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A BOUNDARY METHOD OF THE TREFFTZ TYPE FOR
HYDRODYNAMIC APPLICATION

Sergiy Reutskiy

ABSTRACT

The aim of the work is to present a new boundary technique for solving hydrody-
namic problems in arbitrary domains. It is based on the use of the method of funda-
mental solutions with approximate trial functions. In particular, two dimensional
Stokes and Navier-Stokes systems are considered.
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I.INTRODUCTION

The method presented belongs to the group of
the Trefftz type methods. Recall, that according to
this approach, an approximate solution of a partial
differential equation (PDE) L[u]=f is looked for in
the form of linear combination:

WX - G =W + 2, GDX) W

Here, v(x) is the particular integral and the trial
functions @ (x) satisfy the homogeneous PDE
(L(x)—p)[ @] =0 exactly, but do not necessarily sat-
isfy boundary conditions. They are used to determine
the unknown q.

The Trefftz type methods can be divided into
two groups depending on the trial functions which
are used. The first method applies analytically de-
rived nonsingular trial functions, sometimes called
T-functions, identically fulfilling certain governing
PDEs inside a solution domain Q (Herrera, 2000).
M ethods of the second group employ the fundamen-
tal solutions of the PDE with singular points situated
outside the investigated region. Thiskind of trial func-
tions is suggested and investigated by V. Kupradze
(Kupradze and Aleksidze, 1967). An example of this
technique is the method of fundamental solutions
(MFES) where the singular solutions are used (see re-
view (Golberg et al., 1999) and bibliography presented
there). Recently this method has been extended to
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time-dependent problems (Golberg and Chen, 1998).

Following the general scheme of the MFS, we
suggested to use the trial functions @(x|&) which sat-
isfy the governing PDE only approximately (Reutskiy,
2002; 2004). More precisely, ®(x|€) is a solution of
the equation L[ @]=I(x|£), where the right hand side
is the truncated series

(X9 = 3 @0 = 3 c@unt) (@)

over an orthogonal basis system ,(x). Here n=
(ng,ny) or (ny, Ny, n3) denotes a multi-index. In the
general case ,(x) is a solution of some Sturm-
Liouville problem. The two basis systems

Un(X)=sin[An(X+1)], Pn(X)=coS[Ay(x+1)],
A,=0.57(n-0.5) 3)

and their productsin many dimensional cases are used
throughout the work. The regularizing coefficients
r, depend on the particular choice of the system
Wn(x). For the trigonometric functions (3) in the one
dimensional case, they are

sinfv(n, M)]
v(n,M) "’

vn, M) = T (4)

(M, X)=[an(M)]*, (M) =

where o,,(M) are the Lanczos sigma-factors which are
used to overcome the so-called Gibb’s phenomenon
in the Fourier expansion of non smooth functions, x
is a parameter of regularization. The functions I(x|€)
which essentially differ from zero only inside some
neighborhood of the source point & are analogous in
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some sense to the Dirac delta functions o (x—¢§) in
the MFS procedure.

In this work we consider the application of this
technique to the time dependent incompressible
Stokes problem. The paper is organized as follows.
In Section Il, we describe the main algorithm for the
Stokes problem in the velocity-pressure formulation

owv=—[p+Av, divw=0, v(x, 0)=vy(X),

V]go=vi(X, 1) )

inside a 2D arbitrarily bounded domain, Q, with the
boundary Q. Here v=(u, v) is the velocity vector, p
isthe pressure, vy(X), vi(X, t) are prescribed functions.
The stationary case was considered in Pontrelli et al .,
1997. In Section I, we consider w—y formulation
of the problem. In Section 1V, we extend this tech-
nique to 2D Navier-Stokes system at alow Reynolds
number.

ov+(v, Div=—Lp+ %Av, divw=0 (6)
Numerical results are presented in Section V.

[1. STOKES PROBLEM IN v-p
REPRESENTATION

Finite differencing in time transforms (5) to a
sequence of generalized Stokes problems. For
example, when the Crank-Nicholson scheme is
applied, then one gets:

Avt—svIt=—Avi-svi+2[0pI"?, divwi*'=0, s=2/At
(")

The three sets of the basis functions

B (})=Un,(X1) P, (%2), B ()=, (X0) Y, (X2),

O (X)=Wn, (X1) Y, (X2) (8)

are used to approximate the u, v and p fields
correspondingly:

M

U=, 2 U0, V9= 3 Vad),

P =, 2 PP ©

The two kinds of the source functions are used:

M

(x| = 2 P00,

X1 =, 2, 8 (10

According to the method presented we write (7) in
the form:

(A-9uitt=—(A+9ul +20, pi*1?
Ko
+ kZl aliMu(x[ &) (11)
(A-9vitt=—(A+9Vvi+20, pl*12

+ 2 alii(x]&) (12

These equations are considered inside Qp=[—-1, +1]%
[-1,+1]0Q. The source points & are placed outside
the solution domain Q. Substituting (9), (10) in (11),
(12) one gets:

_(/\'%-'-S)U#rl:(/\ﬁ_s)ug]"'ZAanrrl/z

M=

+

. al it (13)

1

—(AZ VA= (AR-9V)+ 20, Ph P2
K 1
+ 2 alide) (14)

Here AZ=A% +A% , clh=cW (&), ct%=c{(&y). The
condition diw"*=0 gives:

AUty vitl=g (15)
n;~n n,¥n

System (12), (13), (14) can be resolved for each har-
monic n=(ny, N,) separately. Coming back to the
physical values we get:

_ . Ko _
vitl=yl+l+ kzl D (Xal*t (16)

Herev)*! isaparticular integral and ®,(x) isthe 2x2
matrix which does not depend on time. The free pa-
rameters g™'=(q} %}, g} ") should be determined from
the boundary conditions v**|;o=v{*1. We would like
to pay attention to the following two points of the
algorithm: 1) particular solution vg” at each time
layer can be found in the same form of the truncated
series in an analytic way without any numerical
integration; 2) the solution satisfies the condition
divw"*=0 exactly at each time layer.

1. o REPRESENTATION

Another approach is based on the w-y represen-
tation:

0w=Aw, AY=w, u=0yY, v=—0, (17)

Differencing (17) in time one gets:
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Aw'-sw=—Aw'-sw!, AY=w*? (18)

Here we use the same 2D basis system for w and
 approximation:

W= 2 W), = 2

1,1)

Ynth(x)
(19)
where @n(X)=¢n,(X1) dn,(X2) and ¢, is givenin (3).

Similar to the previous section we replace (18)
with the following system (cf. (11), (12)):

At —sw Tl = — A — s +§ q]+1|(X|fk)
(20)
ij+1 j 2 J+1|(X|{k) (22)

Here I(x|&y) is the source expanded over the same
basis system ¢,(x). Substituting (19) one gets:

—(AR AL FIWTE= (A0, + A0, —9W]
v 2 aiE) (22

—(An AW W = Zq“lcn(fk) (23)

The last part of the algorithm is the same as the
one in the previous section. We solve Egs. (22), (23)
for each harmonic n. Then, passing onto the physi-
cal values one gets an expression like (16) with the
free parameters qi %}, q4%*. They are determined
from the boundary conditions.

IV.NAVIER-STOKES PROBLEM AT LOW RE
Differencing (6) in time one gets:
Avitt-syIM=—Avi-sv!+2ReJp/*!2

+2Re(vI*V?, [) vi*12 (24)

Here s=2Re/At and the vector field vI*! satisfies diw*!=0.
Let us assume that the velocity v! isknown. The
nonlinear term is approximated using this field:

(V2 Ovin=(vl, O)vi=[s(x), s()]"  (25)

Similar to the method described in the previous section
(24) isreplaced by the following system (cf. (11), (12)):

(A—-9ui*t=—(A+9)ul +2Re(d, p'* 12 +5,(x))
+ Z al M u(x|&d (26)
(A-9Vvitt=—(4+9)V +2Re(0, p! * 12 + 5,(x))

+ 2 aix]E) (27)

The orthonormal basis systems ¢ and ¢{) (see (8))
are used to approximate the functions sy(x) and s,(x).
For example,

M=, 3 S, 00,

Sun= [, 5008090

n
= ke gz 1 A A SulXe,s Xk2)¢§1u) (X, %)

where A, and x, are weights and nodes of a one-di-
mensional quadrature. In particular, 32 points Gauss
quadrature is used. The velocity components and the
pressure are sought in the form of expansion (9).
Similar to (13), (14) one gets:

—(An+9uitt
=(Af—9U)+2Re(— A, Pi* 2+, )

+ kgl alitelk (28)
~(An+9Vvi*t
=(Af-9Vi+2Re(- A, Pi" 2+, )

+ 5 dled (29)
Multiplying (28) and (29) on A, and A, and add-

ing the results one gets the coefficients of the pres-
sure field expansion:

P]+112 AnlsJ +A“25\/ n

Here we use:
AnUR Tt + 2, Vi =4, UL+ A, V)=

Substituting (30) in (28) and (29) in asimilar way one gets:

uitt
_sAZ 2R Syt An S, A8,
s+A2 " Ads+A2)
K 2 1
S SR R
gl %} (31)
V, Vn
AZ(s+ 1)
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Vrj1+1
:s—Aﬁv- 2RE[ A (An,Sun* An,Sin) — A4S0l
s+An " Ad(s+AD)
K Ap A
+ j+1a ILP)
kzl [qu,k u,n Aﬁ(S‘F/\ﬁ)
2
+ql 3l k 32
QV,k v,n( n( +/\n) S+A2)] ( )

Coming back to the physical values (31), (32) can be
written in the form (cf. (16)):

j+1 ui*! K|® , D
u.+1 =[P+ 2 1,1 91,2
\VZ Vg) k=1 ‘pz,l [1)2,2

K .
2 B0 (33)

Here the particular integral v)**=(u}**, v)*!) de-
pends on the time layer. The coefficients of the ex-
pansion over ¢ (x) and ¢M(x) are

2
j+l=S_/\n
AL

L 2REA (A0 Sun + AnSin) — A2Sunl
Ad(s+A9)
(34)
and

viti=S=Anyi

PR s+ 270

ZRB[AnZ(/\mSJ 0+ AnSin) = AnS,
Ad(s+A7)

(35)

for ul** and vj** correspondingly.

The terms of @, (x) do not changein time. @,
and @, , are expanded over ¢ (x) system. The co-
efficients are:

~Cun(y2

2

_1)
(s+Ao stAL

AnAn,

D, ,~ ——5-.
SRPEEYE

For the terms &, ; and @, , the coefficients of expan-
sion over ¢ (x) are:
AnAn,
C - = €
“TAA(s+ /\n)
2

1
”(n@+Ao s+ A2

¢2, 1

The free parameters g} *! are determined from
the boundary conditions.

There are two following possibilities here: 1)
u*}(x) and vI*}(x) can be considered as the final val-
ues of the velocity components at the j+1" time layer;
2) these functions can be considered as intermediate
values 0'**(x), v'*}(x) and can be used for correction
of the nonlinear term (vI*¥2, [)vi*V2:

u* ¥2(0) = (0 1(x) + u(3)
VI = (0209 + () (36)

Then, the final values, u*}(x) and v/*!(x) are obtained
by repeating the algorithm (26)-(33) with this cor-
rected nonlinear term.

V. NUMERICAL EXAMPLE
1. Stokes Problem

As an example, consider the problem when an
infinitely long cylinder with the radius a containing
aviscous liquid begins to rotate with the angular ve-
locity ¢ at the time moment t=0. The solution do-
main is a disk with the radius a. The initial condi-
tionis: u(x, 0)=v(x, 0)=0i.e., theliquid is at rest for
t<0. The boundary conditions are:

v(x, t)cosB-u(x, t)sinB=¢,
u(x, t)cosB+v(x, t)siné=0, [x|=a

Herer, O are the polar coordinates of the point x with
the origin at the centre of the disk. This problem has
an analytic solution (Sneddon, 1951): u(x, t)=
=V(r, t)sin®, v(x, t)=V(r, t)cosO, where

V() =gl +2 3 exp(— t) 1(r“k/a)] (37)
k=1 A1)
and y is the k™ root of the quation J;(u)=0.

The source points are placed on the circle with
the radius 0.95. The number of the source points, i.e.
the number of free parameters, is K=25.

The computations show that stability of the so-
lution process is managed by the parameter of regu-
larization x in (4). Namely, for each M, there exists
aminimal gy such that the solution process diverges
for x<xgiv and it converges for x=xq. These values
are X4iv=3, 4, 6, 7 for M=10,15,20, 25 correspondingly.
In Table 1, we present the mean square root error

— 1 & 2 2
eg(t) = 7N§ [Ve(X;, 1) =V (ri, ] + [V (i, )]
(38)
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Table1l The mean squareroot error in solution of the 2D Stokes problem

t v—p w-yY
M=10, x=3 M=20, x=6 M=10, x=3
Aty Aty Aty At Aty At
0.05 6.1-1072 1.2-10°® 6.2:1072 1.5-10°® 6.2:107? 1.3-.103
0.1 1.5-10°® 3.3-10™* 1.6-107° 6.1-10°° 1.6-1072 1.0-10™*
1 3.7-10™ 3.8-10™ 4.4-10™ 5.1-10°° 2.2:10™* 1.3-.10™*

corresponding to a=0.5 and €=1. The time steps are
At;,=0.05 and At,=0.005.

One can see that when t is small, a main error
occurs due to the discontinuity at the first moment of
motion. Its value decreases together with At and does
not depend on the number of harmonics M. For a
large t, the error eg(t) depends on M. When we de-
crease the time step At in 10 steps from 0.05 to 0.005
this makes little change in the error for M=10. So, in
this case the main error is the one due to alow num-
ber of harmonics in the approximate solution. At the
same time, this decreasing reduces the error in almost
100 times for M=20. So, the error introduced by the
Crank-Nicholson scheme is dominant for these val-
ues of M. Besides, one can see that the error in the
v—p model is less than the one in w- approach with
the same number of harmonicsand degrees of freedom.

2. Navier-Stokes Equation

As an example of the method described in Sec-
tion I11 consider the stationary Couette flow between
two cylinders with the radiuses a; and a, (>a;) . The
inner cylinder is at rest and the outer one is rotated
with the angular velocity €. The stationary solution
for the fluid flow between the cylindersis:

ga3(r —ailr)

vl )=~

» Vi(r, 6)=0 (39)
The calculations were performed with the following
parameters. =1, a;=0.4, a,=0.6. In Table 2, the mean
square root error is placed. The source points &, are
placed on the two circles. On the circle with the ra-
dius 0.1 16 sources are placed and 24 sources are
placed on the circle with the radius 0.95.

ACKNOWLEDGMENTS
The author is grateful for the support provided
by the NATO collaborative linkage grant reference #
PST.CLG.980398.
REFERENCES

Golberg, M. A., and Chen, C. S., 1998, “The Method

Table2 The mean square root error in solution
of the 2D Navier-Stokes problem for sta-
tionary Couette flow

Re M=10 M=20 M=30
1 5.3-1073 2.6-1073 2.0-10*
3 5.2:1073 2.6-1073 2.1.10*
5 1.1:107° 2.6:1073 3.3:10™*

of Fundamental Solutions for Potential, Helmholtz
and Diffusion Equations,” Boundary Inetgral
Methods - Numerical and Mathematical Aspects,
M. A. Golberg, ed., Computational Mechanics
Publications, Boston, MA, USA, pp. 103-176.

Golberg, M. A., Chen, C. S., and Muleshkov, A. S.,
1999, “The Method of Fundamental Solutions for
Time-Dependent Problems,” Boundary Element
Technology XIlII, C. S. Chen et al. ed, WIT Press,
Boston, MA, USA, pp. 377-386.

Herrera, I., 2000, “Trefftz Method: A General
Theory,” Numerical Methods for Partial Differ-
ential Equations, Vol. 16, No. 6, pp. 561-580.

Kupradze, V. D., and Aleksidze, M. A., 1967, “The
Method of Functional Equations for Approximate
Solution Boundary Value Problems,” Uspehi
Matematicheskih Nauk, Vol. 22, pp. 59-107 (in
Russian).

Pontrelli, G., Lifits, S., Reutskiy, S., and Tirozzi, B.,
1997, “Quasi Trefftz Spectral Method for Stokes
Problem,” Mathematical Models and Methods in
Applied Sciences, Vol. 7, No. 8, pp. 1187-1212.

Reutskiy, S., 2002, “A Boundary Method of Trefftz
Type with Approximate Trial Functions,” Engi-
neering Analysis with Boundary Elements, Vol.
26, No. 4, pp. 341-353.

Reutskiy, S., 2004, “A Trefftz Type Method for Time-
Dependent Problems,” Engineering Analysis with
Boundary Elements, Vol. 28, No. 1, pp. 13-21.

Sneddon, I., 1951, Fourier Transforms, McGraw-Hill,
New York, USA.

Manuscript Received: Aug. 20, 2003
Revision Received: Jan. 06, 2004
and Accepted: Feb. 15, 2004



