1. Find the following improper integrals in principal values (15 %)
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(1). Find eigenvalues of A. (5 %)
(2). Find A%, (5 %)
(3). Find eigenvalues of A0, (5 %)

3. Solve the PDE of an infinite string —oo < z < co. (10%)

e — AUpy, for <0, t>0
7 luge, for x>0, t>0,

and initial conditions
u(z,0) = 0,u(z,0) =0,

and u(x,t) is continuous across x = 0, while
u, (0%, t) —u (07, t) = a sin(wt),

where a and w are two constants.

4. If the real and imaginary parts of X (@) are defined as follows:(10 %)
_ 1 _

X(w) = (—@? + 2ifww + w?) = Xa(@) + X1(@)i.
That is
2 _ -2 B _ »
(@) = w* —w () = 28w

(W2 — @?)2 + 4202002’ (W2 — @0?)2 + 420202

where w and £ are constants and 0 < ¢ < 1. Prove the following indentities by using the
theory of residue.

—XI(@):/OO XR—(U))du, XR(@):/OO Mdu.

oo (@ —u oo (0 — )

(Hint: Prove both cases together by multiplying i = /—1 for the second case and treat u as
a complex variable.)

5. Find a general solution of (13 %)
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6. Given y" —zy +y = —xcos(x), find two independent power series about the ordinary
point # = 0 that are solution to the given differential equation. (13 %)

7. Solve the differential equation (12 %)
y' +2y +y=45(t—1);y(0)=2,¢4(0) =3
where § is the Dirac Delta function.

8. Prove that Jy(z) = &= OQW e ¢ in which Jy is the Bessel function of the first kind of
order 0. (12 %)
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