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I. The auxilliary system U (z, s;t,7), which is a solution of

2 . 2 .
L{U} = 9 U(Zg;jt’ﬂ - c28 U(;:’Ei’t’T) =0(x—98)(t—7),—c0 <z <00,t>0

with initial conditions
lim U(z, s;t,7) =0

t—T

lim U(x, s;t,7) =0

t—T

and no boundary condition since —oco < & < 00,
I.(a) Given the exact form for U(z, s;t,7) (30 %) :
1 1 _
U(z,s;t, ) = %H(x— s+c(t—1)) — %H(l‘ —s—c(t—7)=U(x—s,t—71)
Answer the following questions and explain the reason.
U(z,s;t,7) = or #U(s,z;t,7)
U(z,s;t,7) = or #U(xz,s;7,t)
)= or #U(s,z;7,1)
LU (z, s3t,7)} = or # L{U(s,z;7,1)}
U(s,z;75,7)=00r U(s,z;7,77) =0
O*U(s,z;t,7) o 0?U(s,x;t,T)

Uz, s;t, T

Ox? T 7 0s?
8?U(s,x;t,7) U(s,z;t,7)
PUILT) _ oy p U 2LD)
I.(b) Series form (30 %):
Derivation of p., (z):
o(x—s) = Z pm (z)sin(mms/l)
m=1

Derivation of g, (t,7):
U(x,s;t,7) = Z Gm (t, 7) sin(mmzx/l)sin(mns/l)
m=1

Repeat Eqs.(1) to (7) and explain the reason.



II. Solve the heat conduction problem with time-dependent boundary conditions (30%) :

Ou(z,t) a2 0%u(x,t) _o

with initial conditions

and boundary conditions

Py, € ’ p, C

(20,12,19,11.5,20,11) (20,11,21,10.5,20,10) (20,10,19,9.5,20,9) (20,9,21,8.5,20,8)
Fig.1 An infinite string with a spring and a lump mass at z =0

ITI. As shown in Fig.1, string reflection and transmission will occur due to a spring at = 0 with spring constant, k, and
a sphere with lump mass, m, in one medium. Solve the PDE using diamond rule. (30%)

utt:CQum, for —co<xr <00, t>0

with initial condition of displacement

| flx), for x>0
u(z,0) { 0, for <0

with initial condition of velocity

) 0, for x>0
“t(x’o){o, for ©<0

u(z,t) is continuous across z = 0,
u(0%, 1) = u(07, 1)

Force can be transmitted across x = 0,
mii(0,t) + ku(0,t) = pc*u. (07, t) — pu, (07, 1)

(1). Determine the solution in each region.
(2). Determine the ratio of transmission and reflection.
(3). Reduce the solution by m — 0 and check the following solution if k — 0

pc

_ _ tﬁfﬁg(tﬂ) Hdr
r(t)—u(O,t)—/o € fler)d
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