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1.
1

s(s2 + 1)
ª[Ñ = f(s)g(s), w2 f(s) = 1

s £ g(s) = 1
s2 + 1

∵ L−1{1
s
} = 1, L−1{ 1

s2 + 1
} = sin(t)

L−1{f(s)g(s)} = L−1{f(s)}∗L−1{g(s)}

L−1{ 1
s(s2 + 1)

} = L−1{f(s)g(s)}

= L−1{f(s)} ∗ L−1{g(s)}
= (1) ∗ (sin(t))

=
∫ t

0
1 · sin(t− x)dx

=
∫ t

0
(sin(x))(1)dx

∴ L−1{ 1
s(s2 + 1)

} =
∫ t

0
sin(x)dx = − cos(x)|tx=0 = 1−cos(t)

2.

xp(t) = A0
2 +

∑∞
k=1(Ak cos(kwt) + Bk sin(kwt)) (1) 5 Fourier Series

ç�}j˙�x x′′ + ax′ + bx = g(t) (2) 5$�ª°) Ak £ Bk 5¦j.

(2)�
J cos(kwt), yâ t = 0 	}B t = 2π
w , †

∫ 2π
w

0
(x′′p+ax′p+bxp) cos(kwt)dt =

∫ 2π
w

0
g(t) cos(kwt)dt (3)

∵ g(t) Ñ Fourier Cosine [b:

ak = w
π

∫ 2π
w

0 g(t) cos(kwt)dt
bk = w

π

∫ 2π
w

0 g(t) sin(kwt)dt
⇒

∫ 2π
w

0 g(t) cos(kwt)dt = π
wak

∫ 2π
w

0 g(t) sin(kwt)dt = π
wbk

(4)

(3) �˝V, l°
∫ 2π

w
0 x′′p cos(kwt)dt (5)

I u = cos(kwt), dv = x′′pdt, † (5) �‰Ñ

x′p cos(kwt)|
2π
w
0 +kw

∫ 2π
w

0
x′p sin(kwt)dt (6)

(6) �5�øáÑ0, ∴ I u = sin(kwt), dv = x′pdt, (6) �‰A

kw[xp sin(kwt)]|
2π
w
0 −kw

∫ 2π
w

0
xp cos(kwt)dt (7)



(7) 5�øáÑ0, ∴

−k2w2
∫ 2π

w

0
xp cos(kwt)dt = −k2w2 π

w
Ak (8)

°Ü,

∫ 2π
w

0
ax′p cos(kwt)dt = akw

π
w

Bk (9)

Ak =
∫ 2π

w
0 xp cos(kwt)dt

Bk =
∫ 2π

w
0 xp sin(kwt)dt

∫ 2π
w

0
bxp cos(kwt)dt =

π
w

bAk (10)

(8)(9)(10) �Hp (3) �, £‚à (4) �
π
w (−k2w2Ak + akwBk + bAk) = π

wAk C (b− k2w2)Ak + akwBk = ak (11)

(2) �
, sin(kwt), yàJ,l�¥	, ª)

−akwAk +(b2−k2w2)Bk = bk (12)

�2 bk Ñ g(t) Fourier Series [b

â (11) £ (12) �,

Ak = (b− k2w2)ak − akwbk

(b− k2w2)2 + a2k2w2 (13)

Bk = akwak + (b− k2w2)bk

(b− k2w2)2 + a2k2w2 (14)

˛ø −π < t < π, g(t) = t, w Fourier Series Ñ

g(t) ∼ 2
∞

∑

n=1

(−1)n+1 sin(nt)
n

∴ w = 1, ak = 0 úF� k ÌA
, 7 bk = 2(−1)k+1

k

¤Õ, b = 2, a = 2 Hp (13) £ (14) �

A0 = 0

A1 = −2(2)
(2− 1)2 + 22 = −4

5

B1 = (2− 1)2
(2− 1)2 + 22 = 2

5

A2 = −2(2)(−2/2)
(2− 4)2 + 22(2)2 = 1

5

B2 = (2− 4)(−2/2)
(2− 4)2 + 22(2)2 = 1

10

∴ xp = −4
5

cos(t)+
2
5

sin(t)+
1
5

cos(2t)+
1
10

sin(2t)+ ...



3.(a)

det(A−λI) = 0 ⇒ det











4 1 0
−1 2 0
2 1 −3



− λ





1 0 0
0 1 0
0 0 1











= 0

⇒ (−3−λ)(λ− 3)2 = 0

à A Hp λ, �Œ A u´Å—,�

i.e.− (3I+A)(A− 3I)2

∵ −(3I+A) = −











3 0 0
0 3 0
0 0 3



 +





4 1 0
−1 2 0
2 1 −3











=





−7 −1 0
1 −5 0
−2 −1 0





(A−3I)2 =











4 1 0
−1 2 0
2 1 −3



−





3 0 0
0 3 0
0 0 3











2

=





0 0 0
0 0 0
−11 −5 36





∴ −(3I +A)(A−3I)2 =





0 0 0
0 0 0
0 0 0





i.e. A Ñ……™Ô�j˙�5É;

(b)

f(x, y, z) = 4(x2 + y2)− z2

∇f = 8x~i+8y~j− 2z~k

Ê P õ, ∇f = 8~i− 4~k

∴ a unit normal vector of the cone at P is

~n =
1

|∇f |
∇f =

2√
5
~i− 1√

5
~k

(ÇøÑ −~n)

4.

I y = dx
dt , †ÀÖP�(5�}j˙�‰Ñ

dx
dt = y
dy
dt = − sin(x)

(1)

(1) xJ-$�

dx
dt = P (x, y)
dy
dt = Q(x, y)



¤Í$5@äõÑ P (x, y) = 0, Q(x, y) = 0 5õ

∴ (1) 5@äõÑ (xc, 0), w2 xc = ±nπ (n = 0, 1, 2, ...)

∴ Í$ (1) x�@äõ (nπ, 0) (n = 0, 1, 2, ...) 5Ì¤Õ¯

¾  (1) 25¡b dt

dy
dx

= −sin x
y

(2)

(2) �Ñ*�Ê xy (C xdx
dt ) ó�Þ,5�}j˙�

cq�á‘KÑ x(t0) = x0, y(t0) = y0

†	} (2) �
∫ y

y0

ydy = −
∫ x

x0

sin(x)dx (3)

∵
∫ x

x0

f(x)dx =
∫ x

0
f(x)dx−

∫ x0

0
f(x)dx

∴
∫ y

y0

ydt = −
∫ x

0
sin(x)dx+

∫ x0

0
sin(x)dx

∴
1
2
y2− 1

2
y2

0 = (cos(x)−1)−(cos(x0)−1)

C 1
2y

2 + (1− cos(x)) = h (4)

h = 1
2y

2
0 − cos(x0) + 1 Ñø�b

∴ ¤Í$Ñ\èÍ$, i.e. ?¾Ñ�b

(4) �2, 1
2y

2 Ñ�? (y = dx
dt = V ),

7 V =
∫ x

0 sin(x)dx = 1− cos(x) ÑP?

â (4) 2j y,

y = ±
√

2(h + cos(x)− 1) (5)

lå Y = V (x) £ Y = h k xy �Þ, Ç (a)

yå xy ó�ÞÇ, Ç (b)

ªâ@äõ (nπ, 0) DÍ$5P?ƒbíÉ[5?wÔ4£ ì4,

ç F (x) = − sin(x) = 0 vª)@äõ5 x è™

â V (x) = 1− cos(x), −V (x) = F (x)

OÊ xc T, V ′(x) = 0 → Ê xc T�óú”×, ”üC®�¥�õ

â V (x) = 1− cos(x), ª) V ′(x) = sin(x), V ′′(x) = cos(x)

7 V ′(x) = 0 at x = nπ (n = 0,±1,±2, ...)

J n ÑXb, V ′′(nπ) > 0,

J n ÑJb, V ′(nπ) < 0

∴ V (x) Ê x = 2nπ T�óú”üM

V (x) Ê x = (2n + 1)π T�óú”×M



7 V (x) Ñóú”ü5@äõÑø2-õ/u ìí

7 V (x) Ñóú”×5@äõÑøï¶õ/Ñ. ìí

∴ @äõ:

(2nπ, 0) (n = 0,±1,±2, ...) Ñ2-õ/Ñ ìí

((2n + 1)π, 0) (n = 0,±1,±2, ...) Ñï¶õ/Ñ. ìí

yâÇ (b), ?¼ük h = 2 6, *�Ñ¥£í

h > 2 6, *�ÑÇ[í

,?¾ h = 2 øV�«� (h < 2) £Æ¶«� (h > 2)

→ w2Ö�âw�©P0Çá÷	ìõTÆ¶«��

5.

Green Theorem:
∫

Pdx+
∫

Qdy =
∫ ∫

(
∂Q
∂x

− ∂P
∂y

)dxdy

Green function:

d2G(x, s)
dx2 = δ(x−s), 0 < x < l

G(0, s) = G(l, s) = 0

6.

AT = A (real matrix)
AT = Ā (Hermitian matrix)

Their eigenvalues are real.

7.

∂u
∂x

=
∂u
∂t

Method 1:

du =
∂u
∂x

dx +
∂u
∂t

dt







dx
dτ = 1
dt
dτ = 1
du
dτ = 0

⇒







x(0, s) = s
t(0, s) = 0
u(0, s) = sin(s)

u(x, t) = sin(x + t)

Ô�(: x + t = k, š§: c = −1, j²: ²˝



Method 2:

L{∂u
∂t
} = sU(x, s)−u(x, 0) = sU(x, s)−sin(x)

L{∂u
∂x
} = U ′(x, s)

U ′(x, s) = sU(x, s)−sin(x), U ′(x, s) =
∂U(x, s)

∂x
U ′(x, s)− sU(x, s) = − sin(x)

U(x, s) =
−1

s2 + 1
[s sin(x)− cos(x)]

L−1{U(x, s)} = u(x, t) = cos(t) sin(x)+sin(t) cos(x) = sin(x+t)
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