
Alternative series and Stokes’ transformation
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original function decomposition:

f(t) =
1
2
a0 +

∞
∑

n=1

{ancos(
nπt
l

)+bnsin(
nπt
l

)}

derivative of original function decomposition:

f ′(t) =
∞

∑

n=1

{an(
−nπ

l
)sin(

nπt
l

)+bn(
nπ
l

)cos(
nπt
l

)} =
1
2
a′0+

∞
∑

n=1

{a′ncos(
nπt
l

)+b′nsin(
nπt
l

)}

where Jk is the jump value at tk for the function f(t).

relation of an, bn, a′n and b′n:

an = − 1
nπ

m
∑

k=1

Jksin(
nπtk

l
)− l

nπ
b′n, n 6= 0 (1)

bn =
1

nπ

m
∑

k=1

Jkcos(
nπtk

p
) +

l
nπ

a′n, n 6= 0 (2)

Termwise differentiation is only permissible if Jk is zero.

Stokes’ transformation:

u(x) =







p, x = 0
∑∞

n=0 bnsin(nπx/l), 0 < x < l
q, x = l

(3)

Assume

u′(x) =
∞

∑

n=0

a′ncos(nπx/l), 0 ≤ x ≤ l (4)

a′n =
2
l

∫ l

0
u′(x)cos(nπx/l)dx

=
2
l
[u(x)cos(nπx/l)]l0 +

2nπ
l2

∫ l

0
u(x)sin(nπx/l)dx

=
2
l
[(−1)nq − p] + nπbn/l, (5)

and as n = 0,

a′0 =
−1
l

[p− q] (6)

Defining

rn ≡
{ −1

l [p− q], n = 0
2
l [(−1)nq − p], n = 1, 2, · · · (7)

we have

a′n = rn +nπbn/l, n ≥ 0 (8)



Proof:

J0 = 2p, at x = 0

Jl = 2q, at x = −l
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