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1. Classify the (a). ordinary differential equation , (b). integral equation, (c). integro-
differential equation, (d). logic equation and (e). linear algebraic equation. (20 %)

Equation Equation type (a, b, ¢, d, e )
y"(t) +4y(t) =0 a
22 +32+9=0 e
= foty(s)ds b
= foty(s)ds c
AUB=C d

(5t ¢

%

KEARFKIEA a, b, ¢, d, e &, WABEETEHS)

2. Please explain the Green’s theorem (5 %) and the Green’s function. (5 %)
Sol:
Green’s theorem:

fpacs foay= [ [(52-5avdy

Green’s function: G(z, s)Rn~Esii—%EF N, MiEcEEZ KIE.

3. Given an anti-symmetric matrix W as follows:

-2 1

) 35
=135 0 3
3 3 0

(a). Calculate WT 4+ W =7 (3 %)

Sol: FAffE

(b). Calculate W? + W =7 (3 %)

Sol: F4EkE

(c). Calculate the determinant for W. (4 %)
Sol: 0

where the superscript T' denotes transpose.

4. Based on the following relations of the Laplace transform (£),
L{ty(t)} = —Y'(s), where L{y(1)} =Y (s)

the following second order ODE
t4j(t) — Aty(t) + 6y(t) =0

can be transformed to (transform y(t) to Y(s)):
s2Y"(s) + asY'(s) +bY (s) =0

where Y'(s) is the Laplace transform of y(t), determine a and b. ( 5 %)
Sol: a =8,b=12



If we repeat the Laplace transform with respect to Y'(s) again (transform Y(s) to Y'(v))
where Y (v) must satisfy

d?Y (v) dy (v) -
2

Y pr—
v 70 + pv 7 +qY(v)=0

determine p and ¢. (5 %)
Sol: p=—4,q=06

5. Stokes’s theorem (transformation between surface integrals and line integrals)

Let S be a piecewise smooth oriented surface in space and let the boundary S be a
piecewise smooth simple closed curve C. Let F(z,y, z) be a continuous vector function that
has continuous first partial derivatives in a domain in space containing S. Then,

/(curlF)-ndA:]{Fm'dS
s c

where n is a unit normal vector of S and dependng on n, the integration around C' is taken
in the sense shown in Fig.1, also r' = dr/ds in the unit tangent normal vector and s is the
arc length of C.

(a). Write down the physical interpretation of the Stokes’s theorem. (3 %)

Sol:

/S/VXF-N dA:jéF-r’(s)ds

(b) Verify the Stokes’s theorem for F = yi + zj + zk and S the paraboloid z = f(x,y) =
1— (2> +y?),z>0in Fig.2. (10 %)

Fig.1 Fig.2
Sol:

r(s) = cos(s)i + sin(s)j,r'(s) = —sin(s)i + cos(s)j

2
]{ Fodr— / [(sin(s))(=sin(s)) + 0+ 0]ds = —7......Ans.
0
VxF=curl F=—i—j—k
N=foi—f, j+k=2zi+2 j+k
VXF-N==2r—-2y—1

2m 1
//V X F-ndA = / / (—2rcos(0) — 2rsin(f) — 1)rdrdd = —m......Ans.
S o Jo



6. By taking the Fourier transform of the equatlon — K?¢ = f(x), show that its solution
¢(x) can be written as

. oo ikx £

(b(x):\/% —ook2+K2

where f(k) is the Fourier transform of f(z). ( 10 %)

FES — % = j(o))
<—z’k>2¢3<k>m<k> — _k2(k) — K?3(K) = F(k)
5 = s F(H)

V2 J_oo K? + K2

¢(k) =

7. Given the one-dimensional heat equation with initial and boundary conditions,

o _ a0
ot ¢ 0x?
u(z,0) = f(x)

u.(0,t) = 0, for all t
uz(L,t) =0, for all t

where ¢? is the thermal diffusivity, L is the bar length, z is space, ¢ is time and u(z,t) is
temperature.

(a). Write out the physical meaning of the one-dimensional heat equation. (3 %)
Sol: the principle of conservation of energy law.

(b). Find a solution of the one-dimensional heat equation using the method of separating
variables (or product method). (10 %)

u(z,t) = F(z)G(t)
ug(0,1) = F'(0)G(t) = 0,ur(L,t) = F'(L)G(t) = 0
F(x) = A cos(px) + B m(px) = F'(z) = —Ap sin(pz) + B pcos(px)

F'(0)=Bp=0,F'(L)=—Ap sin(pL) =0=p=p, = n=0,1,2,3,..

nim
L )
A=1,B=0= F,(z) = cos(n—zx),n —~0,1,2,3,...
Cn

< , Ao = 0 = ug = constant

Un(@,t) = Fp(2)Go(t) = A cos(nz Je M, A, =

Fourier cosine series

o
u(z,t) = Z up(z,t) = Z Apcos( mrx —Nat

n=—oo n=—oo



where

1 L

o L
A, = E/o f(x)cos(?)da:,n =1,2,3...
8. Using

/_OO f(z)dx = 27m'ZRes f(2),

show that ( 14 %)

/oo dx o
o l+at  2y2

Sol:
f(z) = . +1:(:4 = 2 = e%i,zg = 6%,23 = e’%,zq = e’%(four poles)
Res.—., f(z) = [<1 Jlr Ji))e=a = (4—13%_21 = %e_azl = —}leT
Res,—..f(z) = [(1—1——1,24)]'2222 = (4—;)2221 = %le—gf — _16—?

e ]. 2 ) s’ s
/_ 1+Z4d95:%(—eI —i—e’T):Wsin(%) =

(e 9]

L f(e) =

7 is even function,
x

© 1 1 [/~ 1 s
dr = = dxr =
o L+at 2 ) ol +at 2v/2
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