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STRAIN ENERGY DENSITY – A MOLECULAR APPRAISAL
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ABSTRACT

The interaction potential between two clusters simulating the crack tip on the
lattice level is derived in this work.  Employing molecules as the building blocks and
the Lennard-Jones potential as the Green’s function, the close-form solution shows
that the 1/r-type of singularity is an intrinsic behavior of the energy field when mu-
tual attraction dominates the lattice interactions.  This behavior is now proven,
explicitly, to be independent of the constitutive equation of the material.
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I. INTRODUCTION

Fracture toughness is a material property that
measures the resistance to crack extension in a solid
under excessive loading.  It results from the abrupt
change of the geometrical curvature at the crack tip,
giving rise to a singular behavior of stress, strain, and/
or strain energy density as the crack tip is sufficiently
approached.  The continuum theory results in an infi-
nite value of stress, strain, and strain energy density
right at the crack tip.  In the immediate vicinity of
the crack tip, mathematically, the intensity factor re-
sults from the finite value of zero (the distance mea-
sured from the crack tip) times infinity (the singular
field in the near-tip region),

   F ≡ lim
r → 0

rnY(r, θ; n, a) (1)

In Eq. (1), F represents the intensity factor, a is the
crack length, (r, θ) is the polar coordinates measur-
ing the location from the crack tip, n is in general a
material-dependent exponent, and Y stands for the as-
ymptotic field near the crack tip, which can be stress,
strain, or strain energy density function, depending
on the way in which the fracture toughness is defined.
To make a finite value of F as r approaches zero,
obviously, the asymptotic field must possess a sin-
gularity of the same order, i.e.,

   lim
r → 0

Y(r, θ; n) =
y(θ; n, a)

rn (2)

With the singularity absorbed by rn, as r→0, the an-
gular distribution is described by the function y(θ; n,
a) .   The intensity factor reaches a maximum
(minimum) value, termed ymax(θmax; n, a) (ymin(θmin;
n, a)), which occurs at a particular angle θmax (θmin)
surrounding the crack tip.  Combining Eqs. (1) and
(2), the intensity factor can thus be expressed as:

   
F = y(θ; n, a) ≡

ymax(θmax; n, a)
ymin(θmin; n, a)

(3)

A macrocrack becomes unstable as the intensity fac-
tor F approaches the fracture toughness, which is a
material property determined under plan-strain
conditions.

Success in the use of the intensity factor in char-
acterizing the stability of a crack is thus predominant
by the prior knowledge of the singularity of the ma-
terial response near the crack tip, which depends on
the constitutive behavior of the material in general.
In linear elastic solids where stress is proportional to
strain, for example, it is known that σij ~ 1/√r, or n=
1/2 with Y representing generic stress in Eq. (2).  The
stress intensity factor defined in Eq. (3) reduces to
the familiar expression σ(√(πa), with a being the half
crack-length.  Since stress is proportional to strain in
elastic response and strain energy density is propor-
tional to the product between stress and strain, the
1/√r-singularity in stress and strain results in a 1/r-
singularity in the strain energy density, or Y≡(dW/dV)
~ 1/r and n=1.  The order of singularity, n, varies with
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the quantity (stress or strain energy density) that is
used to characterize the crack instability, but is inde-
pendent of the material property in the elastic re-
sponse due to the simple relation in stress and strain.
The situation becomes more complicated should strain
hardening be present  in  the near- top region
(Hutchinson, 1968; Rice and Rosengren, 1968).  The
near-tip stress singularity strongly depends on the
strain-hardening exponent in the stress-strain curve,
which needs to be determined beforehand in defining
the stress intensity factor around the crack tip.  The
nonlinear stress-strain relation, though not obvious,
still results in a 1/r-type of singularity in the strain
energy density in presence of strain-hardening.  In
the use of the strain energy density function to char-
acterize the crack instability in a strain hardening
materials, in other words, the order of singularity re-
mains identical, n=1.

The standing 1/r-type of singularity of the strain
energy density sheds light on defining the intensity
factor that is independent of the constitutive relation
of the material.  Because of the universal order of
singularity, (dW/dV) ~ 1/r or n=1, the resulting in-
tensity factor, termed the strain energy density factor
(Sih, 1973), possesses a unique feature that a prior
knowledge of the stress singularity in the near-tip
region is not required.  Such an invariant behavior in
the near-tip region, most importantly, facilitates a
universal definition of the fracture toughness for char-
acterizing the crack instability in both linear and non-
linear materials.  The resulting approach is termed
the strain energy density theory, or the S-theory after
George C. Sih.

While the S-theory has been universally exam-
ined and applied to a wide variety of materials with
cracks, a fundamental question remains: What is the
fundamental structure, in solids, that result in the
universal 1/r-behavior near the crack tip?  As the
stress-strain relation varies, a painful approach would
be performing the stress analysis in accordance and
prove that the resulting strain energy density does
vary with 1/r.  The HRR solutions in strain harden-
ing materials are examples.  The advantage of this
approach is to derive the stress (strain) singularity as
a byproduct.  The disadvantage, however, lies in that
the resulting 1/r-behavior is from the presumed stress-
strain relation.  In view of the capricious constitutive
behavior of materials, most detrimentally, this ap-
proach is non-conclusive by nature.  There exists an
argument that Newton’s law of gravitation results in
a 1/r behavior for celestial bodies in attraction.  The
way in which the celestial bodies in cosmological
scale resemble the lattice structure in small scale,
however, remains blurred.

The present work revisits the strain energy den-
sity function, aiming at investigating the 1/r-behavior

around the crack tip from a molecular point of view.
The Lennard-Jones (LJ) potential is used to describe
the intermolecular interactions.  The LJ potential is
then used as the Green’s function to establish the cluster
potential as the molecules congregate.  As the distance
between two molecular clusters becomes close, just
like the lattice structure in the vicinity of a crack tip,
it is shown that the intermolecular attraction indeed
behaves as 1/r, with r being the distance measured from
the crack tip.  Since the molecular approach is in the
atomistic scale, it does not employ any constitutive
equation that only applies in the continuum scale.  The
resulting 1/r-behavior, therefore, is an intrinsic behavior
of the strain energy density function that is indepen-
dent of the constitutive relation.

II. CLUSTER POTENTIAL

In approaching a crack tip sufficiently close,
eventually, we expect to see a number of molecules
interacting with each other, with the crack tip char-
acterized by a few molecules under imposed geometri-
cal constraints.  This is the basis that molecular dy-
namics (MD) simulation has been active in recent
years that aims to study the crack instability from a
molecular point of view.  Such simulation on the mo-
lecular level, obviously, eliminates all the empirically
based relations, including the constitutive equation,
where an unstable crack results directly from the sepa-
ration of molecules near the crack tip.  The classical
MD simulation employs Newton’s law of motion to
describe two interacting molecules, say i and j,

   mixi = FijΣ
j = 1
j ≠ i

N
= – ∇ U(xi, xj)Σ

j = 1
j ≠ i

N
;

   m jxj = – FijΣ
j = 1
j ≠ i

N
= ∇ U(xi, xj)Σ

k = 1
k ≠ i

N
(4)

where the subscripts refer to the molecules, m is the
molecular mass, Fjk is the interaction force between
molecules j and k, U(xj, xk) is the intermolecular po-
tential between molecules j and k at xj and xk,
respectively, ∇ U stands for the gradient of U, and N
the number of molecules in the molecular assembly.
The negative sign in the second expression of Eq. (4)
results from Newton’s third law of motion.  Subject-
ing to a specified intermolecular potential, Eq. (4)
requires the solutions of 3N nonlinearly coupled
ordinary equations for xi and xi .  While a physical
event, such as the crack instability and material abla-
tion (Tzou et al., 2004), can be observed directly from
the dynamic (time-dependent) evolution of the mo-
lecular separation, the molecular displacement and
velocity are essential quantities to calculate the
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thermomechanical properties (such as elastic moduli
and thermal conductivity) of the material without at-
tributing to any constitutive relation.  The MD
simulation, in essence, derives the constitutive rela-
tion that sensitively varies with the local environment
such as temperature and strain rate.

1. Lennard-Jones (LJ) Potential

Crack surfaces, from a microscopic point view
as shown in Fig. 1(a), are composed of a special group
of molecules under constrained motion.  Interacting
with other molecules in the physical domain around
the crack tip, in a quasi-stationary or equilibrium
state, such specially constrained molecules oscillate
around their time-averaged locations that define a
crack surface on a larger physical scale.  The ampli-
tude of the molecular oscillations is much smaller than
the time-averaged profile of the crack surface, mak-
ing the crack surface, including its tip, appears
stationary.  Meanwhile, all other molecules interact-
ing with this special group of molecules also oscil-
late around their equilibrium positions.  The time-av-
eraged (stationary) configurations of these molecules
define the equilibrium state near the crack tip.  Crack
instability results from displacement of the molecules
from their equilibrium positions, either by externally
applied load or laser energy.  As a result, the mol-
ecules defining the crack surface (tip) may undergo
another dynamic evolution and the crack may become
unstable should the interactions with other molecules
nearby result in a new equilibrium state (metastable
or stable crack growth) or a permanent separation
(catastrophic crack propagation).  Crack instability
can certainly be investigated by keeping track of the
individual behaviors of all attending molecules in the
near-tip region.  The limitation of the computational
power, which allows for a simultaneous treatment of
about 108 molecules (comparing to 1023 molecules for
one mole) for the time being, however, seriously re-
stricts the resolution that is sufficient for a conclu-
sive result. Observing the natural tendency of mo-
lecular agglomeration when interacting with each
other, in a similar concept to the lattices on mesoscale,
an alternate approach is to group the interacting mol-
ecules in the various clusters, as shown in Fig. 1(a).
Instead of the individual behaviors of molecules, this
approach describes the group behavior of clusters in
studying the mechanical behavior near the crack tip.

The intermolecular potential, U(xi, xj) with
rij=|xi−xj| representing the distance between molecule
i and molecule j, as shown in Fig. 1(b), dominates
the molecular motion described by Eq. (4).  The

Lennard-Jones potential (ICHMT Symposium, 1996;
Chou et al., 1999),

   Uij ≡ U(xi, xj) =
C1

rij
12 –

C2

rij
6

   Fij = –
dUij

drij
=

12C1

rij
13 –

6C2

rij
7 (5)

which is a special type of the Van der Walls force,
may be the most representative due to its simple form
and well  tabulated model parameters for real
substances.  For argon gas, for example, C1=1.61164
×10−134 (J-m12) and C2=1.03229×10−77 (J-m6).  They
are also the threshold values for LJ solids in general
due to the nature of the Van der Walls force formu-
lated on the molecular level.1  The first term on the
right-hand-side of Eq. (5) represents the repulsive po-
tential (~ 1/  rij

12) as two molecules become very close.
The second term, which always bears a negative sign,
represents the attractive potential (~ 1/rij

6 ).  The equi-
librium position between two molecules, denoted by
r0, separates the repulsive and attractive regimes and
is dictated by

Fij(r0)=0 ⇒    r0 = (
2C1
C2

)1/6 (6)

The equilibrium position (r0) is of the order of 10−1

nm for most real substances.  Using the typical val-
ues of C1=10−26 (J-nm12) and C2=10−23 (J-nm6), r0=
0.35 nm.

Molecules
Molecular
clusters

Macrocrack

Spherical
cluster Spherical

cluster

(a)

(b)
b

U(rij)

a

c
E(c)=?

A B

Fig. 1. (a) Molecular clusters (lattices) in the immediate vicinity
of a crack tip. (b) Molecules contained in each cluster and
the cluster potential E(d), where d is the central distance
between two adjacent clusters.

1 For copper, Tzou et al. (2004), for example, C1=1.81656×10−135 (J-m12) and C2=1.60219×10−77 (J-m6), as compared to the EMA (embedded
atomic method)potential.  For silicon, C1=2.17571×10−132 (J-m12) and C2=9.90068×10−76 (J-m6) as compared to the Morse potential.
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Note that in applying Eq. (4) to describe the
molecular motion, a stationary configuration for the
attending molecules is impossible even in a steady
state.  Due to the acceleration term that displays a
wave behavior by nature, the so-called equilibrium
position is the time-averaged position, around which
the two molecules oscillate.  A harmonic oscillator
could be imagined as a qualitative behavior in the MD
simulation, regardless of the number of molecules that
are used in modeling the physical response.

2. Molecular Clustering

Clustering of molecules is a natural tendency in
the preparation of nanomaterials (Siegel, 1996).  In
modeling the mesoscale response near a crack tip, the
concept of molecular clusters is particularly useful
because it closely resembles the lattices that are typi-
cally on the order of 0.1 - 1 µm.  This concept is il-
lustrated in Fig. 1(a), where interactions among mo-
lecular clusters (lattices) dominate over the individual
behaviors of molecules – particularly in making con-
tact with the continuum behavior on a larger physi-
cal scale.  One lattice, which is now viewed as a mo-
lecular cluster, contains several hundreds to a few
thousands molecules.  These molecules may still
move within one cluster as a result of the mutual
interactions, but the magnitude is much smaller than
the relative motion among clusters.  Such molecules
thus “congregate” in one cluster, as sketched in two
spheres in Fig. 1(b).  They move with the cluster as a
group, and the group behavior of such clusters is a
key to bridge together the physical behaviors on the
molecular and continuum levels.

The LJ potential prevails for each pair of mol-
ecules in adjacent clusters, as shown by molecule i
(in cluster A) and molecule j (cluster B) in Fig. 1(b).
The two clusters, assumed spherical in shape with
radii being a and b, respectively, are representative
lattices near the crack tip in Fig. 1(a).  To determine
the cluster potential, E(d) in Fig. 1(b) with d repre-
senting the distance between the centers of spheres
A and B, let us assume numerous but uniformly dis-
tributed molecules in each sphere.  The volumetric
number densities of molecules in each sphere is rep-
resented by mA (in sphere A) and mB (sphere B),
respectively.

First consider the interaction potential between
a representative molecule (P) in sphere B with the
spherical cluster A.  The distance between the mol-
ecule P and center of sphere A is denoted by y′ , and
the distance between P and a representative disk of
radius x in sphere A is denoted by r.  The LJ poten-
tial exerts on P and dA=ρdρdθ, which is an infini-
tesimal area on the representative disk.  Replacing rij

in Eq. (5) by y=(ρ2+r2)1/2 and representing the LJ re-
sulting potential by U(y), the two-dimensional inter-
action potential, EM-D(x, r), between P and the disk
results from integrating U(y) over the entire disk of
radius x:

   
EM – D(x, r) = mAρ U(y)

y = ρ2 + r2
0

x

⋅ ρdρ dθ
0

2π

   = 2πmAρ{C1[ 1
10r10 – 1

10(r2 + x2)5 ]

  – C2[ 1
4r4 – 1

4(r2 + x2)2 ]} (7)

where mAρ measures the number of molecules per unit
area on the disk.  In the case that P is very close to
the disk, r<<x, Eq. (7) reduces to

   EM – D(r) = 2πmAρ(
C1

10r10 –
C2

4r4 )   for  r<<x (8)

The repulsive and attractive indices in the molecule-
to-disk potential (EM-D) sensitively change from the
12-6 relation (LJ) to the 10-4 relation.  Smaller val-
ues of the attractive and repulsive indices in the clus-
ter potential imply a shorter equilibrium distance and
a shallower potential-well depth than the L-J
potential.  This is due to the larger mass of clusters
as molecules congregate into a certain shape, form-
ing a heavier body that pulls the surrounding mol-
ecules closer in approaching mechanical equilibrium.

The molecule-to-disk potential can now be in-
tegrated to obtain the molecule-to-sphere potential.

A

B

P

P
y

r

r

y'

ρ

θ

dA=(d  ) (  d  )ρ ρ θ

x

dr

xa

Fig. 2. Potential between a representative molecule P in sphere B
and sphere A – The Coordinate system.
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This is done by integrating EM-D in Eq. (7) over the
entire sphere A, with r ranging from (y′–a) to (y′+a).
The interaction potential between molecule P and
sphere A of a distance y′  apart is thus

   EM – S(y′)

   
= EM – D

y′ – a

y′ + a
(x, r)

x = a2 – (y′ – r)2 ⋅ mArdr

   = 2πmA{ –
C1
10[ 1

9(y′ + a)9 – 1
9(y′ – a)9

   – 1
8y′(y′ + a)8 + 1

8y′(y′ – a)8 ]

   +
C2
4 [ 1

3(y′ + a)3 – 1
3(y′ – a)3 – 1

2y′(y′ + a)2

   + 1
2y′(y′ – a)2 ]} (9)

where mA (=mAr×mAρ) is the number density of mol-
ecules per unit volume in sphere A.  For the case that
the molecule is very close to the spherical cluster,
i.e., d<<a with d(=y′–a) being the distance between
P and the surface of sphere A, the near-field poten-
tial parallel to Eq. (8) is

   EM – S = πmA(
C1

45d9 –
C2

6d3 )   for  d<<a (10)

The 10–4 relation (EM-D) further evolves into a 9–3
relation (EM-S).  As the dimensionality of the cluster
increases by one, from a disk (2D) to a sphere (3D),
for example, the exponent characterizing the attrac-
tive (repulsive) potential decreases by one.  The dif-
ference between the repulsive and at tract ive
exponents, however, remains at six (6) all the time.

The molecule-to-sphere potential, EM-S (y′ ) in
Eq. (9), can now be used as the basic potential be-
tween sphere A and a differential area dA′  (=dρ′×
ρ′  dθ′ ) that is located on a representative disk in
sphere B, as shown in Fig. 3, with y′=    ρ′ 2 + R2  be-
ing the distance between the center of sphere A and
dA′ .  The sphere-to-disk potential, ES-D (x′ , R), then
results from the surface integration over the disk in
sphere B, with 0≤ρ′≤x′  and 0≤θ′≤2π:

   
ES – D(x′, R) = mBρ EM – S

0

x′
(y′)

y′ = ρ′ 2 + R2

   ⋅ ρ′dρ′ dθ′
0

2π
(11)

where mBρ is the number of molecules per unit area
on the disk and R is the distance between the center
of sphere A and the representative disk in sphere B.
The sphere-to-sphere potential, ES-S, finally, results
from the integration of ES-D, in sphere B, from R=

(c−b) to (c+b) with x′=   b2 – (c – R)2  and c the cen-
tral distance between spheres A and B:

  ES – S(c; a, b)

   
= mBR ES – D

c – b

c + b
(x′, R)

x′ = b2 – (c – R)2 ⋅ dR

   = π2mAmB{
C1

37800c[
c2 + 7gc + G

(c + g)7 +
c2 – 7gc + G

(c – g)7

  – c2 + 7hc + H
(c + h)7 – c2 – 7hc + H

(c – h)7 ]

  –
C2
6 [ 2ab

c2 – g2 + 2ab
c2 – h2 + ln

c2 – g2

c2 – h2 ]} (12)

where, in parallel to that in Eq. (9),  mB=mBρ×mBR,
g=a+b, h=a−b, G=6a2+6b2+42ab, and H=6a2+6b2−
42ab.  The sphere-to-sphere potential is thus a func-
tion of c, the central distance between spheres A and
B, with a (radius of sphere A) and b (radius of sphere
B) appearing as two parameters.  The interaction force
between two spheres is simply the gradient of ES-S,
F=–dES-S/dc, where c is equivalent to the distance
between two molecules, rij in Eq. (5).

A B

R

y'

A

R

a x'

c - R

b

dR

x'
θ'

ρ'

ρ θρdA'=(d  ')(  'd  ')

Fig. 3. Representative disk of differential thickness dR in spheri-
cal cluster B and the planar coordinate system.
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Cluster interaction between two identical
spheres poses a close approximation in engineering
materials.  In this case, b=a and mA=mB=m, and Eq.
(12) reduces to

   ES – S = π2m2{
C1

37800c[c2 + 54a2 + 14ac
(c + 2a)7

  + c2 + 54a2 – 14ac
(c – 2a)7 + 2c2 – 60a2

c7 ]

  –
C2
6 [ 2a2

c2 – 4a2 + 2a2

c2 + lnc2 – 4a2

c2 ]}

(identical spherical clusters) (13)

Consequently,

  FS – S

  = –
dES – S

dc

   = π2m2{
C1

37800c2 [6c3 + 96ac2 + 432a2c + 108a3

(c + 2a)8

  + 6c3 – 96ac2 + 432a2c – 108a3

(c – 2a)8 – 12c2 – 480a2

c7 ]

  –
C2
3 [ 2a2c

(c2 – 4a2)2 + 2a2

c3 – c
c2 – 4a2 + 1

c ]}

(identical spherical clusters) (14)

III. ASYMPTOTIC FORM

On the mesoscale surrounding the crack tip,
without an additional defect, the lattices are very close
to each other.  In terms of the distance between the
surfaces of two spheres shown in Fig. 1, d=c–(a+b),
the condition for lattices with integrity implies d<<a
and d<<b.  Replacing c by d+(a+b) in Eq. (12) and
applying the Taylor series expansion to the result,

   ES – S ≅ π2mAmBab
a + b {

C1

1260d7 –
C2
6d }

for d<<a, d<<b (15)

The 9-3 relation of the molecule-to-sphere po-
tential (EM-S) finally evolves into a 7-1 relation for
the sphere-to-sphere potential (ES-S).  The repulsive
potential is represented by the 1/d7-term, which is
unlikely for two lattices (clusters) interacting on
mesoscale.  The potential energy for attraction, rep-
resented by the second 1/d-term in Eq. (15), hence
reflects the deformation energy as two clusters are

displaced in the near-tip region.  The resulting en-
ergy potential is

   ES – S ≅ –
π2mAmBab

a + b (
C2
6d )  for d<<a, d<<b (16)

In case of identical clusters with equal radius, b=a
and mA=mB= m, Eq. (15) reduces to

   ES – S = π2m2a{
C1

2520d7 –
C2
12d}  for d<<a (17)

whose attractive component, in correspondence with
Eq. (16), is

   ES – S = – π2m2a(
C2
12d )   for d<<a (18)

From either Eq. (16) or (18), it is evident that as
two spherical clusters are sufficiently close, d<<a,
the potential energy between them is inversely pro-
portional to the surface distance d, i.e., E~1/d.  As a
meso/macroscale crack tip is approached sufficiently
close, therefore, clusters (lattices) will take over the
mechanical interactions and the 1/d-behavior derived
in Eq. (16) or (18) resembles the 1/r-singularity pre-
served in the strain energy density function near the
crack tip.  In parallel to the volumetric (surface) en-
ergy-density concept, divide ES-S by the volume
(surface) of the spherical cluster of radius a to yield

   ES – S

(4πa3/3)
= – (

πm2C2

16a2 )1
d ~ 1

d ;

   ES – S

(4πa2)
= – (

πm2C2

48a
)1
d (19)

In case of moving clusters, kinetic energy needs to
be included in addition to inter-sphere potential (E).
The negative sign results from the way attraction is
distinguished from repulsion on the molecular level,
see Eq. (5).

The interaction force between two spheres can
be found from Eqs. (16) and (18),

  FS – S = –
dES – S

dd

   

=

π2m2ab
a + b

{
C1

180d8 –
C2

6d2 } (different spheres)

π2m2a{
C1

360d8 –
C2

12d2 } (identical spheres)

(20)

Such interaction force vanishes at the position
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of equilibrium, FS-S(d0)=0, resulting in d0=[C1/
(30C2)]1/6.  The equilibrium position is independent
of the size (a or b) of the spherical cluster.  For cop-
per with a FCC crystal structure, d0 ~ 1.22Å, as com-
pared to its atomic radius 1.3Å.  Repulsive force pre-
vails in the physical domain of d<d0 whereas attrac-
tive force dominates in d>d0.  As many copper atoms
agglomerate in one cluster, obviously, the cluster size
(radius a) is much larger than d0 and the attractive
potential (E ~ 1/d) indeed dominates the interactions
among clusters.

Interaction forces depend on the radius (a) of
the spherical cluster, referring to the full expression
shown by Eq. (14).  For cluster interactions involv-
ing identical spheres, Fig. 4 compares Eq. (14) (the
full expression) with the second expression in Eq. (20)
(the asymptotic, 8-2 relation) at different values of
the radius.  Both the radius (a) and the surface dis-
tance (d) are normalized with respect to the equilib-
rium distance d0, A=a/d0 and D=d/d0, and the inter-
action force is normalize with respect to (π2m2C1/d0

7).
The force reduces to zero at the equilibrium position,
D=1 or d=d0. The magnitude of the attraction force
(in the domain of D>1) increases as the radius of the
spherical cluster increases.  The asymptotic (8-2) re-
lation becomes a close approximation as A exceeds
50, or a>50d0.  The interaction force vanishes for
D>8 or d>8d0.  This is the cutoff radius in cluster
dynamic simulation, beyond which the force terms
in Eq. (4) can be assumed zero to save computational
time with acceptable accuracy.  Such a cutoff radius
is greater than that in molecular dynamic simulation
(d>2.6d0), because the cluster carries a heavier
mass and consequently the range of influence is
longer.

In passing, note that the results derived so far

are not restricted by the geometry of the clusters.  The
7-1 relation, and hence the 1/d-behavior, as two clus-
ters become close applies in general to clusters of any
shape.  The only difference lies in the shape factors,
which need to be calculated numerically, in place of
the simple parameters such as 6, 180, a and b in Eq.
(20) resulting from spherical clusters.

IV. CONCLUSION

The interaction potential among clusters, which
simulate the deformation lattices in the physical do-
main close to  a  crack t ip ,  has  been der ived
analytically.  The close-form solution is intended to
precisely derive the 1/r-behavior of the strain energy
density function in the S-theory of fracture mechanics,
with r now being replaced by the surface distance
between two interacting spheres - One is exactly at
the crack tip and another is in the neighborhood of
the crack tip.  The 1/r-behavior of the energy density,
now appears to be intrinsic, nicely extends the me-
chanical behavior from the continuum level to the
lattice level, as long as the molecules distribute uni-
formly in the lattice.  Extension of the S-theory, in-
cluding the trans-scale iso-energy density concept that
Sih (2001) has developed over the past two decades,
is thus natural in the continuous reduction of the
physical scale.  This result should not be surprising,
however, because energy, unlike stress, is indeed a
physical quantity that exists in any physical scale. Its
wider coverage in interpreting the physical response
crossing several physical scales is expected.

There is no continuum theory that supports cal-
culation of the strain energy (density) without going
through the stress analysis.  The 1/r-behavior of the
strain energy densi ty in the near- t ip region,
unavoidably, has been viewed as an aftermath of the
stress analysis that strongly depends on the constitu-
tive equation.  The close-form solutions for the in-
teraction potential derived in this work, on the other
hand, shows that the 1/r-behavior is preserved all the
way to the molecular level, which is independent of
the constitution of the material.  The clusters de-
scribed in this work are uniform assemblies of
molecules, which resemble the lattice structure in
engineering materials.

The cluster potential has been extended to simu-
late the superheated melting and ultrafast ablation in
metals and semiconductors subjected to petawatts,
femtosecond laser irradiation (Chen et al., 2004, Tzou
et al., 2004).  The excessively high strain rate and
heating rate in this type of problem make it extremely
difficult to model the continuum response due to the
unknown constitutive relations.  The cluster dynamic
simulation not only provides fine resolutions for the
onset and evolution of such ultrafast failure, it also

Fig. 4. Comparison of the interaction forces – The asymptotic
expression, Eq. (20) with identical spheres (the 8-2
relation), and the full expression, Eq. (14), A=a/d0.
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allows for interactions among clusters and molecules
in sensitive areas where a finer resolution is further
demanded.  The 9-3 relation derived in Eq. (10) for
molecule-to-sphere interactions replaces the 7-1 re-
lation for sphere-to-sphere interactions as molecules
are instated in the computational domain.  The inter-
action potential between a spherical cluster and a flat
surface modeling a  physical  boundary,  most
attractively, is a limiting case of b→∞ in Eq. (12).
Consequently, the 7-1 relation shown by Eq. (17)
remains, with the coefficients 2520 and 12 replaced
by 1260 and 6, respectively.  Cluster interactions with
a physical boundary can thus be modeled by a simple
change of the coefficients without the use of the arti-
ficially imposed computational cells with symmetry.
From the examples of cluster-to-molecule and clus-
ter-to-plane interactions that may cover several or-
ders of magnitude in physical scales, it is evident that
the cluster dynamic simulation offers a unique ap-
proach in modeling physical systems with true
multiscale interactions.

NOMENCLATURE

a radius of the cluster or crack length, m
A nondimensional radius relative to the equilib-

rium distance
A sphere A
B sphere B
b radius of the cluster, m
c distance between centers of two clusters, m
C1 repulsive coefficient in the Lennard-Jones

potential, J m12

C2 attractive coefficient in the Lennard-Jones
potential, J m6

d distance between surfaces of two clusters, m
D nondimensional surface distance relative to the

equilibrium distance
E potential energy, J
F intermolecular force, N, or intensity factor
ij molecule i and j
m volumetric density of molecules, 1/m3

M-D molecule to disk
n power of singularity
r distance, m
R distance, m
S-D sphere to disk
S-S sphere to sphere
U Lennard-Jones potential, J
x disk radius, m

x dx/dt, time-derivative of x
y distance, m
y′ distance, m
Y angular distribution
θ polar angle, radiant
ρ distance, m
0 equilibrium state
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