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ARTICLE INFO ABSTRACT
Keywords: In this paper, we employ the image method to solve boundary value problems in domains
Image method containing circular or spherical shaped boundaries free of sources. two and threeD prob-
BF’U“dary Val‘}e problem lems as well as symmetric and anti-symmetric cases are considered. By treating the image
Bipolar coordinates method as a special case of method of fundamental solutions, only at most four unknown

Method of fundamental solution strengths, distributed at the center, two locations of frozen images and one free constant,

need to be determined. Besides, the optimal locations of sources are determined. For the
symmetric and anti-symmetric cases, only two coefficients are required to match the
two boundary conditions. The convergence rate versus number of image group is numer-
ically performed. The differences of the image solutions between 2D and 3D problems are
addressed. It is found that the 2D solution in terms of the bipolar coordinates is mathemat-
ically equivalent to that of the simplest MFS with only two sources and one free constant.
Finally, several examples are demonstrated to see the validity of the image method for
boundary value problems.

© 2010 Elsevier Inc. All rights reserved.

1. Introduction

The image method is a popular approach in the theoretical physics [1] and has commonly been used in multidisciplines
such as electro-magnetics, acoustics and optics. When solving problems by using the Green’s functions for a bounded do-
main, the reflection is described by one or successive image sources, and the position and sign of the image sources is chosen
so that the boundary conditions can be satisfied [2]. Green’s function for a part of domain bounded by planes, circles or
spherical surface in terms of the corresponding fundamental solution in the full space can be found in the literature [3].
In certain cases, it is possible to obtain the exact solution for a concentrated source in a domain through superimposing
the infinite plane or infinite space solution for the given source and its image sources. Although the scope of this method
is limited for special geometry, it yields a great deal of insight into the solution when it works [4,5]. As a result of the afore-
mentioned consideration, many theoretical studies concerning the Green’s function in circular and spherical boundaries
have appeared in the literature. For example, Green’s function for plane boundaries has been investigated [6]. The image
method was employed to solve edge dislocation in an anisotropic film-substrate system [7] and dielectric plate [8]. Chen
et al. [9,10] solved Green'’s functions of annulus or concentric spheres by using the image method. It is found that almost
all the related works on the image method deal with the problem with a true source in the domain. Although Cheng’s book
[11] has employed the image method to solve the boundary value problems (BVPs) of an infinite space with two spherical
boundaries, the frozen image locations were not found to be the focuses of the bispherical coordinates. However, we may
wonder whether the image method may work for BVPs without sources in the domain. Bispherical and bipolar coordinates
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were always used to derive the analytical solutions for problems containing boundaries of two spheres or circles [12],
respectively. The BVPs of eccentric annulus were solved in a unified way of conformal mapping [13]. Problems with several
circular boundaries were solved by using the null-field BIEM [14].

In this paper, we will illustrate several examples to demonstrate the possible use of image method in solving 2D and 3D
BVPs without sources. Symmetric, anti-symmetric and eccentric cases are considered. Based on the singularities distributed
outside the domain for the image method, it can be seen as a special method of fundamental solutions (MFS) with optimal
locations and strengths of sources. To verify our image idea, analytical solutions by using the bipolar and bispherical coor-
dinates are used to check the accuracy of our results. Besides, numerical results using the conventional MFS and null-field
BIEM are also given for comparison. An infinite space with two spherical cavities as well as an infinite plane with two circular
holes are both considered. Besides, an eccentric sphere is also given. Also, the static result for a limiting case of two-spheres
radiation to simulate Laplace problems is provided for comparison.

2. Derivation of the image solution for BVPs
2.1. 3D BVP

The problem of an infinite space with two spherical cavities is shown in Fig. 1(a) and the governing equation is
Viu(x)=0, xeD, (1)
where V? is the Laplacian, u(x) is the potential function and D is the domain of interest. For a two-spheres case, the boundary
conditions are
u(X) = V17 X e BT> (2)
u(x)=V,, xeBy, 3)

where B; and B, are left and right spherical boundaries with constant boundary data of V; and V,, respectively. In this case,
the analytical solution [12] was derived in terms of the bispherical coordinates as shown below:

u(é,n) =4/2coshny —2coséz
n=0

where ¢ = constant is a family of spindle-shaped surfaces passing through the poles (0, +c,0),#, is on the right spherical
boundary, n =constant shows a surface of In(r. /) = constant, and P,(e) is the Legendre polynomial. It contains both sym-
metric and anti-symmetric problems.

The problem of infinite space with two spherical cavities can be seen as a combination of symmetric and anti-symmetric
problems as shown in Fig. 1(b) and (c). The fundamental solution of the 3D Laplace equation is shown below:

(Vz + V1> cosh (n+1)n (Vz - V1> sinh (n+1)n e~ W12, (cos ) ()

2 ) cosh(n-+1)n, 2 Jsinh (n+1)n,

Ulxs) =—, (5)

where 1 is the distance between the source point s and the field point x(r = |x — s|). For the symmetric case, we derive the
solution by using the image concept. To satisfy the nonhomogeneous boundary conditions (BCs) on the two spherical sur-
faces, both artificial sources at the two centers outside the domain are initiated in advance. However, the source at the left
(right) center also results a nonzero potential on the right (left) boundary. Therefore, successive images are required to con-
struct the solution as given below:

. 1 1 N —wyis Wi 2 Wi g Wi S(N)  c(N)
u(x) = lim { ¢*(N —+—>+ < R T I ATl SR >+ o4 2 : 6
() =i {q ™) |:<rol T'o2 Z [X —Sais| X —Saia| X —Sai1]  |X — Sail X —Se, | |X —Sq,| ©)

i=1

where three coefficients of symmetric case, g°(N), ¢ (N) and c§(N) are required to be determined by matching the boundary
conditions, 1y, and ry, are the distances between center and field point. Two frozen images, s.; and s, are found after suc-
cessive images. The locations of two frozen images must simultaneously satisfy

a?
(- Ra)’

where qa, d, R;; and R, are shown in Fig. 2. The distance between the two focuses is denoted by

d
—+Rc2:

2 Rcl = Rc27 (7)

IRt + Rea| = 2¢. (8)

The parameter c is the half distance between the two focuses in the bispherical coordinates which can be obtained by:

Vd* - 4a?
= YO 9)
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(a) An infinite space problem
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Fig. 1. (a) An infinite space problem with two spherical cavities composed of: (b) symmetric problem and (c) anti-symmetric problem.
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Fig. 2. Successive images for the: (a) symmetric and (b) anti-symmetric cases.

The wy in Eq. (6) is the weighting of the kth image source that can be obtained by using the formula of image location
[9,10] as shown below:

Wi = a We — awgy w o aAWyi_4
=0 WS T IR W T U Ry
a aws aAWyi_s5
W2=a7 GZR_~,-~~7W4i—2:R_a
3 4i-5 (10)
Wa — aw, - aweg aWgyi_»
3 d_sz 77d_R6-, s Wi4i-1 d—R41,2
awq aws aWyi_3
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where Ry is the distance between the kth image source and the center of left cavity, and they are determined by the recur-
rence relation

a? a? a?

Rl—d*E7 Rs—d*ma---,RMJ—d*mf

2 2 2
Rzia—7 Rs Ry - ;

d R Ryis 11

2 J el R J @2 (11)

Rafd——d_Rz, R; = “d R Re=d-gp—

a? a? a?
Ry=—, Rg=—,...,R4 = , 1=2,3,...,
4 R; s Rs’ “ Ryi_3 >

@ ® [Initial point
® @ Image point

© Frozen image point & focus of the bipolar coordinates

“~~___V_zu(x)=0,xe_l)__,——’

—— e - -

Fig. 3. Images locations for the 2D anti-symmetric case.
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Fig. 4. Problem sketch for the 3D symmetric problem.
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Here, the image solution for an anti-symmetric problem is shown below:

-1 1 N7 —wy Wi Wai Wy c?(N cd(N
<_+_) +Z< 4i-3 + 4i-2 _ 4i-1 + 4i ) + 1( ) + 2( ) , (.12)
To1  To2 X —Sais| X —Sai2| X —Sai1] |X -S4l [X —Sc,| X —5c,]

i=1

u(x) = lim {Q“(N)

where the coefficients of the anti-symmetric case, q*(N),c{(N) and c}(N), are required to be determined by matching the
boundary conditions, g°(N) and g°(N) are the initial strengths for symmetric and anti-symmetric cases, respectively, which
can be determined later by matching the boundary conditions. Successive images for the symmetric and anti-symmetric

cases were shown in Fig. 2.

1.2
lim g'(N)=1
| ® ®© ¢ & o © o ¢ o o
0.8 —

O—=—*11 ¢,*(N)
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(a) an image solution (b) an analytical solution using the  (c) a limiting case of static
bispherical coordinates solution using the null-field

Fig. 6. Potential contours: (a) an image solution, (b) an analytical solution using the bispherical coordinates and (c) a limiting case of static solution using
the null-field BIEM [15] (x-y plane).
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2.2. 2D BVP

Let us consider an infinite plane with two circular holes subject to the anti-symmetric boundary condition. Similarly, the
2D anti-symmetric problem is solved by using the image method in a similar way of 3D case. The fundamental solution of
the 2D Laplace equation is given below:

U(x,s) = In(r). (13)

_~~ ’
t=- <. Y Vu(x)=0,xe D -

-~
-
— -
e W N U L e i e

Fig. 7. Problem sketch for the 3D anti-symmetric problem.
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Fig. 8. Coefficients of q*(N),c$(N) and c§(N) versus N for an infinite space with two spherical cavities subject to the anti-symmetry boundary condition.
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For the anti-symmetric case, the boundary conditions are
u(x)=Vy=-V, xeB, (14)
ux)=V,=V, xeBy, (15)

where B; and B, are left and right circular boundaries with boundary data of V; and V,, respectively. Therefore, the image
solution for the 2D anti-symmetric problem in Fig. 3 can be constructed as

N
u(x) = lim {Q(N) [(—ln To1 +1n72) + Z (In[x — s4i-3| = In|x — $gi2| +In |x — Sgi_1| — In[x — 54])

N—oo =
+c1(N)In|x — s¢, | + c2(N) In |x—sC2|+e(N)}, (16)

where g(N) is an initial strength at the two centers of circular hole which can be determined later by matching the boundary
conditions, s and s, are two locations of final two frozen images which are similar to the 3D case, ¢;(N) and c,(N) are their
corresponding strengths, e(N) is the rigid body term, the iterative images and their locations are shown in Fig. 3. The exact
solution [12] in terms of the bipolar coordinates is given below:

74 Vv
u(f:ﬂ)ZmUZ%ﬂ~ (17)
© o e N o N s (2] [e o 8 (o) (o) = N o N = o (o]
> 64 >

)
)

e
G

e, 02 £ v
\/’\ > b \_/“
&3 t -6 &%
© -8 ©

8 6 4 2 0 2 4 6 8

(a) an image solution ~ (b) an analytical solution using
the bispherical coordinates

(c) a limiting case of static
solution using the null-field
BIEM

Fig. 9. Potential contours: (a) an image solution, (b) an analytical solution using the bispherical coordinates and (c) a limiting case of static solution using
the null-field BIEM [15] (x-y plane).

Fig. 10. Sketch for the problem of non-concentric spheres.
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Fig. 11. Image location for the problem of the non-concentric spheres.

3. lllustrative examples and discussions
3.1. 3D problems

Case 1: an infinite space with two spherical cavities subject to symmetric boundary conditions (symmetric problem of
Vi=V,=V=1

In the first case, the problem sketch for an infinite space with two spherical cavities is shown in Fig. 4. The centers of two
cavities are set at (0, —2.5, 0) and (0, 2.5, 0), and the radii are both 1. By matching the boundary conditions, the analytical
solution [12] can be simplified by using Eq. (4) as given below:

u(¢,n) =4/2coshy — 2cos§Z [ CC(;)SS}? :_:' ))1;70 e~ +1/2MPp, (cos ). (18)

By matching the boundary conditions, all the unknown coefficients in Egs. (4)-(6), ¢°(N), ¢ (N) and ¢$(N), can be determined
as shown in Fig. 5. In the numerical experiment, we found that the coefficient of g°(N) is equal to 1, since the 3D fundamental
solution is —1/r where r is the distance between s and x (r = |x — s|), limy_..c§(N) = 0 and limy_..,c5(N) = 0. Finally, we can
find that the final frozen image points terminate at the focuses of the bispherical coordinates. The contour plots by using Eq.
(6) of the image method and Eq. (18) in terms of the bispherical coordinates are shown in Fig. 6. It can be observed that our
results are compared well with the analytical solution. Also, the static result for limiting solution of two-spheres radiation by
using the null-field BIEM [15] is provided for comparison. Good agreement is also made.

Case 2: an infinite space with two spherical cavities subject to anti-symmetric boundary conditions (anti-symmetric problem of
Vi=-V=-1,V,=V=1)

Fig. 7 is a sketch of an infinite space with two spherical cavities subject to anti-symmetry boundary conditions instead
of the above symmetric case. The geometry data are the same as the case 1 and the analytical solution is obtained as
follows:

sinh (n +
u(é,n) =+/2coshn — 2cos§Z[ Sinh (1 1] ))1;70

In a similar way of finding the successive images for matching the boundary conditions, the solution can be obtained by
using Egs. (4)-(12). After locating boundary points to match the boundary conditions, all the unknown coefficients,
q*(N),c$(N) and c§(N), versus N can be determined as shown in Fig. 8. Similarly, we also found that the final frozen image

e~ ("=1/2Mp, (cos ). (19)
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Fig. 12. Coefficients of q(N),c;(N),c2(N) and e(N) versus N for the non-concentric spherical problem.
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Fig. 13. Potential contours: (a) an image solution, (b) an analytical solution using the bispherical coordinates [12] and (c) a solution by using the MFS (x-y
plane).

points happen to be the focuses of the bispherical coordinates. The contour plots by using Eq. (12) in the image method and
Eq. (19) of the analytical solution are shown in Fig. 9. The results of our approach are compared well with the analytical solu-
tion by using the bispherical coordinates. Also, the static result for limiting solution of two-spheres radiation using the null-
field BIEM [15] is provided for comparison. Good agreement is also made.

Case 3: a non-concentric sphere (V; =0,V, =1)
In this case, the two radii of inner and outer spheres are a = 1 and b = 2.5, respectively. The distance d between the two
centers is equal to 1 as shown in Fig. 10. After successive images, the image solution can be obtained as shown below:
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Fig. 14. An infinite plane with two circular holes in the bipolar coordinate system.
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Fig. 15. Coefficients of q(N), c1(N),c2(N) and e(N) versus N for an infinite plane with two circular holes.

u(x) = lim {q(N) [_T]-q_zN:( “Wai1 | Wai )} N cai(N) n CZ(N)|+6(N)}. (20)

Nooo — |Xx —S2i1] X — 3 X —sc,|  |x— S,

Since the center of outer sphere is in the domain, we only put an artificial source at the center of inner sphere to satisfy the
governing equation. Similarly, two frozen images are found after successive images. The locations of two frozen images are
governed by
b a?
Rqi=-——=+d, Rop=— 21

c1 RC2 — d + I} c2 Rc] 1} ( )
where R.; and R, are the y coordinates for the left and right focuses, respectively, as shown in Fig. 11. The distance between
the two focuses is denoted by

IRt — Rea| = 2c. (22)
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Fig. 16. Potential contours: (a) an image solution, (b) an analytical solution using the bipolar coordinates and (c) a solution by using the null-field BIEM
[14].

Fig. 17. Problem sketch for an eccentric annulus.

The parameter c is the half distance between two focuses in the bispherical coordinates which can be obtained by:
Vat —2a2b + b* - 202d” - 2b°d* + d*
2d '

After matching the boundary conditions, the unknown coefficients, q(N), c1(N), c2(N) and e(N), versus N are shown in Fig. 12.
The frozen images happen to be the two focuses in the bispherical coordinates. The analytical solution obtained by using the
bispherical coordinates is

< [V; (eZ(n+1/2)n _ 92(“+1/2)'12) -V, (eZ(n+1/2)n _ eZ(nH/Z)nl)
- _ —(n+1/2)
u(é,n) =4/2coshn —2cos¢ E ) [ 22 g T, e P, (cos &). (24)
n=

Fig. 13(a)-(c) show the potential contours by using the image method, the bispherical coordinates and the method of fun-
damental solutions, respectively. It is found that the results of three approaches match well with each other.

c= (23)

3.2. 2D problems

Case 4: an infinite plane with two circular holes subject to anti-symmetric BCs (V; = -V =-1, V, =V =1)

It is interesting to find that g(N) for 3D case can be obtained in advance to fit the boundary condition. We may wonder
whether the g(N) of the 2D problem can be determined in the same way as 3D case. The problem sketch for an infinite plane
with two circular holes subject to anti-symmetric boundary conditions is shown in Fig. 14. The distance between the centers
of two circular holes is 10, and the radii of two holes are both 1. The frozen images happen to be the two focuses in the
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Fig. 19. Potential contours: (a) an image solution, (b) an analytical solution using the bipolar coordinates and (c) a solution by using the null-field BIEM
[13].

bipolar coordinates. After matching the boundary conditions in Egs. (14) and (15), the unknown coefficients of g(N),
c1(N),c2(N) and e(N) versus N are shown in Fig. 15. It is interesting to find that the strengths of g(N) and e(N) are zero. Be-
sides, we also observe that ¢; (N) = —c,(N) in numerical experiment and therefore the image solution of the anti-symmetrical
case can be written as

ux)=ci(N)[Inx —s¢,| = Injx — s, ], (25)
where the coefficient ¢;(N) is determined by matching the boundary condition (u(x)|,., =V = 1) as given below:
Vv
C1 (N) , X€ BZ: (26)

:ln|x—sc,\—ln|x—sC2|
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in which ¢ (N) is found to be a constant and is independent of N. It indicates that the analytical solution by using the bipolar
coordinates is the same as that of image method (special MES) with only two sources as follows:

%4

u(é,n) =—————n. 27
(&m Sinh (9 n (27)
Fig. 16(a)-(c) show the potential contours by using the image method, the bipolar coordinates and the null-field BIEM

[14], respectively. Good agreement of the three approaches is made.

Case 5: an eccentric annulus [12,16]

The problem sketch for an eccentric annulus is shown in Fig. 17 with V; = 0 and V, = 1. The radii of inner and outer cir-
cular holes are a = 1 and b = 2.5, respectively. The distance d between the two centers is equal to 1. This problem has been
solved by using several approaches and a unified point of view by using the conformal mapping was provided in [13]. By
putting successive images, the image solution can be obtained as below:

u(x) = lim {q(N)

N
Inr+ Z (—Infx —syiq| +1Injx —sy]) | +c1(N)In|x — S, |+ c2(N) In |[x — s, | + e(N)}. (28)
i=1

The coefficients of g(N), c1(N),c2(N) and e(N) versus N are shown in Fig. 18. The analytical solution obtained by using the
bipolar coordinates is given below:

u(¢,n) =An+B, (29)
where
Vi-V,
B 7 30
sinh™' (© - sinh™! (©) (30)
Vl - V2 . 1.-1/C
B=V;—- sinh ™' (=). 31
" sinh ' (©) - sinh™! (© (a) (31)

It is also found that the solution derived by the image method and the MFS with only two sources are the same as the
analytical solution derived by using bipolar coordinates. Fig. 19(a)-(c) show the potential contours by using the image meth-
od, the bipolar coordinates and the null-field BIEM, respectively. The frozen images happen to be the two focuses in the bipo-
lar coordinates. It is found that the results of three approaches match well. In this case, the optimal number of sources in the
MEFS is only two and the two positions are found to be exactly located on the focuses in the bipolar coordinates. The image
method in this case can be seen as an optimal and simple MFS.

For the 3D case, the successive strengths become smaller and the final strengths at the two frozen points approach zero
for sufficiently large number of images. However, the 2D case is quite different, i.e., the strengths at the two centers are not
1/In(a) which satisfies the boundary condition (u=In(a)/In(a)=1). Only two singularities at the two focuses are required. In the
cases of 4 and 5, we found the equivalence between the image solution and the analytical solution derived by using the sep-
aration of variables in the bipolar coordinates. Table 1 shows the comparison of the anti-symmetric problem between 2D and
3D cases. The image method can be seen as a simple MFS in the 2D case. For the five (2D and 3D) cases, all frozen images
merge at the focuses. The present method can be also exactly extended to problems with Neumann BC or non constant
boundary data. Since benchmark examples are not found, we do not provide more examples after five examples. Certainly,
this approach can be applied to a general boundary problem once it can be mapped to a circular boundary.

4. Conclusions

In this paper, five solutions for the 2 and 3D BVPs were obtained by using the image method. For the 3D case, we have
found the strengths of the two initial sources at the two centers that can be determined in advance to satisfy its own bound-
ary condition. The strengths of successive images are then calculated and their values become smaller and smaller. The final
strengths of frozen images approach zero for sufficiently large number of successive images. However, the finding in the 3D
case can not be directly applied to the 2D case. Nonzero strengths at the frozen images are found and the initial strengths of
sources at the centers are zero. The image method can provide optimal locations and specified weightings for the conven-
tional MFS. The dimension of the matrix in the linear algebraic equation is at most four by four in the all examples. Agree-
ment is made after comparing the image solution with those of the conventional MFS, the null-field BIEM, the analytical
solutions by using the bipolar (2D) and the bispherical (3D) coordinates and the static result for limiting case of two-spheres
radiation by using the null-field BIEM.
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