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Antiplane Shears

In this paper, we derive the null-field integral equation for an infinite medium containing
circular holes and/or inclusions with arbitrary radii and positions under the remote
antiplane shear. To fully capture the circular geometries, separable expressions of fun-
damental solutions in the polar coordinate for field and source points and Fourier series
for boundary densities are adopted to ensure the exponential convergence. By moving the
null-field point to the boundary, singular and hypersingular integrals are transformed to
series sums after introducing the concept of degenerate kernels. Not only the singularity
but also the sense of principle values are novelly avoided. For the calculation of bound-
ary stress, the Hadamard principal value for hypersingularity is not required and can be
easily calculated by using series sums. Besides, the boundary-layer effect is eliminated
owing to the introduction of degenerate kernels. The solution is formulated in a manner
of semi-analytical form since error purely attributes to the truncation of Fourier series.
The method is basically a numerical method, and because of its semi-analytical nature, it
possesses certain advantages over the conventional boundary element method. The exact
solution for a single inclusion is derived using the present formulation and matches well
with the Honein et al.’s solution by using the complex-variable formulation (Honein, E.,
Honein, T., and Hermann, G., 1992, Appl. Math., 50, pp. 479-499). Several problems of
two holes, two inclusions, one cavity surrounded by two inclusions and three inclusions
are revisited to demonstrate the validity of our method. The convergence test and
boundary-layer effect are also addressed. The proposed formulation can be generalized
to multiple circular inclusions and cavities in a straightforward way without any
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difficulty. [DOI: 10.1115/1.2338056]

1 Introduction

The distribution of stress in an infinite medium containing cir-
cular holes and/or inclusions under the antiplane shear has been
studied by many investigators. However, analytical solutions are
rather limited except for simple cases. To the authors’ best knowl-
edge, an exact solution of a single inclusion was derived by
Honein et al. [1] using the complex potential. Besides, analytical
solutions for two identical holes and inclusions were obtained by
Stief [2] and by Budiansky and Carrier [3], respectively. Zimmer-
man [4] employed the Schwartz alternative method for plane
problems with two holes or inclusions to obtain a closed-form
approximate solution. In addition, Sendeckyj [5] proposed an it-
erative scheme for solving problems of multiple inclusions. How-
ever, the approach is rather complicated and explicit solutions
were not provided. Numerical solutions for problems with two
unequal holes and/or inclusions were provided by Honein et al.
[1] using the Mobius transformations involving the complex po-
tential. Not only antiplane shears but also screw dislocations were
considered. Numerical results were presented by Goree and
Wilson [6] for an infinite medium containing two inclusions under
the remote shear. Bird and Steele [7] used a Fourier series proce-
dure to revisit the antiplane elasticity problems of Honein et al.’s
paper [1]. To approximate the Honein et al.’s infinite problem, an
equivalent bounded-domain approach with the stress applied on
the outer boundary was utilized. A shear stress o, on the outer
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boundary is used in place of a stress o, at infinity to approach the
Honein et al.’s results as the radius becomes large. Wu [8] solved
the analytical solution for two inclusions under the remote shear
in two directions by using the conformal mapping and the theorem
of analytic continuation. Based on the technique of analytical con-
tinuity and the method of successive approximation, Chao and
Young [9] studied the stress concentration on a hole surrounded
by two inclusions. For a triangle pattern of three inclusions, Gong
[10] employed the complex potential and Laurent series expansion
to calculate the stress concentration. Complex variable boundary
element method was utilized to deal with the problem of two
circular holes by Chou [11] and Ang and Kang [12], indepen-
dently. To provide a general solution to the antiplane interaction
among multiple circular inclusions with arbitrary radii, shear
moduli, and location is not trivial. Mathematically speaking, only
circular boundaries in an infinite domain are concerned here.
Mogilevskaya and Crouch [13] have also employed Fourier series
expansion technique and used the Galerkin method instead of col-
location technique to solve the problem of circular inclusions in
2D elasticity. The advantage of their method is that one can tackle
a lot of inclusions even inclusions touching one another. However,
they did not expand a fundamental solution into a degenerate ker-
nel in the polar coordinate. Degenerate kernels play an important
role not only for mathematical analysis [14] but also for numerical
implementation. For example, the spurious eigenvalue [15], ficti-
tious frequency [16], and degenerate scale [17] have been math-
ematically and numerically studied by using degenerate kernels
for problems with circular boundaries. One gain is that exponen-
tial convergence instead of algebraic convergence in the boundary
element method (BEM) can be achieved using the Fourier expan-
sion [14]. Chen et al. [18] have successfully solved the antiplane
problem with circular holes using the null-field integral equation
in conjunction with the degenerate kernel and Fourier series. The
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59 extension to biharmonic problems was also implemented [19].
60 This paper extends the idea to solve problems with circular inclu-
61 sions.

62 By introducing a multidomain approach, an inclusion problem
63 can be decomposed into two parts. One is the infinite medium
64 with circular holes and the other is the problem with each circular
65 inclusion. After considering the continuity and equilibrium condi-
66 tions on the interface between the matrix and inclusion, a linear
67 algebraic system is obtained and the unknown Fourier coefficients
68 in the algebraic system can be determined. Then, the field poten-
69 tial and stress are easily obtained. Furthermore, an arbitrary num-
70 ber of circular inclusions can be treated by using the present
71 method without any difficulty. One must take care the vector de-
72 composition in using the adaptive observer system for the noncon-
73 focal case. Also, the boundary stress is easily determined by using
74 series sums instead of employing the sense of Hadamard principal
75 value. A general purpose program for arbitrary number of circular
76 inclusions with various radii and arbitrary positions was devel-
77 oped. The infinite medium with multiple circular holes [18] can be
78 solved as a limiting case of zero shear modulus of inclusions by
79 using the developed program. Several examples solved previously
80 by other researchers [1-3,6,8—10] were revisited to see the accu-
81 racy and efficiency of the present formulation. In addition, the test
82 of convergence is done and the boundary-layer effect for bound-
83 ary stress is also addressed.

84 2 Problem Statement

85  The displacement field of the antiplane deformation is defined
86 as

87 u=v=0, w=w(x,y), (1)

88 where w is the only nonvanishing component of displacement
89 with respect to the Cartesian coordinate which is a function of x
90 and y. For a linear elastic body, the stress components are

91 = o
aw

=pZ, 3

92 Lo ,U«ay (3)

93 where u is the shear modulus. The equilibrium equation can be
94 simplified to

—Z 4 —=0. (4)
95 ax  dy
96 Thus, we have
Pw P
22 o vh=0. (5)
97 ox dy

98 Equation (5) indicates that the governing equation of this problem
99 is the Laplace equation. We consider an infinite medium subject to
100 N circular inclusions bounded by the B; contour (k=1,2,...,N)
101 for either matrix or inclusions under the antiplane shear o-fx and
102 o, at infinity or equivalently under the displacement w™
103 =0 x/ pu+ o, y/p as shown in Fig. 1(a). By taking the free body
104 along the interface between the matrix and inclusions, the problem
105 can be decomposed into two systems. One is an infinite medium
106 with N circular holes under the remote shear and the other is N
107 circular inclusions bounded by the B, contour which satisfies the
108 Laplace equation as shown in Figs. 1(b) and 1(c), respectively.
109 From the numerical point of view, this is the so-called multido-
110 main approach. For the problem in Fig. 1(b), it can be superim-
111 posed by two parts. One is an infinite medium under the remote
112 shear and the other is an infinite medium with N circular holes
113 which satisfies the Laplace equation as shown in Figs. 1(d) and
114 1(e), respectively. This part was solved efficiently by Chen et al.
115 [18] and the null-field equation approach is adapted here again.
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Therefore, one exterior problem for the matrix is shown in Fig. 116
1(e) and several interior problems for nonoverlapping inclusions 117
are shown in Fig. 1(c). According to the null-field integral formu- 118
lation in Ref. [18], the two problems in Figs. 1(e) and 1(c) can be 119
solved in a unified manner since they both satisfy the Laplace 120
equation. 121

3 A Unified Formulation for Exterior and Interior 122
Problems 123

3.1 Dual Boundary Integral Equations and Dual Null- 124
Field Integral Equations. The boundary integral equation for the 125
domain point can be derived from the third Green’s identity [20], 126

we have "
wa(x)zf T(s,x)w(s)dB(s)_f U(s.x)i(s)dB(s), x e D,
B B
(6) 128
ZW—&W(X) =j M(s,x)w(s)dB(s)_f L(s,x)1(s)dB(s), x e D,
anx B B
(7) 129

where 1(s)=dw(s)/dng, s and x are the source and field points, 130
respectively, B is the boundary, D is the domain of interest, n, and 131
n, denote the outward normal vector at the source point s and field 132
point x, respectively, and the kernel function U(s,x)=Inr, (r 133
=|x—s|), is the fundamental solution which satisfies 134

V2U(s,x) = 2m8(x — 5), (8) 135
in which &(x—s) denotes the Dirac-delta function. The other ker- 136

nel functions, 7(s,x), L(s,x), and M(s,x), are defined by 137
aU(s, aU(s, FU(s,
T(s,x) = M, L(s,x) = M, M(s,x) = M.
ong N ongon,
(9) 138
By collocating x outside the domain (x € D¢), we obtain the dual 139
null-field integral equations as shown below 140
0 =f T(s,x)w(s)dB(s) —j U(s,x)t(s)dB(s), x e D,
B B
(10) 141
0 =f M((s,x)w(s)dB(s) —f L(s,x)t(s)dB(s), x e D°,
B B
(11) 142

where D¢ is the complementary domain. Based on the separable 143
property, the kernel function U(s,x) is expanded into the degen- 144
erate form by separating the source point and field point in the 145
polar coordinate [21] 146

U(s,x) 147

U’(R,G;p,d)):lnR—El( )mcosm(6—¢), R=p

m=1

s

R = |

Ue(R,H;p,q')):lnp—Ei( )mcosm(ﬂ—qb), p>R
m=1
(12) 148

where the superscripts “i” and “e” denote the interior (R>p) and 149
exterior (p>R) cases, respectively. The origin of the observer 150
system for the degenerate kernel is (0,0). Figure 2 shows the 151
graph of separate expressions of fundamental solutions where 152
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Fig. 1 (a) Infinite antiplane problem with arbitrary circular inclusions under
the remote shear, (b) infinite medium with circular holes under the remote
shear, (c) interior Laplace problems for each inclusion, (d) infinite medium
under the remote shear, and (e) exterior Laplace problems for the matrix

153 source point s located at R=10.0 and #=/3. By setting the ori-
154 gin at o for the observer system, a circle with radius R from the
155 origin o to the source point s is plotted. If the field point x is
156 situated inside the circular region, the degenerate kernel belongs
157 to the interior expression of U’; otherwise, it is the exterior case.
158 After taking the normal derivative d/JdR with respect to Eq. (12),
159 the T(s,x) kernel yields

T

160 T(s,x)
T'(R.0:p,¢) = E+E(Rm+1>cosm(0 #). R>p I
- ” Rm—l ’ =
T“(R,G;p,¢)=—2( T )Cosm(ﬁ’—(ﬁ), p>R
m=1
161 (13) -15 T T T T T

-15 -10 -5 0 5 10 15

162 and the higher-order kernel functions, L(s,x) and M(s,x), are  Fig.2 Graph of the degenerate kernel for the fundamental so-
163 shown below lution, s=(10,7/3)
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m—1
LR, 0;p, ) =— (pRm )cosm(&—d)), R>p
L(s,x): m=1 i
L€<R0p,¢>—;+2< ,,M)cosmw ). p>R
m=1
(14)
m—l
M(R,0;p,¢) = E ( o )cos m(6-¢), R=p
M(s,x) = .
M“(R, 6;p, ) = E( pR )oosm(e #), p>R
m=1
(15)

Since the potentials resulted from 7(s,x) and L(s,x) kernels are
discontinuous across the boundary, the potentials of 7(s,x) and
L(s,x) for R— p* and R— p~ are different. This is the reason why
R=p is not included for degenerate kernels of T(s,x) and L(s,x)
in Egs. (13) and (14). For problems with circular boundaries, we
apply the Fourier series expansions to approximate the potential w
and its normal derivative ¢ on the boundary as

L

w(sy) = ap+ Z (a* cos n@ + bk sinndy),

n=1

s €B, k=0,12,....N (16)
L
l(sk)=p16+2 (p* cos nb + ¢t sinnby),
n=1
sg€ By, k=0,1,2,...,N, (17)
where 1(s)=dw(s)/ ny, ab, b¥, pk and ¢* (n=0,1,2,...) are the

Fourier coefficients and ﬁk is the polar angle. In the real compu-
tation, only 2L+1 finite terms are considered where L indicates
the truncated terms of Fourier series.

3.2 Adaptive Observer System [18,19]. By using the collo-
cation method, the null-field integral equation becomes a set of
algebraic equations for the Fourier coefficients. To ensure the sta-
bility of the algebraic equations, one has to choose collocating
points throughout all the circular boundaries of the inclusions.
Since the boundary integral equation is derived from the recipro-
cal theorem of energy concept. Therefore, the boundary integral
equation is frame indifferent due to the objectivity rule. This is the
reason why the observer system is adaptively to locate the origin
at the center of circle in the boundary integration. The adaptive
observer system is chosen to fully employ the property of degen-
erate kernels. Figures 3(a) and 3(b) show the boundary integration
for the circular boundary in the adaptive observer system. It is
worth noting that the origin of the observer system is located on
the center of the corresponding circle under integration to entirely
utilize the geometry of circular boundary for the expansion of
degenerate kernels and boundary densities. The dummy variable
in the circular integration is the angle (6) instead of the radial
coordinate (R).

3.3 Linear Algebraic System. By moving the null-field point
x; to the jth circular boundary in the limit sense for Eq. (10) in
Fig. 3(a), we have
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N
0=2, | T(Rw0i:p; d)w(Ry, O)R A0,
k=0
N
- 2 U(Ry, 03 pj» 1R, O )R d Oy, x(p;, b))
k=0
e D¢, (18)

where N is the number of circular inclusions and B, denotes the
outer boundary for the bounded domain. In case of the infinite
problem, B, becomes B... Note that the kernels U(s,x) and T(s,x)
are assumed in the degenerate form given by Egs. (12) and (13),
respectively, while the boundary densities w and 7 are expressed in
terms of the Fourier series expansion forms given by Egs. (16)
and (17), respectively. Then, the integrals multiplied by separate
expansion coefficients in Eq. (18) are nonsingular and the limit of
the null-field point to the boundary is easily implemented by using
appropriate forms of degenerate kernels. Through such an idea, all
the singular and hypersingular integrals are well captured. Thus,
the collocation point x(p;,¢;) in the discretized Eq. (18) can be
considered on the boundary B;, as well as the null-field point.
Along each circular boundary, 2L+1 collocation points are re-
quired to match 2L+1 terms of Fourier series for constructing a
square influence matrix with the dimension of 2L+1 by 2L+1. In
contrast to the standard discretized boundary integral equation for-
mulation with nodal unknowns of the physical boundary densities
w and z. Now the degrees of freedom are transformed to Fourier
coefficients employed in expansion of boundary densities. It is
found that the compatible relationship of the boundary unknowns
is equivalent by moving either the null-field point or the domain
point to the boundary in different directions using various degen-
erate kernels as shown in Figs. 3(a) and 3(b). In the By integration,
we set the origin of the observer system to collocate at the center
¢, to fully utilize the degenerate kernels and Fourier series. By

collocating the null-field point on the boundary, the linear alge-
braic system is obtained.
For the exterior problem of matrix, we have
[UMHEY =7} = [TV Hw" - w™}. (19)
For the interior problem of each inclusion, we have
UKt} =[THw', (20)
where the superscripts “M” and “I”” denote the matrix and inclu-

sion, respectively. [UM], [TM], [U'], and [T'] are the influence
matrices with a dimension of (N+1)(2L+1) by (N+1)(2L+1),
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{wM} {tM}, {w*}, {7}, {w'}, and {t'} denote the column vectors of 241

Fourier coefficients with a dimension of (N+1)(2L+1) by 1 in
which those are defined as follows:
Uy Ugi Uy
[UM]= Ufl"(f) Uﬁ U‘Il\gv
Uxo Uy -+ Uy
Too T Tow
™ T™ ... T™
[T] = RUNSE - W @1
Tyo Tai -+ Taw
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U(I)o U{n U{)N T{JO T{n T(I)N wf) té
[U']= U[lO U111 Uluv [T/]= TIIO T{I Tluv W{ t{
o P Do ' W= w, (. {th=1t (. (25)
Uy Uy - Uy Ty Ta - Thy : :
246 (22) wh th
PR where {wM}, {tM}, {w”}, {t*}, {w'}, and {t'} are the vectors of
w?f t34 Fourier coefficients and the first subscript “j” (j=0,1,2,---, N) in
w! tM [U}‘Z], [T%], [U;k], and [T;k] denotes the index of the jth circle
M M M M where the collocation point is located and the second subscript “k”
W | V‘iz g {7 2| (23) (k=0,1,2,..., N) denotes the index of the kth circle when inte-
: : grating on each boundary data {w} —w}, {t/—t;’}, {wi}, and {tl},
247 k“’% J tAN/I N is the number of circular inclusions in the domain and the
number L indicates the truncated terms of Fourier series. It is
noted that {w*} and {t*} in Fig. 1(d) are the displacement and
() w traction due to the remote shear. The coefficient matrix of the
Wo to linear algebraic system is partitioned into blocks, and each off-
wi t7 diagonal block corresponds to the influence matrices between two
W=9 w) . 1=yt (. (24)  different circular boundaries. The diagonal blocks are the influ-
: . ence matrices due to itself in each individual circle. After uni-
. y formly collocating the point along the kth circular boundary, the
248 W ty submatrix can be written as
266 |
267 - _
Ui(¢)  Uji()  Uji(d) Uil(d)  UR(n)
Uji(d) Uiy Ujil) Uii(¢)  UR(&)
I R SO CO RS Uy UR(4s) 26)
J : : : : : ’
Uk(d)  Uji(do) — Uji(ehoy) Ui(do) Uiy
268 Uj')kc(quLH) U}/f(‘ﬁzul) U}/f(‘f’zul) U,ch(fﬁzul) Ufks(fﬁzul)
Ti(é)  Tild)  Tjild) Ti(d)  Tilen)
Ti()  Tid)  Tiild) Ti(d)  Ti(4)
(rg=| TR T T Ty Ti(ey) @
J : : : : : ’
(o) Tii(da)  Tjilhar) Ti(do)  Ti(hor)
269 7?/5(¢2L+1) T]l'kc(qs2L+l) T}/f(d’zul) TijC(d)ZLH) 7?15(‘152“1)
270
271
272 !
273 where ¢, j=1,2,..., 2L+1, is the angle of collocation point
274 along the circular boundary. Although both the matrices in Egs. T () = f T(sg,x,)cos(nO)R,d 6,
275 (26) and (27) are not sparse, it is found that the higher order B,
276 harmonics, the lower influence coefficients in numerical experi-
277 ments. It is noted that the superscript “Os” in Egs. (26) and (27) n=0,1,2,....L, m=1,2,...,2L+1, (30)
278 disappears since sin #=0. The element of [U%] and [T%] are de-
279 fined, respectively, as .
peemey T h) = f T(s.x,)sin(n6)R,d6,
By
Ui () = f U(s;.x,)cos(n6)Rd6, n=0,1,2,...,L,
280 B, n=1,2,....L, m=12,...2L+1, (31)
281 (28)m=1,2,....2L+1, where k is no sum, S,=(Ry, 6;), and ¢, is the angle of collocation
point X,, along the boundary. The submatrix [ng] and [T;k] can
be written in a similar way. Equation (18) can be calculated by
Uil = | Ulspx,)sin(n0)Rd 6, employing the orthogonal property of trigonometric function in
282 By the real computation. Only the finite L terms are used in the sum-
mation of Egs. (16) and (17). The explicit forms of all the bound-
283 n=1,2,...,.L, m=1,2,...,2L+1, (29) ary integrals for U, T, L, and M kernels are listed in the Table 1.
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343
344

345

Fig. 3 (a) Sketch of the null-field integral equation for a null-
field point in conjunction with the adaptive observer system
(x¢ D,x— B,) and (b) sketch of the boundary integral equation
for a domain point in conjunction with the adaptive observer
system (xe D,x— B))

Finite values of singular and hypersingular integrals are well cap-
tured after introducing the degenerate kernel. Besides, the limiting
case across the boundary (R™— p—R") is also addressed. The
continuous and jump behavior across the boundary is well de-

%

LR, 0;p, ) = E(p_>cosm(0 P)cos({ - €) - E

R™

m=1

L()= .
LR, 6:p.) = E (

m=1
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scribed. Instead of boundary data in the BEM, the Fourier coeffi-
cients become the new unknown degrees of freedom in the for-
mulation. Two cases may be solved in a unified manner using the
null-field integral formulation:

(1) One bounded problem of the circular domain in Fig. 1(c)
becomes the interior problem for each inclusion.

(2) The other is unbounded, i.e., the outer boundary B in Fig.
3(a) is B.. It is the exterior problem for the matrix as
shown in Fig. 1(e).

The direction of contour integration should be taken care, i.e.,
counterclockwise and clockwise directions are for the interior and
exterior problems, respectively.

3.4 Match of Interface Conditions. According to the conti-
nuity of displacement and equilibrium of traction along the kth
interface, we have the two constraints

{wM={w"} on B, (32)
[polit"} == [t} on By, (33)
where [uy] and [y ] are defined as follows:
o 0 -+ 0 m 0 -+ 0
0 py == 0 we 0 0
[MO] =1 - [ B Ll = : o S E

0 0 Mo 0 0 M

(34)

where u, and w,; denote the shear modulus of the matrix and the

kth inclusion, respectively. By assembling the matrices in Eqgs.
(19), (20), (32), and (33), we have
™ -U" 0 0 wM a
0 o T -U |} 0
(= . (35)
I 0 -I 0 w 0
0 m 0 t/ 0

where {a} is the forcing term due to the remote shear stress and [I]
is the identity matrix. The calculation for the vector {a} is elabo-
rated on later in Appendix A. After obtaining the unknown Fourier
coefficients in Eq. (35), the origin of observer system is set to ¢
in the B, integration as shown in Fig. 3(b) to obtain the field
potential by employing Eq. (6). The differences between the
present formulation and the conventional BEM are listed in Table
2.

3.5 Vector Decomposition Technique for the Potential
Gradient in the Hypersingular Equation. In order to determine
the stress field, the tangential derivative should be calculated with
care. Also Eq. (7) shows the normal derivative of potential for
domain points. For the nonconcentric cases, special treatment for
the potential gradient should be considered as the source point and
field point locate on different circular boundaries. As shown in
Fig. 4, the normal direction on the boundary (1, 1') should be
superimposed by those of the radial derivative (3, 3') and angular
derivative (4, 4') through the vector decomposition technique.
According to the concept of vector decomposition technique, the

kernel functions of Egs. (14) and (15) can be modified to
m 1
( I )smm(0 ¢)cos< -{+ §) R>p
m=1
) (36)

m+l>cosm0 d)cos({ - &) - 2( m+1)smm(0 ¢cos< —§+§> p>R

m=1
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Table 1 Influence coefficients for the singularity distribution on the circular boundary
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347
348
349 !
350 where { and & are shown in Fig. 4. For the special case of confo- 3.6 Stresses Described in the Polar Coordinate. After ob- 353
351 cal, the potential gradient is derived free of special treatment since  taining all the unknown Fourier coefficients of w and ¢ for the 354
352 (=& matrix and inclusions, the stress described in the polar coordinate 355
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Table 1

(Continued.)

p<R

p>R

m—1

LR6;p,) == ’;

=1

Degenerate
kernel

Yeosm(8—¢), R>p

"

LE(R,G;p,qS)=l+2(p1,27+1)cosm(8~¢), p>R

m=]

o b g 2
7] 2n T
Q i - [L1]RdO =—,p> R
: fo [L1[1]RA6 =0, R> p fo ;
E' 2 i £ =1 2 " R nn1
5 fo [£]lcos nf]Rd6 = ~n(L)"'cosng, R > p fo [ ][cos nO]RAO = m(~) " cosnd, p > R
L(S) X) g’ . P 1 27 Il; 1
5 fo [Z')[sinn6]Rd6 = (Y "'sinng, R> p fo (L [sin 01RO = w(=)" sinng, p> R
(=} p
5 lim0 =0 linéz_ﬂz%’
g o o o —R p
£ 5 g . p -t Jump Rt
2 9z lim—n(=) cosng =—mcosng limz(=)""cos ng = 7 cos ng
o 8 5 p—R R . : SR
2 o 3 (R™ > R RY) ) o
28 ° lim— (2" sin ng = —wsin ng R n+1
~_§J =R R - 1imR m(—) sinng = wsinng
R
8}
§ 5 x mpm—l o mRm—l
14} i e
£ 5 M'(R8:p,6) =) _(Smcosm@—4), Rz p M*(R,6;p,¢) =) ( Sm)cosm@=9), p>R
§ m=] m=1
4] 2w
2
4 [ mRrao =0, R> p J, eiirag =0,p> R
8 2 11 2 R"
] j; [M'][cosnG]RdQ:nﬂfRTcosnd;, R>p j(; [M*][cos nb]RAE = nm p,,+f305"¢,;0> R
M(S’ X) gn o n-1 27 Rn
§ j{; [M][sinnflRdf = mr%rsin np, R>p f() [M*][sinnb|RdO = nwwsin ng, p>R
@]
5 lim0=10 lin20 =0
> o p—R p—
_(C“ 5 & n—1 1 . . 4 1
% @ § })Lnl‘gnﬂ' pRn coans:mricoans Cantinuous fgl}emr ancoanﬁ:mrEcoanﬁ
c 2 3 (R"—R—R")
5 g = P 1 . ;4 1
__gJ ‘I,iqnl'n(nw 7 sinng = nﬂEsin no Llir;nwwsinn¢ :mr-Esin ne

356 can be determined by

357 0,,=0,,C08 ¢+ 0,,sin ¢, (38)

358 Op=— 0, Sin ¢+ 0,,C08 ¢, (39)
359 where o, and o4 are the normal and tangential stresses, respec-
360 tively. The boundary integral equation for the domain point in-
361 cluding the boundary point instead of the null-field formulation is
362 employed to find the stress by employing the appropriate form of
363 degenerate kernels. The flowchart of the present method is shown

364 in Table 3.
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4 Numerical Results and Discussions 365

First, we derive an exact solution for a single inclusion using 366
the present formulation in Appendix B. Symbolic software of 367
MATHEMATICA is employed to solve a 2L+1 by 2L+1 sparse ma- 368
trix by using the induction concept. Then, seven problems solved 369
by previous scholars are revisited by using the present method to 370
show the generality and validity of our formulation. Besides, we 371
demonstrate the problem of interaction of two cavities in case 1 to 372
compare the present method with the conventional BEM. 373

4.1 Case 1: Two Equal-Sized Holes Lie on the x Axis (a 374

Limiting Case) [2,9]. Figure 5(a) shows the geometry of two 375
equal-sized holes in the infinite medium under the remote shear 376
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Table 2 Comparisons of the present method and conventional BEM

377
378
379
380
381
382
383
384
385
386
387
388
389
390
391
392
393
394

395
396
397
398
399
400
401
402
403
404
405

Boundary density

Boundary-layer

. o Auxiliary system Formulation Observer system Singularity Convergence
discretization effect
3 Fourier series
T
2 ) . Disappear after .
£ Null-field integral ~ Adaptive observer . Exponential
B Degenerate kernel . introducing the Free
S equation system convergence
@ degenerate kernel
&
©
5 . . Principal values . )
3S Fundamental Boundary integral Fixed observer Linear algebraic
s . . (C.PV., RPV. Appear
=0 solution equation system convergence
S and H.PV.)

where C.PV., RPV. and HPV. arethe Cauchy, Riemann and Hadamard principal values, respectively.

U?,:Tm. The stress concentration of the problem is illustrated in
Fig. 5(b). It indicates that the present result agrees well with the
analytical solution of Steif [2] and those obtained by Chao and
Young [9] even though the two holes approach each other. Figure
5(c) shows that only few terms of Fourier series can obtain good
results. However, more nodes are required by using the conven-
tional BEM to achieve convergence. Our formulation is free of
boundary-layer effect instead of appearance by using the conven-
tional BEM when the stress o4 near the boundary as shown in
Fig. 5(d). Stress concentration factors and errors for various dis-
tances between two inclusions by using the present method and
the conventional BEM are listed in Table 4. These results show
that the present method is more accurate and effective than those
of the conventional BEM. Under the same error tolerance, the
CPU time of the present method is fewer than that of the conven-
tional BEM. Besides, it is noted that more terms of Fourier series
are required to capture the singular behavior when the two inclu-
sions approach each other.

4.2 Case 2: Two Identical Inclusions Locating on the x
Axis [3]. We consider two identical elastic inclusions of radii r;
=r, and shear moduli w;=p, embedded in an infinite medium
subjected to the remote shear 0';=Tm at infinity as shown in Fig.
6(a). Figure 6(b) shows that stress concentrations diminish when
the inclusion spacing increases. We note that the mathematical
model of rigid-inclusion problem is equivalent to that of uniform
potential flow past two parallel cylinders with no circulation
around either cylinder. The remote shear o7, =7, is similar to the
velocity V., in the x direction at infinity and the velocity field is
similar to the stress field [22].

Fig. 4 Vector decomposition for the potential gradient in the
hypersingular equation
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4.3 Case 3: Two Circular Inclusions Locating on the x Axis
[6]. Two inclusions with radii of r; and r, under the remote shear
are considered as shown in Fig. 7(a). The stress distributions in
the matrix including the radial component o, and the tangential
component o4 around the circular boundary of radius r; are plot-
ted in Figs. 7(b) and 7(c) for various inclusion spacings when the
two inclusion radii are equal-sized (r;=r,). Two limiting cases are
considered for rigid inclusions (/o= o/ po=2) and for cavi-
ties (p1/ po= o/ po=0.0). It can be found that 0,4=0 or o,,=0
for rigid inclusions or cavities as predicted for the single inclusion
or cavity, respectively. Moreover, the nonzero stress components
for these two cases are identical when the stress components at
infinity are interchanged, i.e., the stresses around the circular
boundary o, in one case equals to o4 for the other case due to
the analogy of mathematical model. It can be seen from Figs. 7(b)
and 7(c) that unbounded stresses apparently occur at #=180 deg
under the condition of o7,=, for rigid inclusions or o7, =7, for
cavities when two inclusions approach closely or even touch each
other. In Figs. 7(d) and 7(e), the variation of stresses around the
circular boundary of radius r; is shown versus radius r, for a fixed
separation of d=0.1r;. More terms of Fourier series are required
to capture the singular behavior when the two inclusions approach
each other as well as the two radii of inclusions are quite different.
The present numerical results match very well with those by
Goree and Wilson [6].

4.4 Case 4: Two Circular Inclusions Locating on the y Axis
[1]. The infinite medium with two elastic inclusions is under the
uniform remote shear 0';,=Tw. The first inclusion centered at the
origin of radius r; with the shear modulus u;=2uy/3 and the
other inclusion of radius r,=2r; centered on y axis at r{+r,+d
(d=0.1r) with the shear modulus u,=13u,/7 are shown in Fig.
8(a). In order to be compared with the Honein et al.’s data ob-
tained by using the Mobius transformations [1], the stresses along
the boundary of radius r; is shown in Fig. 8(b). It satisfies the
equilibrium traction along the interface of circular boundary. The
stress concentration factor reaches maximum at #=0 deg in the
matrix. Figure 8(c) shows that only few terms of Fourier series
can yield acceptable results. Figures 8(d) and 8(e) indicates that
our formulation is free of boundary-layer effect since stresses o,
and o,y near the boundary can be smoothly predicted, respec-
tively. The key to eliminate the boundary-layer effect is that we
introduce the degenerate kernel to describe the jump function for
interior and exterior regions as shown in Table 1.

4.5 Case 5: Two Inclusions Located on the x Axis Under
the Two-Direction Shear [8]. In Fig. 9(a), the parameters used in
the calculation are taken as rj=ry, 0, =0,=T7., wy=0.185, and
1=, =4.344. Figure 9(b) shows stress distributions o, and o,
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Table 3 Flowchart of the present method

453
454
455
456
457
458
459
460
461
462
463
464
465
466
467
468
469
470

[ Laplace problem with circular boundaries ]
R [
1 . . .
Analytical [ Null-field integral eflquatlon in Eq. (18) ]
¥ Y

Fundamental solution
[Degenerate kernels are
listed in Table 1]

Boundary densities for
circular boundaries
[Fourier series in Egs. (16)
and (17)]

—

J

l

[ Adaptive observer system in the boundary integration ]

g U Vg

Collocating the null-field point to construct the compatible

relationship among boundary data in Egs. (19) and (20)

l

—

l

Assembling Eqs. (32) and (33) by using the continuity of
displacement and equilibrium of traction along the interface

[ Constructing influence coefficients in Table 1

~—

Numerical

Linear algebraic system in Eq. (35) ]

l

——

Obtain the unknown Fourier coefficients in Eq. (35) ]

Boundary integral equation for domain point in Eq. (6) ]

l

Vector decomposition technique ]

l

Potential gradient for the stress field ]

along the x axis when d=0.1. It can be seen that the stress com-
ponent o, is continuous across the interface between two differ-
ent materials and has a peak value between two inclusions. The
stress component o, is discontinuous across the interface of two
different materials. Figures 9(c) and 9(d) illustrate stress distribu-
tions of o, and o, along the x axis when d=0.4 and d=1.0,
respectively. Both figures indicate that stress components o, and
o, have similar changing curves to those of Fig. 9(b). However, it
should be noted that the maximum value of stress component o,
drops when the distance d between the two inclusions increases.
Figure 9(e) illustrates the normal stress o, distributions along the
contour (1.001,6) for various cases of d=0.1, 0.5, and 1.0. It
shows that the shear stress o, increases as the distance d between
the two inclusions decreases at the point where two inclusions
approach each other. However, the distance d has a slight effect on
o, when the angle is in the range of 90 deg < #<<320 deg. Figure
9(f) illustrates the tangential stress o distributions along the con-
tour (1.001,6) for various distances of d=0.1, 0.5, and 1.0. It

10 / Vol. 73, NOVEMBER 2006
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should be noted that the absolute value of tangential stress o, is
very small in comparison with that of o,. Figure 9(g) illustrates
the variation of stress components o, and o, in the matrix at the
point (1.001,0 deg) versus the distance d between the two inclu-
sions. From the figure, it can be seen that stress components o,
and o, have higher values when the two inclusions approach each
other. However, stress components o, and o, tend smoothly to
the constant when the two inclusions separate’ away. Figure 9(h)
shows stress distributions o, and o, along the x axis when the
two inclusions touch each other. It can be seen that the shear stress
o0, has a peak value at the touched point. For the increasing value
of x, o,, tends to match the remote shear 7... Besides, the stress
component o, is continuous at the tangent point (x/r;=1.0) and
has a discontinuous jump on the interface between the matrix and
inclusion (x/r;=3.0). The present results in Figs. 9(b)-9(h) agree
very well with the Wu’s data [8]. Only the stress component o, at
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Fig. 5 (a) Two equal-sized holes (r;=r,) with centers on the x axis, (b) stress concentration of the problem containing two
equal-sized holes, (c) convergence test of the problem containing two equal-sized holes (d=1.0), and (d) tangential stress in
the matrix near the boundary (d=1.0)

487 the touched point is lower than the Wu’s data as shown in Fig. (8=0 deg), the stress concentration factor, reaching maximum at 500
488 9(h), since separate Fourier expansions are described for the  §=90 deg along a circular hole, increases (or decreases) as the 501
489 touched inclusions in our formulation. neighboring hard (or soft) inclusions approach a circular hole as 502

X shown in Figs. 10(b) and 10(d). On the contrary, when a hole and 503
490 4.6 Case 6: One Hole Surrounded by Two Circular Inclu- 5 usions are perpendicular to the applied load (8=90 deg), 504
491 sions [9]. Figure 10(a) shows that a circular hole centered at the the stress concentration factor, reaching maximum at 6=90 deg, 505
492 origin of rad}us 118 syrrounded by two circular inclusions 4,00 (or increases) as the neighboring hard (or soft) inclu- 506
493 (d/r;=1.0) with equal radius r 220: 3=2ry and equal shear modulus ;.\ approach a circular hole as shown in Figs. 10(c) and 10(e). 507
494 > =p3 under the remote shear o7, =7... We solved the distribution  Qur numerical results match very well with the Chao and Young’s 508

495 of the tangential stress along the circular hole influenced by the  results [9].
496 surrounding inclusions when they are arrayed in parallel (8

497 =0 deg) or perpendicular (8=90 deg) to the direction of uniform 4.7 Case 7: Three Identical Inclusions Forming an Equi- 510
498 shear as shown in Figs. 10(b) and 10(c). It is found that, when a lateral Triangle [10]. Figure 11(a) shows that three identical in- 511

0

499 hole and two inclusions are arrayed parallel to the applied load clusions (r;=r,=r3) subjected to the uniform shear stress o':'y 512
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Table 4 Stress concentration factors and errors for various distances between two inclusions
using the present approach and BEM

dir, 0.01 0.2 04 0.6 0.8 1.0

5 Analytical solution [2] 142247 3.5349 2.7667 2.4758 23274 2.2400
2
& I—10 10.5096 3.5306 2.7664 2.4758 23274 2.2400
§  Present = (26.12%)  (0.12%)  (0.01%)  (0.00%)  (0.00%)  (0.00%)
£ method =% 13.3275 3.5349 2.7667 24758 23274 2.2400
5 = (631%)  (0.00%)  (0.00%)  (0.00%)  (0.00%)  (0.00%)
s odea] 12500 3.4532 2738 2.4639 23168 22366
2 BEM = (49.03%)  (231%)  (1.04%)  (0.48%)  (0.46%)  (0.15%)
& BEPOD . 102008 3.5188 2.7619 2.4747 23312 2.2398

= (28.29%)  (0.46%)  (0.17%)  (0.04%)  (0.16%)  (0.01%)

Data in parentheses denote error.

513 =1, at infinity. The three inclusions form an equilateral triangle only ten terms of Fourier series (L=10) can obtain the acceptable 530
514 and are placed at a distance d=4r; apart. We evaluate the hoop  and accurate results. More terms of Fourier series are required to 531
515 stress o4 in the matrix around the boundary of the inclusion lo- capture the singular behavior when the two inclusions approach 532
516 cated at the origin as shown in Fig. 11(b). Good agreement is  each other as well as the two radii of inclusions are quite different. 533
517 obtained between the Gong’s results [10] and ours. It is obvious  The singularity and hypersingularity were avoided after introduc- 534
518 that the limiting case of circular holes (u;/po=pa/ tto=p3/ o ing the concept of degenerate kernels for interior and exterior 535
519 =0.0) leads to the maximum stress concentration at 6=0 deg, regjons. Besides, the boundary-layer effect for the stress calcula- 536
520 which is larger than 2 of a single hole due to the interaction effect.  tjon is eliminated since the degenerate kernel can describe the 537
521 It is also interesting to note that the stress component o7,y vanishes  jump behavior for interior and exterior domains, respectively. The 538
522 in the case of rigid inclusions (u/ po= o/ po=p3/ po=>), which  exact solution for a single inclusion was also rederived by using 539

523

can be explained by a general analogy between solutions for

the present formulation. Several examples investigated by Steif 540

524 traction-free holes and those involving rigid inclusions [2]. [2], Budiansky and Carrier [3], Goree and Wilson [6], Honein et 541
. al. [1], Wu [8], Chao and Young [9], and Gong [10] were revis- 542
525 5 Conclusions ited, respectively. Good agreements were made after comparing 543
526 A semi-analytical formulation for multiple circular inclusions ~ Wwith the previous results. Regardless of the number, size, and the 544
527 with arbitrary radii, moduli, and locations using degenerate ker-  position of circular inclusions and cavities, the proposed method 545
528 nels and Fourier series in the adaptive observer system was devel-  can offer good results. Moreover, our method presented here can 546
529 oped to ensure the exponential convergence. Generally speaking, be applied to Laplace problems with circular boundaries, e.g., 547
® 'R ®
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Fig. 6 (a) Two identical inclusions with centers on the x axis and (b) average
shear stress of inclusion versus fiber spacing
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Stresses around inclusion of radius r,

(b) 1 —20

Fig. 7

Stresses around inclusion of radiusr,

()L =40

(a) Two circular inclusions with centers on the x axis, (b) effects of spacing on the stresses around

the boundary of radius r; for two equal-sized inclusions (L=20), (c) effects of spacing on the stresses
around the boundary of radius r, for two equal-sized inclusions (L=40), (d) effects of the size of neighbor-
ing inclusion on the stresses around the boundary of radius r; with d=0.1r; (L=80), and (e) effects of the
size of neighboring inclusion on the stresses around the boundary of radius r; with d=0.1r; (L=100)

electrostatic and magnetic problems. Besides, extensions to Helm-
holtz and biharmonic operators as well as 3D problems are
straightforward.

Acknowledgment

The second author (A.C.W.) would like to thank Wen-Cheng
Shen for valuable discussions and the student scholarship from the
China Engineering Consultants, Inc., Taiwan. The present work
was supported by the National Science Council of Taiwan,
through Grant No. NSC94-2211-E-019-009.

Appendix A: Calculation for the Forcing Term {a}

According to Egs. (2) and (3), the displacement and traction
fields in the infinite medium due to the remote shear o7, and o'?;, in
Fig. 1(d) are

(A1)
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(42) 562

where the unit outward normal vector on the boundary is n 563
=(ny,n,). By comparing Eq. (19) with the first low of Eq. (35), we 564
have 565

{a} =[T"}{w"} - [UMKt"}.

For the circular boundary which the original system is located, the 567

(A3) 566

boundary condition due to the remote shear as 568
. O o, .
wi === cos O + —=%r, sin 6y, (A4)
Mo Mo 569
o, o
tT:—(Jcos 0, + = sin 01>. (A5)
1o 1o 570

Considering the boundary condition, due to the remote shear, on 571
the kth circular boundary with respect to the observer system, we 572
have 573
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Fig. 7 (Continued).
o~ o~ and (20) and employing the continuity of displacement and equi- 591
£ X s . > 4 . . .
wp = —=(e,+r;cos O) + —=(e, + rysin 6), (A6)  Iibrium of traction along the interface in Egs. (32) and (33), the 592
Ho Ho unknown boundary data in Egs. (23) and (25) can be obtained 593
= o using the symbolic software MATHEMATICA as shown below 594
o0 O-ZX O-ZV H
f,=-— (— cos G, + — sin 0k>, (A7)
Mo Mo ( 0 ) ( 0 )
where e, and e,, respectively, denote the eccentric distance of kth 0 0
inclusion in the x and y direction. By comparing Eq. (A5) with
Eq. (A7), we find that /* can be described in any observer system 27, =27y
without any change, where 6, denotes the polar angle in the adap- {wM} = < Mo+ mp P s M =1 oo+ i) > ,
tive observer coordinate system. . :
Appendix B: Derivation of the Exact Solution for a 0 0
Single Inclusion L 0 Joewnx \ 0 ) erenxi
We derive the exact solution for antiplane problem with a single (B2) 595
inclusion under the remote shear using the present formulation.
The infinite medium under the shear stress a'Z:O and 0';,=Tm at r 0 3 ( 0 3
infinity is considered. The Fourier coefficients in Eq. (24) can be
written as 0 0
( 0 ) ( 0 ) 27,1 27,
0 0 (W= mo+m | o A= motm |
Tool| Toe : :
W= mo ¢ = me | . (B 0 0
: : \ 0 ) (L+1)x1 \ 0 J QL+1)X1
0 0 (B3) 596
L 0 ) ex \ O Jemnx

where r is the radius of the single inclusion. By substituting the
appropriate degenerate kernels in Egs. (12) and (13) into Egs. (19)
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After substituting Eqs. (B1) and (B2) into the boundary integral 597
equation for the domain point in Eq. (6), we obtain the total stress 598
fields in the matrix

599
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Fig. 8 (a) Two circular inclusions with centers on the y axis, (b) stresses around the circular boundary of
radius ry, (¢) convergence test of the two-inclusions problem, (d) radial stress in the matrix near the boundary,
and (e) tangential stress in the matrix near the boundary
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Fig. 9 (a) Two circular inclusions embedded in a matrix under the remote antiplane shear in two directions, (b)
stress distributions along the x axis when d=0.1, (¢) stress distributions along the x axis when d=0.4, (d)
stress distributions along the x axis when d=1.0, (e) normal stress distributions along the contour (1.001, 6), (f)
tangential stress distributions along the contour (1.001, 6), (g) variations of stresses at the point (1.001,0 deg),
and (h) stress distributions along the x axis when the two inclusions touch each other
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Fig. 10 (a) One hole surrounded by two circular inclusions, (b) tangential stress distribution along the hole
boundary with =0 deg, (c) tangential stress distribution along the hole boundary with =90 deg, (d) stress
concentration as a function of the spacing d/r, with =0 deg, and (e) stress concentration as a function of the
spacing d/r, with =90 deg
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Fig. 11 (a) Three identical inclusions forming an equilateral triangle, and (b)

tangential stress distribution around the inclusion located at the origin

M ”1 Mo — M1

M= py— + 0 =-27.— L sin ¢ cos
600 a=Ho ox =« p Mo+ My ¢ ¢,
601 rnspsow, 0<¢<2mw, (B4)

(?WM © %MO M 2 .2
M= g+ 0= Toe cos” ¢ —sin + T,

602 zy Mo &y zy p2 }L0+ ( d) 45)
603 rn<p<w, 0<d¢$<2m. (B5)

604 After substituting Eq. (B3) into the boundary integral equation for
605 the domain point in Eq. (6), we have the total stress fields in the
606 inclusion

!

o=p—=0, 0<p<r, 0<¢=<2m, B6

607 = M x p r ¢ ™ ( )
L R S 0<¢p=2
T M T T 4Te 5 =s=psr, = = 2TT.
? dy Mo+t

608 (B7)

609 Finally, the stress components o, and 0,4 in Egs. (38) and (39)
610 can be superimposed by using o, and o7, as shown below
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(B8) 611

(B9) 612

0‘5 =27, M

sing, 0=p=r,
Mo+ My

0<p=<2m,

(B10) 613

0lg=27

cosp, Ospsr, 0s¢=2m.
Mo+

(B11) 614

It is obvious to see that the maximum stress concentration occurs 615
at p=r; and ¢=0. It is noted that a'M coincides with o" as re- 616
quired by the traction equilibrium on the interface between the 617
matrix and inclusion. It is found that the stress concentration fac- 618
tor is reduced due to the inclusion in comparison with that of 619
cavity (u;=0) as shown in Eq. (B8). The exact solution for a 620
single inclusion using the present formulation matches well with 621
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624

625
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627
628
629
630
631
632
633
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640
641
642
643
644
645
646
647
648
649
650

the previous one obtained by employing the complex-variable for-
mulation [1].
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