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Outlines

Overview of dual BEM

Mathematical formulation
Hypersingular BIE

Nonuniqueness and its treatments
Degenerate scale

True and spurious eigensolution (interior prob.)
Fictitious frequency (exterior acoustics)

Conclusions and further research



Top ten countries of BEM and dual BEM

BEM

USA, China, UK, Japan, Germany, France,
Taiwan (546), Canada, South Korea, Italy
(No.7)

Dual BEM (Made in Taiwan)
UK, USA, Taiwan (69), China, Germany,

France, Japan, Australia, Brazil, Slovenia (N0.3)

(ISI information Sep.27, 2006)

/F"[jﬁﬂmgl FEM Taiwan (No0.9)



Top three scholars on BEM and dual BEM

BEM

Aliabadi M H (UK, Queen Mary College)
Mukherjee S (USA, Cornell Univ.)

Chen J T (Taiwan, Ocean Univ.) 54 ¢
Tanaka M (Japan, Shinshu Univ.)

Dual BEM (Made in Taiwan)
Aliabadi M H (UK, Queen Mary Univ. London)
Chen J T (Taiwan, Ocean Univ.) 43 i§
Power H (UK, Univ Nottingham)

(ISI information Sep.27, 2006)
NTOU/MSV i1 «



Overview of numerical methods

Numerical Methods

Mesh Methods

Meshless Methods

Fiite Difference Method

Fiite Element Method

Boundary Element Method
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Numeber of Papers of FEM, BEM and FDM

Table 1
Bibhiographic database search based on the Web of Science

Numerical Search phrase in topic field No. of entries

method

FEM ‘Finite element’ or ‘finite elements’ 66,237 6

FDM ‘Finite difference’ or ‘finite differences’ 19.531 2

BEM ‘Boundary element’ or “boundary 10,126 1
elements’ or “boundary integral’

FVM ‘Finite volume method’ or ‘finife volume 1695
methods’

CM ‘Collocation method’ or ‘collocation 1615
methods’

Refer to Appendix A for search criteria. (Search date: May 3, 2004).

(Data form Prof. Cheng A. H. D.) 6



Growth of BEM/BIEM papers

S32IUY |ELINOP JO JagLiny

Year

(data from Prof. Cheng A.H.D.)



Advantages of BEM

Discretization dimension reduction
nfinite domain (half plane)
nteraction problem

_ocal concentration

Disadvantages of BEM

Integral equations with singularity -~ {52
Full matrix (nonsymmetric)




What Is Boundary Element Method ?

* Finite element method Boundary element method
O O O O O O = O 4] O
[1] 2]

C O Q > o)

o O > O o) A K

C O > > E

O O O O O 1] O Dl O
O geometry node M the Nth constant

or linear element

BEM GROUP
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Why hypersingular BIE is required
(potential theory)

O 7 o (4] O O (7 O 4] O
[6l|[E] [6l|[E]
8] [3l 8] [3]
i
O 1] ”Io Dl O O ] ® ol O
Artifical boundary introduced ! Dual integral equations needed !
BEM Dual BEM

TUCE
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Singular integral equation

Cauchy principal value

Boundary element method

normal
boundary

A
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Dual Integral Equations by Hong and Chen(1984-1986)

—_—  Hypersingular integral equation

—_—) Hadamard principal value

—) Dual boundary element method

degenerate
boundary

TUCE

BEM GROUP
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(-1,0.5) — _ (1,0.5)
O L/ 141 O
-1 (8 3 u
(0,0
O (1 O,UO 2] O
(-1,-0.5) %= (1,-0.5)
r> 5(+) 6(+)
[-1693 —0045 0471 0347 -0054 —-0.054 0.039 -0.335
—0.045 -1693 -0.335 0039 -0.054 -0.054 0.347 0.471
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0612 0.805 T 0.805 0464 0464 0.612 0.490
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0511 -0511 -0.888 —-1417 -« Y4 1.417 0.888 6(_)
0927 0519 0184 0000 0347 0347 =« 0.805
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Degenerate boundary

O geometry node
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n(s)
l—b
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4,000
n(x) -1.333
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~0.800
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[U Kt} =[THu}
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-1.600
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-0.236
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-0.715
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4.000
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Theory of dual integral equations

f(x)=(x-2)"Q(x)+ px+q
f(a)=pa+qg, whenx=a

The constraint equation Is not enough to determine the
coefficient p and q,
Another constraint equation is required

F'(x)=2(x-a)Q(X)+(x-a) " Q(X) +p

f'(@)=p, when x=a

13



A Brief History of the BEM

Jaswon and Symm (1963)

BEM DBEM
Cauchy| Hadamard

— 2D Potential Problems kernel Kernel

Integral equations

(Fredholm, 1903)
1888

& _N |

Integral equatlon
Modern numerical

solutions of BIEs
(1in early 1960°s)

F. J. Rizzo (1964, paper 1967) Large scale

singular| hypersingular
T. A. Cruse and F. J. Rizzo (1968)

— 2D elastodynamics CraCk
BEM emerged in 1980°s .

P. K. Banerjee (1975)
— coined the name “boundary element method”
(this has been disputed by others) FMM

— 2D Elasticity Problems Degenerate kernel
Oriig(inal data from Prof. Liu Y J Desktop computer fauilure

C

CAE Research Lab




Fundamental solution

Field response due to source
(space)

Green’s function

Casual effect (time)

K(X,s:t, 7)

15



Green’s function, influence line
and moment diagram

5
[ Force J Force
AN S HOX AN X S O
G(x,s) S=1/2 G(x,s)x=1/4
< . . 5

Moment diagram  Influence line
s:fixed s:moving
X:observer x:observer(instrument)



Two systems u and U

Boundary (B)

U(X,s)

TS

SOurce

Infinite domalin

17



Dual integral equations for a domain point
(Green’s third identity for two systems, u and U)

Primary field

27 u(¥)= [ T(s,X) u(s) dB(s) — jBU(s,x) t(s) dB(s), xeD
Secondary field
27 t(X) = jBM(s,x) u(s) dB(s) —jBL(s,x) t(s) dB(s), xeD

where U(s,x)=In(r) is the fundamental solution.

oU oU o°U
T(S,X)=— L(S,X)=— =
(S,X) on. (S, %) on. M (s, X)

_ou

t= =
on 18



Dual integral equations for a boundary point
(x push to boundary)

Singular integral equation

ZU(x)=C.P.V. [T (s,x)u(s)dB(s)-R P.V. [U(s,x)t(s)dB(s), xB
Hypersingular integral equation
t(x)=H.P.V. [M(s,x)u(s)dB(s)-C. P.V. [ L(s,)t(s)dB(s), xB

where U(s,X) Is the fundamental solution.

oU oU 2
on L(sx) =7 M (5,%) =2

T(s,X)=
&%) . on, on.on,

19



Potential theory

Single layer potential (U)
Double layer potential (T)

Normal derivative of single layer
potential (L)

Normal derivative of double layer
potential (M)

20



Physical examples for potentials

Force v Moment
U:moment diagram T:moment diagram

I

L:shear diagram M:shear diagram

21



Order of pseudo-differential operator

Single layer potential
(U) --(-1)
Double layer

¢ potential (T) --- (0)

jOZ”T(qﬁ, 0)u(6)d6 = 7u(g)+CPV jOZ”T(¢,9)u(9)d9

Normal derivative of
0 single layer potential

(L) --- (0)
joz” L(¢, O)(0)d0 = -7 t(¢)+CPV joz” L(4,0)t(0)d6

Normal derivative of
double layer potential

(M) --- (1)
[."M(p.0u(0)do =M ()

MM(u))=-u"  Pseudo differential operator

D(D(u) = u"  Real differential operator -



Calderon projector

—%[I]+I_T]2—[U][IVI]=[0]

[UIIL]=[T][M]
[MI[T]=[L][M]

—§[|]+[L12—[M][U]=[O]



How engineers avoid singularity

BEM / BIEM

\ 4

Improper integral

A\ 4

Singularity & hypersingularity

A\ 4

Bump contour Limit process

Guiggiani (1995) Gray and Manne (1

——————— CPV and HPV - - - ---!

Regularity

993)

Fictitious BEM

-

Fictitious
boundary

\
~

Achenbach et al. (1988)
Null-field approach

Collocation o
point

Waterman (1965)



Definitions of R.P.V., C.P.V. and H.P.V.
using bump approach

In|x|

* R.P.V. (Riemann principal value) >

1
R.PV I In\x\ dx =
-1

« C.P.V.(Cauchy principal value) 1/x \
C.P.V. —dx_llmJ- J' 2 dx=0 . :
1 X e—>0 \ X

 H.P.V.(Hadamard principal value)

1/x°?
H.P.V. —dx_llmj j—dx—— J\ X

a4 X e—>0 C
[ g%,

BEMGROUP 75

ot




Principal value in who'’s sense

Common sense

Riemann sense

Lebesgue sense

Cauchy sense

Hadamard sense (elasticity)
Mangler sense (aerodynamics)
Liggett and Liu’s sense

The singularity that occur when the base
point and field point coincide are not
Integrable. (1983)

26



Two approaches to understand HPV

HPV.| — dx—llmJ. J. — dx——
1 X

Differential first and then trace operator

. 1 1
lim > > dx=-2
y—>0 -1 x° 4+ y

(Limit and integral operator can not be commuted)

Trace first and then differential operator

d
—fcpv [ —gx
dt{ J-Ix —t }|

(Leibnitz rule should be considered)

27



Bump contribution (2-D)

PO L P
= eX — = ex —
\9/ —u(X)
17zt(x)——u(x)
- m M ¢

N

A
@
>
N
A
w
N
@
X N
N

—iﬂ't(X)—gU(X) 28
2 g



Bump contribution (3-D)
0

27u(X)

—27u(X)

@

t()—— (X)

N

(7

w |

&

() —=2u(x)



Successful experiences since 1986
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Solid rocket motor (~ E%'FFT”:])
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X-ray detection (= JEIF2H|E

| 7"‘*{:4%‘ il
rr== o ——;-':_. "}- : ! .‘-‘./'

..........

......
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FEM simulation

SDRC I-DERS 4.0: Pre-Post Processing 18-JUL-98 16:88:23
DATABASE: 3-D MODEL OF P GROOGWE UNITS : M
UIEW : No storad UIEUW DISPLEY : Ho stored OPTION
Task: Model Preporotion
Model: 1-FE_MODEL1 Associoted Workset: 1-WORKING SET1




Stress analysis

SDRC I-DEAS 3.9: PresPost Processinc 11-JUL-980 15:15:57
OATABASE: 3-D MODEL OF P GRODVE UNITE = MM
UTEW: Ho stored UIEW DISPLAY:No stored OPTION

Tosk: Post Processina

G7 SOLID PROPELLANT; TEMPERATURE=-15%

LDADCASE : 1
FRAME OF REF :GLOBAL
STRESS - MAX PRIN HIN: 4.31E-83 MAaX: 1.22E-82

34



BEM simulation

35



Shong-Fon Il missile

36
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Fig.1 Image system of all the singularities
in aircraft/external store configurations.

37



Flow field
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V-band structure (Tien-Gen missile)
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FEM simulation
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Application to V-band structure:

E = 19950 ketfmm’ , v=0.27, Pari's law: %= C(4K)"
a=0.125 o=3.63kef/mm’ C=4.64x10" ,m=33,R=2
le 16.00

A i

Y
//’
L/ e
/ ? K
RO.3 L/
1
Iy
5o beg ¢132.6
T 3T pael7
¢ 120|3
R23
unit : mm
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Seepage flow

g‘i:g 2% _o
B = -
96 _ o | 2% _o
—1.0 ¢ = 1.0
Vigl{z) =0 .,z in D .
8® _o

N N O T O I
R

IDEAS

E

|

BEM Solver

Coopariscn

Fig.4 Flowchart of BEM and FEM solver systesa.
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Meshes of FEM and BEM
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Screen 1n acoustics

U LM

587.6 Hz mode 1. 587.2 Hz

. .. 0.20 0.00 X
1443.7 Hz mode 2. 1444.3 Hz
= L ol TTITTT T TTTTT
3 i 225 8 o oo S
t=0 38383 8 g2855 8
.05+ P 2 add &
H33$;gz ggsggg
L TTITTT
) 0.15 0.00 j \ [ ' ( (
o]
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| | | | ‘ ‘ ‘ ‘
o2 o
o070——— ——  —070—— |
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5] P — g:10 0.05-1 010 — 010
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A
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Water wave problem with breakwater

Vau(x) - 2u(x)=0
y

ot
K
o
o
ot
K
o
o
ot
K
o
o
ot
K
K
ot
o
ot
K
o*
o
ot
K
o*
.

Free water surface
\V/ S

‘ b=reakwater
(04

breakwater

oblique incident
water wave

Top

2N

view
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Reflection and Transmission

1.20

0.80

IRl and ITI

0.40

0.00 —

kh=5
Deep water theory (Ursell, 1946)

o Multi-domain BEM (Liu et al., 1982)
. UT method of DBEM (Combined LM, 320 elements)
4 LM method of DBEM (Combined UT, 320 elements)
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Cracked torsion bar

] * DBEM AREA INTEGRAL (90 ELEMENTS, 361 INPTS)
| O Analytical solution
7.20 —| ——F——— SDRC-IDEAS

————+——— DBEM LINEAR INTEGRAL (LM KERNEL)
- ———R&——— DBEM LINEAR INTEGRAL (UT KERNEL)

M_/(aCr/2)

0.00

0.00 0.40 0.80

crack length/d
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Residual strength diagram Fatigue life diagram
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COMPUTATIONAL MECHANICS PUBLICATIONS
ORDERS

25, Bridge Street,
Billerica MAD1821,
USA.

Tel: 508 667 5841

Crack Growth Analysis Fax: 508 667 7562
using Boundary

ISBN: 1 85312 186 X ringbinder/
diskette/50 page manual/Topics
book. Price: £675/$995

Elements - Software

by A. Portela and M.H. Aliabadi
Damage Tolerance Division,
Wessex Institute of Technology
Southampton, UK

- A

COMPUTATIONAL MECHANICS PUBLICATIONS

Computational Mechanics Inc.,

25, Bridge Street,

Billerica MAQ1821, Tel: 508 667 5841
U.SA. Fax: 508 667 7582




Crack Growth Analysis

There are many Finite Element
software packages for crack growth
analysis currently available.
However, they all have a common
drawback, which is the requirement
for remeshing as the crack propa-
gates. This software utilizes the
state-of-the-art development in the
beundary element method and for
the first time removes the difficult
and time consuming task of remesh-
ing. Furthermore, it evaluates
accurate stress intensity factors for
which the Boundary Element Method
is renowned. The software uses the
established criterion for crack
propagation and evaluates the
residual strength as well as fatigue
life calculations.

The old approach

The Finite Element approach: continuous remeshing and
repeated resolutions are required for crack propagation.

MAIN FEATURES:

Automatic Incremental
crack propagation
Eliminates remeshing for
crack growth analysis
Accurate evaluation of
siress intensity factors
Residual strength and

X X XX

{fatigue life computations.

MODULES IN THE SOFTWARE:
Data generation with a
minimum of input
Plotting of the mesh
Automatic fatigue crack
growth analysis

Pletting of the deformed
configuration and prin-
cipal stresses

Plotting of the crack path

R e

>

Program Description

The software features include the
use of quadratic continuous and
discontinuous elements, evaluation
of boundary stresses, displacements
and tractions, element or point
constraint including skew constraints
and mixed-mode path independent
integrals for the accurate evaluation
of stress intensity factors. Automatic
crack propagation algorithm is
implemented utilizing an incremental
crack extension which employs
special solver to avoid resolution for
each crack extension.

The fracture criterion is based on the
maximum principal stress and the
fatigue crack growth rates are
calculated using established
formulae.

The software package is accompa-
nied with a user manual for data
generation and the analysis program
as well as a book Boundary
Elements in Crack Growth Analysis-
describing the basic theory of the

methed. The source code in
FORTRAN is included along with
several example problems to
demonstrate the use of the code.
The Boundary Element Method
(BEM) is now widely regarded as the
most accurate numerical tool for
analysis of crack problems in linear
elastic fracture mechanics. This
software package is based on a new
formulation of BEM called Dual
Boundary Element Method (DBEM) -
developed at the Damage Tolerance
Division of Wessex Institute of
Technology. The Dual Boundary
Element Method retains all of the
important features of BEM which are:
reduced set of equations, simple
data preparation, accurate evalu-
ation of stresses, strains and dis-
placements at selected internal
points as well as introducing
additional improvements which
include crack modelling in a single
region and accurate stress intensity
factors evaluation.

_QT [ J A1 /!:. Py | r[

ORDER FORM

8> Please send me the following software package
Quantity Title/Author
| 7y | — Crack Growth Analysis using Boundary Elements £675*
0.8, 8.8, 0.0 0., @ @ @ SO by A. Portela and M.H. Aliabadi
Starting mesh Mesh after three crack propagation increments %3005 for USA, Canada and Mexico - postage & packing UK £4/$7, USA £5/$9.

The new approach y

The Boundary Element approach: No remeshing is required Of;::is it

for crack propagation. Position
|8> + - [ — Address

Please indicate method of payment

e Q &

Cheque number
A A From Portela
== |% 7Y é“'— I wish to pay by Credit card 1 Expiry date
@ @ @ S, e L = @ @ Name AL 4 e
Mesh after three crack propagation increments Number / FOK / ﬁ 3

S




Is It possible !
No hypersingularity !

No subdomain !

50



Degenerate boundary problems
Multi-domainu1BEI\/I

Uy
S Subdomain 1
\ R k.
u=0 ] n, 0 R -
Sub ain 1 :

. c’ ——
T - l
SudemaIn 2 A Qe
\ Subdomain 2
ue
Dual BEM

[Tu}=[URt}

TV ~6EHT |
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Conventional BEM In conjunction with SVD

Singular Value Decomposition
[U]MXP — [(D]MXM@\A

xP[\P]II;IxP

Rank deficiency originates from two sources:
(1). Degenerate boundary
(2). Nontrivial eigensolution

(&

&

S

52



UT BEM + SVD
(Present method)

On,+1 Versus K

Determinant versus Kk

Dual BEM

Determinant versus Kk

det[L]

%

det [

111111

111111

111111

111111

000000

111111

111111

1le-036

le-037

111111

N —|

P

o
=
=
=
=
I I
o 2 a
K
I I
2 a
Kk
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Ul BEM+SVD

k=3.84 k=4.50

FEM (ABAQUS
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BEM trap ?

Why engineers should learn
mathematics ?

Well-posed ?
Existence ?
Unique ?

Mathematics versus Computation

Some examples

55



Numerical phenomena
(Degenerate scale)

Commercial ode output ?

Error (%) | 3
Of Lot PO .
torsional b

rigidity
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| Numerical and physical resonance |

Physical resonance Numerical resonance
K

radiation .~

/
77777 77777777777 777 //|

incident
wave

finite
U=
(0" - ")

_ .0 L
S oo, ifoow u=Ilim — — finite, iIf o> o

o> o

S7



Numerical phenomena
(Fictitious frequency)

2
_— UT method
—————————— LM method
. 71
1 Burton & Miller method
1 — ?
t(a,0)
O —

\
; oo A
4 e iy /
4 [ ! // ! // I// II {
1/ oo !
1 [ !
1 [ T v
I I h [
Vi 0 1 N "
1 \ " [
I ) 1" 3 [T
[ 5 1 " i 3
-1 — / ! 1 i -
! j 1 1
W 1 2 i 1
4 @=L '.' 7
= 1 4
! u(a,e)-O 3 !
\ 4
AY ’
7
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__________
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A story of NTU Ph.D. students



det|SM|

Numerical phenomena
(Spurious eigensolution)

; T: True eigenvalues T

— s Spurious eigenvalues <9.499>

= v |
1E-020 — 0 |
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Some findings
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Torsional rigidity
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Stress concentration at point Bk
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A half-plane problem with two alluvial
valleys subject to the incident SH-
wave

SH-Wave 33 :
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Limiting case of two
canyons
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A half-plane problem with a circular
Inclusion subject to the incident SH-
wave

%;—Inclusion

X
; Matrix
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When I solved this problem I could find no published results for comparison. I also verified
my results using the limiting cases. [ did not have the benefit of published results for
comparing the intermediate cases. [ would note that due to precision limits in the Fortran
compiler that [ was using at the time.
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Conclusions

Introduction of dual BEM

The role of hypersingular BIE was examined.
Successful experiences in the engineering applications
using BEM were demonstrated.

The trap of BIEM and BEM were shown

Previous errors were identified
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The End

Thanks for your Kind attention
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