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Abstract

The dual integral formulation for the Helmholtz equation for use in solving the acoustic
modes of a two-dinensional square cavity is derived, and a general dual boundary elenent
nethod (BEM) program is developed. Nunrerical experinents for the degenerate acoustic
modks Wg@omgisfommﬂgﬂwm%md&
tinguished nommlized boundary at different boundary points using
either the si arintegralectsﬁm(UTnEﬂle)ortlﬁ ingular integral equation (LM
mrethod). This technique can be employed to determine the multiplicity of the eigenvalue. Two
exanples with Dirichlet and Neunmann boundary conditions are given to show the validity of
the proposed technique. Semitivitgoand failure in determining the acoustic modes by specify-
ing the nommlized data at the boundary locations near and on the node are exanmined,
respectively. Also, nunerical results are obtained using finite elenent nethod (FEM) and
analytical solutions for comparison. Good agreenent between them is obtained. © 1998
Hsevier Science 1td. All rights reserved.

1. Introduction

The two munerical methods widely used in the analysis of interior acoustic fields
are the finite element nethod (FEM) and boundary elenment rmthojﬁﬂ\/l) [ll.

Most BEM applicati based on the si 1
et el ices ccion (M) of o
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The hypersingular mtegm] V&as formulated 2] to treat the cylind-
rical wave neans of ]zsoent Also Mangler derived the

equation
hypemngularkemelm thethlnalrfoﬂ em[3). The | integral
wasthendeﬁmdbykaH] as the “Hadamart pnm value \%ﬁflnaero
dynamics, it was tered “Mangler’s principal value (MP.V))” [3,5]. Such a nonr
e integral naturally anses in the integral formulation ially for
emswtha boundary, e.g,, crack problents in elasticity [6-11], heel
[12] Dlmyﬂowaromxiaaltoff\xall[B 14], the aer
o‘blemthe athlnalrfoﬂ M%cmvmnmﬂn%ngdl%l%mn 15—3118]
om viewpoint of computati mmechanics, omulation also
role in sonme other problens, e.g, the comer problem 19]
B [20], and the exterior em[21] gmral Catlono
hypermngular equation in ics was discussed in | arewew
lecture on recent developrents of dual BEM was present tedg
we combire the conventional integral equation, e.g, the sIdentltyor
Somigliana Identity, with the hypersingular integral equation, we call the two
equations “dual integral equations” due to the presence of a pair of continuous
and discontinuous properties of the potential as the field point moves across the
boundary [24-20). omtheabove of view, thsdeﬁrntlonofthedual
equations 1s quite different tom the conventional ore wsed in crack

integral
elastodynamics by Buecker [27]. However, thedualeg;éan ons in the
paperaremckpemientwthrespecttowchoﬂlerfor undetermnedpmsmt
qerﬁsofﬂewi?jenﬂﬁarysoltmmﬂedualm‘ﬁaleqtmomdeﬁmdby
Buecker resulted from the sane equation but through collocation of different
pomt‘ts)1 The present formulation has in total four kernel a%rmom which n%ke
possible a unified theory encompassing different schenes interpretations. For
elasticity, a detailed denvation can be found in [6]. In the dual formulation, the
singulanity order of hypersingulanity for the kemel in the nomml derivative of
the double layer potential is str than that of the Cauchy tyﬁkemelby
ore. The paradox of the nonmteglﬁ kernel is introduced due to of
the mtegral and trace operators which is illegal from the pomnt of view of the
dual integral formulation [24]. In order to ensure a finite value, Leibnitz's rule
should be considered as the denivative of the CP.V. sotmtthebaniarytenn
2/e can be included to compensate for the minus i tyAﬁerthepanal
values are determined [28,29], the dual BEM can be easily implenented to so
theacwstlcm)d@sforacawty
For structural dynamics and acoustic problens, eigenfunctions oocur
mdlscretemmarﬂconmmussystﬂmform 1ting cases [30]. For exam
ional cavity with equal length and width results in a degenerate
elgnvalueBl Fromthsmaﬂﬂmtlcal of view, ﬂlechgrﬂatea%mmtd}is
i.e. this

result from an n by n matnx with a \xhchlssrmllerthann—
matrix has a nullity, n—r, whichis | thanone "[hemJltlpilerofﬂleelgnva-
lmlsequaltothenmberofmﬂhty set of null solutions 1s used to construct the

degenerate modes. From the theoretical of view, Gadwell et al. [34] discussed
ﬂequUmofv&ﬁlﬂﬂtlewlhrm(o%qt%ms)domdondmwrseawchdlﬂ
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forthe%ﬂaienndes,le whether the pressure field does or does not have saddle

g{;erooncentratedmthethtauvepropertl% of modes, but in so
domgltresul in a need for nunerical studies on calculating mode shapes wsing,
for mstance, FEM or BEM A discussion of the degenerate ei ues was also
gwenbylauraetal [35]. In the nunerical approach BEM][32], atechmquem
which the width was bated\xasusedto values.
AsnEntlonedl?rKamyaetal [32], thedlrectdetennmnts&lrch seens to
be inadequate thechgemratecase therefore, they transformed the nonlincar
a ue probleminto a generalized eigenvalue problemto overcone this diffculty
[33]. In the finite elenent nethod, dlffémntsclfmforﬂndegemmtenndesmre
employed. Imetal %Jsedl dunmy link technique to determine the degen-
crateel

: ogram[37] can deal with the problemof
degenerate nmodes. ThlS problemwill be cglt W

thlmngaspeaaltec}mlquemt}ns
Inth1spaper we apply the dual in formulation to solve the
eigenfunctions of the two-dimensional Helmholtz onforasguarecawtyA
general dual BEM pro was developed. The role of the dual formulation for
&@rtﬂennd%wﬂgmmdﬂtmrbntalammmwﬂbem
structed, and the degenerate eigenvalues will be still solved using the direct deter-

mnant search nethod. Since the multiphiaty of the g ue1sg[eater
than one, aspeualtechnl %ﬂsettmga value at
lowuomwﬂlbe to ions. Also, thedegn—

mmmmﬂgﬁwmwmmmmm@m%n&ﬂ%

degmmlenndfsofasquarecaw Ventocheckthevahdltyofthepro-
que. Results obtamedusmgdualngEl\/Iw]lbeconmredwththoseof
analytlcal soluuons and FEM resullts [37].

2 Dual integral foormulation for the degenerate eigenfunctiors of a square cavity
Consider an acoustic problem which has the following governing equation:
VE(x) +K2¢(x) =0, xin D, (1)
where Dis the dommin of interest, x is the domain point, ¢ is the acoustic pressure

and k 1s the value of fi divided thespeedofsowxl”lhelmmgrm;s
boundary conditions can shownasfollbgws

#x) =0, xon B, ¥)

aggf —0,xonB, 3)
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where B, is the essential bo in which the acoustic s ibed, B is
the natural boun thewtlggrynmnu] denivative of themweaooustlc pmssurelcmscn in the 7,

dlrectlonls and B arxlecorBtrLr:tthewholebanianesoftIEdonmn

The first equation of the dual boundary integral equations for the domamn
can be derived from Green’s third identity: port

2= [, o909 40—, Uo 9 G 4B, e “

wherex];}yrxisdemtethefﬁldpantandﬂ]esolmpant, respectively, and (s, x) is

59 ="00, 9

in which 7 is the normmal vector at the boundary s, and Us, x) 1s the funda-
nental solution which satisfies pourt s

VU, 5) +eUx, ) =8x—s), xeD. ©)
InEq (©6), 8(x— s)&%[)rac—deltaﬁnnﬂon Since only Hq. (4) can not determine

equation is necessary to be found. After
taklngthemnml denvanvemth%nlﬁq @), thesecorxiequatlonofthedual

boundary integral equations for the point can be derived:
2% = [, M99 49— s W agy. xen 0

where
15,9 ="09, ®
Ms,) zaz Us ) o)

N
The explicit forns for the four kernel functions are sunmarized below:
Us, %) :ﬁéﬂi), (10)

Tis.2) =~ HY ). (11
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1 9 =" H o, (1)

Ms, ) = { fé)(kr)ymn/ +H{(/<r) —.}, )

where K (fr )1st}Enth0rderPhnkellerx:mnoftheﬁrsthr1d,rlsthedlstame
between x %spomtsyl—s, n;, 1 are the ith components of the normal
vectors at s

respectivel
theﬁeld and the bo the dual bo
~ Bynoving mfor%%ngcmﬂqs @ (2;% mérgary undary
) =CPYV, JB Tis, () dRs) —RP.V. JB us, x)%s) dBs). xeRB

(14

ﬂ%x) =HPV. JBMS, X)f(s) dBs) —CP.V. JBL(S, x)%s) dBs), xeB
| (19

where RP.V. is the Riemann principal valwe, CPV 1st1ECau:hymmpal value
and HP.V. 1stheI—hdarmrd( )pnncl
Itmstbenotedti[lhalﬂq (IS)EC?In(blz)denvedby afppl hy pal
vative operator with respect to Differentiation o pnm
value must be carried out carefully LeibnitZs rule. Theoorrmltanve
provides us with two alternatives for culating the Hadanmard princi
detallscanbefoundm[24]a% @ and (7) are termed dual

mﬁd%mn% Bos. (14) and(lS) are naned dual bomdarymte—

3. Dual boundary element formulation using constant element
After denving the above compatible relationships of boundary data in Eeg. (14)

and (15), thedual boundary integral equations can be discretized by using constant
elenents and the resulting algebraic systemcan be obtained as

[Tifkb:[léf]{m}, (16

[A@l(p:[ﬁy]{?—;’j}, 1)
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[]denotesasquarenntnx, a columm vector and the elenrents of the square
natrices are respectively,

Uj=RPV. J Us;. ) dA) (18)
Ty =% +CPV. JB Tis. ) dA), 19
Q:@+QWanm%@, (20)
M;=HP. J M, x) dB(s), @1

where B denotes the jth element. All the above formulae can be separated into two

parts, ore 1s regular, the other 1s rregular. For the irregular part, the partial mnte-

gration 1 errployed to transform the hypersingular, strongly singular and weakly

detennmﬂngular tls ar integrations. Therefore, the quadrature rule is used to
m S.

For the diagonal tems, Uj, 75, L and M, we have
(1) Us, x) kerrel:

UU_TH0 bg)(k R+&)ds
—Tg}f H(ks) ds

+ J ;2 m(zﬁm)dwr J“’S’bs“(ks)ds @
T?IBU fé”(klsl)ds+0+J0 " ) d?}

H(Hs)ls
iz ‘{ (“)Hk f () |dv}

TuTlggI H (ke f+ )

2
=g Vgnki(/?)_ezﬂé_ez ®)
—elggamtanslff

=TT
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) L(s, x) kernel:
Ls ="l f T

_ I (Vi(-2) € 4 (4)
?—rﬁ nyﬂcﬁ—ezyz—ez

(4) M, x) kernel:

="y [ EEFTFE) oy

—05

LHEFFD) o

21 2
%[1%“ —’§)+k ZACHT ds“

4. Fgenequation for the eigenvalue problem obtained vsing dual BEM

For simpliaty, problenrs with Dirichlet and the Neumann conditions
wﬂbecomdae&mthswhm Nunrerical results obtained under either Dirichlet
or Neunrann conditions will be elaborated on later. After obtaming Fgs. (16) and
(17) using dual BEM we can obtain the transcendental equations as follows:

UTnethod: [Ti(k)ld =0 for the Neunzsmproblens, (20)

LMnethod : [ Mi(l)l¢y =0 for the Nenawmproblens, 27

UTinethod: U] Cm@) — 0 for-the Dirichlet problen, )
/A

LMirethod: (L) C%’) —0 for the Dirichlet problen, 29)
Jj

where ¢ is the boundary mode of the acoustic pressure, (a/an); 1s the boundary
oqt?themmnlﬂlmoftheaoowtlcpressure and the (gaiafue k, 1s imbedded

mthe elenents of the matrix. The nontrivial elgemolutlon for ¢ and (ap/on); in

Egs. (26)(29) only exists when the determinants of their influence Tratrix are Zero.
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mﬁdﬂg s Ul ] LV b e proposal T sle ot Seemocubnion
o solve for the eigenequation,
(htem1nants&1rchrmthodlsejrp?ryed After determining the eigenvalues,
thebourﬁarynndecanbeobtalmd setting a normmlized value to be one in any
oneelermntofﬂlecolwmvectorofq} Bychangmgthenonmhzeddatamone
elenent of the vector dﬁemrﬁnndeswnbeokia]mdlfthee@nvahmscbg&
erate. By substituting the eigenvalue, boundary mode and known
tion into Hq. (4), the mode of the field can be obtained. IthtbenotedthaI
sersitivity and failure in determining the boundary mode will oocur if the locations
of the normmlized data are near and on the node, respectively. This phenomenon will
bedenmﬁtratedlnthefoﬂomngmmmcale)qﬁnnmts

5. Acowstic amalysis carmied out using finite element method

Acoustics, “the science of sound” 1sﬂlest})‘gfrofproblmsmvol siall vibra-
tions in an invisaid fluid. Most of acoustic led wsing the
boundary elenent nethod; however, tlnsrmthodhasmtyetbeen enrented in
the commercial code, ABAQUS. Thus, acoustic modeling 1n ABAQUS is restricted
to the finite element approach. Acoustic pressure 1s the basic vanable in acoustic
analysis. Forthel\burmmbowﬁalyoorrhmncase thegtachentofﬂaemssure
norrmltotheplam ap, aa,lszero Slrre&b/&aoonespordstoswfaoe“loachng n
the acoustic problem, condition requires no data - it is an unloaded
surface. Thsntanstkmtanarbﬁaryaoomhcgessmevalwmpresentmtlbsolw
tion— theeqmvalentofangldbodynndemastrwtmalproblemreﬂﬂtmgmazero
f mode. the *FREQUENCY chﬂgul , therefore, we introduce a

of —10 cydes/s2 This elimnates the tyofhawngagnglﬂantymthe
rmtnxttntmstbesolvedWmactmcﬁon negative shift ensures

that the frequencies are still e stamngwththezerofre-
thh the Dnchlet condition, ¢=0, on the sur-
ace, Y option is enmployed. Fir mathematical point of view,

Table 1
Hgenproblens using FEM conplex BEM and Real MRM

FEM Conplex BEM Real MRM
State X wl Ut
Fenproblem  Ky=*My  U(w)t =Te(wu UR(@)t =Tr(@u
L)t =M L)t =Mg(w) 1 =Mr(w)u
Hgenvalue A=a? A=a? =
iR (i i
Hgenequation X=/X ABX=Q (A +74 + 2 X4 1 A4)X=0
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the two boundary conditions are termed the “Dirichlet” and “Neuann” types. The
equation of state, i.e., the constitutive behavior, is

Kim=¢, (30)

where ) is the ambient density of the fluid, Kis the bulk modulus of the fluid, and ¢
is the speed of sound. For the case of air, we have

c=340mys. €2)

In order to calculate the frequencies of an enclosed cavity, a standard linear eigen+
value problem can be obtained as follows:

[Kix=—k, (32

where | K 1s a square symiretric natrix, and xis an el or. Asshownin Table 1,
theel [[qvalmgoblemoqu. 32)is1inearf0rFE1\/%?nmsgdofmrﬂinearasin S.
(26){%;f0r Since the finite elerent method is enployed in the ABAC
ocodk, x 15 the mode shape in the field instead of the boundary mode in BEM. Many
aigenvalue solvers have been used in the literature. The subspace technique 1s
employed in this paper.

@ = Ccos x ¢=cosmx+cosay @¢=-0.1cosmy+cosnay
1 1 K 1
038 08 \ 08 /1
06 06 K 0.6 é (ABAQUS)
0.4 0.4 0.4 ﬁ
0.2 0.2 \ 02
0 0 0

<
=3

002 040608 1 2040608 1 002040608 1

¢ =cosmy ¢=coszmx —cosmy ¢=cosax+0.1coszy
1
0.8

06 )\ (ABAQUS)

0.4

1 1
0.8 0.8
0.6 0.6
0.4 0.4
02 0.2 0.2

0 0 0

002040608 I 002040608 1 002040608 1

S
N\

Neumann problem (4 = 4y = 1704z)

Fg, 1. Contour plot of the exact solution of the degenerate modes of the first eigenvalue 170 Hz for the
Neurrann problem
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T kernel
Neumman boundary condition

mode 1
1.0

0.50 - 0.50

0.00@— 0.00
0.00 0.00
1.00- ‘ - 1.00+
0.50-] -0.10————— 050 p10

0.00 ; 0.00
0.00 0.50 1.00 0.00 0.50 1.00

@ normalized value (u=1)

Fg 2. (a) Contour plot of the degenerate modks of the first eigenvalue for the Neumann problem using
the UT nethod.
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M kernel
Neumman boundary condition
mode 1

1.00

1.00

0.50_ 1 0.50-
0.00 \ 0.00
0%
1.00- 1.00
o —_

0-50 0804 —— —— 040 — 7T

0.00—
0.
1.00

0.00
0.00 0.50 1% 0.00 0.50 1.00

——
T
I

|
0.00 0.50 1.00

. normalized value (u=1)

Fg, 2. (b) Contour plot of the degenerate modes of the first eigenvalue for the Neunmann problem using
the LMnethod.
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4 3 2 1

2

El%iq(%mltwdotofﬂnchglmtenndmoftheﬁrsteignvalmforthel\bwmmgoblemming

6. Ilstrative exanyples

Fxanple 1. A square cavity with the Neunann boundary condition.
‘dgﬁmeca\dtyofarea@nf?withﬂnbbwmmbomﬂarymrdﬁmmmm
Sl as a denonstrative exanple. The former five eigenvalues are shown in
Table 2 for / =1. Analytical solutions and nunrerical results obtaimdLlsl&gBtReUT
and L Mmnethods are both shown. Also, the FEM resullts obtained using ABAQUS
have been worked out for comparison. The analytical solution of the eigenvalue 1s

e 6)2+<n>2, m=0,1,2,3,...,n=0,1,23,..)), (33)
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Neumann boundary condition

1.00

0.50——— 010 —

0.00+

1.00+

080
0.60-
0.40-

0.20

0.00~ - T I 7
0.00 0.20 0.40 0.60 0.80 1.00

Hg 3. Alinear combination of two independent degenerate modes.
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T kernel
Neumman boundary condition

0.50

0.00
0.

O\

\ifg[/ =

1.004 ,—

]

Fil \*
: / ‘ \\\\
——ooo 0007—77

1.00

0.00-; -
0

1.00

0.50--—

@ normalized value (u=1)

80 element

Hg 4. (a) Sensitivity in determining the mode of the second eigenvalue 2404 Hz for the Neumann
specifying the nommlized value near the node using the UT nethod (80 elenents).

problemby

mode 2

0.50-—— "

0.00 ‘
0.00 0.50
1.00 /7 ] “ \\[ {
AN
0500 - J{f o
=\ | /T
\ ‘ i ~
0.00 \1\‘« L \‘// :
0.00 0.50 1.00
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M kernel
Neumman boundary condition

mode 2

s

0. 504—770 OOW

o, 5‘0 1.00

1.00 — 1.00 T
/“/’,// / “ \ \\\\\ . //:/ /// f r_\‘j\r\\\v
- - 8

0.50 f?f‘zfv 7% 0.50,,::’7771{% ; f

NS BN\
S\ 0N
‘\\. 11 ‘ :“ r/,i/ , 000l ML 'Q/
003 0 0.50 1700 0.00 0.50 1.00

o0 L 1.00-- T 1T
TS =N

0.50g"

o \ \‘//
0.00 mh('\

0.00 0

@ normalized value (u=1)

80 element

Hg 4. (b) Sensitivity in determining the nmode of the second eigenvalue 2404 Hz for the Neumann
problem by specifying the normalized value near the node using the L Mnrethod (80 elenents).
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JLKE

i*%i\ | rf i

E%Aélq(%Cmtowdot of the node of the second eigenvalue 240.4 He for the Neumann problem using

and 1ts comresponding degererate eigenfunctions can be expressed  as
aBm(X1, X2) +bBwi X1, X2), where a and b are real numbers, and B,,,(x1, ) 1sthe
analytical solution of the eigenfunction as shown below:

B, ) = oos(m (m, (m=0,1,2.3,...,n=0,1,2.3,...).

(39

"lhent%léirmde (m=0, n=0) resulting froma zero ey e is not considered here.
(Ol)arxi(IO)HDdsare(hgeneIaiea ions for the first eigenvalue
of 170 Hz with multiphaty two as shown in Table 2. The analytical solutions for the
m)dfsoo to the first eigenvalue in the contour are shown in Hg. 1.
nethod, we obtained the nndesbyspeafynganomal

izedvalmofoneforbourrjarydataat locations. Also, the sane modes
could be obtained using the L Mmnrethod. Therfmltsareshommfig 2(21)and$)e
for the UT and LM nethods, respectively, where the dark arde “
ffﬁfﬁd ition of the normahzedbowﬁarydata_ Both Hg, 2(a) and(b) indicate

the node depends on the specified location of the nommlized data.
Itlsfow%ﬂmﬂfmnmvdﬁoﬁot&sfoﬂgannan&matﬂn

tion. ror ©) S degenerate modes obtained using
ABAQUS Hg Q(aﬁc)allm(% that distortion ison with the
exact solution in Hg 1. The ABAQUS results listed in Hg 2(c;showtha.tthe
obtained modes are the linear combinations, (—0.1, l)and(l 01) of the two inde-
perﬁentrmdesoftlnemctsohﬂonmﬁg 1, respectwely Also, a linear combina-
tion for the two independent modes obtained dualBEMlsusedto
construct another mode in g, Forthecaseofnorﬂegrﬂate(l l)elgnfunctlom
oftheseoorxlelgenvalw2404l-lz,thesarmelgemmdewasobtalmd
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T kernel
Neumman boundary condition

mode 2

0.50

1.00
| T - P
‘ - )

o] b ™
N J

0.00 ‘

0.00 ] - <
0.00 0.50 1.00 246 o 100

@ normalized value (u=1)

84 element

Fg 5. (a) Failure in determining the nmode of the second eigenvalue 240.4 Hz for the Neunmann problem
by specifying the nommlized value on the node using the UT method (84 eleents).
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M kemel
Neumman boundary condition
mode 2
1.00 , 1.00- T ‘(, I ?
/ 1 1

\ - J TN

/ -/ o

= \\ , =\
o<50—7—~~o 00 éooof—: 0.50-f - —0 oofc 00—+

/ S \ |

0.008 \ L l | /// 0.00 \\\ \‘ ; ‘(/ ///
0.00 0.50 1.00 0.00 0.50 1.00

1.00+

AN =
=
0'50{'”'= . \P 050{ ~

1.00 T ‘

i . g T -
0.00 0.50 1.00 0.00 0.50 1.00

100““\ - T 1. 00 \ —
‘ ( ( \ }
. N - |
/ /

[/ 4 \
U )
- —= 0. oof — -
00 0.50 1.00 0.00 0.50 1.00
@ normalized value (u=1)

0.00
0.

84 element

Fg 5. (b) Failure in determining the mode of the sacond eigenvalue 240.4 Hz for the Neunmann problem
by specifying the nommlized value on the node wsing the LMnethod (84 elenents). .
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'ﬁonofﬂnbowﬁarydataha\dngavalwofommschanged@me%toﬂn
ocations of at the node and near the node. To denonstrate this point, Fg 4(a)
shows the sensitivity in determmning the mode corresponding to the second eigenva-
lueby) Wvﬂwmﬂenodeﬁ{lgﬂtmmﬂm 0 ele-
nents). S sensitivity in determining the sane mode %eufymg
ﬂb.mnm%zé(gbvalmrmrﬂnnodeLBingﬂE'LMngﬂnd(SOelenﬁmg or conr
parison, Hg. 4(c) shows the same mode obtained using ABAQUS. Also, FHg Xa)
shows the failure in determining the sanme mode the value
on the node wsing the UT nethod (84 elements). Hg Xb) shows the failure in
determining the sane mode by the nommlized value on the node using
the LM nrethod (84 elenrents). Since the constant element schene was used, two
neshes, 80 elerrents in He, 4(a) and (b) and 84 elenents in X(a) and Xb) were pro-
vided to specify the 1 data on the boundary locations, near the node and
on the node, respectively. Both cases illustrate the sensitivity and failure in deter-
mining the node. As shown in Hg. 4(a), (b), Hg Xa) and (b), the sane mode was
obtained if the position of the nommlized data was not on the node or near the
node.ForthedegerﬁaIe(OQ)aml(Q,O)nDd@sofﬂEﬂﬂrdeigem/alm%OHz,HI%6
shows the contour plot of the exact solution of some possible degenerate modks. %
ga)smttecontowdotofﬂedegerﬂatenndesobtalmdmngﬂem
g7(b)showsﬂnoontow§iotofﬂnedegemmtenndesobtauﬁd1mngﬂlelM
For comparison, Hg, 7(c) shows the modes obtained lmtlhg
ABAQURS. The two modes are combinations of two analytical solutions wi

¢ =cos2mx ¢ =cos2zx +cos2zy ¢=cos2zx+0.5co82zy
1 1 1
0.8 038 / \K 0.8
g <10 apaqus
0.4 R X
o.z o.z %\ % o.i
002040608 1 002040608 1 002040608 1
§=cos2ny ¢ =cos2mx —cos2ay ¢=0.5c0827x ~cos2my
1 1 1
0.8 0.8 \\% 0.8 v
., 06 ABAQUS
. v D) (L LD @saavs
. 0.2 0.2
2 A 0

0 02040608 1 00204 0608 1 002040608 1

Neumann problem (4 = 4y = 34042)

Hg, 6. Contour plot of the exact solution of the degenerate modes of the third eigenvalue 340 Hz for the
Neumann problem
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Fg 7. (a) Contour plot of the degenerate modes of the third eigenvalue for the Neunann problem using
the UT nethod.
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Fg, 7. (b) Contour plot of the degenerate modes of the third eigenvalue for the Neunmann problemusing
the LMnethod.
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654324

laa

E%AZQ[(%MM plot of the degenerate modes of the third eigenvalue for the Neurmann problemusing

ocoeffiients of (1, 0.5) and (0.5, —1) asin Hg 6. It is found that dual BEM(UT and
M) and FEM, wsing ABAQUS, can obtain at least these two possible degenerate

Exanple 2. A square cavity with the Dirichlet boundary condition.

dérﬁmecavityofalm@n% with the Dirichlet boundary condition will be con-
St next. The former five eigenvalues are also shown in Table 2 for /=1. Ana-
Iytical solutions and nunerical results obtained wsing the UT and LM nrethods are
both shown. Also, results obtamedLBmgABA(L)IE‘.nEg\xere worked out for compar-
1son. The analytical solution of the eigenvalue is
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- 6”’)%6’){@:1,23,...,n:1,z3,...), (35)
and its can be represented by
aom(x1, X2) +b,qqm x1 xz and arerealnwrtms and pin(x1, x0) 1s the
analytlcal solution of the eigenfunction as shown below:

p,m(xm):sin(%'i sm(%"_ ,m=1,23,....n=1,23,..).  (3)

Bothﬂe(l2)arﬂ(laglnnd$ale$?ﬁﬂale genfunctions for the seoond eigen-

valee 380.1 Hz in Table 2. The cal solutions for the possible degencrate

e o %H o o e (e oot by chts
a valuve of ore for

at different locations in Hg, %a). Also, the same modes could be obtained

IMnethod in K Both and (b) show that the eigenfuncti
ol b s %, r%ﬁ(a) o ot at dlf&felntbowﬁgrr?/
positions. Both Fig, %a) and (b) indicate that the degenerate mode

location of the daIaItlsalsofomdthatthemmmvalmof
obtained mode occurs at the position where the nommlized data is specified. For

conparison, Fg 9(c) shows the degenerate modes obtained using ABAQUS. The

@ =SIN2AXSINZY ¢ =sin2aysinay +sin 2y sin 27y ¢ =sin2zxsinzy +0.5sin zx sin 27y

| (ABAQUS) 1 1
0.8 . 08 0.8
0.6 0.6 0.6
0.4 0.4 04
02 0.2 0.2
0 0 0

002040608 1
402040608 1 002040608 1

¢ =sinzwxsin2xy ¢ = sin27x sin wy — sin 7wx sin 22y ¢ =sin2zxsinzy —0.5sin zx sin 27wy

1 1

0_81 @ 08 038
0.6 0.6 @ 0.6
0.2 @ 02 0.2

0 0 0
00204 0608 1 00204 0608 1 002040608 1

(ABAQUS)  pjrichlet problem (4 = 4 =380.142)

Eﬁg& Cl?lntour ot of the exact solution of the degenerate modes of the second eigenvalue 380.1 Hz for
Dirichlet
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U kernel

@® normalized value (t=1)

Fg 9. (a) Contour plot of the degenerate modes of the second eigenvalue for the Dirichlete problem
wsing the UT method.
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Fig 9. (b) Contour plot of the degenerate modes of the second eigenvalue for the Dirichlet problemusing
the TMnethod.
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E%:Ql(% Contour plot of the degenerate modes of the second eigenvalue for the Dirichlet problemusing

Chel BEVE LT el L] FEMsing ABAQLS o e two e
usIng cano two t
modes. For the degenerate modes ing to the fourth e -
Ive, 537.6 Hz, as shown in Table 2, the exact solution is shown in Fg, 10. In the
santway,Hg,.llga)arxi(b)showthermdsobta]mdmngtheUTaIﬂJ_M
nethods, respectllg Both Hg llgarﬂ(b) also indicate that the eigenfunctions
can be distinguished by speci normalized data at different boundary posi-
tions. It is interesting to find that the modes obtained using both the UT and LM
nethods are different even though the specified locations of the nommlized data of
value ore are the sane. This finding shows that the LM method can also be used to
distinguish whether the eigenvalue 1s degenerate or not in spite of the change of the
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¢ = sin 37zx sin 7y ¢ =sinzxsin3zy ¢ =sin37zxsinzy +sin 7x sin 37y

(ABAQUS)
1 1
0.8 0.8 @ 0.8 FO @
0.6 0.6 0.6
0.2 02
" | @ ) © )
002 040608 1 002040608 1 00204 0608 1
$=sin3zxsinzy —sinzxsindzy ¢ = 0.5sin3zx sin zy — sin zy sin 37y ¢ = sin3zxsinzy - 0.5sin #zx sin 37y
] , (ABAQUS) ]
08 @ 08| @ > 08
0.6 06 0.6
0.4 0.4 0.4
0 0 0

002040608 1 002 04 06 081 002040608 1
Dirichlet problem (4 = 43 = 537.642)

Hg. 10. Contour plot of the exact solution of the degenerate modes of the fourth eigenvalue 537.6 Hz for
the Dirichlet problem

position of the nommlized data. In addition, the FEM results obtained using
ABAQUS are shownin Fg, 11(c). Thetwormdesareomhmhmsofthet\mbaﬂc
nodks in the analytical solutions of Hg. 10 with the coeffients (1, 1) and (0.5, —1).
Hg 11(a)-c) showthatdualBEl\/[(UTandH\/l)andFEl\/ILﬂngABA can
obtain at least two possible degenerate modes.

7. Condusion
The dual formulation for the elgnvalue problem of acoustics has been derived.
Nunerical experinents on ons have been performed using

dual BEM Bys;mfymgtheag:)ropnate ocations for the nommlized data, we can
obtain the degenerate eigenfunctions. Also, this nethod can be used to distinguish
MEthertheelgenvaluelsdegemmleornot Tiwo exanples, a square cavity with
Dirichlet and Neunmann boundary conditions, have been given to showthe validity
of the present nethod. The mﬂtslmebeenocxmamdmﬂiﬂloseofﬂ]e
argéllaiylt;ﬁlwlmmarﬂof wing ABAQUS. Good agreenent has been
o
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Hg 11. (a) Contour plot of the degenerate modes of the fourth eigenvalue for the Dirichlete problem
using the UT nethod.
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L kernel
Di "

Hg 11. (b) Contour plot of the degenerate modes of the fourth eigenvalue for the Dirichlet problem
wsing the [ Mnrethod.
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E%Al(lig) Contour plot of the degenerate modes of the fourth eigenvalue for the Dirichlet problemusing

References

[1] Kopuz S, Lalor N Analysis of interior acoustic fields using the finite elenent method and boundary
elenent method. Applied Acoustics 1995:45:193-210.

2] IP)Ia)damigig Lectures on Cauchy’s problem in linear partial differential equations. New York:

wver, 195

[3] Mangler KW, Inmproper integrals in theoretical aerodynamics. RAE Report No. 2424, 1951.

[4] Tuck BO. Application and solution of Cauchy singular integral equations. In: Anderson RS et al.,
editors. The application and nunrerical solution of mtegral equations. Sijthoff Noordhoff, 1980.

[5] (heng-Sheng Wang, Sing Chu, Jeng-Tzong Chen. Boundary element nrethod for predicting store
airloads during its carriage and separation procedures. In: Grilli et al. editor. Computational engj-
neering with boundary elenents, vol. 1, Fluid and Potential Problerns, QMP, 1990.

[6] Hong HK, C(hen JT. Derivations of integral equations in elasticity. Journal of ASCE 1988
Fin;114(6):1028-44.

[7] Chen, JT. On Hadamard principal value and boundary integral formulation of fracture mechanics.
Mhster Thesis of Institute of Applied Mechanics, National Taiwan University, Taiwan, 1986.



k20! J.T. Chenet dl.| Applied Acoustics 57 (1999) 293-325

[8] Hong HK, Chen JT. Generality and special cases of dual integral equations of dual integral equa-
tions of elasticity. J CSME 1989;9(1): 1-19.

[9] Chen JT, Hong HK. On Hadanmard principal value and its application to crack problens
thrpugh g%\/[ In: Proceedings of The 11th National Conference on Theo. and Appl. Mech,

Taiwan, 1987.

[10] Portela A, Aliabadi MH, Rooke DP. The dual boundary element method: effective implenentation
for crack problens. Int J Num Meth Eng 1992;33:1269-87.

[11] MY, Aliabadi MH. Dual boundary elenent nethod for three-dinensional fracture mechanics
analysis. Eng Anal with Bound Hem 1992;10:161-71.

[12] ChenJT, Hong HK. Application of integral equations with superstrong singularity to steady state
heat conduction. Thermochimica Acta 1988;135:133-8.

[13] Chen JT, Hong HK. Singularity in Darcy flow around a cutoff wall. In: Brebbia CA, Conner JJ,
editors. Advances in boundary elenents, vol 2. Feeld and Flow Solution, 1989:15-27.

[14] Cra LJ. Boundary element method for regions with thin internal cavities. Fngineering Analysis with

Henrents 1989;6(4):180-4.

[15] Tel"le On calculation of sound field around three dimensional objects by integral equation method.
J Sound and Vibration 1980;69:71-100.

[16] WuTW, Wan GC. Nunerical modelling of acoustic radiation and scattering from thin bodies using
aCauch principal integral equation. J Acoust Soc Arer 1992:92:2900-6.

[17] ChenJT Chen KH. Dual integral formulation for determining the acoustic modes of a two-dinen-
?%8?121?(‘)}1& 16thh a degererate boundary. Fngineering Analysis with Boundary Henrents.

18] ChenKH Chen JT, Liou DY. Dual boundary element analysis for a acoustic cavity with an
umnplete ition. The Chinese Journal of Mechanics 1998;14:1:11.

—_— — —

19] Chen HKDJalbowﬁaIyuﬁegtalequahomalaoonErlmngoontomamoadqaram
smgulan in Fngineering Softwares 1994;21(3):169-78.
20 Liang MT (hen JT, Yang SS. Error estination for boundary element method, Engineering Analysis

]
]v(vflttxlelnBO N $D1alll;’218nﬁary integral fc obl
1 JT, Liang MI,, Yang equations for exterior problens. Fngineering
Analysis with Boundary Henents 1995;16:33-340.
22| Martin PA, Rizzo FJ, Gonsalves IR thypemnglﬂarintegtal equations for certain problens in
! réﬁlne‘lhnrncs NbleﬁCmnm;f%lé%&&ﬂ " N o
23 JT, Hong HK. Review n representations wi is on hypersingularity
dlvergntsenes, Invited one-hour Lecture. In: Proceedings of the International Colloquiumon
1Nnmn999) ical Analysis, Plovdiv, Bulgaria, 1996. (This note will appear in Appl Mech Rev, Vol. 52,
4] ChenIT, Hong HK. Boundary Henent Method, 2nd ed., Taipei Taiwan: New World Press, 1992

in .

[25] Chen JT, HongH-K On the dual integral representation of boundary value problem in Laplace
equation. Hement Abstracts 1993;3:114-16.

[26] GmterNM Potential theory and its agjhcauons to basic problens of mathenmtical physics. New
York: Frederick Ungar, 1967.

[27] Mm%ﬁd? gs}jnglﬂaﬁties and related integral representations. In: Sih GC, editor. Mechanics of
Fracture, v

[28] Tanaka M Sladek V, Sladek J. Regularization techniques applied to boundary elenent nethods.
Appl Mech Rev 19%4; 47(10) 457-9.

— —
[\

8

]

[29] Burton AJ, Miller GF. The application of integral equation nmethods to munerical sotution of some
extenor boundary value lens. Proc of Roy Soc London Ser A 1971;323:201-10.

[30] Chen ications of dual integral equations to acoustic problens. Mhaster thesis, Departrrent
of Harbor River Engineering, National Taiwan Ocean University, Taiwan, 1997.

[31] %tg.?er AL, Walecka JD. Theoretical mechanics of particles and continua. New York: MoGraw-Hill,

[32] Kamiya N Wi ST. Generalized eigenvalue formulation of the Helmholtz equation by the Trefftz

nethod. Engincering Conmputations 19%;11:177-86.



J.T. Chenet dl.| Applied Acoustics 57 (1999) 293-325 35

(33 CnenJT Wong, FC. Dual formulation for multiple reciprocity method for the acoustic mode of a
wﬂldt}nnpartmon, J Sound and Vibration, Accepted, 1998.

[ Cud 188(3()M41%3w3 [Ins NB. On the mode shapes of the Helimholtz equation. J Sound and Vibration

[39] LautaPAA Bambill DV, Jederlinic V. Commrents on the mode shapes of the Helimholtz equation.
J Sound and Vibration 1997 199(5):813-5.

[36] LinTW, Shiau HT, HuangIT. Singular decomposition by adding dummy links and dummy degrees.
J Chinese Institute of Engincers 1992;15(6):723-7.

[37] MSC/ABAQUS User Manual, MSC Version 5.5, 199%6.



