ON NON-UNIQUE SOLUTIONS OF
WEAKLY SINGULAR INTEGRAL
EQUATIONS IN PLANE ELASTICITY

By CHRISTIAN CONSTANDA
(Department of Mathematics, University of Strathclyde, Glasgow G1 1XH)
[Received 6 November 1992. Revise 23 June 1993]

SUMMARY

A unique constant matrix is constructed for each smooth boundary curve, which
generalizes the concept of logarithmic capacity and indicates when the Dirichlet problem
of plane elasticity cannot be solved by means of integral equattons of the first kind.

Ler S be a domain in R? bounded by a closed C2-curve dS. The system of
equations of plane elasticity can be written in the form

A0 Ju(x) = q(x), xe€§, 0]

where A(0,) = A(8/0x,, 0/0x,) is the partial differential matrix operator defined
by

pA + (A + wEE A+ péé, ) @

A+ wés, A+ A+ pés

u = (u,, u,)7 is the displacement vector, q is the body-force vector, x = (x,, x,)
is a generic point in R? given in terms of its Cartesian coordinates, 4 and u are
the Lamé constants of the (homogeneous and isotropic) material occupying the
domain S, and A(§) = &2 + &2, We also consider the boundary stress operator
T(0,) defined by

A(él’ 52) = <

(A4 20)v &y + puvyé, vy + Avié, )

T(él’ él) =( lvzf1 + uvl€2 #vlél + ()» + 2#)"262

where v = (v, v,)7 is the unit vector of the outward normal to 4S.
In what foliows we adopt some conventional notation:

(i) Greek and italic subscripts take the values 1, 2 and 1, 2, 3, respectively, and
summation over repeated indices is understood.

(i) We write #,., for the space of (p x g)-matrix functions; H" are the
columns of a matrix H € #,,,, and E, is the unit matrix in 4,.,.

(iii) If X is a space of scalar functions and ¢ € #,,,, then ¢ € X means that
every component of ¢ belongs to X.

(iv) Let L be an operator defined on functions § € .#,,, and such that
LOe A, ,.1fOe A, then LO € 4, is the matrix with (LO)Y = LO®,

pxg rxgq
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262 CHRISTIAN CONSTANDA

A well-known method of solution of the Dirichlet problem (u prescribed on
dS) and of the Neumann problem (7u prescribed on 8S) for A in both the
interior case, when § = S* is the finite domain enclosed by 4S, and in the
exterior case, when S = $~ = R?\S§™, is based on the use of the single-layer
and double-layer elastic potentials defined, respectively, by

(Vo)x) = f D(x, y)eo(y) ds(y)

as
and

(Wo)(x) = j P(x, y)o(y) ds(y).
as
Here

D(x, y) = A*(0,)i(x, y) ()

is a matrix of fundamental solutions for A constructed by means of Galerkin’s
representation, A* is the adjoint of A4,

t(x, y) = — (8npu(i + 2u)) " 'Ix — y* In|x — y), (4)
and

P(x, y) = (T(@,)D(y, x))".

Since (by using a Newtonian potential, for example) we can reduce (1) to its
homogeneous form, in what follows we assume that g = 0.

Ifue C*S*) ~n CYS™) is a solution of Au = 0, then the Somigliana formula
(1) can be written in the form

u inSH
W(Tu| 55) — W(u|ss) = 4u on 38,
0 inS-,

and shows that the solution of the Dirichlet problem is found throughout S*
if Tu|as can be computed. This procedure, known as the direct method, reduces
therefore to solving uniquely the Fredholm integral equation of the first kind

Voo = f = hulas + Wolulss), (5)

where V0 and W,0 are the direct values of V6 and W@ (the latter understood
as principal value) on dS. For the two-dimensional Laplace equation there are
smooth curves dS (of logarithmic capacity 1) on which the corresponding
homogeneous equation (5) has non-zero solutions (see (2 to 4)). It is known
(5) that this problem may also be encountered in plane elasticity. Below we
show rigorously on which particular boundary contours this situation is certain
to occur.

The next assertion gathers together a few properties of the elastic potentials
(1, 6) needed in the subsequent analysis.
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THEOREM 1. (1) If @ € C(8S), then V@ and W are analytic and satisfy A(Vo) =
AWe)=0inS* uS"~.
(i) If @ € C®%(3S), x € (0, 1), then Voo and Wye exist, the functions
o) =Vo)lse, ¥ (@) =(Vo)ls-
are of class C1"*(S*) and C**(S™) respectively, and
TV e)=WE+1ihe, TV (9)=(W§—1iDo,

where W3 is the adjoint of W, and I is the identity operator.
(iti) If @ € C%3S), a € (0, 1), then the functions

(W(P)|S* in S+)
(Wo— 3o onds,

(Wo)ls- in§7,

W+(§0)={
(W, +3De onas,

W’(<p)={

are of class C**(8*) and C**(§™) respectively.
(iv) (Wo + 41)o = 0ifand only if = Fk, where the columns F¥ of the matrix

Fo (1 0 x2>
0 1 —x
form a basis for the space of rigid displacements and k € #; ., is constant and
arbitrary. (Clearly, Fk is an arbitrary rigid displacement.) Also, A(Fk) = 0 in R?
and T(Fk) =0 on 8S.

(v) The solutions of the equation (W% + 4I)¢e = 0 form a subspace of C***(3S)
of dimension 3. (For convenience, we write ¢ = Gl, where the columns G® of
G € M, 5 are linearly independent and | € #, ., is constant and arbitrary.)

(vi) Lis an eigenvalue of W3$2, and the corresponding eigenspace coincides with
that of W% for the eigenvalue —% (see (v) above).

(vii) Let N, be the operator defined on C"*(0S) by Nyp = T# *(p). If
Nop =0, then ¢ = Fk, where k € M, , is constant and arbitrary.

(vii)) NyVy = W22 — L on C%%(0S).

(ix) Let of be the class of functions u€ #, ., which, as r = |x| - oo, admit
an asymptotic expansion of the form

u,(r, 0) = r~'(amg sin 0 + m, cos 0 + mg sin 30 + m, cos 30) + O(r~?),

uy(r, 8) = r~'(my sin 6 + amg cos 8 + m, sin 360 — mg cos 36) + O(r~2),

where my, . . ., m, are arbitrary constants and o = (4 + 3u)/(2 + p). Also, let of *
be the class of functions of the form u = Fk + o, with 6 € of. Then Wo € of
and

Vo = M™(pp) + 07,
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where p is the operator defined on continuous functions ¢ € #, ., on 0S by

p¢=f FTods
as

and
dru(a + DM =(r, 6)
_<—2a(lnr+1)+00829 sin 26 r a4+ 1)sin @ )
sin 20 —2a(lnr+1)—cos20 —r Ya+1)cosd/’

with AM®™ =0 in R%.
(x) The interior Dirichlet problem has at most one solutionu € C*(S*) n C'(S*).
(xi) The exterior Dirichlet problem has at most one solution ue C*(§7) n
CHS™) N of*. Ifu| € C%(3S) and G can be chosen so that the sets {F"} and
{G"} are biorthonormal, that is, {;5 FTG ds = Es, then this problem does, in fact,
have a unique such solution, which can be expressed as the sum of a double-layer
potential and a specific rigid displacement Fk, with k = {55 GTu| 55 ds.

The concept of logarithmic capacity is discussed thoroughly in (7), where it
is shown that this number occurs naturally in problems involving the Laplace
operator and the single-layer potential. Analogues of such statements can also
be proved in plane elasticity. In this case, however, Robin’s constant associated
with logarithmic capacity is replaced by a constant (3 x 3)-matrix, and the
construction techniques have to be modified, since differentiation along dS and
a Somigliana formula for functions with logarithmic growth at infinity, essential
to the considerations in (7), are inappropriate in two-dimensional elasticity.

We introduce this generalization in two different ways.

THEOREM 2. For any closed C*-curve 35S and any a € (0, 1), there are a unique
®e.H,, 3N C*3S) and a unique constant € € My, 3 such that the ® are
linearly independent and

V0= F%, p®=E,.

Proof. By Theorem 1(v), (vi), (viii), we can write
(W3 — 11)G = 0 = Ny(V,6),

and from Theorem 1(vii) we deduce that F,G = FK for some constant
Ke.,,

Let H = pG = [55 FTG ds, and suppose that det H = 0. Then there is a
constant non-zero h e ., , such that Hh = 0. In view of Theorem 1(i), (v),
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(ix), the function U = V(Gh) — FKh satisfies
AU=0 inS*uS~,
U=(WG—-FK)h=0 onads,
U= M>(pG)h + 6 — FKh = M®(Hh) + ¢ — FKh
= —FKh+ 0¥ as|x| » .
By Theorem 1(x), (xi), U = ¥(Gh) — FKh=0in S* u §~. Since FKh is a rigid
displacement and U = 0 on 45, it follows that FKh = 0, hence, ¥(Gh) = 0 in
S* US~. Theorem 1(ii) now yields Gh =0, which contradicts the linear
independence of the G*. Consequently, det H # 0, and, since H is constant, we
see that
Vo(GH™') = (V,G)H™! = FKH™',
p(GH™ ") = (pG)H ' = HH™ ' = E,,
so we can take ® = GH ™! and ¥ = KH ™! as a solution pair for our problem.
To prove uniqueness, let ®,, €, and ®,, ¥, be two such solutions. Writing

® =P, — ®, and ¥ = ¥, — ¢,, and taking into account the fact that p® = 0,
we use Theorem 1(i), (iv), (ix) again to see that

A(V® — F€)=0 inS*uUS-,
Vo — F€ =0 (on 4S),
VO — F€ =X as x| » .

As above, this yields V® — F€ =0in S* u S, which in turn leads to F¢ = 0.
Since the F are linearly independent, we conclude that € = 0 and, by means
of the usual argument involving Theorem 1(ii), also that ® = 0.

REMARK 1. The @ = (GH ~")® form a basis for the eigenspace of W corre-
sponding to the eigenvalue —4. Theorem 2 shows that the sets {F”} and {®"}
are biorthonormal.

REMARK 2. If det € s 0 and V¢ = Fc with a constant c € J/;, ,, then ¢ = 6h
and ¢ = ®h for some constant h € ./, ,,. For det € # 0 implies that {€"} is
a basis for the space of constant elements in .#; , |, s0 ¢ = €h for some constant
he ;. Then, by Theorem 2, Vo = (F&)h, therefore, Vy(¢ — ®h) = 0. Since
det 4 # 0, we conclude that ¢ = ®h (6).

THEOREM 3. For every closed C*-curve 38, there are a unique function ¥ € M/, 5
and a unique constant € € /5, 4 such that

A¥Y =0 in§™,
Y =0 ondS,
W=M>*—F€+IY as|x|> w.
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Proof. We set ¥ =¥ — M®. Since AM® =0 in S~ (see Theorem 1(ix)), the
given problem becomes

A¥Y =0 inS-,
¥=_—_M® onads,
Y=_FF+3Y as|x| > o.

This is an exterior Dirichlet problem (for each W), which, according to
Theorem 1(xi) and Remark 1, has a unique solution

¥ =% (D) - F%,
where ® € ./, ; ~ €"-%(8S) and € € 4, .  is constant and uniquely defined by

€ = J OTM™ ds,
a8

with @ given by Theorem 2. Consequently, by Theorem 1(ix), the function
V=¥ +M"=M"—FE€+ W (®)=M>— F§ + 2

completes a solution pair for the given problem. _
The uniqueness of this solution pair is shown in the usual way. Let 'V, 4,

and ¥,, €, be two such solutions. Then the pair ¥ =¥, — ¥,, € =¢, — %,
satisfies

AY =0 inS~,
¥Y=0 ondS,
W=_F¢+XY as|x|] > m,

and, by Theorem 1(xi), ¥ =01in S™. This implief that F& = 0, which, in turn,
since the F are linearly independent, leads to € = 0.

THEOREM 4. The pairs ®, € and V¥, € in Theorems 2 and 3 are connected by the
relations

=%, WY=VO-F¢ @&=-TY¥. (6)
Proof. By Theorems 1(i), (ix) and 2, ¥ = V® — F& satisfies
AP =0 inS",
¥ =0 onads,
¥ =M*(p0)+I¥ - F§=M>—-FE+3I¥ as|x - o,
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which is the problem in Theorem 3. Since the latter has a unique solution, it
follows that

=% ¥=V=Vo-F¢

According to Remark 1, (W3 + 1)® = 0, or W&® = —1®. Hence, from (6),
and Theorem 1(ii) we find that

TY=Tv (®)=(W3-iNd=—-10-j0=—-0,

as required.

THEOREM 5. The equation Vye = 0 has non-zero solutions if and only if S is
such that det € = 0.

Proof. If det € =0, then ¥h =0 for some constant non-zero he 4, ,,. By
Theorem 2, there is ® € 4, 5 such that the ® are linearly independent and
Vo® = F&. Therefore,

Vy(®h) = (Vy®)h = (F€)h = F(¥h) = 0,

with ®h # 0, since the ® are linearly independent.
If det € # 0O, then, by Theorem 2, Vo + (F¥ — V®)pe is a solution in o/*
of the homogeneous exterior Dirichlet problem since, as |x] - oo,

Vo + (F€ — V®)po = F€pp + o~

Hence, by Theorem 1(xi), Vo + (F€ — V®)pp =0 in S~, which means that
F&pg = 0. In view of the linear independence of the F and the assumption
that det € 5 0, this yields pp = 0. Consequently, by Theorem 1(ix), Vg € &.
We now use the fact that V¢ is a solution of both the interior and exterior
Dirichlet problems to conclude that V¢ = 0 in R2, which, in turn, leads to
¢ = 0. Thus, if the equation ¥y = 0 has non-zero solutions, then we must
necessarily have det € = 0.

ExaMPLE. From (3), (2) and (4) we find that

A+
8ru(l + 2u)

s = [(2aln|x—y|+2a+ 1)5aﬁ—2(x“‘y“)(x"_y")],

Ix — y?

where d,5 is Kronecker’s symbol. Let dS be the circle with the centre at the
origin and radius R. Since for this choice

- ,Va)(xp - ,Vp)
Ix —y?

J Inlx — y| ds(y) = 27R In R, J (X ds(y) = nR3,,,
s as
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we see that

A+ 3u
= ————— R(nR+ 1)E,.
f . D(x, y) ds(y) 120 (InR + DE,

This implies that if R = e~ !, then every constant ¢ € ./, satisfies oo = 0.
In fact, the full calculation yields

0 00

e /1 0 sin 0 e?
- . e=="00 0
27\0 1 —cosé dnp |

As expected, € is singular. These results coincide with those in (8).

The question of non-zero solutions of the equation V,p =0 was also
mentioned in (9), where their existence for certain boundary curves seems to
have been overlooked. The matrix of fundamental solutions used there is
somewhat different, namely

(xa - ya)(xﬂ - yﬂ)
Ix — yI?

|
Drxﬁ(xs Y) = 615 ln|x - }’I - ;
For the same choice of S as above, this yields

1
{ D(x, y) ds(y) = nR<2 InR — —)EZ,
as [

which means that if
R = lV/Q2 — e(1+u)/(2(1+3u)),

then every constant ¢ € ./, is a solution of Vy¢ = 0.
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