6. 2.4. ). The velocity distribution for Mode No. 2 (the

"sloshing mode") is represented by the curve for ka=2. 22, while
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Modes No. 3 and No. 4 correspond to ka=3.30 and 4.0 1 respectively.
It i s interesting to note that the velocity distribution for the third mode
(ka=3.30) is strikingly differentin appearance than those o the other
three.

For the harbor with a 60° opening, the length of the hot-film
sensor is much smaller compared with the width d the entrance than
for the 10° case just discussed; hence, measurements could be made
relatively closer to the entrance limits. Therefore, it isfelt that the
experimentally determined average across the entrance, (Vo)ave,
i s reasonably good, and the results are only normalized with
respect to the average velocity in comparing experiments to theory.
Experimental data at two vertical positions. z/h = -0.05 and -0. 15
are shownin Fig. 6.30. Considering the assumptions made in the
data reduction procedure it is somewhat surprizing that the experi-
mental data agree as well with the theory as they do. The major
disagrecment between experiments and theory again is at t he lar gest
value o ka, i.e ka=4.01,

6.2 5.4 Velocity at the harbor entrance as a function

d wave number parameter, ka

It is possible in determining the response curve for a
particular harbor that because of the location chosen the amplification
factor at that position is small for all incident wave numbers whereas
a nearby location has associated with it large amplification factors for

particular wave numbers. Therefore, one response curve alone may
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not always clearly indicate all resonant conditions. A parameter
which may be used as an indicator of resonance, which i s independent
of location, isthetotal velocity at the harbor entrance. Since this
velocity i s associated with the energy input into the harbor, alarger
velocity at the entrance at one wave number compared to another would
mean a larger kinetic energy input and resultant larger potential
energies and hence water surface amplitudes inside the harbor for
that wave number. Therefore, a curve showing the variation o the
entrance velocity with the incident wave number parameter, ka, may
prove to be a useful tool to indicate resonance, In this subsection
such curves for the case o acircular harbor with a 10° opening and
a 60° opening will be presented and discussed.

As mentioned earlier, Egq. 3.41 can be used to calculate the
total velocity at the entrance, Vj, and if both sides o Eg. 3.41 are
normalized with respect to the maximum horizontal water particle

vel ocity for a shallow water wave, one obtains:

2
- Vo ~AEI:_1M2__'.|:_A_E_+%-<A‘% + A} + A% + 2A2 A2 cos 2(0, -0y)

B
+ 2A3 A3 cos 2{(0y - 0g) + 2A7 AF cos 2(a, —ona))%] (6.7)

wherein A;, Az, Az, o, 0y, and as are defined in Eq. 3.41 Inusing
Eq. 6.7 thevalue of A, and Ag at the harbor entrance are easily

obtained since {, and %—i—f’ for each entrance segment are determined

from the matching procedure. The value of g—f—f in A, is approximated
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by —gf , wherein Af; represents the difference in the value o wave
function f; o two neighboring entrance segments and Ax represents the
distance between them.

Fig. 6. 31 shows the variation d the total velocity at the entrance
of the circular harbor with a 10° opening as a function of the wave
number parameter ka. This curve is calculated from Eq. 6. 7 for
z=0 (thewater surface) and as before, the water depth,h, is 1ft. The

als .A-
. . . . = 1 . -
ordinatein Fig. 6. 31is (Vo) » gh + (wherein (Vo)aVe represents

ave

e

the average total velocity, Vg, across the harbor entrance); the
abscissa is the wave number parameter ka. There are four maxima
in the curve shownin Fig. 6.31, the value of ka associated with each
maximumis: ka=0.35, 1.98, 3. 18, and 3.87 and these values
correspond to those associated with the four modes o resonant
oscillation predicted by the arbitrary shaped harbor theory and shown
in the response curves, Figs. 6.4 and 6.5.

In an attempt to compare the theory with the velocity measure-
ments using the hot-film anemometer, Eq. 3.42 is used for the theo-
retical calculations. (Sincethe hot-film sensor in these experiments
was primarily sensitive to the v and w velocity components, itis
unrealistic to compare the experiments with Eq. 6. 7. ) Fig. 6.32

shows the variation of (Vo)ave/[(vo)ave]ka: | 988 as afunction of

ka; the curve shown as a solid line was evaluated from Eq. 3.42 using

values o £, and gff at the entrance determined by the method discussed

in Chapter 3 (arbitrary shaped harbor theory). The velocity ratio
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computed from Eq. 3.42 using the values o f, and %2 determined
by the method of Section 4. 1 (circular harbor theory) is shown in
Fig. 6.32 as a dashed curve. Inusing Eq. 3.42, the value d the
incident wave amplitude Ai i s taken as a constant for all values o
ka.

Experiments were conducted by placing the hot-film sensor at
z=-0.03 ft; for each value o ka, measurements were made at five
lateral locations across the entrance (x/-g=0. 0, 0.32, 0.64, -0.32,
-0.64). The average o the output voltage from the linearizer at these
five locations is denoted as S,. As just mentioned in the theory the
incident wave amplitude was considered constant for all wave numbers.
However, inthe experiment it isimpossible to maintain this condition,
in fact for the range of kainvestigated the wave amplitude varied
more than afactor of three. Therefore, to compare the experimental
data to the theory, this effect of the varying incident wave amplitude
must be eliminated. This was acconpl i shed by dividing the voltage,
S, by the incident wave amplitude at that wave number. This ratio
was then normalized with respect to that at ka=1. 988 and the resulting
data are shownin Fig. 6. 32.

In Fig. 6.32 itis seen that the two theoretical curves agree well
and the experimental data agree reasonably wcll with these thcories.

However, at large values of ka, again, the data and theories show

poorer agreement.
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The variation o the velocity at the harbor entrance with kais
presented in Fig. 6.33 for the harbor with a 60° opening. The curve
is again obtained from Eg. 6. 7 evaluated at the water surface for a
total depth of 1 0 ft. Itis seen that the values o kafor the four
maximain Fig. 6.33 are: ka=0.50, 2 18, 3.38, 3.97. Again, these
values correspond to those predicted by the arbitrary shaped harbor
theory. (Seethe response curvesin Figs. 6.6 and 6.7. ) It should be
noted that the third maximum was not clearly defined in the response
curve shown in Fig. 6.6 because o the location chosen (it did appear
at the other location,see Fig. 6. 7); this clearly emphasizes the import-
ance of the entrance velocity as an indicator of resonance. Comparing
Fig. 6. 33 with Fig. 6. 31, it appears that the average velocity across
the entrance at resonance is significantly less for the case d a 60°
opening; however, the wave number band-width associated with the
maximais larger for the 60° case compared to the harbor with a 10°
opening. This phenomenon is similar to that shown by the response
curve presented in Subsection 6.2.2.

For the 60° opening, the velocity at the center o the harbor
entrance also was measured using the hot-film anemometer. The
sensor was located at a vertical position z=-0.05 ft at the center o
the cntrance (the water depth again was 1 0 ft). The voltages f r omthe
linearizer at various values d ka were then normalized with respect
to that at ka=2.25 using the same correction procedure as was just
described for the harbor with a 10° opening. These data are presented

in Fig. 6.34; in contrast to Fig. 6.32 where average velocities
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across the entrance were used, here the normalized velocity is that
obtained at the center o the entrance.

For this case ounly the theoretical curve obtained from the
arbitrary shaped harbor theory is shown, since the circular harbor
theory had not been used to determine the values of f; and g—fﬁz at the
center o the entrance (itwas used only to determine the average
values of f; and g-f—f across the entrance).

Although the experimental data show considerable scatter, they
agree qualitatively with the theory, The results from experiments
performed at four different times are shown in Fig. 6.34 providing
additional confidence in the experimental procedure. The value o ka
associated with the maximain Fig. 6. 34 are different from that of
Fig. 6. 33 especially the third and fourth peaks. 'lhis is because for
different values o ka, the shape o the velocity distribution across the
harbor entrance is not the same (see Fig. 6.30). Thus, the relative

velocity at the center of the entrance. (VO)C/[(VO)C]k 5 55" is not
A=t

necessarily equal to the relative average velocity across the entrance,
(Vo)ave/[(vo)ave]ka=2. 25 shown in Fig. 6.33.

The results presented in this subsection have demonstrated that
a maximum average total velocity at the harbor entrance corresponds
to a resonant mode of oscillation inside the harbor. It is obvious that
such velocity considerations will be even more useful for a harbor
with a complicated shape; more discussion o this will be givenin

Subsection 6.4.4.



~-192-
6.3 RECTANGULAR HARBOR

6.3. 1 Introduction

Inthe initial phases of this investigation a series of
experiments was conducted to study the response d a narrow, fully
open rectangular harbor to incident waves. As mentioned in Section
6. 1, the primary purpose of these experiments was to ensure that the
"open-sea’" condition was simulated properly in the laboratory basin
when using the dissipators described in Section 5.6. This was done
by comparing the experimental results to the experiments and the
theoretical analysis for a rectangular harbor presented by fppen and
Goda (1963). Their theoretical solution had been confirmed reason-
ably well by experiments conducted by them using a fully open rectan-
gular harbor (2-3/8 in. wide, 1 £t 1/4 in. long) installed in a basin
11 ft long and 9 ft wide with 'satisfactory'' wave energydissipators
placed for the simulation of the 'epen-sea”. In this study the harbor
dimensions were identical to theirs and the only difference was the
basin was larger and the dissipators were more efficient than theirs
(see Sections 5. 1 and 6. 1).

In addition these early experiments also served to provide data
to compare to the theory for an arbitrary shaped harbor presented in
Chapter 3 as well as the rectangular harbor theory presented in
Section 4. 2. In the following subsection these theoretical results will
be compared to the experimental data of this study as well as to the

theory and experimental results obtained by Ippen and Goda (1963).
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6.3.2 Response of Harbor to Incident Waves

The response o afully open rectangular harbor to
periodic incident waves is presented in Fig. 6.35. The abscissais
the wave number parameter k¥ (wherel is a characteristic dimension
of the harbor, in this case the length o the harbor). The ordinate
i s the amplification factor, R, defined as the wave amplitude at the
center of the backwall o the harbor divided by the average standing
wave amplitude at the harbor entrance when the entrance i s closed
(seeSection 5.4 for amore complete discussion o the latter).
Experimentally it i s not possible to measure the wave amplitude
exactly at the backwall; in fact the measurements were made at a
point 1/4 in. from the backwall and about 3/4 in. off-center. Since
the slope o the water surface so near the backwall i s essentially zero
and the motion of this narrow harbor over the range d k4 considered
i s practically two-dimensional, this difference between the location
o the experiments and the point o definition of the theoretical value
o R is considered unimportant in the comparison of theoretical and
experimental results. ‘lhe depth of the water was constant and equal
to 0.844 ft in both the harbor and 'open-sea”, and the range of the
stroke of the wave machine for these experimentsis presented in
thetablein Appendix IV.

In Fig. 6. 35, the solid line represents the curve computed from
the theory for an arbitrary shaped harbor (Chapter 3); the theory for

the rectangular harbor (Section 4.2) is shown with long dashed lines,
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while the theory developed by Ippen and Goda (1963) i s represented by
a line composed of short dashes. The experimental data obtained
from the present studies are denoted by open circles while the experi-
mental data of Ippen and Goda (1963) are shown as solid circles.

In using the arbitrary shaped harbor theory the boundary o the
har bor is divided into 47 segments (N=47) of unequal | ength including
three segments at the harbor entrance. Since the boundary o the
rectangular harbor is composed of straight lines, as discussed in
Subsection 3. 3. 1, the diagonal elements of the matrix Gn are equal
to zero, i.e. in Eq. 3.57, (Gn)i'l =0for i=1,2.....47, After following
the procedures described in Chapter 3 the response curve shownis
obtained.

In using the rectangular harbor theory the method described in
Section 4.2 is used. For afully open rectangular harbor, Eq. 4.38,
which describes the wave function f; in the region inside the harbor,
can be simplified, since the entrance and the width of the harbor are
equal (b=d). Therefore, the term Sm(X,V) defined in Eq. 4. 38 is equal
to zero and can be simplified to:

fz (x, Y) =C- SO(X’ Y) . (6- 8)

Thus, the average normal derivative d the wave function at the
harbor entrapce shown in Eq. 4.41 can be simplified also as:

E=—=_i— , (6. 9)

S -B
o] o
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where S_ = 4 cot ki and B = —ﬁ.(J + /LEY ) As as defined in Eq. 4.27.
o k o] 2 ¢ T ¢

The Fourier transformation method used by Ippen and Goda (1963)
for the evaluation of the radiation wave function f; in the region outside
the harbor is different from the present rectangular harbor theory in
which Green's identity formula and the Hankel function are used.
However, the method used for Region II, i. e inside the harbor, is the
same. Therefore, the difference between the results o the theory of
Ippen and Goda (1963) and this theory can be attributed to the difference
between the methods used to evaluate the radiation function £5; from
Fig. 6.35 any differences appear to be quite small.

From Fig. 6.35 it is seen that the three theoretical curves agree
fairly well with the experimental results, although the theoretical
curve obtained from the arbitrary shaped harbor theory agrees better
with t he experiments near resonance than the other two theoretical
curves. This may be because in using the arbitrary shaped harbor
theory, the entrance was divided into three segments and the solution
was matched at each segment as compared to the other two theories
where only the average solution across the entrance was matched.

Anot her feature of Fig. 6. 35 isthat the present experimental data
agree better with the theoretical curves than do the experimental data
o Ippen and Goda (1963), especially in the vicinity o resonance. This
i s probably because the wave basin for the present experiments i s both
wider and longer than the wave basin used by Ippen and Goda, hence

the incident wave is more ncarly two dimcnaional; also thc prcscnt
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knergy dissipators are more efficient than those used by Ippen and
Goda (1963) and therefore the "open-sea’ condition is simulated more
satisfactorily. Thisis supported by the fact that the data o Ippen and
Goda (1963) show fluctuations in the region 1. 10 <k%f < 1. 70 indicating
that the "open-sea” condition is not properly simulated in this frequency
range where the incident wave length i s large resulting in small wave
steepness. Such fluctuations do not appear in the data corresponding
to the present experiments.

As mentioned before, these experimental results led to the
conclusion that the open-sea condition was being properly simulated
in the laboratory and no additional modification of the wave energy
dissipators was necessary. Moreover, the agreement between the
theoretical and experimental results as shownin Fig. 6.35 has demon-
strated that the arbitrary shaped harbor theory can also be applied

successfully to a harbor with straight sides and sharp interior corners.

6.4 A HARBOR WITH COMPLICATED SHAPE: A MODEL OF THE

EAST AND WEST BASINS OF LONG BEACH HARBOR

6.4. 1 Introduction

As discussed in Sections 6.2 and 6.3, the theoretical

solution of the wave induced oscillationsin the two specially shaped
harbors: circular and rectangular, can be obtained by using the
general theory for an arbitrary shaped harbor developed in Chapter 3.
The theoretical results for these special harbors obtained from the

arbitrary shaped harbor theory have been shown to agree well with
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the more exact theories developed in Chapter 4, and with the
experimental results.

These two special shaped harbors are d importance because, as
mentioned earlier, the circular harbor represents an extreme shape in
which the boundary of the harbor i s curved and the tangent to the
boundary i s continuously changing direction whereas the rectangular
harbor represents the other extreme where the boundary i s composed
of straight lines, along each side the tangent to the boundary does not
change direction. The boundary of any arbitrary shaped harbor isin
fact usually a combination of these two cases.

In order to test the arbitrary shaped harbor theory further, a
harbor o complicated shape was studied both theoretically and experi-
mentally. In planform this harbor model is slightly modified from the
existing harbor o the East and West Basins of the Long Beach Harbor
located in Long Beach, California; the horizontal scaleis 1 to 4700.
Also it differsonly slightly from the hydraulic model studied by
Knapp and Vanoni (1945)wherein a distorted hydraulic model was used
with attention given to the bathymetry.

A sketch of the model o the East and West Basins of Long Beach
Harbor which was used in this investigation is presented in Fig. 6.36
which shows the width of the harbor entrance as 0.2 ft and the
characteristic dimension of the harbor, a, equal to 1.44 ft. The depth

d the water inthe experiments was constant in both the harbor and

the "open-sea” and equal to 1 ft.
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The theory for an arbitrary shaped harbor developed in Chapter
3 is used to calculate the response curves, the wave amplitude
distribution inside the harbor, and the total velocity at the harbor
entrance. In applying the theory, the boundary of the harbor is
divided into 75 unequal straight-line segments including two segments
for the harbor entrance. The segments are numbered counter-clock-
wise starting from the right-hand Iimit o the harbor entrance and this
numbering system is shownin Fig. 6. 36.

6.4.2 Response of Harbor to Incident Waves

Response curves at four different locations inside the
harhor are presented in Figs. 6.37to 6.40. The four points are
designated as point A, B, C, D and, for convenience, they are shown
in Fig. 6. 36 along with their coordinates in the model: A(0.30 ft,

-0. 525 ft), B(0. 30 £t,-0. 96 ft), C(l.32 ft, -0. 96 ft) and D(-0.45 ft,
-1.245 ft), where the first number inside the bracket i s the x-ceoord-
inate and the second number is the y-coordinate. For all of the
response curves, the abscissais the wave number parameter, ka
(whereagain k i s the wave number, and "a" is a characteristic length
equal to 1.44 ft and shown in Fig. 6.36); the ordinate i s the ampli-
fication factor R, as defined earlier.

It is seen that the theoretical results agree well with the experi-
mental data at all four locations and show that the response of this
harbor to periodic waves i s much more complicated than the response

curves for either a circular or arectangular harbor. As discussed
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in Section 6.2, the shape of the modes o resonant oscillation inside
a harbor is simpler for an incident wave of smaller wave frequency,
i.e. asmaller value d ka. As the incident wave frequency increases,
the shape d mode d oscillation inside the harbor becomes more
complex. The results shownin Figs. 6. 37 to 6. 40 also confirm this.
For example, at the first resonant mode (ka= 0.6 1) the amplification
factors at the four different positions (PointsA, B, C, and D) differ
only slightly. However, for the mode corresponding to ka=7.62, the
amplification factors at the four locations differ considerably; the
amplification factors at the points B and D are much smaller than those
at the points C and A.

One common feature of the four response curves is that while
the theory has predicted the frequency of every resonant mode of
oscillation correctly, the theoretical amplification factor at resonance
i s slightly larger than the experimental data especially for the
resonant modes at larger values of ka. This can be attributed to the
observation made in Subsection 6.2.2 that in using the same number
of segments for the boundary of the harbor at all wave periods, the
theoretical results for a smaller value o ka are more accurate than
the results which correspond to large ka; therefore, better agreement
between the theory and experiments is expected and observed for small
values o ka. (This means that the value d kAs is smaller for the
former case than the latter case. ) In addition the energy dissipationis
larger at resonance for large values o ka, thus also tending to
decrease the experimental amplification factors compared to those

deter mined theoretically.
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It can also be seen from the response curves that the agreement
between the theoretical solution and the experimental data is reason-
ably good at each of the locations; there is no location where better
agreement i s seen compared to another. This uniformity o the agree-
ment between the theory and experiments suggests that the theory has
also accurately predicted the wave amplitude distribution inside the
harbor for each mode of resonant oscillation.

In the application of the arbitrary shaped harbor theory
(Chapter 3) the singularities are always assumed to be located at the
mid-point of each boundary segment. Therefore if an interior point
(x,y) is too close to the mid-point of a particular boundary segment,
the wave function f5 (x,y) calculated from Eq. 3.37 might bein error
because dof the excessive influence of that particular singularity
(possibly as large as 10 or 20%). To avoid this it was found that the
interior point investigated should be more than one-half o the length
o the segment (3As) away from the harbor boundary. |f the wave
function desired is at a location very close to the boundary it can be
obtained either by: interpolating between the value at the boundary
(Eq. 3.22) and the value of f;(x,y) at a point which is at a distance
of approximately #As from the boundary or by reducing the length o

the segment to allow the interior point of interest lo be closer to the

boundary.
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As mentioned before, a response curve at a particular location
inside the harbor does not necessarily show the maximum amplification
within the harbor. The variation of the maximum amplification within
the entire basin plotted as a function of the wave number parameter,
ka, is presented in the response curve of Fig. 6.41. The ordinate
is the ratio d the maximum wave amplitude within the harbor, regard-
less d location, to the standing wave amplitude with the entrance
closed. This curve shows every possible mode o resonant oscillation
for the range o kathat has been investigated, as well as the maximum
amplification for each mode. It is obvious that the maximum ampli-
fication does not always occur at the same location within the harbor
for different values o ka. This can be seen by comparing Fig. 6.41
with Figs. 6.37 through 6.40.

The experimental data from a model study conducted by Knapp
and Vanoni (1945)are included in Fig. 6.41 for comparison. Data
corresponding to the harbor with a 600 ft harbor opening are repr e-
sented by open circles while the data for a 2000 ft opening are repre-
sented by solid circles. The prototype gate opening corresponding
to the present model is 940 ft. It should be mentioned that the
original data (seeKnapp and Vanoni, '1945, p. 89) were plotted as the
maxi mum amplification factor as a function of prototype wave period.
In order to compare these data with the present theory the wave period
has been converted to the wave parameter, ka. For this conversion,

the prototype water depth was taken as an average of 40 ft, and the
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prototype characteristic dimension of the harbor a = 6768 ft was used.
(The experimental data shown in Fig. 6.41 corresponds to prototype
wave periods which range from 2% min. to 15 min.)

The experimental datafrom Knapp and Vanoni (1945) show
decreasing amplification factors with decreasing harbor opening
contradi cting ene concl usion made in the study of circular harbors
(Subsection 6.2.2): decreasing the harbor opening increases the
wave amplification in the harbor at resonance. However, if one
considers the other conclusion made in Subsection 6.2.2 that the
viscous dissipation of energy is more important for aharbor with a
smaller opening this contradiction may be resolved. Sinceitis
entirely possiblein Long Beach Harbor that energy dissipation for the
harbor with a 600 ft opening i s so large compared to that for the
harbor with a 2000 ft opening that the increase in the resonant ampli-
fication due to closing the entrance i s more than compensated by
energy dissipation. Itis possiblethat if the harbor entrance were
much larger than 2000 ft, the amplification factor at resonance would
be less,thus, in agreement with the "harbor paradox'. This has not
been investigated in this study.

Both the data and the theoretical curve presented in Fig. 6.41
more emphatically show an important requirement of harbor rcsonance
studies. That is,in order to insure that certain modes of oscillation
are not missed in hydraulic model studies, a sufficient small interval

between wave periods must be used in evaluating the response.
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6.4.3 Variation of Wave Amplitude Inside the Harbor for One

Mode d Resonant Oscillation

Experiments were not conducted specifically to measure
the distribution of wave amplitude inside the Long Beach Harbor model
at resonance as was done in the investigation of circular harbors.
However as mentioned previously. the theoretical amplitude distribution
inside the harbor had been reasonably confirmed by the experiments
shown in the response curves of Figs. 6.37 through 6.40. The
distribution of wave amplitude inside the harbor for one particular
mode of resonant oscillation determined from the arbitrary shaped
harbor theory is presented in Fig. 6.42 for avalue o ka=3.38. The
magnitude o this resonant peak can be seenin any of the response
curves (Figs. 6. 37 through 6.41); attention is directed to the fact
that this is the second largest maximum amplification among the nine
resonant modes presented in Fig. 6.41. In the prototype, for this
value of ka, using the average depth of 40 ft the wave period is 6. 1
minutes.

In Fig. 6.42 the wave amplitude has been normalized with
respect to the wave amplitude at point C; the coordinates o this
position have been presented in Fig. 6.36. Positive water surface
displacements ar e shown by solid lines and negative displacements
by long dash lines. Two nodal lines are seen, oneinthe East Basin
and one in the West Basin with maxima occurring at the ends of each

basin and the minimum occurring near the confluence o the two. For
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this mode of oscillation it can be seen that neither a node nor an
antinode exists at the entrance.

In the model study cvnducled by Knapp and Vanoni (1945) meas-
urements were made of the wave amplitude distribution inside the
harbor for various modes o resonant oscillation, and contour drawings
similar to Fig. 6.42 were constructed. One such wave amplitude
distribution is shown in Fig. 6.43. Itis apparent from comparing
Figs. 6.42 to 6.43 that in this investigation the boundary of the model
has been simplified, especially the East Basin. The contours of
constant water surface elevation are shown as all solid lines in Fig.
6.43 since the positive and negative displacements were not different-
iated in that study. It is seen that two nodal lines exist, onein each
basin, and the maxima exist at the end of each basin as well as near
the entrance.

By comparing Figs. 6.43 to 6.42 the similarities in the ampli-
tude distribution are striking. Except for the region near the entrance
the location of the two nodes and the maxima are similar for the two
models even though the boundary of the model used for present study
has been simplified. Difference between the amplitude distribution
near the entrance can probably be attributed to the difference o the
"epastlines! far the two cases. Another difference between the two
models which may contribute to the differences between the amplitude
distribution shown in Figs. 6.42 and 6.43 is that all boundaries were

vertical and the depth was constant in the model of this investigation

compared to the more realistic treatment of the boundaries and

bathymetry in the distorted hydraulic model of Knapp and Vanoni (1945).
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6.4.4 Velocity at the Harbor Entrance as a Function of Wave

Number Parameter, ka

The theoretical curves and the experimental data
presented in Subsection 6. 2. 5.4 established the proposition that the
fluid velocity at the harbor entrance reaches a maximum when a
resonant oscillation develops inside the harbor. For the model of the
East and West Basins of the Long Beach Harbor, no velocity
measurements were made at the harbor entrance; however, theoreti-
cally this variation was investigated using the arbitrary shaped harbor
theory.

The variation of the average velocity at the harbor entrance
(normalized with respect to 4/gh —A%) as afunction of the wave number
parameter, ka, is presented in Fig. 6.44. Recall that the harbor
entrance of the Long Beach Harbor model was divided into two
segments (see Fig. 6.36); thus, the ordinate in Fig. 6.44 represents
the average value of V: /Jg?h' %l at the water surface for the two
entrance segments. (Asbefore, the velocity i s computed using

Eq. 6.7. )

It is seen that there are 9 maxima in the range of ka presented
in Fig. 6.44; the values of ka associated with these are: 0.61, 1 50,
3.38, 4.96, 5.30, 5.70, 6.60, 7. 10, and 7.64. These values of ka
are exactly the same as those associated with the maximain the

response curve of maximum amplification presented in Fig. 6.41.
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This clearly demonstrates that each maximum of the total entrance
velocity i s associated with a mode of resonant oscillation inside the
harbor, no matter how small the value of the peak.

A curve like Fig. 6.41 is not easy to obtain, because in order to
obtain a value of the maximum amplification anywhere inside the harbor
for a particular wave number the amplification factor at many points
inside the harbor must be determined. However, the curve shown in
Fig. 6.44 isrelatively easy to obtain since one needs only t he values
of thewave function f;, the normal derivative —g—%—g and the derivative —g—ff
at the harbor entrance when evaluating the total velocity from Eq. 6. 7.

For a harbor with a complicated shape, it is possible that an
interaction of wave motion between interconnected basins inside the
harbor may develop and produce aresonant oscillation with only a
small velocity at the harbor entrance. For example, the peak
associated with ka=1 50 in Fig. 6.44 isindeed very small; however,
at this value of ka, a resonant oscillation does exist inside the harbor
as can be seen from the response curves in Figs. 6.40 and 6.41. The
same is true for ka=5. 30 and 5. 70 at which the peaks in the velocity
curve (Fig. 6.44) are also small, but considerable resonant oscillation
does develop in the harbor as shown in the response curves in Figs.
6.38, 6.39, and 6.41 (for ka=5.30) and Figs. 6.40 and 6.41 (for ka=
5. 70). Therefore, inusing this method of determining the periods o

the resonant modes care must be taken that a small interval in wave

period is used i n the computations.
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Fig. 6.44 shows that the velocity at the entrance for the pumping
mode (ka=0.61)is nearly four times that which exist for any other
mode o oscillation. Using the prototype dimensions described
previously the period o this mode d oscillation i s approximately 33
minutes and could possibly be excited by tsunami. If the amplitude
d an incident wave were 0. 5 ft (usingthe average depth of 40 ft) Fig.
6.44 indicates that the maximum average entrance velocity for this
mode would be about 10 fps and for modes o smaller wave period the
velocities areinthe order o 2 fps. Such velocities could cause
significant damage to structures located near the entrance.

The results presented in Section 6.4 have shown good agreement
between the theoretical analysis and the laboratory experiments demon-
strating again the applicability of the arbitrary shaped harbor theory
to harbors with complicated planforms and constant depth. The
variation o the velocity at the harbor entrance asa function of the wave
number parameter ka proves to be a good indicator for resonance
inside the harbor. It has also been shown that the present theoretical
results agree qualitatively with the experimental data obtained from a
model study conducted by Knapp and Vanoni (1945}, although the plan-

form of the model investigated by them was more complicated and

also included depthwise variations.
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CHAPTER 7

CONCLUSIONS

The major objective o the present study has been to investigate,
both theoretically and experimentally, the response d an arbitrary
shaped harbor (with constant depth) to periodic incident waves. In
order to ensure that the general theory which was developed (termed
the arbitrary shaped harbor theory) could be applied to a harbor with
a complicated shape this theory was first applied to two special shaped
harbors: a circular harbor and a rectangular harbor. For these two
cases different theories termed the circular harbor theory and the
rectangular harbor theory were developed and compared to the general
theory. Experiments were then conducted for the circular and rectangu
lar harbors to verify the theoretical solutions. The general theory (the
arbitrary shaped harbor theory) was also applied to a harbor o more
complicated shape: a simplified, constant depth, model of the East
and West Basins of the Long Beach Harbor. Experiments were also
conducted to confirm the theoretical predictions.

From this study the following major conclusions, applying to the
circular harbors, the rectangular harbor, and the Long Beach Harbor

model, can be drawn:
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The present linear -inviscid-theory termed the arbitrary
shaped harbor theory predicts the response of an arbitrary
shaped harbor (with constant depth) to periodic incident
waves quite well even near resonance.
The theoretical prediction of the resonant frequencies (or
the wave number parameter, ka, at resonance) agree well
with the experimental data. The theoretical amplification
factor at resonanceis generally somewhat larger than the
experimental data especially for the resonant modes at
larger values d ka.
The open-sea condition has been simulated properly in the
wave basin used for the experiments; the reflection
coefficient for the wave energy dissipators which were used
i s estimated to be less than 20% for most o the experiments
which were conducted.
Because of the wave radiation from the harbor entrance to
the open-sea region which has been considered in this
inviscid theory, the amplification o the wave amplitude
inside the harbor at resonanceis finite. The effect of
viscous dissipation, which has not been considered in this
theory, is to decr ease the amplification near rcsonancc
even more.
The average total velocity across the harbor entrance
reaches a maximum when a resonant oscillation develops

inside the harbor; thus, the variation o the velocity at the
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harbor entrance with wave number has been found to be a

good indicator for resonance.

Since a relatively more detailed study has been made for circular

harbors some o the important conclusions concerning this shape can be

stated as follows:

6.

The theoretical solution for a circular harbor with a 10°
opening obtained using the arbitrary shaped harbor theory
agrees well wi th those obtained from the circular harbor
theory and the experiments. These results included the
resonant wave numbers, the amplification factors, the
shape o water surface inside the harbor for various modes
o oscillations, and certain velocities at the harbor
entrance.

For the circular harbor with a 60° opening both theories
only differ slightly in the prediction d the value o the wave
number parameter (ka) at resonance: the arbitrary shaped
harbor theory agrees better with the experimental results
in this respect. The shapes d the modes d oscillation
also have been predicted correctly by both theories; thus,
the small entrance approximation for the circular harbor
thcory can bc applicd at least up to a harbor openi ng with a
60" central angle.

As the width o the harbor entrance increases, the ampli-

fication at resonance decreases, but the wave number band-
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width at resonance increases: thus, the "harbor paradox!
was confirmed both theoretically and experimentally for
this shape.

Experiments show that the effect o viscous dissipation of
energy which is neglected in the present theoriesis more
important for harbors with a smaller opening.

There are four modes o resonant oscillations in the range
of kainvestigated for the harbors with a 10° and a 60°
opening. Except for the "pumping mode’, which does not
exist in a completely closed circular basin, each mode
corresponds to afree mode of oscillation in the closed
basin. The corresponding modes of oscillation for the two
harbors and the closed basin are basically similar; how-
ever, the detailed shape o the free surface differs among
the three.

The wave number parameter (ka) st recsonance approaches
the value for a closed basin as the entrance width decreases.
No antinode, or node, exists at the harbor entrance
although an antinode might occur at that position for a
closed circular basin.

For alarger eutrauce widlh the distributivn of the velocity
across the harbor entrance varies significantly for different

modes of oscillation.
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The experimental data regarding the variation o entrance
velocity with the wave number parameter agree reasonably

well with the theoretical results.

In addition to the general conclusions the following conclusions

can be added for the rectangular harbor:

15.

16.

17.

The theoretical results obtained from the present
rectangular harbor theory are almost identical to those
obtained by the theory of Ippen and Goda (1963); thus, any
difference in the two methods for evaluating the radiated
waves appear to be quite small.

The theoretical results obtained from the arbitrary shaped
harbor theory applied to the rectangular harbor agree
better with the experiments near resonance than the
rectangular harbor theory developed in this study or the
theory o Ippen and Goda (1963). Perhaps this is due to the
fact that when using the arbitrary shaped harbor theory
three segments were used in the matching procedure while
in the other two thievries vanly the average sol ution across
the entrance was matched.

The present experimental data agree better with the theo-
retical results than do the experimental data of |ppen and
Goda (1963) especially in the vicinity o resonance, pro-
bably because the wave basin used for present experiments
i s both wider and longer and the present wave energy

dissipators are more efficient than in that study; thus the
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incident wave is more nearly two-dimensional and the

"open-sea” condition is simulated more satisfactorily.

The following conclusions may be drawn for the model of the East
and West Basins of the Long Beach Harbor in addition to the conclusions
stated earlier.

18 The theoretical results agree well with the experimental
datafox the response at four different positions within the
harbor. The uniformity of agreement at the four locations
suggests that the theory has also predicted correctly the
shape of the various modes o oscillations.

19. The present theoretical results also agree qualitatively with
the experimental data obtained from a model study
conducted by Knapp and Vanoni (1945) although the planform
of the model investigated by Knapp and Vanoni was more
complicated and their study included depthwise variations.

LO The results show that the present theory can be applied
with confidence to prototype harbors with relatively uniform

depth and reflective interior boundaries.



-223-

LIST OF REFERENCES

Apte, A.S, and Marcou, C. (1954), "Seiche in Ports'', Fifth
Conference on Coastal Engineering, Grenoble, France,
pp. 85-94.

Apte, A.S (1957), "Recherches Theoriques et Experimentales
sur Les Mouvements desLiquids Pesants Avec Surface Li bre",
Publications Scientifiques et Techniques du Ministere de
L'Air, No. 333.

Baker, B. B., and Copson, E. T. (1950), The Mathematical

Theory o Huygen's Principle, Oxford University Press,

London.
Banaugh, R. P., and Goldsmith, W. (1963), "Diffraction of
Steady Acoustic Waves by Surfaces of Arbitrary Shape™,

The Journal of the Acoustical Society of America, Vol. 35,

No. 10, pp. 1590-1601.
Banaugh, R. P., and Goldsmith, w. (1963), "Diffraction of
Steady Eleastic Waves by Surfaces of Arbitrary Shape™,

Journal of Applied Mechanics ASME, Vol. 30, Series E,

No. 4, pp. 589-597.
Biesel, F., and LeMehaute, B. (1955), "Etude Theorique de La
Reflexion de La Houle sur Certains Obstacles', LaHouille

Blanche, March-April, pp. 130-140.



10.

11.

12.

13.

-224-

LIST OF REFERENCES (Cont'd)

Biesel, F., and LeMehaute, B. (1956), "Mouvements de Reson-
ance a Deux Dimensions dans une Enceinte Sous L'Action

d'Ondes Incidentes', LaHouille Blanche, July-August,

pp. 348-374.

Carr, J.H. (1953), "Long-Period Waves or Surges in Harbors",

Transactions, ASCE, Vo. 118, pp. 588-61é.

Chen, L.H., and Schweikert, D. G. (1963), "Sound Radiation from

an Arbitrary Body", The Journal of the Acoustical Society of

America, Vol. 35, No. 10, pp. 1626-1632.
Chertock, G. (1964), "Sound Radiation from Vibrating Surfaces',

The Journal of the Acoustical Society of America, Vol. 36,

No. 7, pp. 1305-1313,
Copley, L. G. (1967), "Integral Equation Method for Radiationfrom

Vibrating Bodies™, The Journal of the Acoustical Society of

America, Vol. 41, No. 4, pp. 807-816.

Courant, R. and Hilbert, D. (1953, 1962), Method of Math-

ematical Physics, Vol. | and II, Interscience Publishers Inc.,

New Y ork.

Das, M. M. (1968), "Extended Application of a Single Hot-film
Probe for the Measurement of Turbulence in a Flow Without
Mean Velocity'”, HEL 2-20, Hydraulic Engineering Laboratory,

University o California, Berkeley, California.



14,

15,

16.

17.

18.

19.

20.

21.

~-225-

LIST OF REFERENCES (Cont'd)

Dettrnan, J. W. (1965), Applied Complex Variables, The Mac-

millan Company, New York.
Friedman, M. B., and Shaw, R. (1962}, "Diffraction of Pulses
by Cylindrical Obstacles of Arbitrary Cross Section",

Journal of Applied Mechanics ASME, Vol. 29, Series E,

No. 1, pp. 40-46,

Goda, Y., and Ippen, A. T. (1963), "Theoretical and Experi-
mental Investigation of Wave Energy Dissipators Cumnpused
of Wire Mesh Screens', Report No. 60, Hydrodynamics
Laboratory, M. I. T,

Hildebrand, F. B. (1962), Advanced Calculus for Applications,

Prentice-Hall, Inc., Englewood Cliffs, New Jersey.

Hino, M- and Hino, K. (1965), " Response Characteristics of

Tokyo Bay to Incident Long Waves"”, Coastal Engineeringin

Japan, Vol. 8, pp. 57-69.

Hinze, J. 0. (1959), Turbulence, McGraw-Hill Book Company,
New Y ork.

Hwang, L.S., and Tuck, E. O. (1969), "On the Oscillations of
Harbors of Arbitrary Shape', Submitted to Journal of Fluid
M echanics (publication pending).

Ippen, A. T., Editor (1966), Estuary and Coastline Hydro-

dynamics, McGraw-hill Book Company, New York.



22.

23.

24,

25.

26.

27.

28.

-226-

LIST OF REFERENCES (Cont'd)

Ippen, A. T., and Goda, Y. (1963), "Wave Induced Oscillations
in Harbors: The Solution for a Rectangular Harbor
Connected to the Open-Sea", Report No. 59, Hydrodynamics
Laboratory, M.I. T.

Ippen, A. T., and Raichlen, F. (1962), "Wave Induced
Oscillations in Harbors: The Problem of Coupling of Highly
Reflective Basins', Report No. 49, Hydrodynamics
Laboratory, M. I. T.

Ippen, A. T., Raichlen, F., and Sullivan, R. K. (1962), "Wave
Induced Oscillations in Harbors: Effect of Energy
Dissipators in Coupled Basin Systems', Report No. 52,
Hydrodynamics Laboratory, M. I. T.

Kellog, O.D. (1953), Foundations of Potential Theory, Dover

Publications, Inc., New Y ork.

Keulegan, G. H. (1968), "Wave Damping Effects of Screens',
Research Report No. 2-12, U 5. Army Engi neer Wat er ways
Experimental Station.

Knapp, R. T., and Vanoni, V. A. (1945), "Wave and Surge Study
for the Naval Operating Base, Terminal Island, California®,
Hydraulic Structure Laboratory of the California Institute of
Technology.

Kravtchenko, J., and McNown, J. S. (1955). '"'Seiche in Rectan-

gular Ports”, Quarterly of Applied Mathematics, Vol 13,

pp. 19-26.



29.

30.

31

32.

33.

34.

35.

-227-
LIST OF REFERENCES (Cont'd)
Kuo, E. Y. T. (1968), "Acoustic Field Generated by a Vibrating

Boundary: 1. General Formulation and Sonar-Dome Noise

Loading™, The Journal of the Acoustical Society of America,

Vol. 43, No. 1, pp. 25-31.

Lamb, H. (1945), Hydrodynamics , Sixth Edition, Dover Publi-

cations, New York.

Lee, J.J. (1967), Discussion of paper "Some Turbulence

Measurements in Water™ by F. Raichlen, Journal of the

Engineering Mechanics Division, ASCE, Vol. 93, No. EM 6,

pp. 287-293.

Leendertse, J.J. (1967), " Aspects of a Computational Model for
Long-Period Water Wave Propagation! Memorandum,
RM-5294-PR, The Rand Corporation.

LeMehaute, B. (1960), " Periodical Gravity Wave on a Dis-

continuity™, Journal of the Hydraulics Division, ASCE,

Vol. 86, No. HY 9, pp. 11-41.
LeMehaute, B. (1961), "Theory of Wave Agitation in a Harbor",

Journal of the Hydraulics Division, ASCE, Vol. 87,

No. HY 2, pp. 31-50.

LeMehaute, B. (1962), Discussion of the paper " Harbor Paradox"

by J. Miles and W. Munk, Journal of the Waterways and

Harbors Division, ASCE, Vol. 88, No. WW 2, pp. 173-185.




36.

37.

38.

39.

40.

41.

42.

-228-

LIST OF REFERENCES (Cont'd)

McNown, J. S (1952), "Waves and Seiche in Idealized Ports',

Gravity Wave Symposium, National Bureau of Standards

Circular 521.
Mikhlin, S.G., and Smolitskiy, K.L. (1967), Approximate

Methods for Solution of Differential and | ntegral Equations,

American Elsevier Publishing Company, New York.
Miles, J., and Munk W. (1961), "Harbor Paradox", Journal of

the Waterways and Harbors Division, ASCE, Vol. 87,

No. WW 3, pp. 111-130.
Morse, P. M., and Feshback, H. (1953), Method of Theoretical

Physics, Vol. | and II, McGraw-Hill Book Company, New
Y ork.

Mullin, C. R., Sandburg, R., and Velline, C. O. (1965), "A
Numerical Technique for the Determination of Scattering

Cross Sections of Infinite Cylinders of Arbitrary Geometrical

Cross Seclion', Transactions of Antennas and Propagation,

IEEE, Vol. AP-13, pp. 141-149.

Muskhelishvili, N.I. (1946), Singular Integral Equations,

P. Noordhoff Ltd., Groningen, Holland.

Raichlen, F. (1965), "Wave-Induced Oscillations of Small Moored
Vessels”, Report KH-R-10, W. M. Keck Laboratory of
Hydraulics and Water Resources, California Institute of

Technology.



43.

45.

46.

47.

49.

-229-

LIST OF REFERENCES (Cont'd)

Raichlen, F., and Ippen, A. T. (1965a), "Wave Induced

Oscillations in Harbors", Journal of the Hydraulics Division,

ASCE, Vol. 91, No. HY 2, pp. 1-26.
Raichlen, F. (1965b), "Long Period Oscillations in Basins of

Arbitrary Shapes', Chapter 7, Coastal Engineering, Santa

Barbara Speciality Conference, pp. 115-145.
Raichlen, F. (1967), "Some Turbulence Measurements in Water",

Journal d the Engineering Mechanics Division, ASCE,

Vol. 93, No. EM 2, pp. 73-97.
Richmond, J. H. (1965), " Scattering by a Dielectric Cylinder o
Arbitrary Cross Section Shape'', Transactions of

Antennas and Propagation,IEEE, Vol. AP-13, pp. 334-341,

Shaw, R. P. (1967), "Diffraction of Acoustic Pulses by Obstacles
of Arbitrary Shape with a Robin Boundary Condition™, The

Journal of the Acoustical Society o America, Vol. 41,

No. 4, pp. 855-859.
Stoker, J.J. (1957), Water Waves, Interscience Publishers Inc. ,
New York:
Townes, H.W. (1965), "Flow Over a Rough Boundary'", Thesis
presented to the Californialnstitute o Technology, at
Pasadena, California, in partial fulfillment of the require-

ments for the degree of Doctor of Philosophy.



-230-

LIST OF REFERENCES (Cont'd)

50. Watson, G. N. (1945), A Treatise on the Theory of Bessel

Functions, The Macmillan Comapny, New Y ork.
51 Wilson, B. W. (1959), " Research and Model Studies on Wave

Actionin Table Bay Harbor, Cape Town', Transaction of

the South African Institution of Civil Engineers, Vol. I,

No. 6 and 7 (June, July 1959); Vol. TI, No. 5( May 1960).
52. Wilson, B.W., Hendrickson, J.A., and Kilmer, R.C. (1965),
"Feasibility Study for a Surge-Action Model of Monterey
Harbor, California™, Report 2-136, Science Engineering

Associates, San Marino, California.



0Ol

10

€1,C2,ca,
C C
a’ b

D, Dy, Dy

-231-
LIST OF SYMBOLS

Wave amplitude.
Incident wave amplitude.
Maximum wave amplitude within the harbor.

Functions representing the magnitude o the velocity
components (defined in Eq. 3.41).

Characteristic dimension of a harbor, the radius o a
circul ar har bor.

A function representing the average radiation effect at
the harbor entrance (defined in Eq. 4.27).

A constant equal to-é.
Width o a rectangular harbor.

Normal derivative of the wave function at the harbor
entrance.

Average d the normal derivative o the wave function
across the harbor entrance.

A vector representing the normal derivative o the wave
function at the mid-point of each entrance segment.

Constants associated with the hot-film sensor and the
linearization procedure.

Diameter o the screen wires of the wave energy
dissipator.

Used in Appendix | and Appendix Il representing various
domains of interest.

Width of the harbor entrance.

Distance from left-hand boundary of the rectangular
harbor to the left-hand limit of the harbor entrance.

Output voltage o the hot-film anemometer,

Base o the Naperian logarithm.
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Wave function which describes the variation of the velocity
potential in the X and y directions.
Wave function in Region | (inthe open-sea).
Wave function in Region II (insidethe harbor).
Radiat ed wave function.
Incident wave function.
Reflected wave function.
Aninfinite series defined in Eq. 4.23 and Eq. A. 3.3.
Aninfinite series defined in Eq. 4.23 and Eg. A. 3.6.

An N x N matrix defined in Eg. 3. 17d (elements of the
matrix are defined in Eqgs. 3. 59 and 3.60).

An N x N matrix defined in Eq. 3. 17b (elements of the
matrix are defined in Eqs. 3.43 and 3. 57).

Green's function.
Acceleration due to gravity.

Radiation matrix (ap x p matrix, see Eq. 3.33), the
elements of the matrix are defined in Egs. 3.62 and 3.63.

Wave height.

Incident wave height.

Reflected wave height.

Transmitted wave height.

Zero and first orders of the Hankel function of first kind.
Watcr depth.

Indentity matrix.

Electrical currents to the hot-film sensor.

J-T1.
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i_; f, K Unit vectors in the directions x, y, X respectively.

J'm Bessel function of the first kind and order m.

JC An infinite series defined in Eq. 4.26a and Eq. A 3. 7.

Kr Reflection coefficient.

Kt Transmission coefficient.

k Wave number.

L Wave length.

Length o a rectangular harbor.

log Logarithm to the Naperian base (e=2, 7128).

M A N x p matrix defined in Eq. 3.21

Mc Aninfinite series defined in Eqgs. 4. 18 and 4. 19.

M A px pmatrix defined in Eq. 3.35, (amatrix formed by

P the p rows and p columns o the matrix M).

m Number of layers of screens.

N Total number of segments into which the boundary o the
harbor (including entrance) i s divided.

n Outward normal to the boundary o the domain.

o} Order o magnitude.

P A N-dimensional vector representing the normal derivative
of the wave function at the mid-point of the straight-line
segments of the harbor boundary.

P Total number of segments into which the harbor entrance
i s divided.

Q A function used in Appendix II representing the contri-

bution to the value o wave function as the field point
approaching a boundary point.

q(;—;o) Source strength along the reflecting boundary (see Eq. 2.3).
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Amplification factor.
Radius of alarge circle.
Operating resistance of the hot-film sensor.

Distance between points or radial position in a polar
coordi nat es.

Center to center distance between the screen wires.

Output voltage of the first squaring circuit o the linear-
izer of the hot-film anemometer.

Output voltage o the linearizer of the hot-film anemometer.
Output voltage o the bias control, after using thefirst
squaring circuit of thelinearizer o the hot-film
anemometer.

Special functions defined in Eqg. 4.38.

Average o S, Sm across the harbor entrance (defined in
Eq. 4.39).

Tangent to the boundary of the domain in a counter-
clockwise direction.

Length of the boundary segments.
Wave period.
Time.

A N x p matrix with the diagonal o thefirst p rows equal
to unity, all other elements equal to zero (Eq. 3. 19).

Velocity components in x, y, z directions.
Velocity vector with components u, v, w.

Resultant fluid velocity in the direction perpendicular to
the longitudinal axis of the hot-film sensor,

i
Total velocity defined as (u? + v° + w?)=.
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LIST OF SYMBOLS (Cont'd)

Maximum total velocity with respect to time at a location.
Average of V; across the harbor entrance.

Maximum resultant velocity of the components v and w
with respect to time at alocation.

Aver age of V0 acrossthe harhor entrance.
Value of V0 at the center d the harbor entrance.

A N-dimensional vector defined in Eq. 3. 17a representing
the wave function at the boundary of t he harbor.

Coordinate axis in horizontal direction parallel to the
coastline.

Position vector for the point (X,y).
Bessel function of the second kind of order m.
Aninfinite series defined in Eq. 4.26b and Eq. A. 3.9.

Coordinate axis in horizontal direction perpendicular to
the coastline.

Function which describes the variation of the velocity
potential in dcpthwioe direction =z.

Coordinate axis in vertical direction.
Quantities at the jth segment of the boundary.

First.second partial derivatives with respect to the tangent
of the boundary.

Spatial average value,

A p-dimensional vector with each element equal to unity.
Interior angle of a boundary point (see Fig. A. 2. 2).
Phase angles defined in Eq. 3.4 1

Calibration constant of the hot-film sensor.
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A constant defined in Eq. 4. 33.

A large circle.

Euler's constant (y=0,577216.4... ).
Difference operator.

Kronecker delta,

Radius of acircle.

Displacement of water surface elevation from the mean
water level.

Angular position.
Kinematic viscosity of the fluid.
3.14159.....

o2
. . : 1
Sumof aninfinite series, p(n) —y =
n=1
A small circle or a half circle with a radius e¢.

Circular wave frequency (2w/T).

Velocity potential.

Depth affect factor (Ey. 6. J).

Potential function for standing wave system (Eq. 2.3).
Total potential function (defined in Eg. 2. 3).
Gradient operator.

L aplacian operator.

Boundary of a domain.

Absolute value.
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APPENDIX I

WEBER'S SOLUTION OF THE HELMHOLTZ EQUATION

The derivation of Weber's solution of the two dimensional
Helmholtz equation in a bounded domain (asused in Eq. 3. 11) and an
unbounded domain (asused in Eq. 3.29) will be presented in this
appendix. This subject has been discussed by Baker and Copson (1950);

the interested reader is referred to that book for other related topics

as well.

I.1 Weber's Solution in a Bounded Domain

Let 8D be a closed curve bounding a domain D in the x-y
plane, if £ and g are two functions whose first- and second-order partial
derivatives are continuous within the domain D and on the boundary 8D,
then Green's identity formula gives (see Kellog (1953)):

| €28 g8y as = [uvg - gvop) axay (A. 1. 1)

8n-ggﬁ
oD D

where 8/8n means differentiation along the outward normal to the

boundary of the domain.

If the functions f and g are both solutions of the two-dimensional

Helmholtz equation,

92f + k®f =0 (A.1.2)



~238-

then the right.-hand-sideof Eq. A. 1. 1 equals to zero, thus, Eq, A. 1 1

reduces to:
g
j(ra gan)db—o . (A. 1 3)
aD
In particular, if g= Hf)l)(kr), where r denotes the distance from a point
x(x, yv}and if the point x(x, y) lies outside the domain D, one obtains
. 8 1 £
[ [#2 (80 - 8N o) Z as = 0 (A.1.4)
ab

However, if ;?(x,y) lies inside the domain D, Eq. A. 1.4 no longer

holds since H((jl)(kr) has alogarithmic singularity at the point E(x, V)
<H£)1)(kr) ~,L;T2—10g kr,asr - 0> . To avoid this singularity, Green's

identity formula will be applied to the region D,,bounded externally by

8D and internally by acircle Po with its center at X and with radius ¢

(seeFig. A.1.1). Thus, Green's identity formula, Eq. A. 1.1,

becomes:
j(fgf; g2t 2L )ds +f (f~5 g2 /ds = rf(fvzg g7%f)dxdy . (A 1.5)
8D Po Dy

Since the singularity i s now outside the domain D,, by taking ng(()l)(kr),

the right-hand-side of Eq. A. L 5is equal to zero. Thus, one obtains:

[ o (sg0) - 500 55 Jas J° [ (15 0en))- 1D £ oo

(A.1.6)
Note that the direction of n on the boundary Py @S shown in the right-

hand-side of Eq. A. 1.6 is inward toward the center ;’Q(X, y), i. e, out-
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ward from the boundary of the domain D, (see Fig. A. 1.1);for
convenience this differentiation i s changed to the r direction (negative
n direction). Thus, one obtains:
8 (1) (1) ey 2 (1) (1) ) OF
J[f on (Ho (kr)> - Hy kr)gn }d J[f ( (kr) - Hy (k) 5y ]ds

oD
(A.1.7)

Since the integral around the boundary 8D does not depend upon the
radius ¢ o the circle P the right-hand-side o Eq. A 1 7 can be
evaluated at aradius ¢ as small as desired. Thus the right-hand-side
o Egq. A. 1 7 can be written as:

lim

E*OJ[f 31' (kr)> il)(kr)g%]ds . (A.1.8)

By using the asymptotic behavior of the Hankel function for r-0:
1 . 2
HV(kn~1+4210g (kr)

2 )izt

the limit of Eq. A. 1 S can be evaluated. Since the functions f and gf—r
are continuous at :_c)(x, y), the second term and thefirst term of Eq.

A. 1.8 can be evaluated as follows:

: 2 p
éggp Waer )t ds =§§§1fo (1+2210g(ce) Jeas(E @yrole)) =0 (A.1.93)
o]
lejj_,nolff—<H Doer))as=1m L%%de (1@ o(e)) = 45(5) (A. 1 9b)

Substituting Egs. A. 1.9 a and binto Eq. A. 1.7, one obtains:
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- i i1
£(x) = -5 [f% (! )(kr))—Hil)(kr)%fl—:I ds (A. 1. 10)
9D

This completes the proof d the following theorem due to Weber:
Let f be a solution o the Helmholtz equation

azf 9% f a
97 +a—yg-+kf—0

in aclosed domain D, whose first- and second-order partial

derivatives are continuous within and on the closed boundary 8D.

Then the function of f at any interior point X can be expressed as:
(1) af
(%) = & j [t (m (BN ) - B8 Vo ] as

where r is the distance from the interior point X to the boundary,
and 3/6n means differentiation along the outward normal to the

boundary 8D.

1.2 Weber's Solution in an Unbounded Domain

Suppose the function f is a solution o the Helmholtz
equation, V°f t k?f = 0, outside the domain D, i.e. in the unbounded
domain, whose first- and second-order partial derivatives are con-
tinuoue on/and outside the closed curve 8D. Then the Green's identity
formula can be applied to a region D, bounded internally by the closed
curve 8D and externally by a circle T" with radius RO which is so chosen
that the circle I'" encloses the closed curve 8D (seeFig. A. 1.2).

Thus, from the theorem presented in Sectionl. 1 one obtains:



-241-

6= -2[( [+ )2 (58P0 - mPan) Eas |, (a1

n i

if X isinthe domain D, wherein n denotes the outward normal to the
bounding curves, 8D and I" (see Fig. A. 1.2).

The outward normal to the circleT isin r direction, thus Eq.
A. 1. 11 can be rewritten as:

£(2) = - % | [fg—aﬁ (Hé”(kr)) pll )(kr)gfl] ds
oD

-é.J‘[f*ﬁ% (Ho(l)(kr)>— 1 Daer) 2 ] ds (A.1.12)

For simplicity, the second integral in the right-hand-side o Eq. A. 1. 12
i s denoted as J(;). The radius of the circle T, Ro, can be made as
large as desired to cover the entire unbounded domain, i.e. RO—*O".

Thus the function J(§) can be rewritten as:

1@ = -4 Um ( i_f \H(l (kr)) - HYun 2 1 rae « (A1 13)
The asymptotic behavior of I—I(Ol)(kr 5—3—< kr > for r—= are:

—_— T
Hgl)(kr) ~ ,\/;r-(%'(“r—') e/(“(kr "4 ) ,
(1) (A. 1 149

v ] e BT
%(Hf)”(kr))? -kH, (kr)~ _k«/;r_(%.{_;_)__ Mkr-Z-73)

Substituting Eq. A. 1 14 into Eq. A. 1 13, one obtains:

. 2w s, g ,T
- _ A lm | J 2 A(kr - -—)[_ -dz _of
I(x) = -5 1Hmulo T © 4| -kfe 2 -4 Irde

1 _”nnr '(kr-l) of .
- & [z lim D7 8L - et Jas . (A.115)
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Thus the function J(§) tends to zero, if the function:

J?(gf - ,ka) -0 (A.1 16)

uniformly with respectto 4 as r - ». This condition, Eg. A.1 16, is
referred to as the "Sommerfeld radiation condition”. A sufficient

condition for this is that the function f should behave like H(()l)(kr) for

large values of r . Since for f = H(Ol)(kr), and —g-f;= —kHil)(kr), the

Sommerfeld radiation condition i s satisfied as r - «:

NES [—g-fr— ~,ka] = k.5 [I—Il(l)(kr) 4 ,LH((JI)(kr)J
m

~ -k /—- A (lex ) D244

K Wi ot ) [-a+a]=o0

This completes the proof for the following Weber's theorem in an

unbounded domain:

Let f be a solution of o~ o 8Yf t x°f = 0, whose first- and second-

order partial derivatives are continuous outside and on a closed
curve 3D and |l et
of
Jr (- )
uniformly with respect to 8, as r —» «, then the function f{}?} at a

fixed point % located outside the domain bounded by 8D, i.e.

inside the unbounded domain,can be expressed as:
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%) = & 9 (D (1) Qf’]
f(x) = 4 J ]:f an \Ho (kr)) ~Hy (kr) n |98 ’
where r i s the distance between the fixed point x and the boundary

and n denotes the outward normal to the boundary 8D (inthe

direction out of the unbounded domain].
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Fig. A. L 1 Definition sketch for a bounded domain

Fig. A.1.2 Definition sketch for an unbounded domain
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APPENDIX 11

DERIVATION OF EQ. 3. 12

The Weber's solution of the two-dimensional Helmholtz equation
expressed the wave function f at an interior point x as a function of the

wave function and its normal derivative at the boundary as follows

(seealso Eq. 3. 11):

(%) = 4f[f( (H”)(kr))- Hf)”(kr)%(f&o))]ds(;o) (A.2.1)

In order to determine the wave function f(:?o) along the boundary, the
field point % is allowed to approach the boundary at a point ;i; the path
of integration is deformed around a small half circle, p, Wwith radius

e (seeFig. A.2. 1). Then Eq. A. 2. 1 can be written as:

4] [0 o) oo (2o

_%Jf'[f(;o) an(H(l (kr )) H Y (er) ( )st (A.2.2)

o

The radius of the half circle Pyr €, Can be made to approach zero,
i.e. ¢-0; using the definition of Cauchy principal value Eq. A.2.2 can

thus be rewritten as:
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£(x,) = -#;j[f(;;’o)é% (Hé”(kr)) - Hg”(kr)-é% f(;;’o)]ds(;c’o) +OE,)  (A.2.3)

where the first integral represents the Cauchy principal value and the
second term , Q(Ezi), represents the limit of the integration along the
small half circle p, @S €~ 0. Thislimit value,Q(EZi),can be evaluated
by the procedures which will be discussed in t he following.

Since along the small half circle Pg? the direction of nisin the

direction of r, the function Q(Ei) can be rewritten as:

Q@) = 4658 [ [#E ) (8P wn)) - mP ey 2 (26)) Jas &) L (a2 a)
pO

The asymptotic formulas o the Hankel functions for very small

argument (r - 0) are:

bV (kr) ~ 1 + 22 1og (kr)

(A.2.5)
3 1 1 .21
2 a5 V)= -1V er) ~ 2L
Substituting Eq. A. 2.5 into Eq. A. 2.4 one obtains:
li
QF,) = ‘Leﬁgj'[f D(2L) - (142210 () 2isE ) Jas ()
_ A lim T 2e .=, T o(e)
T T4 em0 ,J; 12 2as(1, )
pALUm T2 Jeds (5> )
46_*0 & +,c-og(e)ee (x)+o(e)
= 3f(x,) , (A.2.6)

since as ¢-0 the limit o the second integral in Eq. A. 2.6 is zero.
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Substituting Eq. A. 2.6 into Eq. A 2.3, it becomes:

£(,) = -ﬁlj[f(;’;’o)é%(ﬂg”(kr)) _ Hél)(kr)é%<f(§o)>]ds(§o)+%f(§i), (A, 2.7)
5

—> -
where r = Ix -x.l .
[o] 1
If the point ;i is acorner point on the boundary (see Fig. A. 2. 2),

the result of Eq. A. 2. 1 as x approaching :?i can be expressed as:

£(x,) = % I[f(z?o)g%(Hél)(kr)> ~YH(()1)(1<r)a—i-(f(;())):lds(:zo)-!- (L%)ﬂ;ﬁi)

0 (A. 2.8)
where the interior angle ais defined in Fig. A. 2.2. For a smooth
curve a is equal to w, thus BE9. A. 2 8 is identical to Eq. A.2.7.

(The approach used for these derivations can also befound in a
number of books; for example, see Muskhelishvili (1946) and Dettman

(1965).)
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direction of
integration

Fig. A. 2. 1 Definition sketch for an interior point approaching a
boundary point on a smooth curve.

direction of
integration

Fig. A. 2.2 Definition sketch for an interior point approaching a
corner point at the boundary
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APPENDIX IIT

EVALUATION OF THE FUNCTIONS {. , f , J, ANDY
jo’ “yo’ “e c

11I. 1 The Evaluation of the Function fjo

The function fjo in Eq. 4. 23 is defined as:
X As-x
£,05, 0) = Uo +_f0 P teryar (A. 3. 1)
where Asis the width of the harbor entrance. The Bessel function

Jo(kr) in Eq. A. 3.1 can be represented in an infinite series as:

n(kr¥n

2 (-1)
T (kn) = }0 _ \nf / (A.3.2)
n=

Substituting Eq. A. 3.2 into Eg. A. 3. 1 and interchanging the order

of integration and summation one obtains:

ot 00 =) S [ (5 e [T () e

o

_E Lif(lj\en,xzn"’l (As_x)znﬂ]
g (M1)?

2) 1 Z2n+1 20t 1 (A.3.3)

n=

I1I. 2 The Evaluation of the Function fYo

The function fYO in Eq. 4.23 is defined as:

£ 0,0 = [ I:ﬁjs—x] LY _(kr)dr - (A.3.4)
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The Bessel function Yo(kr) can be represented in an infinite series as:

o (kryn
Y (k)= 2l (logBE € y) 3 _per)+ ) 0™ p(m) ‘\(j’ )/2 i (A.3.5)
n=1
where: y = 0. 5772157.. .... i s the Euler's constant,
ofn) = 1+3+%5+...... +E

and Jo(kr)is defined in Eq. A. 3.2

Thus, substituting Eq. A. 3. 5into Eg. A. 3. 4 and interchanging the

order of integration and summation one obtains;

21N
L‘l_j_’lffz“l,.wﬂ 25 (1og K2+ )eomar

0 "0 2

- (-1)n+1p(n) k)2 /p¥ pAs-x

+2;1 T (2/ [\j0+jo )rzndr]

o n , (E‘Efn

-1) . aH ks 3
:nZ:O (l‘(l.' )2)(2;1:‘1) G-(ZBS) Klog<_2——>+y>~2n+l ]
S -t . Lonah © TR Y i on
1), YRR (" ) LAl el (steen)
y n
. (“1)n’(AS—-X) k(As—x)\‘?’fl k(As-x) " &k(AS—x)>2
hZ’.o (n! )2(.2n+1)K 2 ) (log( 2 >+“Y/" 2n2+1 ]
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III. 3 The Evaluation of the Function J_

According to Egs. 4.24 and 4.25, the function JcAs is
equal to the average of fYo(x,O) acrouss lhe harbor enlrance. Thus,

the function JC can be evaluated as follows:

~ 0 o\en e As LAt As_x)gn-h»..
‘(As)ez o )2\2/ J Jax

n—O 2n+1 2n+1
§_eC)
—n:O (n! )2 (n+1)(2n+1)
k_A_sz kAsY (ws (_159‘38
=1 - ( 2 ) + (6?)) - "10208> +2})9220> Fovunn (A.3.7)

111. 4 The Evaluation of the Function Ye

The function YCAS is equal to the average o fyo(X,O)
across the harbor entrance; therefore, the function YC can be
evaluated as follows:

1 As
Y_s= e f O(X,O)dx (A.3.8)
o Y

Substituting Eq. A. 3.6 into Eq. A. 3. 8 and interchanging the order of
integration and summation, after performing the integration the

function Yc can be expresscd as:
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i <kAS> > 1

(n! F (2n+1) (n+1) - 2@1+1)_2n+1]

21
© (. 1)n+1p(n)(k§s>
E; n!)® 2n+1) n+1)

[1og (

(kAzs>4 r <kAs>+y_§§_] i ( 2

+ 50 Llog

(e
25320 [log (kAs> \(~8—2—é] e

(A.3.9)
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APPENDIX IV

SUMMARY OF THE STROKES OF THE WAVE GENERATOR

USED IN EXPERIMENTAL STUDIES

Stroke of Wave

Range of ka

Harbor Model Generator Covered in
(inches) Experiments
0.128 3,180 ~ 3,190
0.295 3,767 ~ 3.959
0.424 3. 188
Circular Harbor
ree _ 0. 673 0.976 ~ 3.293
(107 Opening)
0.758 0.231 ~0.522
0.792 0.337 ~ 1.991
0. 842 0.337 ~ 3,940
Circular Harbor 0.425 0.365 ~ 4,123
(8] .
(60~ Opening) 0.758 0.129 ~ 0. 852
0.294 1.735 ~5.010
Rectangular 0.675 1.49 ~2.08
Harbor
0. 835 0.765 ~ 1, 648
Long Beach 0.423 3.746 ~17.985
Harbor nomen

0.420 ~ 3. 600
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APPENDIX V

COMPUTER PROGRAM

The computer program for calculating the response of an arbit-
rary shaped harbor to the periodic incident waves which are normal to
the coastline and that used for calculating the total velocity at the harbor
entrance are contained in this appendix.

In order toillustrate the application of t hese computer programs
the specific example of the model of the East and West Basins o the
Long Beach Harbor will be used. Certain input data corresponding to
this harbor model will be listedand the output using these programs will

be shown; these results correspond to the theoretical results discussed

in the text.

V.1l Computer Program for the Response d an Arbitrary Shaped Harbor

The computer program and a subroutine (CSLECD)for calculating
the response of an arbitrary shaped harbor to the periodic incident waves
which are normal to the coastline are contained in pp. 258 to 260.

The input data that are needed in using this program are:

(i) the number of boundary segments including the harbor

entrance (N) and the number of entrance segments (NP),
(ii) the coordinates of the beginning and the end of each
boundary segment (PX(I), PY (1)),
(iii) the value of the characteristic dimension (A), water depth

(DEPTH), and the width of the harbor opening (HAOP), (The
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width of the harbor opening will not be used for calculation
rather it i s used for identification only. )

(iv) the number of interior points to be calculated (M) and the

coordinates of these interior points (PX(1), PY(l)), and

(v) theincident wave number (K).

These input datafor the Long Beach Harbor model for one parti-
cular wave number (k=2. 35 ft_l‘) are listed in p. 261. The coordinates
of 75 boundary segments and 90 interior points are arranged according
to the coordinates used in Fig. 6.36. Thus, pnint A of Fig. 6. 34
corresponds to MESS (26), point B corresponds to MESS (88), point C
corresponds to MESS (81), and point D corresponds to MESS (68).

The output datafor the Long Beach Harbor model are presented
on pp. 262 to 263. They contain the complex value and the absolute
value o the normal derivative of the wave function (DFDC) at the center
o the two entrance segments, the complex value and the absolute value
o the wave function for the 75 boundary segments, (Q(I, 1)), and the
complex value and the absolute value of the wave function (F2)for the
9O interior points. The results of the absolute value d F2 at the mesh
point Nu. 26, 88, 81, and 68 correspond to the theoretical results shown
in Figs. 6.37 to 6.40 for ka=3.384. The output value o F2MAX corres-
ponds to the theoretical result shownin Fig. 6. 41for the same value o
ka. The output values of FRA for the 90 mesh points correspond to the
wave amplitude distribution curve shownin Fig. 6.42 (exceptthe sign

has been reversed).



-256-

It should be noted that the programs are written so that calculations
for other wave numbers can be made after the calculations for the first
wave number are completed. The computer programis written in
FORTRAN |V compatible to IBM 360/75 digital computer.

Some of the symbols used in the computer program are defined in

the following:

N = Total no. o segments into which the boundary i s divided.

NP = Total no. of segments into which the harbor entranceis
divided.

M = Total no. nf interior points to he calculated.

NSEG(1) = Number which defines the boundary segments (including
the harbor entrance).

PX(I) = The x-coordinate at the beginning of the ith segment of
the boundary (also used as the x-coordinate of the interior
points).

Py (1) = The y-coordinate at the beginning of the ith segment of
the boundary (also used as the y-coordinate of the interior
points).

X(I) = The x-coordinate of the mid-point of the ith segment of
the boundary.

Y(I) = The y-coordinate of the mid-point of the ith segment of
the boundary.

MESS(I) = Number which defines a particular interior point.

A = Characteristic dimension of the harbor (a).

HAOP = Harbor opening in ft.

DEPTH = Water depth in ft.

K = Wave number.

EKA = Wave number parameter (ka).

R(I, J) = Distance between field and source points.

DX(I) = Changes in x-coordinates between the beginning and the

end of the ith boundary segment.



DY (I)

DS(I)
PERT

DFDN

AN(I, J)

DRDN
XSS
YSs
TEMP
G(I, J)
Q(, J)
CSLECD

Q(I, J)

Q(I, 1)

1

ABBF(I, 1) =

DFDC(, 1) =

ADFDC(I, 1)=

H(I, J)
F1(1)

F2(I)

FR(I)

MAXMIN

ol

H
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Changes intK coordinates between the beginning and the
end o the it\"boundary segment.

Length of the ith boundary segment.
Wave period.

An Nxp matrix, equivalent to the matrix Um defined in
Eqg. 3. 19.

A matrix defined as ('f‘“-G -I), where Gn is aNxN matrix,
defined in Egs. 3. 15, ¥ 43 and 3.57.

9r/on.
X g (see Eq. 3.58b).

Vyg (seeEq. 3.58b).

é‘i (Xsyss - xSSyS) (seeEqg. 3.57).

An NxN matrix defined in Egs. 3. 15, 3.59 and 3.60.

An Nxp matrix, equal to the matrix bOGUm, defined in Eq.3. 20.
A subroutine for solving complex systems o linear equations.

An Nxp matrix equal to the matrix M defined in Eq. 3. 21
(after the statement CALL CSLECD).

Complex numbers representing the value of f; at the
boundary o the harbor (after statement 235).

Absolute value of £, at the boundary.

Normal derivatives of the wave function at the harbor entrance
(8f, /9n at the entrance).

Absolute value o DFDC (I,1).
A pxp matrix, defined in Eqgs. 3.33, 3.62, and 3. 63.
The complex value of f for the interior points.

Absolute value o f, with the sign equal to that of the real
part o f (for the interior points).

The ratio of F2(I) normalized with respect to the maximum
value F2MAX,

Subroutine to find maximum and minimum elements of an array.

-Al2. D = -i/4.
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LOMPUTER PROGRAM FOR THE RESPONSE OF AN ARBITRARY SHAPED HARBUR TO
1ODIC INCIDENT WAVES

PER]

INTEGER P

REAL K

COMPLEX AN{ 75175 }+Q( 75;20)9DET-C4G{ 75:75 )-F1(100)
COMPLEX H(75:20)+DFDC( 75,2) +D<DGON.F

DIMENSION ADFDC{ 75,1)oX0{1}oX{ 76),Y0{1)-Y( 76),D50(1},DS( 76),
1 DXC 75)0Y4 TS),R( 75175 ),DFON( 75,20}5ABBF( 75,1},
2 F2(100)+FR(100):PX(100),PY¢100),MESS{100),NSEG(75)
DATA P1/3.1415926/

PI3=3.0%P1

C=CMPLX{0.,-1.0/2.0}

THOOPI=2,0/PI

READ INPIJT DATA

READ (5:1) NsNP

1 FORMAT (315)

c
2

c
5
25
is
4

C
16
17

c
125
115

[
10
45
35

C

READ(5+2) {(NSEG(I)sPX{1):PY{I}:1=1:N}
FORMAT (15,2F15.0)

PX{N&+1)=PX (1}

PY(N+1)=PY(1)

BX(N+2)=PX(2)

PY{N+2)=PY(2}

CALCIJLATE MIDPOINT OF EACH SEGMENT

00 5 ¥=1.N

X(I)=0.5%(PX{I)+PX{I+]1))
YI)=0.B%(PY{I)4+PY{I+1))
DX{I)=PX{I+1)~PX(I)

DYC(I)}=PY(I+1}-PY{I)
DS(1)=SQRTIOX{ 1) %*2+DY(])*%x2)

CONTINUE

X0(1)=X{N)

X{N+1}=X(1)

YO(l)=Y{N)

Y(N+1)=Y(1)

DSO0{1)=DS(N)

DS{N+1)=DS(1)

DO 15 I=1:M

11=1+1

R{Y¥:F)=0

DO 25 J=11¢N
RET-JI=SORT({XITI~X(J})#=x2+{Y{I)}~Y(J))**2)
RIJ:1I=R(I:J)

CONTINUE

CONTINUE

READ (5:4) A

FORMAT (4F10.0}

READ [5:4) HADP.UEPIH

READ COORDIMATES OF INTERIOR POINT INTO PX AND PY
REAO (5¢1) *

READ (5:2) (MESSUI)<PX(1).PY(I):1=1.H)
READ {5:17) K

FORMAT (F10-0}

ERA=AZK
PERT=(2.0%P1}/(SQRT (32, 2*K*TANH(K*DEPTH)))
CALCULATE UNIT MATRIX OF DFDN {(N;NP)

00 115 I=1:N

DO 125 J=1.NP

DFDNI(1:4)=0.0

IF (1.6T.NP) GO TO 115

DFDN (1:1)=1.0

CONTINUE

CALCULATE ELEMENTS OF THE MATRIX AN={C*GN-i)
00 35 I=1:N

DO 45 J=1,N

IF {J -EQ. 1) GO TO 10

ARG=K#*R11,J)

DRDON={(Y{T)=-Y (I I&DX(JY= (X{T}=-X{D)I*DY(J}}/R{1:d)
ANV 2 ) =—CHRFACHBPLX(BESJL (ARG ) yBESTL (ARG) ) *DRDN
G0 TO 45

CONTINUE

YSS=
=6.0%((Y{I+1)-Y{I))/(DSCI+1)+DS{E))—(Y{T}~-Y(I=-1))}/C(OSCI)+DSCI-1}1))/
/ {DStI=-1)+DS(1)4+0S1I+1))

XS$S=
=60 {AX{I+1)=X{TI N /Z{DS{I+)+DS{I N = (X(D)=X{I=-1)}/(DS(T})+DS{I-1}))/
/o ADS(I-1)+0S(1)+DSCI+1)}
TEMP=(DX(1)*YSS-XSS=DY(I))/PI
AN(Io1)=CMPLX(0.0,TEMP)*C~1 .0

CONTINUE

CONTINUE

CALCULATE THE RIGHT HAND SIDE VECTOR @

DO 135 P=1,NP

DO 55 I=1,N

QUL sP)I=CHMPLRA{U.70,)

DO 65 J=1:N

IF (P.NE-1) 60 TO 30

IF (J <EQ. T) GO TO 20
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ARG=K=R{1,J)
GU1,J)=CMPLX{BESJO(ARG),BESYO (ARG ))I*NS (4}
GO TO 30
20 GlLa1)=CMPLX (1., TWOOPI*(ALOG(K*DS(J}*.25)-0.42279))1%0S(1)
30 Q(I:PI=Q({I,P1+G(1,J)=DFDON(J,P)
65 COMNTIMUE
QU1 4P)=C*Q{1,P)
55 CONTINUE
135 CONTINUE
CALL CSLECD(ANsN+Q,NP,DET,IER)
00 145 I=1.N
DO 145 J=1,2
145 DFDC(1,J)=CMPLX{0,0+0.0)
D=CMPLX{0,5-0.25)
CALCIILATE HAVE FUNCTION OF EXTERIOR PRORLEM AND WATCHING
00 215 I=1,NP
00 215 J=1,NP
1F (1.E0.J) GO TO 210
H{I15J)=CMPLX{BESJO(K*R{1,J)};BESYO(K*R(1,J)))*DS{J)
GO TO 215
210 H{F,1Y=CMPLX (1.0, THODPI*{ALOG(K*DS(1}%.25)=-0,42279))%DS (1}
215 CONTINUE
DO 225 1=1;NP
DFDCt1,1)=CMPLX(1.0,0.0}
DO 225 J=1,NP
225 HUT,J)=0t1-J)}~CHH(IoJ)
CAI'l [SI FCD(H.NP,DFDC -1 .DFT.IFR)
WRITE (656)
FORMAT (1H1)
WRITE (6519) K
19 FORMAT (2X3HK =F10.5,2Xs' (1/FT)¢ 1
WRITE (6438)
38 FORMAT (///,2X,'COMPLEX VALUE OF DFOC AT THE ENTRANCE (1/FT1%./)
HRITE (6+8) (DFOC{I+1):1=1<NP)
8 FORMAT (1X,6F13.5)
00 305 I=1.NP
305 ADFDC(1+1)=CABSIDFOC{T+1))
WRITE (6568}
68 FORMATI(///.2X,%ABSOLUTE VALUE OF DFOC AT THE ENTRANCE (1/FT)%./)
WRITE {6:8) (ADFDC(I;1),1=1,NP)
CALCULATE BOUNDARY ®AVE FUNCTEON F
DO 235 I=1¢N
DO 235 J=1,NP
235 DFDC(1,2)=0FDCUI-,2)+Q(1,J}*DFDC(J,1)
DO 245 I=1.N
Q(I,1)=DFDCLI.2)
ABBF(I.1)}=CABS{O(I.1})
245 CONTINUE
HRITE {6:48)
48 FORMAT (///3:2X+26HBOUNDARY F FUNCTION Q{I=1):/)
WRITE (668} (0(1,1)s1=1:N)
HRITE (65148)
148 FORMAT (///+2X.*ABSOLUTE VALUE OF THE BOUNDARY F FUNCTION?./}
HRITE (6:8){aBBF({Iz2)z1=1sN)
HRITE (6+6)
WRITE (62119) HAOP,DEPTH
119 FORMAT (2X:"HARBOR OPENING (FT.)=%oF 7,3,5X,'DEPTH (FT.)=0.F7.3)
WRITE (6+19) K
WRITE (6+:29) EKA
29 FORMAT (2X3HKA=F10.5)
WRITE (65129) PERT
129 FORMAT (2%, 'PERIOD T =*,F10:5:2Xs*{SEC.)?)
CALCULATE WAVE FUNCTION F FOR INTERIOR POINTS
DO 75 J=1,M
F=CMPLX(0.:+0.}
00 85 I=1.N
R1=SORTI(X(I}=PX(J) )22+ (Y (1)-PY(J))*%2)

=

RIK=K*R1

DGON=K¥CMPLX{BESJLIRIK) ¢BESYLIRIKIIX({PX{J)=XLE)I*DY (1)
= =(PYLII=Y{LIIZDX(L)I/RL

F=F+

# Q(1:1)%DGON-DFOC(I;1)%CMPLX(BESJO(RIK) ;BESYOIRLIK))I®DS(])
85 CONTINUE
F=D®F
Fl1{J)=F
F2{J)=SIGN(CABS(F):REAL(F))
75 CONTINUE
CALL MAXMIN(F2oMsF2MX;F2MN)
F2MAX=AMAXL{ABS(F2MX) ; ABS(F2ZMN} )
DO 605 J=1:M
605 FRIJY=F2{J)/F2MAX
WRITE (65199) F2MAX
199 FORMAT (/732X tF2ZMAX=",F10,5)
HRITE (6+99)
99 FORMAT (//9s2Xs'MESHY, BX:'PX%; 9X'PY? 14X, PFCMPLX ', 15X, *F 21,
% 10X 'FRAL'5/)
WRITE (6+9) (MESS{J) PX(J)2PY(J)sF1{I)sF2(J)oFR(J) g J=1,H)
9 FORMAT (1X:15,F11.3,F11.3,2F13.5,F13.,5,F11.3)
60 TO 16
END



18

20

24

241

25

30

32

35

40

50

60
70

74

9

[
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SUBROUTINE CSLECD( At M, By N, DETs ILL)

SOLUTION OF COMPLEX SYSTEM OF LIN.EQUAT.WITH N RIGHT HAND VECTORS
AND/OR COMPUTATION OF COMPLEX DETERMINANT

COMPLEX A, By AT, FAC: DET

DIFMENSION A{TSM)BITS:N)

ItLi= 0

CALL OVERFL{IO)

SIGN= +1

IHA= M—1

DO 35 I=1;1IMA

AMAX= REAL(A(I,1)) * REAL(A(I-I)) + AIMAG(A(I.TI)) * AIMAG(A(I,I))
JMAX= 1

Il= I+1

DD 20 " J=I1.M

ARE= REAL(A{J,1))

AIM= AIMAG(A(J. 1)}

AJI= ARE*ARE + AIM*AIM

IF(AMAX-AJT) 18:20,;20

AMAX= AJl
JMAX= J
CONTINUE

IF{AMAX) 21.90,21
IF{1-JMAX) 23,25,23

SIGN= - SIGN

DO 24 K=1.M

AT= At1,K)

AlI,K)= A(JMAXK)
AlLJKAX:K)= AT

IF(N.LE.D) GO TO 25

DO 241 K=1;N

AT= B1,K)

BlI.K)= BIJMAX:K)

BIJIMAX.K) = AT

DO 35 J=Il,M

FAC= AlJ,1)/ALIL-1:11-1)
DO 30 K=I1.%

AlJoK)= AlJ K) - FACHA(I.K)
IF(N.LE-O} GO TO 35

DO 32 K=1:N

BlJd:K) = BlJsK) —FACHB(I.K)
CONTINUE

TRIANGULAR MATRIX READY
IF(N.LE-O) GO TO 70

iF (CABSI1A(M,#)) .EQ. 0.) GO T8 90
DO 40 K=1:N

BUIM,K) ~ BUM. KM AIM ;M)

DO 60 I=1;IMA

J= M- |

Kl= J+1

DO 50 K=K1.#

0N 80 L=1.M

BlJ-Ll= BIJsL) —AlJKIB(RL)
00 60 L=1sN

BlJsL) = B{JsL) / A{Jdsd)

DET= A(1.:1)
DO 74 1=2:M
DET= DET*A(1,1)

DET= OET* SIGN

CALL OVERFL(10)}

IF(I0-EQ.1} GO TO 91

RETURN

DET= (0.:0-)

WRITE(6:92)

FORMAT(46HODET A = 0 OR UVERFLOH IN SUBROUTINE CSLECD )
ILL= -1

RETURN

END



DATA

DATA INPUT

~

VENPFWV P WN—W,

2
-0.105
-0.203
-0.300
-0.323
-0.369
~0.411
-0.461
~0.491
-0.555
-0,675
-0.809
-0.930
-0,990
-1.023
-1.073
-1.115
~1.161
-1.199
-1.202
-1.179
-1.079
~0.954
-0.825
~0.774
-0,719
-0.585
-0,524
-0.450
~0.339
-0.285
-0.300
-0.360
-0.383
-0.375
~0.345
-0.315
~-0.299
~0.255
-0-.158
~0.,060
-0,023
-0,015
-0.015
-0.015
—0+009°
0.030
0.165
0.315
0.450
0.585
0.720
0.855
0.990
1-125
1,260
1-365
1.418
1-425
1.425
1.425
1e425
1421
1.380
1.260
1.140
1.022
0.902
0.797
0.735
0.660
0.510
0360
0.210
0.075
-0.036

1.00

0.000
0.000

0,000

~0.,060
-0.180
-0.287
~0,405
-0.450
—0.465
-0.486
-0.509
-0.530
-0.545
-0.585
-0.720
-0.842
-0.975
-1.079
-1,115
~1,146
-1.184
~1.229
~1.280
-1.302
-1.310
-1.335
-1.349
~1.350
-1.350
-1.320
~1.254
~1.140
-~1.071
~1.007
-0.884
~0.750
-0-705
-0.690
-0.690
—-0.690
~0.705
~0,750
-0.885
-1.005
—1.0%0
-1.050
-1.050
-1,053
-1.056
-1.058
~1.061
~1.062
-1.064
~1.067
~1.068
-1.070
~1,050
~1.005
~0,870
-0.735
-0~ 600
-0.525
—-0.480
~0.416
00344
-0.273
-0.207
~0. 144
-0.120
~0.117
0,117
~—0.119
-0.119
-0.111
~0.066
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&

DR NUPIPL WN—O

=0.210
0.750
0.600
0.450
0.300
0.150
0.000
-0.150
-0.270
1.035
0.900
0.750
0.600
0,450
0.300
0.150
0.000
~0.150
~0.300
1.200
1.050
0.900
0.750
0.600
G.450
0-300
0.150
3-000
-0.~180
~0-345
-0-.450
=0.600
-0.750
-0.900
1-305
1-306
1-.200
1-050
0.900
0.750
0600
0-450
0.300
0:.150
0-075
-0.075
-0.225
~0-375
=U.4%0
-0:600
-0.750
~-0-930
=0-450
-0.600
-0-750
~0.900
-1-005
-0.480
~0-600
-0-750
~0.900
-1.050
-0-480
-0.600
-0.750
-0.900
-1:050
~0-450
-0.600
-0-750
1-320
1.200
1.050
0.900
0.-750
0- 000
0.450
0.300
0.150
0.090
1.3220
1.200
1.050
0.900
0.750
0.600
0-450
0-300
0.150
0,090

~-0.105
-0.225
-0.225
-0,225
-0.225
~-0.225
-0.225
=-0.225
~0,225
=0.405
~0.375
~0.375
-0.375
-0.375
~0.375
-0.375
-0.375
-0.375
-0.375
-0-525
-0.525
-0.525
-0.525
-0.525
-0.525
-0.525
=0.495
~0.495
-0.495
-0.480
~0.555
~0.570
-0.585
—0.600
-0.585
~0.709
~0.675
~0-675
~0~675
~0:675
~0.675
~0.675
~0.675
~0.675
~0.600
~0.600
~0.600
~0.600
-0.:67%
-0-675
~0-.675
-0.690
~0.825
~0-825
~0-825
~0.825
~0.825
~0.975
~0.975
~0-975
~0-975
~0.975
-1.125
~1.125
~1e125
-1.125
~1.095
~1.245
~1.245
~1.215
~0.825
~0.825
~0.825
~0.825
~0.825
—U-825
~0.825
~0.825
~-0.82%
-0.750
~0.960
~0.960
~0:-960
=-0-960
~0.960
~0-960
~0.960
~-0.960
~0.960
~0.8R5
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K = 2.35030

(1/7F7)
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CCMPLEX VALUE OF DFOC AT THE ENTRANCE (1/FT}

-1,04198

-9,81575

~0,95765

~BoT4154

ABSOLUTE YALUE OF OFBC AT THE ENTRANCE (1/FT)

s-87088

BOUNLCARY F FUNCTION Q(I¢1)

0.25280
0.32285
0.226€83
~G.21808
~3.L8865
~0,18C24
~0+18191
-0.15884
-0-19413
~-0,19682
-0-184667
~3.06231
0.21755
2. 37894
0034571
0.33877
0.09526
~0.27582
~0.48292
~0-4%186
~J.44958
~D-346623
~0.93769
J-13385
0635556

ABSOLUTE V¥ALUE OF THE BUUNLCARY

1-54C 84
1.75880
3-78¢33
1.45152
1-388130
1.28128
1.76337
3.09313
1.24155
4e72580
3,65178
0-14557
2.84600

B8.793C8

1-51996
2-22461
1.T74411
~G.12388
-~ 78008
~1-40(73
-1-44008
~1:47744
~1- 37466
~1.35783
~l.26761
~J,3T7636
1. 74990
3,14106
3,07327
3.00387
1.0371¢
-2.09293
=3.99673
~4.( 7879
~3.66431
~2.,72305
-G- 14061
1.22538
R2,82320

1-48115
115665
N.6$6271
1.58150
1.370173
1.08247
2,33087
2.85403
0-C3041
£e¢01371
3.52496
5-34148
2:.66575

f.24842
Q0.33390
Ve l4662
~0.37293
-0.12236
=3.19481
~1a 20055
-3, 19857
~-.19518
-u. 18927
-5.15766
G.C3469
3.28818
0.37306
c.32119
{28979
-0,02844
{37783
~Je4T624
e 4B4TG
-1,42998
-~ .24871
¢.02236
N.23375
©e35519

F FUNCTION

1.74375
51669
119550
1-54435
1.36423
0-82616
2.79140
2:89212
1.07533
3.89175
3.42455
(- 64919
2:22594

~46017
2:42858
1.14732
~0-56269
~G. 95491
-1.52823
~1.56873
~1-44730
~1.35677
-1.27512
-1-07092
0,34857
2:31299
3.15113
2.83591
2,61691
D-51075
2099054
=3.98536
-3.97825
~3:490864%
~1-88647
0. 34075
1.98937
2664602

2:24792
0,12520
l-41228
149075
1,37245
0.38148
3.16383
3.223¢1
2-11103
4-13825
2.74492
1.23267

027144
0.29299
n,06352
~.09437
—0:.15292
~0-18247
-0.2C0'45
-3 16765
-r-19618
-0.19155
-0.12233
0.13848
G-34089
0,35662
G~32500
C.20328
~0.15538
~0.44880
~G.406144
046716
~Ce42231
~0.13996
C.06052
Ue 31613
Q=32140

245143
0.56739
1:-54C60
1.46085
1.28909
5.35029
3.17314
2.63299
3-11431
4.0 T66
1.90279
2:00305

1.72250
2.20289
0.51277
—0.74157
~1.,18568
~1.444G3
~1.53129
~1-42662
~1-35005
~1.29145
~0,81706
113867
2.T7050
3.08308
2.87179
192368
~1,05900
—3.64480
~3,8642¢
~3.81203
~3.39841
~0-97790
3,64636
2-57958
2:20261

2:.22229
0. 74755
L-45591
1. 44025
1,3C558
114776
3.10364
1-93140
3.67233
3.840355
0.98787
2-59888
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HARBOR CPENING (FTa}= Ga2uL DEPTH (FTod= 1,000
K = 2.35000 (1/FT)
KA=  3,3840)
PERICD T =  ,72890 ({SEC.)
r2ZrAaR= 4.TT8L317
MESH PX 37 FCKPLX
1 -.210 -04105 %.31605 2.150u9
z Te 159 -0.225 Geli1133 5.26011
3 5,600 -£,225 ©41198C 1.12755
4 Q450 ~0,225 (.22406 193034
5 34306 ~a225 r.31116 2, 5044y
6 0.150 ~G.225 (.36181 2.875%9
7 6.0 -r,225 .37146 2.83731
8 ~3.150 ~C.225 0, 35739 2,62959
9 -04270 ~0225 Ca3bl6C 2,47207
T4 1,035 ~C.4C5 ~5.25485 -1.92626
11 €900 -£.375 —C.143C7 -2.990::8
12 8. 750 -0.375 ~r,n2316 ~1,72387
13 1,600 ~0a375 Ca1977C 0.96793
14 C o450 -Ca375 £.21953 1-84119
15 €3G0 ~L4375 1.29977 251416
1¢ £.159 ~C 4375 5135682 2.89752
17 6.9 -€.375 £-37565 2.96460
18 ~5.159 ~0.315 036040 2.71332
19 ~0.300 ~2.375 £.32271 2.44383
20 1.200 ~Ga525 ~£.389M6 -3.08183
21 1,250 ~0,525 ~0+32082 ~2.30929
22 o900 -€,525 ~,18579 -1.33319
23 L. 750 {525 ~C 15695 -0.26378
24 £.600 -0.525 6.07357 2.79725
25 €.45C 0,525 £.19305 1.74511
26 €. 3006 -Ca525 (.28867 2.47717
27 Co156 ~0.495 ©.35115 2.90778
28 0.0 -(a495 Ce37041 2.99009
29 ~Gn18C 0,495 0,33655 2.64760
a0 ~04345 - =C.480 €.26513 2.05274
T ~£0450 0,555 0.15957 1.26148
32 ~Cn60C -0,576 2,05185 U.43315
23 ~Go 750G -6.585 ~3e73501 -0.24695
34 ~0.900 0,660 ~U.08973 ~1.68843
15 1305 ~C.585 ~0 044245 ~3.56226
36 1.305 ~0.735 ~C. 46368 -3.74726
37 10200 -C.675 ~Co42316 -3.37160
L 1950 0,675 -0.33622 260479
39 £e93C -0.675 ~0.21932 ~1.6C449
&0 0,750 0,675 -0.08552 048376
41 0606 ~0,675 6.95116 2.63946
42 €. 4SC 0,675 617646 164857
£7 0300 ~C 675 €.27696 2.43670
44 G.150 ~0:675 Ca34094 2.91252
45 0.075 ~3.6G0 ©.35992 2.99706
46 ~0.975 ~0.60C 0.35727 2.89966
&7 ~0,225 ~L,600 €.29393 2.34182
48 ~G.375 -€,697 0,18617 1.48109
49 04450 -0.675 2.09286 3.77287
ge -0,600 0,675 €.31145 0-13664
51 -30 750 00675 ~0425715 ~0.40777
£2 ~C.930 ~-Q.690 -0, 11502 -1,87849
53 ~0 456 0,825 ~0.00361 005540
54 ~0s 600 0,825 ~0,05574 -0.35809
55 ~2. 750 -G 825 ~0.1035¢ -3, 74652
se ~0a960 -0.825 ~.13922 ~1.04728
57 ~1.705 -0.825 ~:515554 -1.19102
58 -10480 04915 ~0,09778 ~0,64645
59 ~0,600 ~0.975 -0.12052 —0.83449
60 ~Ge 750 -0.975 ~Ga14954 -1.08370
61 .90 ~0.575 ~C.17298 -1.29612
€2 ~1,056 ~G.575 €. 18742 -1.44071
63 ~C,480 ~1.125 ~Ca16162 -1.10613
&4 ~C 0620 -1.125 ~r,16956 ~1,19078
&5 ~0.75¢ -1.125 ~0,18286 -1,32557
66 ~0.900 -1,125 ~041945G ~1.45335
&7 ~1,086C ~1.C08 ~C.19748 ~1.51880
68 -0.450 ~1,245 ~0.1937¢C -1.30871
69 ~00400 -1,245 ~0,19264 ~1.35430
. ~0.750 -1,215 ~0 19069 -1.38010
n 1.320 -0.825 ~e48261 -3,93058
72 1.200 ~C.825 -0.44460 ~3,56713
73 1-050 ~0.,825 -0 -3599( -2.910239
74 C.960 ~U,825 ~0o 24261 -1.79728
15 L0750 -6.825 ~a 10642 ~3,64657
76 €, 620 -0,825 r.03374 7.5163%
77 2,452 ~C»825 U, 16280 1,56841
78 30300 -0.825 0.26716 2.40372
79 2,150 ~0,825 0033623 2.94244
eo 3.€99 ~0,750 035236 3.02659
a1 1.320 €960 ~0049327 -4.05246
€2 1.200 ~La960 ~1.45762 -3.69896
23 1050 ~( 2960 ~0,37376 -2.93890
84 €o96( ~('n969 ~(.25578 -1,91163
85 G50 0,960 ~0,11800 3. 74267
26 Co600 ~3a96U 2,02320 1,43719
a7 Co450 ~04961) ¢,15285 1.50198
a8 £,300 -0 5960 U.25896 2035275
89 Lo 150 ~0,967 €.32533 2.88685
sc 5394 ~C. 835 €.34718 3.04265

F2

2.17319
£+261235
1.13389
1.9433%
2.58321
2.89776
2.86152
2-65376
2449556
~1:943%4
~1.009238
=-aN2348
T.9728%
1,.853CG7
2453197
2- 91940
2.98830
2,79663
2446564
=-3,10629
-2.32879
—1.346C7
~+26986
1480063
1.75576
2049393
2.92890
3.71294
2066890
2.G6979
1.27153
M.43624
~J3a 24942
~.69425
~-3.58963
~3-.77584
~3,39805
~2~62639
~1:61941
~0-49126
Cab4151
1-65799
2.45239
2493241
3.01859
2.92158
2-36C19
149275
3.77843
Ge13712
~3.41176
-0.88599
~0,05552
-Ua36243
~%e 75366
~1-05649
-1.2C113
~N.6538)
-0.84314
~1.09397
~1-30761
~1-45285
-1.11778
~1.20279
~1.33812
~la46631
~1.53167
-1.32253
-1-36793
-1-39321
-3.96%12
~32,59473
-2.83334
~1.81358
-G, 65527
Ga51745
1.57723
2041852
2.96158
3,04703
-4,08237
-3,72715
~2.96256
-1292866
~3. 75001
To43780
1.50973
26 36686
2.90512
3,76238

FRA.

0,532
D064
f.278
C.476
J.633
. 710
D701
. 65N
Dabll
~.476
-05245
~3.006
0,238
Co454
0,629
7,715
3.732
0.685
N, 604
~0.761
~0.570
~3,330
~D.066
0.196
C.430
0.611
0,717
0.738
0,654
2.527
0,311
J.107
~0.061
~3.170
-0.879
~G.925
~0-832
-0,643
~0-397
-0.120
a.157
0206
0,401
C.718
0-739
G716
0.578
0.366
0.191
0,034
-0~101
-0,217
~0.014
-0.(89
-G.185
~0.259
-0,294
~Cal60
-Ca207
~0.,268
-0.320
~0.356
~0.274
~0-295
-3.328
-0.359
-3.378
-0.324
~0-335
-0.341
=-0.97¢
-0.881
-0.694
~Qs 444
~De161
0.127
0-386
G-592
0.725
0.746
~1.C0O0
~C.913
~3s 726
D472
~3.184
0. 107
04370
J+580
0,712
Va.T52
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V.2 Computer Program for the Total Velocity at the Harbor Entrance

The computer program for the total velocity at the harbor entrance is
presented on p. 266. The calculations are based on Eq. 6.7 which comes
from Eq. 3.41 A specific example (the calculation of total velocity at
the entrance of the Long Beach Harbor model) i s presented for k=2, 35 £t
The input data are:

(i) the characteristic dimension (A=1. 44 ft), water depth (H=1, 0 ft),
(ii) the number of vertical positions (M=1), the number of incident
wave numbers {N=1)}, and the number of entrance segments (L.=2)
to be used,
(iii) the value o the vertical coordinate (Z=0. 0),

),

(iv) the wave number (K=2.35 ft™*

(v) the complex value of the normal derivative of the wave function for
the two entrance segments, (-1. 0420, -9.8157) and (-0.9507, -8. 7415),
and the complex value of the wave function for the two entrance segments,
(0.2528, 1 5200) and (0.2484, 1.4602). These input data are obtained
from the output data shown on p. 262; the first number inside the
bracket refers to the real part of the complex number, and the second

number refers to the imaginary part. )

These data are shown on p. 266 under the heading of DATA INPUT.

The output data are also listed on p. 266 under the heading of DATA
OUTPUT. The value of (V:)ave/Jg_h% (denoted in the program as VNW)
listed (6. 5689) corresponds to the result shown in Fig. 6.44 for ka=3, 384.

(It should be noted that for convenience some statements in the program

are written for this specific example, i.e. two entrance segments, to facilitate

the calculation).
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Some o the symbols used in the program are listed in the following:

CF(I, J)

DF(I1, J)

DFX(I, J)

DFXR(I, J)

DFXI(I, J)

FEX(I, J)

DFR(1, J)

DFI(I, J)

FF(I, J)

FR(, T)

FI(I, J)

F(, J)

SGM(I)
T(I)

VNW(I)

i1

Vertical positions (z).
Wave numbers (K).
Wave number parameter associated with K(I) (ka).

The complex value o f, at the harbor entrance for K(I) and
the Tth entrance segment.

The complex value o 8f,/8n at the harbor entrance for K(I)
and the Ith entrance segment.

The complex value o 8f,/éx at the harbor entrance for K(I)
and the Jth entrance segment.

The r ed part of 8f;/98x at the harbor entrance for K(I) and the
Tth entrance segment.

The imaginary part o 9f,/9x at the harbor entrance for K(I)
and the Jth entrance segment.

The absolute value of 9f;/8x at the harbor entrance for K(I)
and the Jth entrance segment.

The real part o 9f,/9n at the harbor entrance for K(I) and the
Tth entrance segment.

The imaginary part o 9f;/8n at the harbor entrance for K(I)
and the Tt entrance segment.

The absolute value.of af, /8n at the harbor entrance for K(I)
and the Jth entrance segment.

The real part of £, at the harbor entrance for K(I) and the Jth
entrance segment.

The imaginary part of f, at the harbor entrance for K(I) and
the Jth entrance segment.

The absolute value o f; at the harbor entrance for K(I) and
the Jth entrance segment.

Circular wave frequency (a)associated with K(I).
Wave period associated with K(I).

Averaged total velocity across the entrance normalized with
respect to the maximum horizontal water particle velocity in
shallow waterAfor K(I). (Thisquantity is equivalent to

3k 1

(Vo)ave, see Eq. 6.7. )
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COMPUTER PROGRAM FOR THE TOTAL VELOCITY AT THE HARBOR ENTRANCE

REAL K:KA

COMPLEX DFX{100,3)

COMPLEX CF(100:3),DF(100,3)

DIMENSION DFXR(100,3)+DFXT{100:3},FFX{100:3)

DIMENSION Z(100)+K(100),;F{100,3),FF{100:3)40FR(100+31;0F1(100,3},
* FRU100,3)sF11100,3),SGM(100),T(100),TOTAL(3,1),KA(100}:

* VEL(100:3)sVAV(100)4VNH({100)
DATA TOTAL/4HTOTV .&4HEL 24H
PI=3,14159
REAUIDs2) AsH
FORMAT(8F10.0)
READIS;1) MsN ;L
1 FORMAT{5110)
READ(5:2) (Z(J)cd=1,M)
READ(5,2) {K(I)sI1=1,N)
READ(5:2) [{DF{I,L):DFIT42),CF(1,1),CF{I+2))51=1sN)
DO 504 J=lslL
DO 405 I=1:M
F(I:J)=CABSICF{I:J))
FF(1,J)=CABSIDF(1:4))
FiIrdr=FiIou)*F{lsd)
FE(IJ)=FF (L, J)¥FF(1,J)
DFR(1.4)=REAL(DF(I.J))
DFEL1,0)=ATMAGIDF(Tcd)}
FROI-J)=REALICF(I,4))
FI(I,J)~ATMAGICFI1,J))
405 COMTINUE
504 CONTINUE
DO 505 J=lsL
DO 506 I=1sN
DEXR(L54)=(FR(I;1)~FR(1,2))/0.1
NEXILT Y= FTIT-1¥~FTI(1.2%)70.1
DFX{1,4)=CHMPLX(DFXRIT:J)-DFXI(I5J)}
FFX{[.J)=CABS(DFX(T.d))
FEX(1:J)=FEX (1o J)tFFX(1:J)
506 CONTINUE
505 CONTINUE
CS=SQRT(32Z.2%H)
DO 105 JJ=1:#
HL=Z{JJ)+H
DO 65 I=1:M
SGHITI=SPRT(32. 27K [ [ 1=TANH(KIT 1=H))
TII)=2,05PT/SGH(T)
PP=COSH(K (1) =H1 ) /COSHIKIT)=H) /SGMIT)
Q=K (1) = TARH(K{T ) ?H])
0=0z0
KALT)=K{1)®A
D0 99 J=lsk
AT=2%(2#4 (DFXT (K- JI#OFT (1o J)+DEXR (L JVEDFR(T:J) ) %52~
*FEX(1 ;) 5FF(T5d))
A22270% (22 (DFXT(1; J)EFT (1 JI4+DEXR (T, J)=DFR(T o J) ) 252~
£FEXAT . JI*F(I+4))
832270227 (DFT {1+ JYPFT (1 J)4DFRITJ)ZFR(T5d) 1572~
AEF(I:J)*E(T:))
XESFF{ 1o JITT2HATHE(M o) )TTLEFFRIL s JITTZ2LALALZEAS
VEL(1 cd)=PPASORTIFF{T o0} +02F (1o} +FER(Tod)+SORT(XX))
99 CONTINUE
VAV (T )~ {VEL{T:1)2VELIT-2))/2.0
VRHIT)I=CSTVAV(T) /1414214
65 CONTINUE
WRITE(6,7) Z(JJ)
7 FORMAT(IHL-2X,'VERTICAL POSTTIONS?.F 8.3,0FT9)
HRYTE §6:18)

~

18 FORMAT (//32X:'SGM{FREQYV)? :6X,'PERTIODITI? ¢5X 710X "RA® 9K

YN )
HRITE(6519) (SGMITIT(I) KD KANT) ;VNRIT) +1=1,H)
19 FORMAT(SF12.4)
105 COMTINUE
sTOP
£ND

DATA IMPUT

1-464 1.0

1 1 2
0.00
2.35

-1.0420 ~9.8157 -0.9507 —8.7415 0.2528 1-.5200 0.2484

DATA OUTPUT

VERTICAL PCSITICN= G0 F1

SGHIFREQY ] PERILDIT) K KA VNE
8.6201 0.7249 2:35030 3. 3040 56,5689

1-4602



