1. For the mechanical system shown in Figure 1, 
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. The springs are assumed to be in their original states, it means no stretch before the initial conditions are applied. 

(a) Write down the equations of motion for two masses, respectively. (5%)

(b)  If 
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, then the equations of motion can be written as 
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, what is A?  Is this equation a coupled equation or an un-coupled one? (5%)

(c) Please find the eigenvalues of matrix A. To analyze the free vibration problem, the natural frequencies for the system is important. From the eigenvalues obtained, please find the natural frequencies of this system. (5%)

(d) To decouple the equation, please find an orthogonal matrix Q such that 
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, where D is a diagonal matrix with the eigenvalues of A arranged in the diagonal line. (5%)

(e) Following (d), the equation can be rewritten as 
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 by using y=Qx. Now the initial value problem is given as 
[image: image7.wmf]ú

û

ù

ê

ë

é

=

ú

û

ù

ê

ë

é

=

1

1

0

x

0

x

0

2

1

)

(

)

(

)

(

x

 and 
[image: image8.wmf]ú

û

ù

ê

ë

é

=

ú

û

ù

ê

ë

é

=

0

0

0

x

0

x

0

2

1

)

(

)

(

)

(

&

&

&

x

, please find the solution for x.(5%)
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Figure 1

2. Consider a continuous fluid having neither sources nor sinks inside a surface S enclosing a volume V. Let F=v where  and v are, respectively, the density and velocity of the fluid.

(a) Please interpret F physically. (5%)

(b) Interpret the integrals, 
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 and 
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 physically, where N is the outnormal vector on the surface S. (5%)

(c) Using the divergence theorem to express the surface integral 
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 into the volume integral. (5%)

(d) Derive the continuity equation: 
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. (5%)

(e) When the fluid is incompressible, please prove that 
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. If there exists a velocity potential, ,  such that 
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? Which equation should the velocity potential satisfy? (5%)
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3. A free-free string with a length 
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find the solution of u(x,t). (5 %)

How many nodes (i.e., no displacement for any t) in the vibration of string?   (5 %) What is the physical meaning of the solution? (5%)[image: image29.wmf]3
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4. Solve vibration of an infinite string
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where a is a constant and H(x) is the Heaviside function.

(1) Solve 
[image: image24.wmf])
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(2) Solve 
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5. Write down the Parseval’s relation in the Fourier series and Fourier integral. (5 %). What is the physical meaning? (5 %) 

6. Please write down the definition of convolution for two functions f(t) and g(t) (5 %) Find the convolution of H(t) and H(t), where H(t) is the Heaviside function.. (5 %)  What is the geometric meaning for convolution? 
(Please plot H(u) versus u , plot  H(-u) versus u,  H(t-u) versus u and plot the integration from 0 to t for the integrand of H(u) H(t-u).)  (5 %)
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