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Description of the Laplace problem

Engineering applications:

1. Seepage problem

2. Heat conduction

3. Electrostatics

4. Torsion bar
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Two-dimensional  Laplace problem with a 
circular domain

Dxxu ∈=∇ ,0)(2G.E. :

B.C. : Bxuxu ∈= ,)(
where

φ is the angle along the field point

ρ is the radius of the field point
)(xu is the potential function

2∇ denotes the Laplacian operator
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Analytical solution

Field Solution:
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Boundary Condition: Dirichlet type
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Trefftz method

Representation of the field solution :
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12 +TN is the number of complete functions

jw is the unknown coefficient

ju is the T-complete function which 
satisfies the Laplace equation
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T-complete set

T-complete set functions :
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a=ρBy matching the boundary condition at
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Method of Fundamental Solutions )( ρ>R
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Field solution :
R θ φ
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),( φρ=x
),( θRs =

eD

where

MN is the number of source points in the MFS
jc is the unknown coefficient
),( jsxU is the fundamental solution

eD is the complementary domain

s is the source point

x is the collocation point
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Green’s function










≤≤

≤≤
=

lxs
yyW

xysy

sx
yyW

syxy

sxG
,

),(
)()(

0,
),(
)()(

),(

21

21

21

21

W means Wronskin determinant
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Degenerate kernel :
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Derivation of degenerate kernel

Use the Complex Variable method to derive 
the degenerate kernel:

θirz += lnMotivation:
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Derivation of degenerate kernel
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On the equivalence of Trefftz method and MFS 
for Laplace equation

We can find that the T-complete functions 
of Trefftz method are imbedded in the 
degenerate kernels of MFS :
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By setting 12 +== NNN MT
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Matrix θT
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The efficiency between the Trefftz method 
and the MFS

We propose an example for exact solution:

),50cos(),( 50 θθ rru =

Trefftz method :

NT=50

N=101 terms

MFS :

NM<50

N < 101 terms
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Numerical Examples
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1. Trefftz method for simply-connected problem

2.   MFS for simply-connected problem
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Numerical Examples
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1.   Trefftz method for multiply-connected problem

2.  MFS for multiply-connected problem 30
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Numerical Example 1
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Numerical Example 2
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Numerical Example 3
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Numerical Example 4
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Concluding Remarks

1. The proof of the mathematical equivalence between the 
Trefftz method and MFS for Laplace equation was derived 
successfully.

2. The T-complete set functions in the Trefftz method for 
interior and exterior problems are imbedded in the 
degenerate kernels of the fundamental solutions as shown in 
Table 1 for 1-D, 2-D and 3-D Laplace problems. 

3. The sources of degenerate scale and ill-posed behavior in the 
MFS are easily found in the present formulation. 

4. It is found that MFS can approach the exact solution more 
efficiently than the Trefftz method under the same number of 
degrees of freedom.
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Comparison between the Trefftz 
method and MFS

AppearAppearIll-posed behavior

AppearDisappearDegenerate scale

GoodBadObjectivity
(Frame of indifference)

MFSTrefftz method
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Further research

Presented
Laplace problem

(exterior)
Laplace problem

(interior)

Helmholtz problem

(exterior)

Helmholtz problem

(interior)

Multiply-connected ?Simply-connected

Numerical examples ?
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The End
Thanks for your kind 

attention
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Basis of the Laplace equation 
for Trefftz method

Laplace 
Equation

1

)cos( φρ nn

)sin( φρ nn

012 =∇

0)cos(2 =∇ φρ nn

0)sin(2 =∇ φρ nn

where

2

2

22

2
2 11

φρρρρ ∂
∂

+
∂
∂

+
∂
∂

=∇
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Fundamental solution

)(),(2 sxsxUx −=∇ δ

)ln(),( rsxU = sxr −=

where

2

2
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2
2 11

φρρρρ ∂
∂

+
∂
∂

+
∂
∂

=∇ x

),( φρ=x
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Degenerate kernel (step1)

Step 1
xsrxsU −== ln)ln(),(

S

x

r
x: variable

s: fixed
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Degenerate kernel (Step 2, Step 3)

Step 3
x

B

A
s

RB

iU

eUBρx

s

A

B

Step 2

RA

iU
eU

Aρ

ρφθ
ρ

ρφρθ >−−= ∑∞
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RmR

m
RU

m
mi

1
)),(cos()(1)ln(),,,(

ρφθρφρθ <−−= ∑∞
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Rm
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RRU

m
me

1
)),(cos()(1)ln(),,,(
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