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Description of the L aplace problem

Engineering applications:

1. Seepage problem
2. Heat conduction

3. Electrostatics

4. Torsion bar
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Two-dimensional Laplace problem with a
circular domain

GE.: Vu(X)=0 xeD

BC.: y(x)=u, xeB

where
V? denotesthe L aplacian operator
WX isthe potential function

£ istheradiusof thefield point
¢ Isthe angle along the field point
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Analytical solution

Field Solution:

u(p,d) = ao + Zan(g)” cos(ng) + ZBn(g)” sin(ng)

where 0< p<a

Boundary Condition: Dirichlet type
_ N _ N _
u(a,¢) =ao+ Y ancos(ng) + > bnsin(ng)
n=1 n=1

where Zioan Bn arethe Fourier coefficients



e

A

®

Description of the L aplace problem
Trefftz method

Method of fundamental solutions (M FS)
Connection between the Trefftz method
and the MFSfor Laplace equation
Numerical Examples

Concluding remarks

Further research



e K

Trefftz method

Representation of the field solution :

2NT +1

u(x) = Z w.u,(x) [@

where
2N; +1 isthe number of complete functions
W; Isthe unknown coefficient
u

j Isthe T-complete function which
satisfiesthe L aplace equation
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T-complete set

T-complete set functions:

1 p"cos(ng), p"sin(ng)

U

U(p.9) =89+ Y. a,0" cosing) + 2 bp"sin(ng), 0< p <a

W —a, a,h,.a,h n=012..
10
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By matching the boundary conditionat © = a

u(a,4) = 3+ a,p" cos(ng) + 3 b,p"sin(ng).

u(a,d) = ao + ZN: ancos( Ng)+ ZN: bnsin( ng)

d, = do,
an
=— n=12,...N
> Ay A
bn:b—:'] n=212,...N; 11
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M ethod of Fundamental Solutions (R> p)

Field solution : [@

N
u(x)=> cU(xs;), s;eD®
j=1

where
N,, isthenumber of source pointsinthe MFS
C; istheunknown coefficient

U (X;s,) isthe fundamental solution
D® isthecomplementary domain
S isthesource point

X isthecollocation point

13
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Green’sfunction

Y1(X) Y2 (8) X<s

. W(yy,)

G(X,S) = yl(S)lyZ(X) s< x<|
W(yLY,)

W means Wronskin deter minant

14
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Degeneratekernel : [@

U(RO,p,0) =+

Ui<R,e,p,¢)ﬂn(R)—&%(%)%os(n(@—@L R> p
ue(Re,p,¢)=|n@)—2171r](§)mcos<me—¢)), R<p

Symmetry property for kernel :

U(X,s )=

N
U(s,,X) =——> u(¥) =) cU(s;,x), s; D",
j=1

15
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Derivation of degenerate kernel

Usethe Complex Variable method to derive
the degenerate ker ndl:

Motivation: z=Inr+ié&

X=(p,¢) >z, s=(R0)>Z

16
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Derivation of degenerate kernel

5 Not important
In(z—z):lnr

> —> Inr=RdIn(z-2)]
E— In(E—z):InE(l—i)
<1l > np-x- -3 ("

Z

—> Re[lnz+2<‘—rj)(§>m]=|np+2(‘—rjv(§)cos(rrw—¢»

17
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N m 00 1 .
u(p. )= ¢,[IN(R) - > = (£)™cos(m(8, - ¢))]
j=1 — M R
By matching the boundary condition po=R=a

> u(a,g)=ao+ ZN: an cos( Ng) + ZN: bn sin( ng)

— NM
ao =), c; In(R)
i=1

an W11,
:> ;Z_Z_;Cjﬁ(ﬁ) COS(né?j), n=12..N,

b, W 1.1,
- C. —(— nS|n ne , n= 2,N
a" j=1 JH(R) ( J) . ! 18
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On the equivalence of Trefftz method and MFS

for Laplace equation

We can find that the T-complete functions

of Trefftz method areimbedded in the
degeneratekernelsof MFS: (@

rU‘(x,s)zln,B—i%
MFS. U(x9)= P
Ue(x,s):lnp—za

Trefftz: ;meos(m@),  p™sin(mé)

E)" cos(m(@ - 6)), p<p

(%)'“ cos(m(@ — 0)), p>p

20
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By setting

=)

——)

N; = N, = 2N +1

2N-+1

a, = ch In(R)

2N+1

:_Zc (—) cos@@) n=12..2N+1

2N+1

b = Zc (—) sinng,), n=12.2N+1

=Ky

Trefftz MES

21
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In which

(w)=InRL1L.....1],
(9) = (C[cos),c05)... 0.,

(wg) = (_—Rf)[si n@,), siNG,)...,sSNGn.0)]

(W) =) [cOSING), COSING)... 0N (W)

L J(2N+1)x(2N +1)

22
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> [K]=[T][T,]

[Te] —

1 1

sin@) sn@,)

cosf)) COSfh) v e eeeoeee e
Sin€2N+1)

COSRA) COSRA,) -+ +er wer e en

COS(\|(91) CQSNQZ)

_San\I@ SinQ\|(92)

COSQZNH)

COSQHZNH)
Si nQ‘92N+1)

COSNQZNH)
Si nq\WZNﬂ)

(2N+D)x(2N+1)
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cosf)) cosf) cOSlhy.1)
sn@) sn@) SiNBhy,)
_ COSQ@_) COSQQZ) 300 000 O COSQHZNH)
[T]= sin@d) singd) SiN@h,1)
cosfNg) cosfN@,) -+ --- e cosfNE,y.,)
_Si nq\@) si nNgZ) cee e .. 9 nq\I92N+1)_(2N+J)x(2N+J)
[2N+1 0 0
o 2N+l 0
2
MM =| 0 = s
: . 0
0 0 2N +1
2 JaN+Dx(2N+D)
(2N+1) “
+
det[T,] = #0, N e Natural number

2N
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Matrix Tr

...... 0 0 |

...... 0 0 R>> a |||-pOS€d
...... N - oo problem
]

0 0

B vl =1 Degenerate
...... o el |\ R =Y/ scale problem
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Papers of degenerate scale (China)
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The efficiency between the Trefftz method

and the MFS

W e propose an example for exact solution:

u(r,@) = 20 cos(5084),

U

Trefftz method : MFS:
N+=50 N,,<50
L L

N=101 terms N < 101 terms
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Numerical Examples

G.E.:Au(x)=0

B.C.: u(Xx) = cos(34) B

B D

Exact solution: u(r,8) = r*cos(39) u(r,6’)=c|nr+iscos(39)
r

1. Trefftz method for simply-connected problem

2. MFESfor simply-connected problem
29
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Numerical Examples

In p 1 16p°+1+8pco
() = {1 BP0
In2.5 2In2° p© +16+8pcosg

Exact solution: u(p, @) =

1. Trefftz method for multiply-connected problem

2. MESfor multiply-connected problem 30
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| Example 1

Numerica

imply-connected problem
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Trefftz method for

Exterior problem

al solution
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Numerical Example 2

D

MFESfor ssmply-connected problem

Interior problem

Exterior problem

Exact solution

Numerical solution

Exact solution

Numerical solution
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Numerical Example 3
Trefftz method for multiply-connected problem
Concentriccircle ( ) Eccentriccircle ( )
Exact solution Numerical solution Exact solution Numerical solution

26 Points 26 Points

6 Points .{

14 Points |
A

26 Points |
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Numerical Example 4

D

MES for multiply-connected problem

Concentriccircle

Eccentric circle

Exact solution

Numerical solution

Exact solution

Numerical solution

20 ; 60

r=0.9;
r=2.6
20
60

aaaaaaa

20 ; 60

1
—x
2In2
16p* +1+8pcosa

u(p, ) =

60 ; r1=0.9

p*+16+8pcosa

uuuuuuu

0 - 60
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Concluding Remarks

1. Theproof of the mathematical equivalence between the
Trefftz method and MFSfor Laplace equation was derived
successfully.

2. TheT-complete set functionsin the Trefftz method for
Interior and exterior problemsareimbedded in the
degenerate kernels of the fundamental solutionsasshown in
Table1for 1-D, 2-D and 3-D Laplace problems. |®

3. Thesourcesof degenerate scale and ill-posed behavior in the
MFES areeasily found in the present formulation.

4. Itisfound that MFS can approach the exact solution more
efficiently than the Trefftz method under the same number of

degrees of freedom.
36



D

/@/Comparison between the Trefftz

method and MFS

Trefftz method MES
Objectivity
(Frame of indifference) Bad Good
Degener ate scale Disappear Appear
|ll-posed behavior Appear Appear

37
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Further research

Presented
L aplace problem L aplace problem
(interior) (exterior)

U U

Helmholtz problem :> Helmholtz problem

(interior) (exterior)

Simply-connected ——» Multiply-connected ?

Numerical examples ?
39
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The End

Thanksfor your kind
attention
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/Q/Basis of the L aplace equation

for Trefftz method
1 V1=0

e L aplace
p" cos(ng) " P :
vip'cosing)=0  Equation

P sin(ng) _—

VZp"sin(ng) =0

where 52 1 8 1 9?2
+ +

- 2 2 2
g op= pOop p° 09

41
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where

Fundamental solution

VU (X,S) = 5(X~—S)

U

U(x,s)=In(r)| |r=|x-s

V2_82+18+1 0°

i * pop p°ogc

X=(p,9)

42
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Degener ate kernel (stepl)

Step 1 U (s, x) =In(r) = |n‘§_)—(‘

X
X: variable
s: fixed

43
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Degenerate kernel (Step 2, Step 3)

L]
L
L/
L4
¢
4
*

U (RO.0.9)=10(p) =3 ()" cos(m(@ ). R>

US(R O, =INRI- D" = (£)"cosm(0- ), R< p

A4
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