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I. By using the auxilliary system U(z, s;t,7), which is a solution of

0°U(w, s;t,7) _ 2 0?U(x, s;t,7)
ot? Ox?

=d(x—s)d(t—T1),—0c0 <z < 00,t>0

with initial conditions
lim U(z, s;t,7) =0

t—T

lim U(z, s;t,7) = 0

t—T
and no boundary condition since —oco < x < o0,
Solve the problem
uttZCQuw, for 0<z<1, t>0

with initial conditions
u(z,0) = 0,u(x,0) =0

and boundary conditions

u(0,t) = a(t),u(l,t) = b(t)

u(x,t) = //sttr t(s, 7)dB(s dr—// (s,x:t,7) - u(s, 7)dB(s)dr,

= —/ T(s,x;t,7) - u(s, 1) |iz Ldr, (1)

t(x,t) = /t/ L(s,x;t,7) - t(s,7)dB(s)dr — /t/ M(s, x;t,7) - u(s, 7)dB(s)dr
= _ /t M(s,x;t,7) - u(s, 7) |§ilo dr, (2)

where t(x,t) = u’(x,t) and U(s,x;t,7), T(s,x;t,7),L(s,x;¢,7) and M(s,x;t,7) are four kernel functions which can
be expressed in terms of series solution

U(s,x;t,7) = Z lewm sin(wm (t — 7)) Wm (X)um(s), 3)
T(s,x;t,7) = Z lewm stn(wm (t — 7)) um (X)tm(s), (4)
Lis,xit.r)= 3 lewm sin(wm(t — 7)) tm (X)tn (s), )

M(s,x;t,7) Z $i1 (Wi (t — 7)) ton (X)m (S), (6)

in which un,(x) = sin(mnz/l), tm(x) = mmcos mmv/l)/l, Npm =1/2, wm =mmne/l, D is (0,1) and B is 0, and .

Ulz,s;t,7) #Ul(s,z;7,1)

However, both U(z, s;t,7) and U(s,z; 7,t) satisfy the governing equation

82U($,3;t,7') 282U(x,s;t, T)

5 —c D2 =6z —8)d(t—17),—0c0 <z <o0,t>0
2 . 2 .
9 U(g’tf’T’ B _ 028 U(;’;;T’ 2 =d(x —s)d(t—T1),—0c0 <z < 00,t >0



Exact form:

Series form:

oo
U(s,x;t, 7 Z

m=1

sin(wm (t — 7)) sin(mzz/l)sin(mms/l)

Choosing v = u(z,t) and v(z,t) =

u(s,7) = / / (z,8)(8(z — 8)(t — 7))dV (x)dt

= / u(z, )U (s, z;7,t) — U(s, z; 7, t)u(z, )] 1= 6 dV(x)

//[uxtaU”” — U(s, 257, 0)t(x, £)]dS () dt

= /[U(s z;7,0)u(x, 0) — u(z, 0)U (s, x; 7,0)]dV (z)

/ /[u 2,t) 8U (s, ““ D U(s,z 7, t)t(w, £)dS(z)dt

After using the casuality conditions

/ /[u oy U@ SET) ot (s, )dS(s)dr

= /[U(m s;t,0)u(s,0) — u(s,0)U(x, s;t,0)]dV (s)

/ /[u (5,1 2V (@5 t U@ SET) _ 10 st 7)i(s, 7)|dS(s)dr

Since U(s, z;t,7) = U(x, s;t,7), we have

/ / 5,7)(8(z — $)3(t — 7))dV (s)dr

= / (s, U (s, z;t,7) — U(s, z; t, 7)i(s, )]|:6dV()

u(zx,t)

/ /[u 8,T) aU (s, 2; t OU(s, 2t 7) —U(s,z;t,7)t(s,7)]dS(s)dT

= /[U(s z;t,0)u(s,0) — u(s, 0)U (s, x; t,0)]dV (s)

/ /[u 8U””) — U(s, i, 7)t(s, 7)|dS(s)dr

Derivation of D’Alembert’ solution by U, T, L, M kernels.

1 1 1 x+ct
u(e,t) = Lo(e ) + Lol —ct) + - / b(s)ds

—ct

where

u(z,0) = ¢(x)

2



u(z,0) = P(x)

U(s,z;t,7) = Ulw,s;t,7)
oU (s, x; t,
T(s,x;t,7) = %
0*U(s, z;t,T)
M(s, z:t gUS LT
S on(z)on(s)
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