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1. ùk

2çvHg)HbØ], 3buÄÑü

çv}b«�.D�	 ×ø^��}�˚Ø,

µuHbÞNíí]	�bçfÈ� ¥Ÿùæ

R�}j˙ (Partial Differential Equa-

tions, PDE), ¥u©/bçí�-, Ê�ç

,��˜í@à, °v6utwíøÆ˚Ø

íç�	 PDE Ø, uÄÑ��}ubç2|

ØíøÆ	 À‰b��}ÖÍ–ÄÊ©ıC

5‡, O…íA�ºuÊd‘+E5(,7Ö

‰b��}ºb�ƒ��0�n)-@G	

…díñíÊÅ3��}íø<!…–

1, Bb�âAÍÛïí·H, Vzp¥<–

1í<°	 ¥u¸��}£R�}j˙íê

#vÍó’¯, Ä¤¥³ízp¸øO`�

z.`ó°	

2. Continuum Mathematics

b·Hø_¾í‰“, BbªJ}Ñs

�8”: ©/ (Continuum) ¸×à (Dis-

cuete)	 BbÔ_ÞÓ,íWä: cq X(t)

u/�ÞÓÊvÈ t í,¾	 Discrete

Mathematics _àkÖb×�¦�é, à

˙, ï�	 ¥<-Ó©,��ìíÞß�",

bû˝Fbí,b X(t), J©,øŸ�ì�

"õbÑí, t = 1, 2, . . .	 ,bí‰“u

∆X(n) = X(n) − X(n − 1), 7Þz0

Ñ

C =
∆X(n)

X(n− 1)
.

¥u Discrete Mathematics	

Öb�üÞÓJ£Aé, ³��ìíÞ

ß�"	 Fbí,b X(t) ÓvÈ.ií‰

“, t ∈ Rõb,u Continuum Mathemat-

ics	 ¥vbn'‰“ÿbùª�}¥_–1:

X ′(t) =
dX(t)

dt
= lim

∆t→0

X(t+∆t)−X(t)

∆t

= lim
∆t→0

∆X(t)

∆t
.

¥u/ÞÓ,bí‰“0	 ¥_‰“0¦²

krÖíÄÖ, dÊë, −`��	 w2|;

…í5?u: ñ‡í,b X(t) �×, ?Þz

í_ñ6�Ö, µó…íÓÅ6�0:

C =
X ′(t)
X(t)

> 0.

¥_£b CÿuÞz0	z C¦Ñ6bZ)

ƒ|0ÀAÍí6�}j˙ (ordinary dif-

ferential equations, ODE):

X ′(t) = CX(t).

3
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6�}j˙ÿuÖ��}íj˙	

ÛÊBbVõR�}j˙	 Ên'/�

ÞÓ¾v, ÞÓÊ®_Ë–í}0AÍu½

bí	¥_}0ªJàò;V¾	 cq/�Þ

Óu}0Êù&˛È 	x = (x1, x2), …Êø

_P0 (x1, x2), vÈ t íò;u

u(x1, x2, t) = lim
|Ω|→0

X(Ω, t)

| Ω | ,
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Ω

(x1, x2)•

x1

x2

¥³ Ω u˛È³íø_ü–	, | Ω |
u…íÞ�, 7 X(Ω, t) H[ÞÓÊ Ω –

qí,¾	 ò; u(x1, x2, t) ÓvÈ t ¸Ë

õ (x1, x2) 7‰, Ä¤…í‰“ÿ.uÀø

�}ªJÜj7	 à‹Bb¦Êø_Ëõ,¥

v (x1, x2) �ì7, µóò;ÓvÈí‰“

u

ut(x1, x2, t) =
∂u(x1, x2, t)

∂t

= lim
∆t→0

u(x1, x2, t+∆t)− u(x1, x2, t)

∆t
,

¥u u(x1, x2, t) ú t íR�}	 wŸBb

Êø_v…
 x1 j²õ, 6ÿu t ¸ x2 �

ì, µóò;í‰“u

ux1(x1, x2, t)=
∂u(x1, x2, t)

∂x1

= lim
∆x1→0

u(x1+∆x1, x2, t)−u(x1, x2, t)

∆x1
,

u u ú x1 íR�}	 °Ü, Êø_�ìv

È, ò;Ê x2 j²í‰“u u ú x2 íR�

}

ux2(x1, x2, t)=
∂u(x1, x2, t)

∂x2

= lim
∆x2→0

u(x1, x2+∆x2, t)−u(x1, x2, t)

∆x2
.

¥<uø¼R�}	 BbªJøyí¦R�

}7)ƒò¼R�}	 Ê¥³b·<ƒø_

!…í9: R�}íŸåuªJ�ó>²í,

&à:

∂3u

∂x1∂x2∂t
=

∂3u

∂x1∂t∂x2

=
∂3u

∂t∂x1∂x2

= ux1x2t.

ÛÊBbªJì2R�}j˙ (PDE)

7, …ÿuÖ�R�}íj˙?	 -ÞB

bGÔ@_|!…í PDE, ¥³ u =

u(x1, x2, . . . , xn, t), 7Bbà7ø_¯U

∆u ≡ ux1x2 + ux2x2 + · · ·+ uxnxn

(Laplacian operator).

a1ux1 + a2ux2 + · · ·+ anuxn + a0ut = 0

(transport equation),

utt = C2∆u (wave equation),

ut = K∆u (heat equation),
√−1�ut=∆u (Schröding equation),

∆u = 0 (Laplace equation).

¥< PDE Bb}Ê-Þíı", âAÍÛ

ïRû|V, 6}ú…bdK¥í}&	

3. Directional Derivative
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à‡FH, ø_ƒb u(x1, x2) íR�

} ux1 u u Ê x1, 6ÿu (1,0) j²í‰

“; ux2 u u Ê (0,1) j²í‰“	 u ÊøO

j² 	a = (a1, a2) í‰“ÿÊ directional

derivative:

D�au(x1, x2)

= lim
h→0

u(x1+ha1, x2+ha2)−u(x1, x2)

h
.

BbªJz directional derivative „A%

(1,0)j²• ha1 ¥, y% (0,1)j²• ha2

¥:

D�au(x1, x2)

= lim
h→0

u(x1 + ha1, x2) − u(x1, x2)
h

+ lim
h→0

u(x1+ha1, x2+ha2)−u(x1+ha1, x2)
h

Ê>ø_”Ì³ x2 u�ìí, Bb¦

∆x1 = ha1 )

= lim
h→0

u(x1 + ha1, x2) − u(x1, x2)
h

= lim
∆x1→0

u(x1+∆x1, x2)−u(x1, x2)
∆x1

· a1

= ux1(x1, x2) · a1,
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(x1, x2)
(x1 + ha1, x2)

(x1 + ha1, x2 + ha2)

(a1, a2)

x1

x2

°ší, ¦ ∆x2 = ha2,

lim
h→0

u(x1+ha1, x2+ha2)−u(x1+ha1, x2)
h

= lim
∆x2→0

u(x1+ha1, x2+∆x2)−u(x1+ha1, x2)
∆x2

·a2

=[ lim
h→0

ux2(x1 + ha1, x2)] · a2

=ux2(x1, x2) · a2,

7 directional derivative AÑR�}í(

4 ¯:

D�au(x1, x2)

= a1ux1(x1, x2) + a2ux2(x1, x2).

à‹ø_ƒb�Ö_A‰¾ u = u(x1,

x2, . . . , xn) = u(	x), µó u Ê 	a =

(a1, a2, . . . , an) í directional derivative

u

D�au(	x)

= a1ux1(	x) + a2ux2(	x) + · · ·+ anuxn(	t)

à‹Bbùª gradient ¯U:

∇u(	x) ≡ (ux1(	x), ux2(	x), . . . , uxn(	x)),

yàq�¯U

	a ·	b = a1b1 + a2b2 + · · ·+ anbn,

µó directional derivative j˙ª0ŸA:

D�au(	x) = ∇u(	x) · 	a.

Directional derivative uø_AÍ

�àí–1, BbÔ_ÔªÓ”, à‹2“

”, ÓO®¼Ô-íWä: cì®í¼§u

	v = (v1, v2), ÔªÓ”íò;Ñ u(	x, t) =
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u(x1, x2, t)	 à‹ÔªÓ”.Øà, ÉÓO®

¼ÔE, ²Æuz, ÓO®¼, ÔªÓíò;

u.‰í:

d

dt
u(x1 + v1t, x2 + v2t, t) = 0.

¥³®í¼§ (v1, v2) cìÑ6²¾

(a1, a2), FJÛÊ t = 0 íP0u

(x1, x2), µóÓO¼®, J(íP0Zu

(x1 + v1t, x2 + v2t)	 ,?u directional

derivative, â‡?)

a1ux1 + a2ux2 + ut = 0.

¥éj˙Ê transport equation	 …íj¶

'òQ: à‹ÛÊ t = 0 víò;u

u(x1, x2, 0) = f(x1, x2),

¥³ f(x1, x2) u˛øíƒb, ÊáM (ini-

tial value) 	 â,Þú?)

u(x1 + v1t, x2 + v2t, t)

= u(x1 + v1 · 0, x2 + v2 · 0, 0)
= f(x1, x2).

²_A‰b x1 + v1t → x1, x2 + v2t → x2

Z)ƒj:

u(x1, x2, t) = f(x1 − v1t, x2 − v2t).

*¥_jj˙í¬˙2, Bb)ƒs_½b

íh1: >ø_uú transport equation

Vz, ¥<( {(x1 + v1t, x2 + v2t, t)} �
Ôyí<2, m7uÓO…bf], ¥<(Ä

7˚d characteristic curves	 ¥uø×é

PDE, Ê hyperbolic PDE F�íu¦Ô

4	 Çø_h1ubjø_ PDE, ¦6b#

wFË‹‘K, Ê¥³u#ì initial value

f(x1, x2)	 u¸ ODE óN, É.¬ ODE

íáMu_bC²¾; 7 PDE íáMuƒ

b	 Ä¤ PDE bª ODE V)îó	

4. Integration

PDE Ö��}, 7��}!…ìÜ

(fundanental theorem), µsBb: ø_ƒ

b�}í�}ÿuƒb…™:
∫ x

a
f ′(y)dy = f(y)

∣∣∣y=x

y=a
= f(x)− f(a).

Ä¤�}Ü'úû˝ PDE u.bí, �É

�}¸�}íÉ[?uj PDE |;…íX

x	 À&��}Î!…ìÜ,´�¶}�}ì

Ü (integration by parts):
∫ x

a
f ′(y)g(y)dy

= f(y)g(y)
∣∣∣x
y=a

−
∫ x

a
f(y)g′(y)dy,

Bbø−¥uâ!…ìÜ¸ product rule7

Ví:

f ′g = (fg)′ − fg′.

¥s_ìÜÊÖ&˛ÈíR�, u��}Í

,í×9, BbÊ¥³0Àzpø-: lõ

ù&˛È u(x1, x2) R�} ux1(x1, x2) Ê

ø_–	 Ω í�}:
∫ ∫

Ω

ux1(x1, x2)dx1dx2,

â fundamental theorem )ƒ
∫ B(x2)

A(x2)
ux1(x1, x2)dx1

=u(B(x2), x2)−u(A(x2), x2),
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x1

x2

x2 = C

A(x2) B(x2)

x2 = D

Ω

uJ,ÞíÂ½�}AÑÀ�}∫ ∫

Ω

ux1(x1, x2)dx1dx2

=
∫ D

C
(u(B(x2), x2)−u(A(x2), x2))dx2,

w2 (A(x2), x2) ¸ (B(x2), x2) u Ω íi

ä ∂Ω ,íõ	iä ∂Ω u_�(, �(,�

s_AÍí@S¾, outer normal 	n(	x) ¸

Å; dS(	x),

dx1

dx2

ds
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n1(�x)

1
�n(�x)

n2(�x)

n(�x)

�x ds(�x)

Ω

	n = 	n(	x) = (n1, n2)(	x) uÀP²¾,

Å;Ñø, '0ÀíªJõ|Z-íÉ[?:

dx2

dS(	x)
=

n1(	x)

1
;

dx2 = n1(	x)dS(	x),

7â‡?)ƒø_0Ýí?ä:

∫ ∫
Ω
ux1(x1, x2)dx1dx2

=
∫

∂Ω
u(x1, x2)n1(	x)dS(	x).

¥³Bb·<ƒÊ 	x = (A(x2), x2) v,

n1(	x) < 0 7Ê 	x = (B(x2), x2) v,

n1(	x) > 0, FJ
∫ D
C ªJ¯A

∫
∂Ω, ¥6

zp7ùªAÍí@S¾ 	n(	x) ¸ dS(	x) u

'�àí	 ó°í¥�ªJ@àƒÖ&˛È

u = u(	x) = u(x1, x2, . . . , xn), 	n(	x) =

(n1(	x), n2(	x), . . . , nm(	x)), 7 dS(	x) ui

ä ∂Ω í�ü¾;, ç 	x = (x1, x2) v,

dS(	x) u�(�üÅ;, ç	x = (x1, x2, x2)

v, ∂Ω u�Þ, 7dS(	x) u ∂Ω í�üÞ

�	
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.

x1

x2

x3

Ω

∂Ω

ds(	x)

Bb�

∫ ∫
· · ·

∫
Ω
uxi

(x)dx1 · · · dxm

=
∫

· · ·
∫

∂Ω
u(	x)ni(	x)dS(	x),

i = 1, 2, . . . , m.
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Bb6ªJ5?øˇƒb

	u(	x) = (u1(	x), u2(	x), . . . , um(	x)),

1ùª divergence ¥_¯U:

div 	u(	x) =
∂u1

∂x1
(	x) +

∂u2

∂x2
(	x) + · · ·

+
∂um

∂xm
(	x),

µóâ‡?)ƒ½bí divergence theo-

rem
∫ ∫

· · ·
∫
Ω
div 	u(	x)dx1dx2 · · ·dxm

=
∫
· · ·

∫
∂Ω

	u(	x) · 	n(	x)dS(	x).

…u fundamental theorem ÊÖ&íR�	

wŸBbyVõ integration by parts

íR�: ¦s_ƒb v(	x), w(	x) yõ:

	u(	x)=v(	x)∇w(	x)

=(v(	x)wx1(	x), v(	x)wx2(	x), . . . ,

v(	x)wxm(	x)).

òQíl�ªJ)ƒ

div 	u(	x)=∇v(	x)·∇w(	x) + v(	x)∆w(	x)

¥uÖ&í product rule	 â¥_?ä, y

z divergence theorem àÊ 	u(	x) Z)ƒ
∫ ∫

· · ·
∫
Ω
∇v(	x) · ∇w(	x)dx1dx2 · · · dxm

=
∫
· · ·

∫
∂Ω

v(	x)
∂w

∂n
(	x)dS(	x)

−
∫ ∫

· · ·
∫
Ω
v(	x)∆w(	x)dx1dx2 · · ·dxm,

¥³Bbà7ø_hí¯U

∂w

∂n
(	x) = ∇w(	x) · 	n(	x)

uƒb w(	x) Ê outer normal 	n(	x) í di-

rectional derivative	 ‡?u integration

by parts ÊÖ&íR�, ¢Ê Green iden-

tity	

BbÔ_Wä, ‚à divergence the-

orem Vû|¼ñ.ª9ò4í PDE. c

ì 	u(	x) = (u1(	x), u2(	x), u3(	x)) u¼ñ

Ê 	x = (x1, x2, x3) í¼§, â divergence

theorem

∫ ∫ ∫

Ω

div 	u(	x)dx1dx2dx3

=
∫ ∫

∂Ω

	u(	x) · 	n(	x)dS(	x),

	u(	x) · 	n(	x) u¼§ u(	x) Ê outer normal

	n(	x) í}¾, u¼ñ¼|iä ∂Ω í§0	

¼ñmu.ª9ò, µó¼ª¼|ø_¥£

�Þ ∂Ω í,¾ÑÉ:

∫ ∫

∂Ω

	u(	x) · 	n(	x)dS(	x) = 0.

¥úLSø_–	 Ω ·AX, â¤Bb)ƒ

.ª9ò4í PDE

div 	u(	x) = 0

¥u divergence –1íq°|xñí[Û	

-s"Bbû|Ê>ø"Tƒí!… PDE	

5. Wave Equation

Bb˛%õƒø<âAÍÛïû|í

PDE, ¥ø"b«nš-íÛï, |6>g

ƒíš-Ûïÿu;ß	 ;ßuàSf]í?
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…uâkÓ”í9ò7ù–í	 BbVõª

9ò−ñí PDE, íŸâ Euler û|	 Eu-

ler j˙u|0Àí−ñ PDE, …u_j˙

 , É©O−ñò; ρ(	x, t), §; 	u(	x, t) ¸

9‰ P 	 9‰uÓò;7‰

p = p(ρ).

&à� p(ρ) = ρ
5
3 , � p(ρ) = ρ

7
5 �	 û

| PDE í!…Ÿ†u”¾è0 (Conser-

vation of mass) £-¾è0 (Conserva-

tion of momentum)	 lõ Conservation

of mass: …uzø_–	 Ω q”¾
∫ ∫ ∫

Ω

ρ(	x, t)dx1dx2dx3

ÓvÈí‰“, �kâiä ∂Ω ÊÀPvÈ

q¼ªí”¾ flux:

d

dt

∫ ∫ ∫

Ω

ρ(	x, t)dx1dx2dx3

=
∫ ∫

∂Ω

flux dS(	x).

¼¾ flux uò; ρ ¸§; 	u Ê inner nor-

mal −	n í}¾−	u · 	n í��:

flux = (ρ	u)(	x, t) · (−	n(	x)),

BbÄ¤)ƒ

d

dt

∫ ∫ ∫

Ω

ρ(	x, t)dx1dx2dx3

+
∫ ∫

∂Ω

(ρ	u)(	x, t) · 	n(	x)dS(	x) = 0,

(Conservation of Mass).

Ék momentum ρui, Î7à°,Hí

flux = −ρui · (	u · 	n) Õ, ´�àò4wFí

Tà, Euler j˙É5?â9‰ p(ρ) Ê xi

í}¾ p(ρ)ni Fù–í‰“:

d

dt

∫ ∫ ∫

Ω

ρui(	x, t)dx1dx2dx3

+
∫ ∫

∂Ω

[(ρui	u)(	x, t) · 	n(	x)

+p(ρ(	x, t))ni(	x)]dS(	x) = 0,

i = 1, 2, 3,

(Conservation of momentum).

,Þiä ∂Ω �}ªâ divergence theo-

rem ZÑ Ω qí�}, à:

∫ ∫

∂Ω

(ρ	u)(	x, t) · 	n(	x)dS(	x)

=
∫ ∫ ∫

Ω

div ρ	u(	x, t)dx1dx2dx3.

¢âk Ω ªJuLø–	,7)ƒ Euler j

˙:

ρt + div (ρ	u) = 0

(Conservation of Mass),

(ρui)t + div (ρui · 	u) + (p(ρ))xi
=0,

i = 1, 2, 3

(Conservation of Momentum).

Bb)ƒs í Euler j˙, ø u�}j

˙, âk.©/íj˙6ªJ�},�}j˙

ªJàVû˝ shock waves, çBb}ƒÇ

ø PDE íÿj weak solution v, Ní

ÿu�}j˙	

Euler í PDE uÝ(4í, ÖÍ%¬

øìÖ,, rÖl	íû˝, BDEutwí
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TØ PDE	 à‹Ébû˝;ßfÈ, µóÄ

Ñ;ßu�ÿí9òFßÞí, BbªJz

Euler j˙(4“ (linearization)	 cìB

buõÊcÓÌê, 6ò;í8”-, 	u ∼= 	0,

ρ ∼= ρ0, µóú 	0, ρ0 í linearization uú

	u ¸ ρ − ρ0 d Taylor expansion, 7zc

j£òŸá.l,à Conservation of Mass

AÑ:

0 = ρt + ρu1x1 + ρu2x2

+ρu3x3 + u1ρx1 + u2ρx2 + u3ρx3

∼= ρt + ρ0u1x1 + ρ0u2x2 + ρ0u3x3,

Ê Conservation of momentum q

p(ρ)xi
∼= p′(ρ0)ρxi

,

Ä¤ Euler j˙í linearization u

ρt + ρ0u1x1 + ρ0u2x2 + ρ0u3x3 = 0

ρ0uit + C2ρxi
= 0, i = 1, 2, 3.

,?Bbùª7ø_½bí¾: ;§ C:

C2 = p′(ρ0),

,Þí linearized PDE ªJ¯9Ñ

ρtt = C2[ρx1x1 + ρx2x2 + ρx3x3 ],

¥ÿu Wave equation, øO$?Ñ

utt = C2
n∑

i=1

uxixi
= C2∆u,

u = u(x1, x2, . . . , xn, t).

¥_ PDE Ê Wave equation, …ÊL

Sj² 	ξ, | 	ξ |2= ∑n
i=1 (ξi)

2 = 1, ·�Wš

j traveling wave, 7§;Ñ C:

u(	x, t) = ϕ(	x · 	ξ − Ct).

¥ªJòQHp PDE ÿø−7:

................................................................................................................................

................................................................................................................................

.............................................................

........................
........................... ...............

........................
........................... ...............

.....................
......................... ...............

t t+ 1

C 	ξ

utt = C2ϕ′′

∆u =
n∑

i=1

(ξi)
2ϕ′′,

]utt = C2∆u.

²Æuz, .cší$Õ ϕ ¸šíj² 	ξ Ñ

àS, Wave equationÿuz…Y§; C²

‡R-	

�ø×é PDE, ÊÂ�� PDE (hy-

perbolic PDE), ?D&MéN‡Híš4

M, Wave equationu hyperbolic PDE |

½bí¸W	

6. Heat Equation

,"BbRû Euler j˙v, à‹µ

v5?ª ò4 viscous íTà, µó Eu-

ler j˙ÿ‰Ñ Navier-Stokes j˙	 AÍ

ärÖÛï, àò4, Ïf�, ·˘Øà4

í	¥ø"BbRû|0ÀíØàj˙, heat

equation	

zÓñíÅ;˚d u(	x, t), 	x =

(x1, x2, x3), cìò; ρ ¸ªÏ a Ñ6
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b, heat equation í;…cìu Fourier-

Newton Law, …uzÏ¾ ρuífûu¸Å

Ï ∇u = (ux1, ux2, ux3) A£ª, ¥_ Law

íxñ[Ûu¥ší: ¦�ì–	 Ω, –q

,Ï¾ívÈ‰“0

d

dt

∫ ∫ ∫

Ω

ρu(	x, t)dx1dx2dx3

�kâiä ∂Ω ªpíÏ flux:
∫ ∫

∂Ω

fluxdS(	x).

Fourier-Newton Law uzÏ¾í¼²u

∇u = (ux1, ux2, ux3) y�_Ïfû[b k,

âkÏ¾@âÅòTf²ÅQT, Ä¤ k >

0, flux uNÏfp ∂Ω í¾, u k∇u Ê

outer normal 	n í}¾ k∇u · 	n, FJBb
)ƒ

d

dt

∫ ∫ ∫

Ω

ρu(	x, t)dx1dx2dx3

=
∫ ∫

∂Ω

∇u(	x, t) · 	n(	x)dS(	x),

â divergence theorem )
∫ ∫ ∫

Ω

ρut(	x, t)dx1dx2dx3

=
∫ ∫ ∫

Ω

k div (∇u(	x, t)dx1dx2dx3.

òQíl�)ƒ

div (∇u) = div (ux1, ux2, ux3)

=
n∑

i=1

(uxi
)xi

= ∆u,

â¤û| heat equation

ut = K∆u,

K = k
(ρa)
u_£6b	

Heat equation uøé PDE, �Ó� PDE

(parabolic PDE), í¸W, …¸ hyper-

bolic �í wave equation �Ö�;…4í

Ïæ, Bbà dimension analysis VT|ø

_½bíÏæ	 dimension analysis uz˛

È¸vÈ;¾Z‰, àtkZÑ�e, }ZÑ

”:

v(	x, t) = u(α	x, βt)

α, β Ñ£6b	 òQl�)

vt = βut,

vxi
= αuxi

,

∆v = α2∆u

Bbb½íu: à‹ u(	x, t)uø_ PDE í

j, µó6b α, β .â�BóÉ[, n?U

v(	x, t) 6uj? â,?ø−:

α = β, wave equation;

α2 = β, heat equation.

Ä¤ú wave equation Vz, ˛È 	x ¸v

È t J°øk;ôØ, Eª)ƒj, ªJz

juÓò( �x
t
= constant fÈí, ¥¸,

"n' traveling wave v, )ƒí!'uó

ñí	 ú heat equation Vz, †u�Ó(

�x√
t
= constant 7	 çÍ

.......................................................................................................................................................................................................................................................................................................................................................................................................................................................... .......................
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
..................
...............

x

t
.....................................................................................................................................................................................................................................................................

....................
...............

..............
.............
.............
...........
............
...........
..........
...........
...........
..........
...........
.........
........

......................................................................................................................................................................................................................................................................
...................

...............
..............
.............
............
...........
............
...........
..........
...........
..........
..........
...........
.........
.........
.

.....................................................................................................................................................................................................................................................................
....................

...............
..............
.............
.............
...........
............
...........
..........
...........
...........
..........
...........
.........
........
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(�x− �x0)√
t−t0

6ªJ	 Bbâ¤ªJø−jfÈí

§;ªJL<×	

.......................................................................................................................................................................................................................................................................................................................................................................................................................................................... .......................
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
..................
...............

x

t

....................................................................................................................................................................................................................................................................................................................
.................

.............
............
...........
...........
..........
...........
..........
..........
.........
..........
.........
..........
.........
.........
..........
.........
..........
.........
.........
..........
.........
.........
......

....................................................................................................................................................................................................................................................................................................................
.................

..............
...........
...........
............
..........
...........
...........
.........
.........
..........
.........
..........
.........
..........
.........
.........
..........
.........
.........
..........
........
.........
......

....................................................................................................................................................................................................................................................................................................................
.................

..............
...........
............
...........
..........
...........
...........
.........
.........
..........
.........
..........
.........
..........
.........
.........
..........
.........
.........
..........
.........
........
..........................................................................................................................................................................................................................................................................................................................

.................
..............
...........
............
...........
..........
...........
...........
.........
.........
..........
.........
..........
.........
..........
.........
.........
..........
.........
.........
..........
.........
........
......

....................................................................................................................................................................................................................................................................................................................
.................

..............
.............
...........
...........
..........
...........
...........
.........
..........
.........
.........
..........
.........
..........
.........
.........
..........
.........
.........
..........
.........
........
.....

â¤ªJR| heat equation jímË4¸

.ªL4��, wave equation ³�í4”

V	 ¥³.h‹n'	

7. Laplace Equation

Wave equation ¸ heat equation �

×íÏl, O…bíì6j, ÿu.ÓvÈZ

‰íj, u(	x, t) = u(	x), ·Å— Laplace

equation

∆u = 0,
n∑

i=1

uxixi
(	x) = 0.

âk¥_í], ´�wFú˚4”, Laplace

equation ªJzu|½bí PDE	

Laplace equation �rÖú˚4”, à‹

u(	x) u_j, µó u(	x + 	x0), u(α	x),

u(A	x), A: orthogonal matrix, 6·u

j	 ÿdø_Æ7, jVj , Ù×òü, E

u_7	

Laplace equation u�Æj˙ (ellip-

tic PDE) í¸W	 …¸ wave equation £

heat equation4””.°,OøO PDE·

�ø_u¦í9, ÿu·ÛbË‹‘K, Bb

ÿ¥õš�C'ø-	 Bbø−bjÖá?,

à ax2 + bx+ c = 0, u..Ë‹‘Kí,j

ÿu

x =
−b±√

b2 − 4ac

2a
,

ÿ¥s_	 à‹bjø_ ODE, à

y′′ + y = 0,

µó.â#s_Ë‹‘K, &àáM initial

value, y(0) = 3, y′(0) = 7 n?)ƒü

~íj y(t) = 3 cos t + 7 sin t	 bu.#

¥s_ initial value, µóÿ�Ì¤Öíj

y(t) = a cos t + b sin t, a ¸ b ªJuLS

6b	

ÛÊVõ PDE, lõ heat equation,

Êø_–	 Ω:

ut = K∆u, (PDE)

xεΩ, t > 0.

j heat equationÿubø−Ê Ω, xεΩ, ø

V, t > 0, Å; u(	x, t) uBó	 *òhí5

?, BbÛbø−: ÛÊíÅ; u(x, 0), J

£Êiä ∂Ω í8”¢uàS	 ÛÊíÅ;

¸ ODE óN

u(x, 0) = u0(x) (initial value)

É.¬Ê ODE v initial value u6b, Ê

PDE v initial value u0(x) u#ìíƒ
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b	iäí8”ÿµÆ7,øO�s_0Àí

‘K, ø_uÊiä#ìÅ;:

u(	x, t) = u1(	x, t), 	xε∂Ω,

t>0, (Dirichlet boundary condition),

Çø_ucìiäíÏ¼¾u#ìí:

∇u(	x, t) · 	n(	x) = u2(	x, t),

	xε∂Ω, t > 0,

(Neumann boundary condition).

¥s_ boundary condition, É?¦ø_	

µóBbí5?u.uUr? ²Æuz, ¥

<Ë‹‘K initial value¸ boundary con-

dition u.u}#)ØÖJ_k³�j? C

uØý77�'Öj? Hadamard �ú_

well-posed ‘K: �j, existence, ÝÖø

_j, uniqueness, Ë‹‘Kš‹‰-j6

Éš�‰-, stability	 Heat equation ‹

,J,íË‹‘Ku well-posed í	BbÛ

ÊÉõ uniqueness ø9, ßZ�Ü?¾j

¶, energy method	 Uniqueness ub„p

à‹ u1 ¸ u2 uj, µó u ≡ u1 − u2 0

ÑÉ, Bbÿõ Dirichlet boundary con-

dition, ÄÑ u1 ¸ u2 ®�ó°í initial

value¸ boundary condition, u ≡ u1−u2

Å—

ut = K∆u, 	xεΩ, t > 0(PDE)

u(	x, 0) = 0, 	xεΩ (initial value)

u(	x, t) = 0, 	xε∂Ω, t > 0,

(Dirichlet boundary condition).

Energy method uz PDE �J u y�}:

d

dt

∫ ∫ ∫

Ω

(
u2

2
)(	x, t)dx1dx2dx3

=
∫ ∫ ∫

Ω

K(u∆u)(	x, t)dx1dx2dx3.

¬«à Green identity )

d

dt

∫ ∫ ∫

Ω

(
u2

2
)(	x, t)dx1dx2dx3

= −
∫ ∫ ∫

Ω

K(∇u · ∇u)(	x, t)dx1dx2dx3

+
∫ ∫

∂Ω

K(u∇u)(	x, t) · n(	x)dS(	x)

≤
∫ ∫

∂Ω
K(u∇u)(	x, t) · 	n(x)dS(	x)

â Direchlet boundary condition, ,?¬

«ÑÉ7)ƒ energy inequality

d

dt

∫ ∫ ∫

Ω

(
u2

2
)(	x, t)dx1dx2dx3 ≤ 0.

yúvÈ�})

∫ ∫ ∫

Ω

(
u2

2
)(	x, t)dx1dx2dx3

≤
∫ ∫ ∫

Ω

(
u2

2
)(	x, 0)dx1dx2dx3,

t � 0,

â initial value u(	x, 0) = 0, )¬«ÑÉ	

˝«éÍuÝŠí, Ä5

∫ ∫ ∫

Ω

(
u2

2
)(	x, t)dx1dx2dx3 = 0, t � 0.

â¤„| uniqueness u(	x, t) = 0	

J, heat equation ‹, initial

value £ boundary condition ÿZA heat
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equation íKiM½æ (initial-boundary

value problem)	 Bb�„p7¥_½æ

well-posed 2í uniqueness	 J-BbV

õ wave equation:

utt = C2∆u, 	xεΩ, t > 0(PDE).

âkúvÈ�sŸR�} utt, initial value

Ûb�s_:

u(	x, 0) = f(	x),

ut(	x, 0) = g(	x),

	xεΩ, (initial value),

Boundary condition 6ªJu Dirich-

let C Neumann (CwFyøOí)	 ¥š

í initial-boundary value problem 6u

well-posed	 &à uniqueness °šªJà

energy methodV„p, .¬¸ heat equa-

tion 8”�<.°, ¥³uz PDE �, ut

(Ý u) y�}í, 7)ƒ energy identity

∫ ∫ ∫

Ω

(
u2

t

2
+
C2 | ∇u |2

2
)(	x, t)dx1dx2dx3

=
∫ ∫ ∫

Ω

(
u2

t

2
+
C2|∇u|2

2
)(	x, 0)dx1dx2dx3,

è6ªJAÐøt	Bk Laplace equation,

∆u = 0, xεΩ, (PDE),

ÄÑ¥_ PDE .ÖvÈ‰¾ t, Ä¤ÌF‚

initial value, É� boundary condition,

7ZA boundary value problem	 øK�

�í9u: Dirichlet boundary condition

¸ Neumann boundary condition �½b

íÏæ	 Dirichlet boundary condition #

ñøíj, 7 Neumann boundary condi-

tion b.u#Ì¤Ö_j, ÿuÌj	 Bb

lõ½æíÓÜ<2, à‹ u(	x, t) uÅ;,

µó

(∇u · 	n)(	x) = f(	x),

	x ∈ ∂Ω

(Neumann boundary condition),

u#ìiä ∂Ω Ïí¼¾Ñ f(	x)	 âk

Laplace equation u·Hì6, .ÓvÈ7

‰íÅ;}0, Ä¤iä ∂Ω í ,Ï¼¾@

ÑÉ: ∫ ∫

∂Ω

f(	x)dS(	x) = 0.

²Æuz,,?í Compatibility condition

J.AX, ¥_ boundary value problem

ZÌj	 ,Þí compatibility condition

6ªJà divergence theorem V„p:

0 =
∫ ∫ ∫

Ω

∆udx1dx2dx3

=
∫ ∫ ∫

Ω

div (∇u)dx1dx2dx3

=
∫ ∫

∂Ω

∇u · 	ndS(	x)

=
∫ ∫

∂Ω

f(	x)dS(	x).

�7 compatiblity condition, Laplace

equation í boundary value problem Ã

qVzE.u well-posed í, Bb·<ƒ

à‹ u u_j, u + constant 6°šÅ—

PDE ¸ Neumann boundary condition,

Ä¤ u + constant 6uj	 z PDE �J
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u y�}, ÿu energy method, …ªJ

àV„ps_jíÏu_6b	 è6ªJø

t,6ªJà energy method„p Laplace

equation,‹,Dirichlet boundary condi-

tion jí uniqueness	

J,Én' uniqueness, jí exis-

tence 6u”��í9, ÇÕ´�wFà: j

í ì4, šíf], iäµ, ��í½æ	

8. Schrödinger Equation

Bbn'¬í PDE, ªJzul¿-

ø<AÍÛïí!…ì�, yâbçxk, à

��}ìÜRû|Ví	Í7, 1.uF�½

bí PDE ·uà¤�åRû|Ví	 rÖ

v`uÊú/<AÍÛï�7!…í7j5

(, Í(v|w2;…í4”, àú˚, @ä

Ûï, š-4”�, yŸ-ø_?N¯¥4”

í PDE	 rÖÞÓ,í PDE u¥šVí	

¾ä‰ç³í Schrödinger equation uâ

×àÉ[ (dispersion relation), í5?7

T|Ví	 Bbõø_Ë-š

u(x, t) = e
√−1(wt+kx)

à‹ u(x, t) u wave equation utt =

C2uxx íj, µóä0¸šÅ�-ÞíÉ[:

w = ±Ck,

šíWª§;u6b w
k

= ±C, ¥uBb

Ên' wave equation vÿø−í, ¥6

uÂ�š (hyperbolic wave) íÔ4	 bu

u(x, t) u heat equtation ut = kuxx íj,

µó

w = Fk2,

u(x, t) = e−k2t+
√−1kx,

¥WªšÓvÈJ e−k2t «Á, ¥uâkØ

à dissipation Ûï, U)šó�J¾íí

]	 Î7J,ùé, Ç�ø�Ê×àš (dis-

persive wave) í, ¥éšm.«Á6.Jø

ìí§;‡ª	 ¥éšªJàä0¸šÅí

É[, ×àÉ[ (dispersion relation), V

äì:

w = W (k).

Schrödinger equation ÿuâ dispersion

relation:

w = k2

7Ví	 *¥_É[ªJŸ- PDE:

√−1ut = uxx(Schrödinger equation)

CøO$?

√−1 � ut = ∆u.

Schrödinger equation u¾ä‰ç (quan-

tum mechanics) í;…j˙	 …íÓÜ<

2uÊj˙T|5(íø¨vÈ, n)ƒÅ

<íj„	

9. !x

âJ,Ä»í�Ü, BbªJuIñ}

ƒ PDE íîó¸��	 A�ÿ0�JV,

rÖQ×íbçð, I7'×í-ÿû˝

PDE, ¥<û˝ùê|¿Sí}&, à, real
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analysis, harmonic analysis, functional

analysis, 7“¨|rÖ1\í PDE Ü'	

¥<Ü'úbçíwF�ñàb',@S, J

£ÓÜ, X˙, ÞÓ�AÍ�ç, �Éœ4,

.ªCÿíTà	 Í7, PDE ¥ø_”�ð

íä	q, �rÖ;…, ñqpÆíû˝æñ

Ê�OBb	è6ªJÊ…ùæqõƒ PDE

ø<½bj²í�Ü	

—…dT6Ñ2Ûû˝ÍÍ=� 2Ûû˝Í

bçFÔ�û˝º—


