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SUMMARY

We consider the motion of a fluid of infinite depth which arises when a horizontal
cylinder of circular cross-section oscillates with small amplitude about & mean
position, in which the axis of the oylinder is assumed to lie in the mean surface. It
is further assumed that the resulting motion is two-dimensional ; this assumption is
justified when the cylinder is long compared with a wave-length, or when the fluid
is contained between vertical walls at right angles to the axis of the cylinder.
Expressions are obtained for the wave motion at a distance from the cylinder, and
for the increase in the inertia of the cylinder due to the presence of the fluid.

Introduction

A OYLINDER of circular section is immersed in a fluid with its axis in the
free surface. If the cylinder is given a forced simple harmonic motion of
small amplitude about its initial position, a surface disturbance is set up
in which waves travel away from the cylinder, and a stationary state is
rapidly attained. When the cylinder is very long or when the fluid is
contained between vertical walls at right angles to the axis of the cylinder,
the velocity component parallel to the axis of the cylinder vanishes and
the mogion is two-dimensional. It is well known that at a distance of a
few wave-lengths from the cylinder the motion on each side is described
by a single regular wave-train travelling away from the cylinder, and
that the wave-amplitude is proportional to the amplitude of oscillation
of the cylinder, provided that the latter is sufficiently small compared
with the radius of the cylinder, and that the wave-length is not much
smaller than the diameter of the cylinder.

In this paper it will be shown how the fluid motion can be calculated
when the oylinder is oscillating vertically. The foregoing assumnptions
will be made, and viscosity and surface tension will be neglected. Then
a velocity potential and a conjugate stream function exist, and it will be
assumed that terms involving their squares may be neglected. From the
potential or the stream function it is easy to deduce the wave-amplitude
at a distance from the cylinder and the added mass of the cylinder due
to the fluid motion.

[Quart. Journ. Mech. and Applied Math., Vol. II, Pt. 2 (1949)]
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Formulation of the problem
Take the origin of rectangular Cartesian coordinates at the mean
position of the axis of the oylinder. The z-axis is horizontal and per-
pendicular to the axis of the cylinder, the y-axis is vertical, y increasing
with depth. Define polar coordinates by the equations
z = rgind, y == rcosf.

Since the motion is symmetrical about the y-axis, it is sufficient to con-
gider the quadrant 0 < 8 < $n. The velocity potential ¢ satisfies

%"‘Zy"_d: =0, (A)
the stream function ¢ satisfies
k=0 (B)

On the free surface the pressure is constant, whence to the first order
Kp+2—0, 1—in 1> »

where K = o%/g and 27/o is the period (cf. ref. 1). Also, by symmetry,
/o8 =0, 6=0. (D)

It remains to express the boundary condition on the cylinder. This is

that the velocity component normal to the boundary just insictc the fluid

is equal to the corresponding component of the velocity of tiu cylinder.
Suppose that the ordinate of the axis of the cylinder is

y = lcos(ot+¢).
Then at (asin «, a cos a+1cos(ot+¢)), the normal velocity is

1of dy
—a 'a—a = ?toos o,
_ dy .
(,b = —aasma,
and to the first order this condition holds at (asin «, @ cos «), whence
Y = loasin(ot+€)gsind on r =a. (E)

It is required to find a velocity potential and a stream function satisfying
the boundary conditions (C), (D), and (E), and representing a diverging
wave-train at infinity. To this end a series of non-orthogonal harmonic
polynomials will be constructed satisfying (C) and (D); these will be
superposed to satisfy (E) for values of Ka less than 37/2 by a numerical
process. It is shown that when Ka is less than 1-5, this is permissible, and
it will be supposed that the process is permitted in the wider range.
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Construction of polynomial set
It is easily verified that the set of stream functions

w[6n2md . K  sin(2m—1)8] cos
[ g m gn® (= 123

is such that the conjugate velocity potentials satisfy (C) and (D), while
on r = a it takes the values

1)6.

It is clear on physical grounds that this set is not closed on r = a, since
the sum of functions of the set tends to zero as r tends to infinity, whereas
in fact the stream function for large r must represent a diverging wave-
train. It is therefore necessary to add a function satisfying (C) and (D)
and representing such a train of waves, e.g. the function describing asource
at the origin (of. ref. 3)

9O 1%, K 6)c0s ot -+ E,(Kr; Osin of],

where b is the amplitude at infinity and
Y.(Kr; §) = me-Eroos0gin( Krgin 6),

¥(Kr; 0) = {k sin(kr 008 )+ K oos(kr cos 8)} dk—

==
-—me—Kroo8f oon( Ky gin 6).

The functions of the closed set must be superposed so as to satisfy (K),
and sinoce there are no singularities on the cylinder, 4 must be continuous
onr =a when 0 < 0 < {r.

Suppose, then, that the stream function ¢ is expressed in the form

l’g"T"“ = ¥(Kr; 6)00s ot+¥,(Kr; f)sin ot+

- sin 2m# K sin(2m—1)8
+0080thm(Ka)ﬂ-b'[ rtm +2m_1 (r""'l )]+

. ~ gin2md K sin(2m—1)0

where the coefficients pg,(Ka), ¢3,(Ka) are assumed to be of order 1/m3,
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This series converges uniformly outside and on r =a. On r =a the
function ¢ is a multiple of sin §, by condition (E), i.e. putting r = a,
Y.(Ka; 8)cos ot+ ¥,(Ka; 0)sin ot +

~+ cos ot th(Ka)[ ]
+mno¢2q.,.(xa>[ 10|
= C(Ka;t)sin6.

To determine C(Ka;t), put 6 = }= (say); then
C(Ka;t) = ¥,(Ka; }n)cos ot-+¥,(Ka; }m)sin aH—

+oos ot Z pm(Ka) sm§(2m—1)ﬂ

+smoth,,,<Ka> % sinj(2m—1D)m,

whenece it follows that pg,(Ka), gs.,(Ka) are the coefficients in the ex-
pansions

¥,(Ka; 0)—¥,(Kai dmlsind = 3 pun(Ka) fyn(Ka; 0)

¥,(Ka; 6)—Y(Ea; dmlaind = 3 gon(Ka)fon(Ka; 6),
where !

. Ka . . .
Fon(Ka; 0) = —[sm 2mﬂ+2m—_—l{sm(2m—I)H—mn03m§(2m—l)1r}].
Write
(Ka; )+ Z (ClriKe, (Ka)— 4(Ka)

¥(Ka; }m)+ z‘___ den(Ka) = B(Ka).

Then the stream function on the cylinder is given by
= lb- [A(Ka)cos ot+ B(Ka)sin ot}sin 6,
mwo

whence by comparison with condition (E) the ratio
wave-amplitude
amplitude of forced oscillation
is nKa )
J(4*+ B?)
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Calculation of the coefficlents A(Ka) and B(Ka)

The coefficients p,,,, ¢, are the roots of an infinite number of equations
in an infinite number of unknowns. For purposes of calculation, the system
of equations was replaced by a system involving only a finite number of
the polynomials f,.(Ka;6). The functions

¥,(Ka; 6)—¥,(Ka; §w)sin,

¥,(Ka; 6)—¥,(Ka; y)sin 6
were evaluated at = 0°(10°)90° by quadrature, with

Kafm = i 143144
and the polynomials f;(Ka;0),..., fyn(Ka; 8) were fitted at these values by
least squares, the corresponding coefficients being

ph(Ka;N) (m = 1,...,N).
dam

The least squares condition provides a set of N simultaneous linear
equations for p;,(Ka; N) and similarly for g;,,(Ka; N). The matrix of the
equations is symmetrical and the terms on the principal diagonal are
larger than any other terms in the same row (except for the first row).
The system could therefore be solved conveniently by relaxation methods.
Trial calculations were carried out and it was found that an expansion
in terms of six polynomials was adequate, giving a close fit at the chosen
values of Ka and 6. Table 1 shows various functions of Ka to three signi-

ficant figures.

TaBLE 1
nKa
Kafm A(Ka) B(Ka) J(A*+-BY) | tan~XBJ4) | J(4*+BY) m(Ka)

o o —157 157 —go° o ®
1/6 175 —12-23 2:83 —52° os58 o178
1/4 275 —206 344 —37° o712 13
1/2 5-64 + 065 568 +7° o87 o83
2/3 617 439 757 3s° o87 o91
34 5'55 6-62 8-64 50° o86 094

x —o0-88 12:33 12°4 04° o-8o 101
sla —126 112 16-9 138° 73 1-06
32 —320 —r117 220 183° o671 1°09

These calculations are based on six polynomials. The values of
J(42+ B?) and tan-!(B/A) are given for convenience in interpolation,
each of these functions being monotone increasing in the range; in fact the
angle varies nearly linearly except near Ka = 0; when Ka = 0

d I _ .
F00) tan-1(B/A) = 2 radians,

as can be shown by expanding in a power series in Ka.
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Virtual mass due to the fluid

It is well known that when a long cylinder completely immersed in an
ideal fluid is moving in any way perpendicular to its axis, the reaction
of the fluid may be expressed in the form

M’t per unit length
where M' = mpa® is the mass of fluid displaced by unit length of the
oylinder and f is the acceleration vector (ref. 1, Art. 68). This expression
shows that the motion is unaltered if the fluid is supposed to be removed
and a mass M’ per unit length is added to the cylinder. The mass M’ is
called the virtual mass due to the fiuid.

When the cylinder is in the free surface, the reaction of the fluid is no
longer in phase with the acceleration. There is & component in quadrature
which does a positive amount of work in each cycle and is thus simply
related to the wave-amplitude. The component in phase with the accelera-
tion does no work: it consists partly of a hydrostatio force which dominates
the motion for small values of Ka, and which is easily seen to be

2pat diy

Ka dt’
where y is the displacement of the cylinder. More interesting is the part
due to the wave motion which will now be calculated. The velooity
potential ¢ is easily derived from the stream funotion. It is given by

’;Lb‘f’ — @(Kr;8)008 ot +-O,(Kr; 0)sin of +

e 2mé K 2m—1)0
+cos ot ZPM(KG)G""[OOL, +2m_1°°s(,$_1 )]+

omg | K cos(2m—1)f
+W‘ZMK )am[cos”" a1 )]

from which the pressure —pd$/dt can be derived.
Here @ (Kr;0), O, (Kr;0) are the harmonic conjugates of Y (Kr;0),
Y,(Kr;0):

®,(Kr;0) = me—Erooeb oog(Krsin §),

®,(Kr;6) = ,{k cos(kr cos ) — K sin(kr cos 6)} dk+

f Ki+k
+ me—Erooab gin( Krsin 6).

It is seen that the pressure on the cylinder is of the form

M cos ot N sinot,
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while the displacement of the cylinder is of the form
P cos ot+ @ sin ot.
The component of the pressure in phase with the displacement is therefore

MP4+NQ
e

The force per unit length acting on the cylinder is

(P cos ot+ Q 8in at).

| 2
_ fpangOM r=a), ie. @'(Mocosat—zvosma),

—§m

where
ir ) me—
M, = f ®,(Ka; 6)cos § 6+ Z (”—lzn—,lq;—"i(l{“)+hKaqa(Ka),
1

0o

i @ s R,
N, = J' ®.(Ka; 6)cos dg+ > 1) Pen(KS) | 1 Kap(Ka).
0 1

dm2—1

The displacement is
b .
Ka (A sin ot— B cos o),

where A(Ka), B(Ka) are the functions shown in Table 1.
It follows that the force component in phase with the acceleration is

2pabg My BN, A (o
—= Yoy (A sin ot — B cos ot),

while the acceleration is
bo? .
—m(A 8in ot — B cos ot).

The virtual mass is their ratio

My BN, 4

2pa ATE
The values of the non-dimensional quantity
M,B4+ N, A
At By

.which may be described-ms an inertia coeflicient, are given in the last
column of Table 1.

m(KG) =
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It can be shown that as Ka - 0,

m(Ka)—log-Kil; »>§—2log2—y = —0-46,

where y is Euler’s constant. Hence the hydrodynamic inertia voefficient
tends to infinity like log{1/(Ka)}, while the hydrostatic coefficient tends to
infinity like 7/(2Ka).

The work done by the cylinder in a cycle must be equal to the energy
transmitted by the waves at a distanoe from the cylinder in the same time.
In terms of the various parameters, My 4 — N, B = §n®. This relation may
be used to check the computations.

Discussion of results
The computations show that the amplitude ratio

nKa
(4%*+ B?)

is small for small values of Ka/n and inoreases as Ka/w increases, until
Ka/r is approximately 0-6. As Ka/n increases beyond this value, the
amplitude ratio decreases steadily throughout the range of computation.
This effect may be ascribed to interference between waves originating
from different parts of the cylinder surface. Qualitatively similar behaviour
is exhibited by cylinders of various other gections. As Ka/w tends to zero,
the amplitude ratio tends to 2Ka. It may be shown that this result, which
is in agreement with Holstein’s approximate theory (ref. 4), is still valid
for cylinders of section other than circular, provided that 2a denotes the
horizontal diameter in the surface (beam).

The inertia coefficient is of order 1 through the greater part of the
range, except near Ka = 0, where it tends to infinity. On the other hand,
the hydrostatic inertia coefficient tends to infinity even more rapidly,
whence it may be concluded that in very slow heaving the deformation
of the surface does not cause a significant change in the force on toe
cylinder. These results-may be compared with the measurements made
by Holstein (ref. 5) on a cylinder of rectangular section. Holstein measured
the amplitude of the waves for various mean depths of immersion of the
lower edge. When the depth is equal to about half the beam the amplitude
should be comparable to that due to a circular cylinder. It is found that
theory and experiment are consistent in the range of measurement
(0-6 < Ka/m < 0-8). Holstein’s experiments on virtual mass (ref. 6) are

too rough for comparison with theory.
5092-6 Q
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Note on the magnitude of p,,(Ka), ¢;n(Ka)
It has been shown that the calculation of the wave-motion requires the
expansion of a function G(6), where
0<b<tn, GO0)=G(#n) =0,
in a series of non-orthogonal polynomials

Fonl@:8) = — [sin 24— {sin(2m—1)9—din fsin 1}(2m_1)ﬂ}]

(m=123,..),

where z is a numerical parameter which is usnally less than 5.
Let the coefficients be denoted by p,,,(z) so that

G(O) = 3 Panl®)fom(®: 6)-
This expansion must converge uniformly throughout the range 0 < 6 < 4;
it has been assumed in the text that functions p,,(z) exist such that
Pem(x) = O(1/m?) for fixed z.
A proof that, in fact,
Dan(2) = O(1/m?) (1)

will now be given when z is assumed small (|z| < 1:5).

THEOREM. Let G(0) be defined in the range 0 < 0 < 4 and let its second
differential coefficient be of bounded variation. Then if |x| < 1-6 there exists
an expansion

GO) = 3 Pun(z)fan(z: ), @
where |Pen()] < (2,‘:%)1)3 (3)
We first prove the following

LemMa 1. (Lsmiting case z = 0.)

Consider the expansion of G(0) in terms of the orthogonal polynomsials
Jem(0;0) = —sin 2mé.

A(0)

Then |P2m(0)] < Bm—1p"

Proof. By Fourier’s theorem,
=
pan(0) = — % j G(8)sin 2m0 4
ks
(1]

i
J’ G (6)sin 2m® 6, by integration by parts.
0

1
m?



ON THE HEAVING MOTION OF A CIRCULAR CYLINDER 227

Since G"(0) is of bounded variation, the last integral is of order 1/m (ref. 6,
§ 9.41), whence the lemma follows.
Suppose now that each coefficient p,,,(z) can be expanded in a power-
series in z
Panl®) = S afzr (m —=1,2,3,...). 4)

a=0

Substitute in equation (2) and equate coefficients of z»; then

S af® sin2m — —G(6) (5)

mm=1

{sm(2m 1)—sin #sin (2m—1)m} = 0
(n2>1). (6)

Suppose further that the infinite series in equations (5) and (8) converge
uniformly throughout the range. It is then permissible to multiply each
equation by sin 2rf and to integrate term by term.

From equation (5),

S a{r)sin 2mf-+ Z

me=1
- m=g

sd
}ra® = — j G(6)sin 2r6 df. (7)
0

From equation (6),

m_ 2r > ey (2m—1)2—1

T4 £ om—] (_l)wwm—l)ﬂ_(zr)ﬁ‘ ®

It must now be shown that equation (8) defines a double array a{®; that
the corresponding power-series defined by equation (4) are convergent for
small z; that these power-series satisfy (3), and that

fz:l fam(®; 0) ﬂio afzm = G(9).

LEmMMA 2. To show that
A(O)

15 (©)

[af®| < @r—1p

Proof. From equation (7) af® = p”(O), so that the result follows from
Lemma 1. It also follows that equation (5) holds.

Lemma 3. To show that

laf¥| < where A, = (§)"4(0). (10)

4,
(2r—1)%’
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Proof by induction on n

From Lemma 2, equation (10) holds when n is zero. Suppose that
equation (10) holds for n = 0, 1, 2,..., N—1. From equation (8),

|&m§”|=4—rf'fl‘i

(2m—1)*—1
@m—1p—(2r)

_1ym+r
2m—1( )

a2 (2m—1)?
Z (2m—1)|(2m—1)2—(2r)3|

Ay, <~ 1

SH1 2 Em— D Em— T — @)

27'A,,,_l [ 2": 1
&, (2m—1)Y{(2r)'—(2m—1 )’}

< 1
+2 3 G )

Now

- 1
”‘Z, (2m—1)%{(2r)2—(2m—1)%}

) el 1
<a| 2 oyt 2w

1 1
< j;,,(iﬂ'o) = Tor'

The second series may be.written

-]

1 1 1
Em—DEm—1 =Y _ @+ DN+ T @rFarier+e)

+

me=rt1

1 = 1
tarrarrm T 2, BT

NOW 3 1
@) S T LA

r 1
@ryaier+o) < 200 (r=1,23,..),

” 1
(21620 15) ~ 1000

(r=12,3,..),
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@

1 du
Z 1 Em—1p— @ (2u—1)P{(2u—1)i—(2r)%}
r+3

m=r+4

< 5(20r+26) ! Bu—1p
r+3

1 1
= 120r1-95)(2r 15) — 1601

1 1 1
Z Cm—Ip[@m— 12 [ 00 +1ooo+1_éﬁ] <313

me=r+1
Hence

2rAN_ 1,2

§A 4 A4
lag?] < (2,-11;3 = (2r—Nl)3'

This proves Lemma 3.
It follows immediately that

< afiv NP
z 5o — {sin(2m—1)6—sin fsin §(2m —1)r} (11)
Mme=g
is uniformly convergent. Its associated Fourier sine series is
— f aMsin2mb (n > 1),
mm=]
where a{) is defined by (8). It follows from Lemma 3 that the last series
converges throughout the range, and so its sum is equal to (11); that is,
equation (6) holds. .
It also follows from Lemma 3 that
Peml(®) = 2 affla™

nm=

is defined for || < 1-5; again

[Pan@)] < i (1 H |+ @l
__4@) .
= @mp 21 <19) (12

and 8ince |fun(a; )] < 1+2(zl, 3 Pani@)fon(x:6) converges.
It only remains to be shown that

3 Penla)funlzi6) = GL6).
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LemMma 4. To show that

Jim 3 foulai0) T o8eY) = 3 pn@lfen@iO) (13
For |f,,,,(:z: 8) 2 afPzn| < A(z)1)3(1+2|$|)

A(z)(1+2|z|) . . .
sinoe z —@m—1p converges, the series converges uniformly with

respect to N, by Weierstrass’s M-test (ref. 2, § 3.34); hence equation
(13) holds.

Proof of the theorem. Consider the expression
3 fun@i0) 3 ofiom
From (5) and (6)
S fonla:0) 3 afer)—610)
mm=1 n=0

= 2™ i 2:%)

me=3

i {sin(2m —1)0—sin }(2m—1)r&in 4},

but
v 2 aff{sin(2m—1)9—sin §(2m— 1) sin 6}

<2zfrErA©Q) S (7"1_—1). (from Lemm- 3),
mm=1

which tends to zero, as N tends to infinity provided that |z| < 1:5; so
that o N
Hm 3 fo(z;0) 3 afla™ = G(I).
N+ mm=]1 n=0
From Lemma 4, the left-hand side is i Dem(®) fam(®; 0); also from (12),
me=1
A(z)
' | Pem(@)| < Em—1p’
which proves the theorem.
Note. The foregoing proof applies only when |2| < 1-5, but it has been
assumed that the theorem is valid in a larger range including |z| < 1-5.

I am indebted to the Matheraatics Division of the National Physical
Laboratory for the computations in this paper, and to the Admiralty for

permission to publish.
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