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v Vibration of plates

)

S

Governing Equation:

Viu(x) = A u(x), xe O
, @ s the angle frequency
g4 _ @ p N IMIYLOREFALE density
D ekl issypleckemendl rigidity
D - E h’ edherjsﬁlpandateaethickness
12 (1-v?) 5ain D Y%ng’)sfa%%dUIus
D PoISS

IS the n ration
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|
v Field representation using RBF

NP
u(x)=ZC,- w(%,S;) {u}=| = /ﬁ -
w (%9 =y(r) .

SN
Field representation To match B.C.

@ MSVLAB HRE NTOU @



|
v Data bank of RBF

Radial basis function
(RBFs)
|

v v

ml Meshless method I
v v
Globally-supported RBFs Compactly-supported Globally-supported RBFs
RBFs
e C.S. Chen

v v v
Dl\lia];]iili\/l Methodof ¢ ‘;(:llrllltlil:l The present method
Brebbia pl% M&HHM?&?A] Imagina*y-part

- ~Abm 5 Biarice. y/_(r):(l—r)j(4r+1)|

Method of fundamental solution

fiey fundamental
i solution

() = 3,(r) + 1, (4r)

p(r)=U.(s%)

:Uc(|X_q)
=U.(r)

JPotential theory)
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|
v Displacement field of plate vibration

u(s, X) = Z P(s,,X)$; + ZQ(SJ- XY,

2N is the number of boundary nodes
Sis the source point

X is the collocation point

fj and y; are the unknown densities

P and Q can be obtained from either two
combinations of U, O, M and V
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v Four Kernels

)
|

S

Imaginary-part fundamental solution

U (s, X) = Im{@

(Ho”(Ar) + Hg” (i4r))}

U(8,X) === (3 () 1 ()
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v Four Kernels

/ —

O(s,X) =K, (U (s, X))
M(s, x) = K, (U (s, X))
V(s x)=K,U(s X))
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vl Operators

B

K ()—a—()

K, () =vVZ()+ (1) %n(;)

av 0, 11y (52(.)

0= ot onot

)

1 @ MSVLAB HRE NTOU @



|
v Slope, Moment and Shear

)

- >

/ e

Slope Q(X) = KH(U(X))
Moment m(X) = Km(U(X))
Shear V(X) — KV(U(X))
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v True eigenequation of three cases

B.C. True elgeneguation
Clamped | u(x)=0 , ,
J;(Ap)l,(Ap)—1,(4p)J,(4p) =0
plate g (X)=0
Smply- u(x)=0
Su gr%/ed ( ) I€+1(ﬂ‘p) 14 J€+1(ﬂ“p) — 21p
PP mX)=0 | 1,(ap)  J.(4p) (@-v)
nlate
Cree m(x):O (P2 =D(-1+v)*+ 2'a")(J, 1 (Aa)] (2@) + I, (28)1, 4 (1)
+20 8 1-0)E1+v)J,a(A )l (2a)-J,(Aa)l, . (1))
Nl ate V(X) =0 1 aa(-1+v)(24 %823, ,(Aa)l, ., (A8) + 403 (~1+ )J, (@)l ,(Aa) = O
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|
v Clamped plate

- D |

| y
u(x) = 0=—=> [ulg}+[eliv}- 0 7
0(x) =0==> W.leloJwi-007, 7

0= det|sv °] <1£‘3 5{8}
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|
v Simply-supported plate

-
- )

-
- - o

u(x) = 0 == lig}+[eliv}- 10} |,
m(x) = 0=——=>>[U,Jig}+[0,)lw}={0} \-

l’ Nontrivial
‘U O] 0
S |
0=[sv ] <# 0 e —{O}
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|
v Kree plate

)

o185+ (00 |1

U 0]
U, lig}+e,]iw = {0}
ontrivial
_ U 0| 0
o~for'] <, @V{o}
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| Flow chart of the present method for
W

clamped case by using U and Q kernels

Governing Equation

4u‘xl =A 4u‘xz , X@Q

U= YU (S, () + D 0(s, 0w ()
4— j=1 j=1

< Find {¢} form Y
2N 2N /4
0(x) = ZUH(S]' ' X)¢(Sj )+ Z®H(Sj ) X)'//(Sj)

| O T

Constructing the four influence matrices
Game over [U],[@],[U]and[O ] Find eigenvaluesh

Find interior modes

Off-Diagonal term¢ | *Diagonal term T

Direct computation L"Hopital"srule Plot det{SM] or plot o ; versush .
| nvariant method

| : | T
Construction of [SM] SVD technique

[SM]{U (ﬂ [SM]= @5 ¥/)
Uﬁ ®9 4Nx4N

| T
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det[SM]
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1E+036
1E+021
1000000
1E-009
1E-024
1E-039
1E-054
1E-069
1E-084
1E-099
le-114
le-129
le-144
le-159
le-174
le-189
le-204
le-219
le-234
le-249

Case 1: Circular clamped plate
using the present method

I [ | T
Clamped circular plate I | |
Using U,Q kernels : : : :
: : I I | I
| | | | | |
| | | | | |
| | |
: : | | |
I | I | | I
| | I | I
‘ | | | |
‘ | | | |
| | | | | |
| | | | | |
| | | | |
| | | | |
I | | |
: : I | | |
| | | | | |
I | I I | I
[ ‘ [ [ [
I I | I
T T n o T
<3.196> <4.611>  <5.906> 'T <7.144> T!
<6.306> <7.799>
| ‘T: True ei‘genvalues

frequency parameter |

det[SM]

1E+036
1E+021
1000000
1E-009
1E-024
1E-039
1E-054
1E-069
1E-084
1E-099
le-114
le-129
le-144
le-159
le-174
le-189
le-204
le-219
le-234
le-249

] \ \
Clamped circular plate I | |
Using U,Q kernels : : : :
I

: | [ [ [ \
| | \ \ \ \
| | I I I ‘

| | I I I
| | b |
| | [ [ [ ‘
| ! | | |
! ! | | |
! ! ! ! ‘
| | I I I ‘
| | [ [ [ ‘
| [ [ [ ‘
| [ [ [ ‘
| | [ [ [ \
| | \ \ \ \
| | \ \ \ \
| | [ [ [ \
| | [ [ [ ‘
‘ | [ [ [ ‘
| S | S S | | S\ |
<3.196> <4.611>  <5906> 's <7.144> g

<6.306> <7.799>
S: Spurious eigenvalues
| | |
2 4 6 8

frequency parameter |
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det|SM|
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1E-006

1E-021

1E-036

1E-051

1E-066

1E-081

1E-096

le-111

le-126

le-141

le-156

le-171

le-186

le-201

le-216

le-231

|!| Case 2: Circular simply-supported plate
/

using the present method

Simply-supported circular plate
Using U, Q kernels

I'T
<3.728> 'T T T
<5.061> <6.321> <7.539>
T T
<5.452>
T
<2.221> T: True eigenvalues
I ‘ ‘ I
2 4 6 8

frequency parameter |

det[SM]

1E-006

1E-021

1E-036

1E-051

1E-066

1E-081

1E-096

le-111

le-126

le-141

le-156

le-171

1e-186

le-201

le-216

le-231

Simply-supported circular plate

[

|
Using U, Q kernels : :
1 1 | I
[ | ‘ [ [
[ | ‘ | [ [
| | | | |
| | I | | |
| | I | | |
| | I | | |
| | I | | |
| I | | |
| | I | | |
| | I | | |
[ | \ [ [ \
[ | ‘ [ [ \
[ | ‘ [ [ [
[ | ‘ [ [ [
| I | | |
| | I | | |
| | I | | |
\ [ [ [
'S 'S S | S
<3.196> <4.611> <5.906>'g <7.144> ¢/

<6.306> <7.799>|
S: Spurious eigenvalues
\ \ ‘
2 4 6 8

frequency parameter |

@ MSVLAB HRE NTOU @



det[SM]
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1E+047
1E+032
1E+017
100
1E-013
1E-028
1E-043
1E-058
1E-073
1E-088
1le-103
le-118
le-133
le-148
le-163
le-178

le-193

Case 3: Circular free plate

using the present method

Free circular plate
Using U, Q kernels
T

|
| .
‘ | | <6.842> | |
T T, T 1 1T I
<3.011> \ T <4,529>: T <5.750;: <6.205> T 57.737
<3.499>  <4.640> <5.937> <7.275> T:
T <7.921>

<2.294> :

T: True eigenvalues
T

I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
7

4 6
frequency parameter |

8

det[SM]

1E+047
1E+032
1E+017
100
1E-013
1E-028
1E-043
1E-058
1E-073
1E-088
1le-103
le-118
le-133
le-148
le-163
le-178

1le-193

Free circular plate
Using U, Q Kernels
\ \

s S S 'S
<3.196>  <d6l1>  <5906> g <T144> g
<6.306> <7.799>
S: Spurious eigenvalues
\ \ ‘
2 4 6 8

frequency parameter |
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~

v Mode 1 (A =2.221)
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v Mode 2 (A=3.196)

1

0.8+

0.6+

0.4+

0.2+

07

-0.2+

-0.41

-0.6+

-0.8+

22
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|
v Mode3 (A=

1

3

728)

0.8+

0.6

0.4+

0.2+

0

-0.2

-0.4-

-0.6-

-0.8+
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|
v Degenerate kernels for circular case

The degenerate kernels for interior and exterior problems:

Y Y
A A
S X
o)
N > X N7 » X
¢ ]
P R : :
X S Blue: field points
_ Red: source points
Exterior problem Interior problem
U'(RO pg)= Z[J (AR) 31, (20) + (=)™ (AR (Ap)](cos(M(@ - 4))),  R> p
U (s, X) =+ M=o

US(RO PP =gz Z[J (20) (AR + (=)™, (401 ,(AR)](cos(M(@ ~¢))), R<p

M=—o0
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|
v Circulants

i
(12

/

U ¥ A n_o ANt
gy QA Qs Bons
Kl=| P2 Ba B B B
a, a, a, - a, a,
4 a, a; - Ayyg a,
a;; =K(s;,%)

[K] — aol + al(CzN)l + aZ(CzN)Z oeen a2N—1(C2N)2N_1
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|
v Circulants

010 - 00
o001 .- 0O

Cn=|: : : AR
O 00 --- 01
_1 00 .- 0 O_2N><2N
N_1=0
Zf 270 270
=e N = cos(—N) +1 sm(m)
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v Circulants

)

= >

/ e

/I[U] a0+a1a€+a2a€ +ee Ay 10%2N h
(=0,+1,+2,---,£(N-1), N

Ay = 22 2[J (4p)3,(Ap) + (=11, (4p)1, (4p)]
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v The eigenvalues of matrices

U|=dz, @
A0 0 - 0 0 0
o A 0 - 0 0 O
o o 2 - o0 0 0
0 0 O Aly, 0 0
0 0 O 0 ANy O
_ O O O O O /I[Itlj]—ZNXZN
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1/ Relationships

-U | SvD
-®- SVvD
(G p—— [u:‘
U, > M,
(~ | SVWD [©
Diagonal Diagonal
matrix element
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v Determinant (for clamped)

n
@)

/ e

Oy, d' DT O

sue)- D3, O DX, O

12Nx2N

® 0%, =,[® o
0 O, Z, [0 @
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|
v Eigenequation for clamped boundary

det] SM €]

N
= [T w® = 27w)

l=—(N+1)
N (_1)€ N 2

- H 1612 [J€+l(ﬂ“p)lf(ﬂ“p)+ |g+1(ﬂvp)\]€(lp)]
/=—(N+1)

{J (o), (Ap)+1,,,(4p)d,(4p)} =0,
¢(=0,£1,+£2,---,£(N-1), N
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|
v Determinant (for simply-supported)

)

= >

Oy, d'  OX D'

e )= D3, O 0T, O

® 0%, 2, [® O
0 @3,
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()

I
VY

/

Relationships

u|—=22>55, - A
o] X553, - A°
[Um] >0 )ZUm _)VEU]

[®m] = )ze)m_)‘/é@]
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v Eigenequation for simply-supported boundary

)

= >

det] SM ]

N
= [T - A

(=—(N+)

N (_1)€ N2

= 11

=—(N+1) 164°p

[, (A1), 1 (Ap) +1,(A0)d,..(Ap)]

{(=1+v)(J,,.(40)1,(A4p) + J,(Ap)I, 1 (Ap))
+24pd,(4p)l,(4p)} =0
(=0,41,+2,---,£(N=1), N
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|
v Determinant (for simply-supported)

)

= >

DL, ' DI, D

svr)- 0%, DT DX, "

® 0%, X, [® o7
0 DI,
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()

I
VY

/

Relationships
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v Eigenequation for free boundary

, -
det[SM']
= [[oVs -0y

=(N+D)

n
@)

T 2N 03,.001,69+3.61,.00)
iy 1640
{0 D) +2 p) 0, (A0, (A0)+3,(A0) .4 (AP))
+ 202 p* (A=) E1+v) ., (A, (A) =3, (AP) .. (A1)
+Ap(-1+v)(21 2/02‘]5+1(/110) l,.(40) +A0%(1+ 03,(Ap)N,(Ap)=0,
¢=0,£1,%2--,+(N-1,N
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Il Comparisons of the NDIF and present method

Kang Present method
U(s,X) = J,(Ar) U (8.0 = (Jo(Ar) + ()
Base O(s,X) = | ,(4r) O(s,X) = 8U6(:’ X)
3,001,000+ 3,00, =0 | I, (AN, (Ar)+3J,,(4r)1,(Ar) =0
Clamped
plate J,(Ar) =0 3,(A0) () +3,,, (A1, (Ar) =0
- |£+1(ﬂ,l’) ‘J£+1(lr) — 241 | €+1(ﬂ’r) ‘J€+1(ﬂ’r) _ Zﬁ'r
Simply- Lon 3,00 @ | T an 3,00 @)
supported
plate J,(4r)=0 3,00, () +3,,,(A1, (Ar) =0
Treatment Net approach Dual formulation with SVD updating

39
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Circular clamped plate using different methods

Logarithm values of det [SM]

Circulant method
NDIF method
Present method

-100 —

-200 —

-300 —

3

<4.611>
T
. <4.6§Ll>
1',
<3'1?6> <4 g11>
: S .
3
<3.196>

I 41:’3<7.79-§>

<7.143> .

'[<6..306> . _}

<5'9p6>: T<7.799>

T <russ

f <6206 Y]
TS <7.144>

T <6:306>
4 5,906

T: true eigenvalue
S: spurious eigenvalue

4

6 8

Frequency parameter
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Comparisons of Leissa and present method

Leissa
] Present method
(Kitahara)

e 9,601} 3,400, ) =01 3,(0).4r) 3,00, (i) =0
Slmply_ I£+1(2“r) + ‘]€+1(2’r) — 2/1r I£+1(2“r) + ‘]€+1(2’r) — 2//“‘
supported | | (ar)  J,(ar) (1-v) | I,(Ar)  J,(ar) (1-v)

plate
223,(Ap) + (L=, (Ap) - 123,(Ap)] | {27 -DE1+v)* + 2 pY)(3,.(20) (A p)
21, (Ap) = L=V [ (Ap) = 21 ,(Ap)] | +3(AP) a(AP))+2L7p* (1~ () (-1+v)
Free plate Ap)+ A=) 23! (Ap) 3, (4p)] | QeaA(2P)=3, (2PN 4(AP))+ 2 p(=14v)
J«T  ALap)-A-v)*[Al(Ap) -1, (4p)]

(242023,4(AP)a (A )+ 431+ 0)3, (2 P, (2. p)

=0
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Outlines
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.E,l SVD updating terms (clamped case)

)

= >

/

3 U 6 \ 0
[S\AC]<¢>: <¢>=< ’
v Yo Opflv] (O
#) [M V(¢ [0
[SI\/If]<¢’>: <¢’>:< -
ka _MH VQ_ \WJ \O)
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SVD updating terms (clamped case)
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.E,l SVD updating terms (clamped case)

)

- >

Base/d on the least squares
eI fcl-|? 2ol
det|lc] [c]]=det [D]

[T G4 = A0+ (A0 — il Ay

(=—(N-1)

-I—(Z[U],u[v] [U]ﬂV[V])2 _|_(Z[®] [M] [@]ﬂ[M])z
n (ﬂ[(@],u[v] ®]2[V]) 4 (Z[M],u[v] M];L[V]) ]

't 0
L O ®_1_

. & MsviasurenNTOU &



46

.E,l SVD updating terms (clamped case)

)

S

The only possibility for zero determinant of [D] o

(A =12 =0, (A ™ = 2M) =0,
(2w =By =0, (A7 ™ = 2 =0,
(A7 =2 =0, (A = M2y =0

at the same time for the same /£ .
The common term is

Jf(ﬂr)lfﬂ(ﬂr)+Jf+1(/1r)|z(/1r):O

True eigenequation
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Outlines
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4. SVD updating terms
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v Conclusions

n
@)

1. Since any two combinations of the four types of
potentials, six options( c?) were considered.

2. Spurious eigenequation only depends on the adopted
kernel function, while the true eigenequation is
relevant to the specified boundary condition.

3. True eigenequation can be extract out by using SVD
updating term.
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There is nothing more practical than
the right theory.

Whether the theory is right or not
depends on the experiment

Thanks for your Kind attention
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