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Abstract

In this paper, true and spurious eigensolutions for a circular cavity using the dual multiple reciprocity method (MRM) are analytically
derived and numerically verified by the developed program. The roots of spurious eigenequation are found analytically by using symbolic
manipulation software. A more efficient method is proposed by choosing a fewer number of equations from the dual MRM instead of all of
the equations in the dual MRM. Numerical experiments are performed by using dual MRM program for comparison purposes. A circular
cavity of radius 1 m with Neumann boundary conditions is considered, and the results match very well between the theoretical prediction and
the numerical experiments for the first four true eigenvalues and the first two spurious eigenvalues. Also, a noncircular case of square cavity
is numerically implemented. The true eigensolutions can be easily solved by the dual MRM program in conjunction with the singular value
decomposition technique. At the same time, the boundary modes and the multiplicities of the true eigenvalues can also be determined.
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1. Introduction

The multiple reciprocity method (MRM) has been widely
used to transform domain integrals into boundary integrals
for the Helmholtz and the Poisson equations [1]. For the
Helmbholtz equation, one advantage of using MRM is that
only real-variable computation is considered instead of
complex variable computation as used in the complex-
valued boundary element method. It is found that MRM is no
more than the real part of a complex-valued formulation
[2-5]. A simplified method using only a real-part or
imaginary-part kernel was also presented by De Mey [6].
However, one drawback of MRM has been found to be the
occurrence of spurious eigenvalues [8]. To deal with this
problem, the framework of dual MRM was constructed so as
to filter out spurious eigenvalues. A detailed review article
on the dual formulation, including 250 references, by Chen
and Hong [12,13] can be referred to. Spurious eigenvalues
occur in the MRM due to the loss of the imaginary part,
which was investigated in Ref. [15]. Also, the relation
between MRM and complex-valued BEM was discussed in a

* Corresponding author. Tel.: +886-2-2462-2192; fax: -+ 886-2-2462-
0724.

0955-7997/03/$ - see front matter © 2003 Elsevier Ltd. All rights reserved.
doi:10.1016/S0955-7997(03)00019-5

keynote lecture by Chen [3]. The occurrence of spurious
eigensolutions can be avoided in three ways: one is the
complex-valued formulation [16], another is the dual
approach [8,17] and the other is the domain-partition method
[7]. By employing the dual MRM, spurious eigenvalues can
be filtered out by checking the residual between the singular
and hypersingular equations in the dual MRM. A two-
dimensional case was studied in Ref. [17]. However, the
boundary modes (including true and spurious cases) should
be determined in advance before finding the residue. Finding
a more efficient method to distinguish whether an eigenvalue
is true or not is not trivial. Therefore, the SVD technique was
employed to filter out spurious eigenvalues for two-
dimensional cavities [9—11] and one-dimensional problems
[18,19] with greater efficiency than using the residue method
presented in Ref. [17]. After finding the true eigenvalues,
determining their multiplicities is our concern. Furthermore,
predicting spurious solutions analytically is the main focus
of this research. In Ref. [20], sensitivity and failure in
determining boundary modes and interior modes were
discussed for the case where the normalized value is set to
one at the boundary point with exact solution of zero or near
zero. To avoid this problem, the SVD technique is also
employed here to determine the boundary modes even
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though a double root is available. This technique can be
applied to not only a circular-boundary problem, but also
general boundary problem. In the dual MRM [10] or real-
part BEM [9,11], all the equations in the dual formulation are
combined to filter out the spurious solutions since the rank
deficiency can be improved. It is found that only rank one or
two deficiency is present in the real UT or LM formulation
[9-11], a sufficient number of independent equations from
LM or UT formulation is required. Based on the concept of
CHIEF method, the sufficient number of independent
equations should be provided to improve the rank deficiency.
Therefore, a more efficient method by choosing a fewer
number of equations from dual formulation than all of them
in the dual MRM [9-11] is proposed.

In this paper, we employ dual MRM to solve for the
eigensolutions of a circular cavity analytically and numeri-
cally. For circular and noncircular cases, we select sufficient
number of equations from the dual MRM to filter out
spurious solutions more efficiently. After assembling the
sufficient equations in the dual MRM, the singular value
decomposition (SVD) technique presented in Ref. [19] is
extended to filter out spurious eigenvalues for two-dimen-
sional cavities with greater efficiency than can be obtained
using the residue method described in Ref. [17]. The
spurious eigensolutions (including eigenvalues and eigen-
functions) are investigated analytically and found numeri-
cally. Also, the boundary modes and the multiplicities of the
true eigenvalues are determined using the same method.
These two roles of the SVD technique in the dual MRM are
both examined. One example of a circular cavity subject to
the Neumann boundary condition is employed to check the
validity of the analytical method. A noncircular case of
square cavity is also considered numerically. Finally, the
solutions are compared with the exact solutions to check the
validity of the present formulation.

2. Dual integral formulation of MRM for
a two-dimensional acoustic cavity

The governing equation for an acoustic cavity is the
Helmholtz equation:

(V2 4+ Pux;,x) =0,  (x,x) €D,

where V? is the Laplacian operator, D is the domain of the
cavity and k is the wave number, which is the frequency
over the speed of sound. The boundary conditions can be
either of the Neumann or of the Dirichlet type.

Based on the dual multiple reciprocity method (MRM)
[1,10,17], the dual MRM equations for the boundary points
are

u(x) ZCPVJ T (s, x)u(s)dB(s)
B

- RPVJ UGs,x)t(s)dB(s), x€E€ B, (1)
B

t(x) =HPVJ M(s, x)u(s)dB(s)
B

— CPV JB L(s, x)t(s)dB(s), x € B, 2)
where CPV, RPV and HPV denote the Cauchy principal
value, the Riemann principal value and the Hadamard
principal value, #(s) = (du(s)/dn,), B denotes the boundary
enclosing D and the four kernels are series forms which can
be found in Ref. [17].

3. Dual MRM for an acoustic cavity using the constant
element scheme

By discretizing the boundary B into boundary elements
in Eqgs. (1) and (2), we obtain the dual algebraic system as
follows

m{u} = [THu} — [UN1}, 3)
w{t} = [M]{u} — [L]{r}, “4)

where the [U], [T], [L] and [M] matrices are the correspond-
ing influence coefficient matrices resulting from the 10-
terms of the U, T, L and M series kernels, respectively. The
detailed derivation for the singular and hypersingular
integrals can be found in Refs. [10,17]. Egs. (3) and (4)
can be rewritten as

[THu} = [U{1}, (&)
[(M{u} = [LI{1}, (6)

where [T] = [T] — w[/] and [L] = [L] + w[I]. The compu-
tational issues for the dual MRM can be found in Refs. [10,
17]. The developed DUALMRM program was utilized here
in the numerical study.

4. Detection of spurious eigenvalues and determination
of the multiplicities of the true eigenvalues using the
singular value decomposition technique for dual MRM

According to Eqgs. (5) and (6), we can obtain the
eigenvalues independently for the problem without degen-
erate boundaries. However, spurious roots are imbedded if
the UT equation (5) or LM equation (6) is used alone. As
mentioned by Kamiya et al. [2], the equation derived using
MRM is no more than the real part of the complex-valued
formulation. The loss of the imaginary part in MRM results
in spurious roots. Yeih et al. [15] extended the general proof
for any dimensional problems and demonstrated it using a
one-dimensional case. The imaginary part in the complex-
valued formulation is not present in MRM, and the number
of constraints for the eigenequation is insufficient, which
causes the solution space to become larger. These findings
can explain why spurious roots occur using MRM when
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either Eq. (5) or Eq. (6) only is employed; i.e. the
mechanism of the spurious roots can be understood in this
way. The technique used to filter out spurious eigenvalues in
Refs. [10,17] is summarized as follows.

Since only the real part is of concern in MRM, one
approach to obtaining enough constraints for the eigenequa-
tion instead of the imaginary part of the complex-valued
formulation is to perform differentiation with respect to the
conventional MRM. This method results in the hypersin-
gular formulation for MRM. For the sake of simplicity, we
will deal with the Neumann problem. Therefore, Egs. (5)
and (6) reduce to

[T ysv {u} v = {0}, (N
[M(K)Iyxn {1} yss = {0}, ()

where N is the number of boundary elements. In Ref. [17],
an approach to detecting spurious roots is to use the criterion
of the residue to satisfy Eq. (5) (or Eq. (6)) when
substituting the boundary modes obtained from Eq. (6) (or
Eq. (5)) for the characteristic wave number, k. The spurious
modes obtained from Eq. (5) will not satisfy Eq. (6). The
proof will be elaborated on later in Egs. (52)—(55). This
conclusion also matches well with the results of fictitious
frequency in exterior acoustics. Burton and Miller proposed
a combined approach of UT and LM equations since their
fictitious poles are not the same [14]. Also, the spurious
modes obtained from Eq. (6) will not satisfy Eq. (5) in
controversa. Therefore, two residual norms can be defined
as follows [17]

€r = [T(kM)]{MM}, )

where {uy} is the boundary mode which satisfies
M (ky)1{up } = {0}; and

€y = M(kp)l{ur}, (10)

where {uy} is the boundary mode which satisfies
[T(kp){ur} = 0; €7 and €, are the residue norms induced
by Eqgs. (9) and (10), respectively; and ky; and k; are the
possible (true or spurious) eigenvalues obtained by Egs. (7)
and (8), respectively. By setting an appropriate value of the
threshold, we can determine whether the root is true or
spurious. To double check, the acoustic modes can be
examined based on the distribution of nodal lines and
orthogonal properties after the possible true eigenvalues are
determined [17].

It is noted here that the residue method needs to find the
spurious boundary modes first from one equation (either the
UT or LM equation) in the stage in which we directly search
for the eigenvalue, and then substitute it into another
eigenequation (either the LM or UT equation) to check the
residuals. Now, we will present a more efficient way to filter
out spurious eigenvalues which can avoid the need to
determine the spurious boundary mode in advance.

To filter out spurious eigenvalues using the SVD
technique, we can merge the two matrices in Egs. (7) and

(8) together to obtain an overdeterminate system as
[C)anxn {ut st = {0}, (11)

where the [C(k)] matrix is the augmented matrix, by
combining the [T] and [M] matrices as shown below [10]

My (k) ]

[C(k)](ZN)xN = [ -
kT yx (k)

12)
for the Neuman problem,

where the k term in Eq. (12) is added to be consistent in
dimension. Even though the [C(k)] matrix in Eq. (12) may
have dependent rows resulting from the degenerate
boundary, the SVD technique can still be employed to
find all the true eigenvalues since a sufficient number of
constraints are imbedded in the overdeterminate matrix,
[C(k)]. As for the true eigenvalues, the rank of the [C(k)]
matrix with dimension 2N X N must at most be N — 1 to
obtain a nontrivial solution. To filter out the spurious
eigenvalues, the rank must be promoted to N to obtain a
trivial eigensolution. In the dual MRM [10] or real-part dual
BEM [9,11], all the equations are combined together to meet
the requirement as shown in Eq. (12). However, it is found
that UT MRM [10] or real-part BEM [9,11] results in rank
deficiency by one and two for single spurious root and
double spurious root, respectively. In this paper, we propose
a more efficient method by selecting the appropriate number
of equations from dual formulation to filter out the spurious
eigensolutions as follows:

My (k) ]

_ (13)
kT (k)

[CR) ] nr2pxn = [

To find the rank of [C(k)] matrix, the SVD technique can be
employed to detect the true eigenvalues by checking
whether or not the first minimum singular values, oy, are
zeros. Since discretization creates errors, very small values
for o, but not exactly zeros, will be obtained when k is near
the critical wave number. In order to avoid the need to
determine the threshold for the zero numerically, a value of
o closer to zero must be obtained using a smaller increment
for the critical wave number, k. Such a value is confirmed to
be a true eigenvalue.

Since Eq. (11) is overdeterminate, we will consider a
linear algebra problem with more equations than unknowns

[A]an {X}nxl = {b}mxlv

where m is the number of equations, n is the number of
unknowns and [A] is the leading matrix, which can be
decomposed into [21,22]

[A]an = [U]me [E]an [V]:an (15)

where [U] is a left unitary matrix constructed by the left
singular vectors (u;,u,, us, ..., u,,), [%] is a diagonal matrix
which has singular values o7, 0»,..., and o, allocated in

m > n, (14)
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a diagonal line as

_O-n e O_
21=1] 0 o |, m>n, (16)
Lo -~ 0

in which ¢, = 0,_;--- = oy, and [V]® is the complex
conjugate transpose of a right unitary matrix constructed by
the right singular vectors (v, v,, v3,...,V,,). As we can see
in Eq. (16), there exist at most n nonzero singular values.
This means that we can find at most n linear independent
equations in the system of equations. If we have p zero
singular values (0 = p = n), this means that the rank of the
system of equations is equal to n — p. However, the singular
value may be very close to zero numerically, resulting in
rank deficiency. For a general eigenproblem as shown in this
paper, the [C(k)] matrix with dimension 2N XN will
theoretically have a rank of N — 1 for the true eigenvalue
with multiplicity 1 and o = 0. For true eigenvalues with
multiplicity Q, the rank of [C(k)] will be reduced to N — Q,
in which o0y, 0y, ..., 0 are zeros theoretically. In another
words, the matrix has a nullity of Q. In the case of spurious
eigenvalues, the rank for the [C(k)] matrix is N, and the
minimum singular value is not zero.

Determining the eigenvalues of the system of equations
has now been transformed into finding the values of k which
make the rank of the leading coefficient matrix smaller than
N. This means that when m = 2N, n = N and b,yx; = 0, the
eigenvalues will make p = 1, such that the minimum
singular values must be zero or very close to zero.

According to the definition for SVD, we have

[A]sza'u p=1273,..,n 17

p=p?

By choosing the gth zero singular value, o, and substituting
the gth right eigenvector, v,, into Eq. (17), we have

[Alv, =0u, =0, ¢=123,..0. (18)

According to Eq. (18), the nontrivial boundary mode is found
to be the column vector, Voo in the right unitary matrix.

After introducing the SVD method, matrix [C(k)]
apparently causes the rank of the leading coefficient matrix
to be equal to N —1 for the true eigenvalue with
multiplicity 1. The boundary modes can be obtained from
the [V] matrix in Eq. (14) using SVD. Another advantage of
using SVD is that it can determine the multiplicities for the
true eigenvalues by finding the number of near zeros in the
singular values. Two examples a circular cavity and a square
cavity with eigenvalues of multiplicity 2 will be considered
to demonstrate the use of SVD technique.

To check the validity of the proposed method, one
example will be examined analytically in the following
section.

P

5. Analytical derivations for true and spurious
eigensolutions

It is well known that MRM is no more than the real part of
the complex-valued formulation [2,15]. Therefore, the real
part of the complex-valued kernel, U(s, x) [23,24], is

Re[ - %iHO(kr)] = %Yo(kr), (19)

where H, and Y|, are the Hankel and Bessel functions of zero
order, respectively. The imaginary part, Jy(x), in U(s, x) is

—ri —r -7 - .
Im[ THo(x)] = Jo=—= 3 pu, (20)
n=0

where J;) is the first kind Bessel function of zero order and p,,
is

_ e 1)

Based on the theory of special functions, we can have

™ X had .
> Yolx) = [1“5 + y]JO(x) + ZO g,x

x [o ) [o )
= [lnz + y] Z pax™" + Z gux", (22)
n=0 n=0
where 7 is an Euler constant and g, is

(—1)<"+1>( 1 1 1)
= _(l4+=-4+=+-F+—) 23
D= Ty Uttty 23)

In the present MRM formulation, the real kernel is

— 10 ) 9 )

S V) =nn) Y pukn + 3 gk (24)
n=0 n=0

since 10 terms are adopted in the dual MRM program [17]. As
kr approaches zero, we have

_ k
%Y(kr) = gYo(kr) - [IHE + y]Jo(kr). (25)

By setting x = (p,0) and s = (R, 0) as shown in Fig. 1(a),
we can expand U(s, x) into a degenerate kernel as shown
below:

Uls,x) = g)?(kr) - gYO(kr) - [mg + y]JO(kr)

T < k
=5 > Y, (kR)J,(kp)cosn— [1nE + y]

n=—oo

X > J,(kR)J,(kp)cos nf

= 3 [ 30~ (13 + )0 prcosne
R=p. 26)
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Fig. 1. (a) The definitions of p, 6, and R. (b) The definitions of a and ¢.

It is interesting to find that the difference between the
MRM kernel and real-part kernel stems from the loss
terms of real constant, In(k/2)+4 vy, in the zeroth-order
fundamental solution [3].

The T kernel can be obtained by differentiating Eq. (26)
with respect to p :

oU
T(s,x)=—
ap

n=—o00

27)

Based on the dual series representation for the kernels and
Fourier expansion for u(s) and #(s) on the circular boundary,
we have

N
1(s)="> (a,cosnf+b,sinnb)+a, (28)
n=1
N
u(s)="» (c,cosnb+d,sinnb)+co. (29)
n=1

The kernels can be expressed

U(s.x)=U(¢—0)=> S, cosm(¢— ), (30)
L(s.x)=L(¢— )= > V,,cosm(¢p— 0), (1)
where
T k
S = [5 ¥, (kR) — (1n5 + y)Jm<kR>]Jm<kp), (32)
o k /
Vv, = k[ > Vu(kR) = <1nE + y)Jm(kR)]Jm(kp). (33)

Substituting Egs. (28)—(33) into the boundary integrals, we
have

2
J U(s,x)t(s)dB(s) :I U(s,x)t(s)Rd6O
B 0

2m N
:J [ao—i— Z (a,cosnb+b,sinnf) ]
0

n=1

X > S,cosm(6—H)RAO

N
:21TR[ apSo+ Z (a,cosng+b,sinng)S, ],
n=1

(34)

J L(s,x)t(s)dB(s)

B

N

=21TR|:a0V0—|—Z(ancosnd)—i-bnsinnq’))vn], (35)
n=1

where x=(a,¢) and ¢ are shown in Fig. 1(b). By setting
the collocation points x with ¢,,=mA6, m=0,1,...,2N, and

2T
Ao_m, Egs. (34) and (35) can be expressed as

Cap )
So S 0 Sy 0
a
Sy Sicos¢; Sysing; -+ SycosN¢; SysinNe, b]
nR)| S Sicosdy Sisind, - SycosNg, SysinNg, |1
ay
So S1cosdyy Sysingdyy - SycosNoy SysinNo,y b
\UN J

=2mR[B]{a} using single layer method or UT MRM method,
(36)
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and

(ap)
Vo Vi 0 Vv 0
a
Vo Vicosd, Vising; --- VycosN¢, VysinN¢, b
1
(2mR) Vo Vicosg, Vising, -+ VycosN¢, VysinNg,
ay
Vo Vicosgyy Visingoy -+ VycosNe,y VysinNeoy b
\“N J

=2mR[A]{a} using the double layer method or LM MRM method,
(37)

where {a} is a column vector of (ag,a;,by,...,ay,by)". It is
easy to decompose [B] and [A] into

[B]=[H][Dgl, (38)
[A]=[H][D4], (39)
where
1 1 o - 1 0 7
1 cos¢; sing; --- cosNe¢; sinN¢,

[H]= 1 cos¢, sing, --- cosN¢, sinN¢, (40)

>

| 1 cosgy singyy -+ cosNepy sinN oy

and
s, -
Sy
Sy
[Dg]= ) , 41
Sy
L Sy
v, _
Vi
Vi
[Dy]= . : 42)
Vi
| Vi

Using the following properties for [H] (as shown in
Appendix A)

2N +1
2N+1
- 0
2
2N+1
. 2
[H]"[H]= . :
2N+1
O -
2
2N+1
i 2
(43)
we have
det![B]l=det|H|-det|Dg|
=—2"N2N+11VTD.5(8,S,...Sh)%, (44)
detl[A]l=det|H|-det|D,4|
=2 2N+11"T2 Y (V. V)2 (45)
When S,=0, »n=0,1,2,....N, true and spurious

eigenvalues are imbedded in [(m/2)Y,(kR)— (In(k/2)+
Y, (kR)1J,,(kp)=0 if the single layer potential method or
UT method is used for the Dirichlet problem. We can
summarize this as follows:

True eigenequation:  J,(kp)=0

(46)
for the Dirichlet problem;
True eigenequation : J,,(kp) =0

47
for the Neumann problem;
Spurious eigenequation :

(48)

k
gyn (kR) — <1nE + y)Jn(kR) =0 usingMRM(UT).

If the singularity is superimposed on the real boundary
(p,0), 0 < 0<2m, instead of the fictitious boundary (R, 6),
0 < 60<2m, then only the spurious eigenequation (48) is
changed to

Spurious eigenequation :

k
gYn (kp) — <ln§ + y)J,,(kp) =0 usingMRM(UT). (49)

Both cases (true and spurious) have the same boundary
modes, e, on the boundary with radius R or p if UT MRM
or single layer MRM is used.

If the LM formulation is used, we have

[ee]

aU m / _ k /
=50 =k 3 [ S v - (5 + i ko

n=—oo

X cos nb, (50)
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(a) 10E+002
T: True eigenvalue
S: Spurious eigenvaiue
( ): Analytical solution
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1.0E-005 ] | I | I
00 15 30 45
k

Fig. 2. (a) The minimum singular value o versus k using the UT equation only. (b) The minimum singular value o versus k using the LM equation only. (c)
The minimum singular values o versus k results obtained using the UT and LM equations. (d) The second minimum singular value o, versus k results obtained
using the UT and LM equations. (¢) The minimum singular value o versus k results obtained combining two equations from 7 matrix and all equations from M
matrix. (f) The second minimum singular value o, versus k results obtained combining two equations from 7 matrix and all equations from M matrix.
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(C) 1.0E+002

(d)
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T1 Tn : true eigenvaiue with T2 T2
| multiplicity n I |
() : analytical solution

| IIHIIII ] lIJIIIII I llllllll | Illlllll ] llllllll ] I|IIlIJl

(0.00) (1.84) (3.05)
[ [ ! | I I |
0 1 2 3
k
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k

Fig. 2 (continued)
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(€) 10E+2 —=
1T Tn : true eigenvalue with T2 T2
1.0E+1 —! multiplicity n | I
= () : analytical solution
o
-1
1.0E+0 — |
-l
T |
(0} 1.0E-1 —
! =1
1.0E-2 —=
1.0E-3 — ’ I 2
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1.0E-4 ! T | T I
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k
(f) 10E+3 —=
10E+2 —— Tn : true eigenvalue with
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= : analytical solution
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=i
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k

Fig. 2 (continued)

=y [;Yﬁ,(kR) = (1n§ + y)J’n(kR)]

x J!,(kp)cos né. (51)

Similarly, the true and spurious eigenvalues occur at the
zeros for the following spurious eigenequation:

True eigenequation :

J,(kp) = 0 for Dirichlet problem;

(52)
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True eigenequation :

J.,(kp) = 0 for the Neumann problem; 9
Spurious eigenequation :

;y’n(kR) - (mg + y)Jﬁ,(kR) =0 (54)
using fictitious MRM(LM);

Spurious eigenequation :

T2~ (103 + )itk (55)

= 0 using direct MRM(LM).

Both cases (true and spurious) have the same boundary
modes, e"?, on the boundary with radius R or p if LM MRM
or double layer MRM is used.

Substituting the eigenvalues and boundary modes
(obtained from the MRM UT equation) into UT equation
(1) for an interior point, we have

up(as ) = szJnuca)[ Ytk - (mg 4 y)fnac,,)]

X (e cos(ng) + B sin(nd)), (56)

0<a<p, 0<o<2m,

where o and 3 are free constants. Similarly, we have

up(a, ) = szJ,xka)[ T ¥itkp) - (ln§ 4 V)JZ(kp)]

X (a cos(ng) + B sin(ng)), o7

0<a<p, 0<o<2m,

if the MRM LM equation is used. Theoretically, it is
interesting to find that spurious modes are trivial since the
terms of [(m/2)Y,(kp) — (In(k/2) + y)J,(kp)] and [(
7w/2)Y},(kp) — (In(k/2) + y)J,(kp)] are imbedded in Egs.
(56) and (57), respectively. However, the spurious modes
obtained numerically are as follows using UT MRM and
LM MRM, respectively, where ,(a, ¢) is a normalized
mode:

Single layer or UT method :

it,(a, $) = J,(ka)(a cos(ng) + B sin(ne)), (58)
0<a<p, 0<d¢<2m

Double layer or LM method :

ity(a, ) = J,(ka)(a cos(nd) + B sin(nd)), (59

0<a<p, 0<¢p<2m.

It is interesting to find that the nodal lines for true
and spurious modes are the same after normalization
if [(W/2)Y,(kp) — (In(k/2) + y)J,(kp)] or [(w/2)Y,(kp)—
(In(k/2) + y)J'(kp)] approaches zero but is not exactly
zero. To be precise, true and spurious modes are different
since eigenvalues are not equal.

6. Numerical examples—a circular cavity and a square
cavity

In the first case of circular cavity with radius 1, an
analytical solution is available as follows: eigenequation
Jkmp) =0, m=0,1,2,3,...; n=1,2,3,...; eigen-
mode: u(a, 0) = J,,(k,,,a)e™’, 0 <a <p, 0<6<2m.

Eighty elements for p = 1 are adopted in the boundary
element mesh. Since two alternatives, the UT and LM
equation, can be chosen when collocating on the boundary,
two results from the UT and LM methods can be obtained.
Fig. 2(a) shows the minimum singular value versus k. The
true eigenvalues contaminated by spurious eigenvalues can
be obtained as shown in Fig. 2(a) by considering the near
zero minimum singular values if only the UT equation is
chosen. In a similar way, the true eigenvalues contaminated
by spurious eigenvalues can be obtained as shown in Fig.
2(b) by considering the near zero minimum singular values
if only the LM equation is chosen. It is interesting to find
that no spurious eigenvalues occur as shown in Fig. 2(c)
when the UT and LM equations are combined. After
obtaining the true eigenvalues, their multiplicities can be
determined as shown in Fig. 2(d) from the locations where
the second minimum singular value also approaches zero. It
is found that double roots are obtained in this case. Since no
triple roots are available, the plot of o3 versus k is not
provided. The true and spurious eigenvalues are shown in
Tables 1 and 2, respectively. The ABAQUS results in Refs.
[25,26] for the true eigensolutions also match the present
solutions. Good agreement between analytical and numeri-
cal results can be obtained. For the more efficient method,
two equations from 7 matrix are combined with all

Table 1
The true eigenvalues obtained by using the analytical method and MRM for
a circular domain with Neumann boundary conditions

1 2 3 4
Analytical solution 1.8412 3.0542 3.8317 4.2012
W@h (O U 3"
Numerical solution using 1.84 3.06 3.85 4.15
UT equation (MRM)
Numerical solution using 1.84 3.06 3.85 4.16

LM equation (MRM)

Ji,n denotes the eigenvalues which satisfy the true eigenequation:
Jlmp) =0,m=0,1,2,3,...,n=1,2,3,...
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Table 2
The spurious eigenvalues obtained by using the analytical method and
MRM for a circular domain with Neumann boundary conditions

1 2

Analytical spurious eigenvalues using UT 2.74 (S {) 4.18 (Sé)
equation (MRM)

Numerical spurious eigenvalues using UT 2.75 4.11
equation (MRM)

Analytical spurious eigenvalues using LM
equation (MRM)

Numerical spurious eigenvalues using UT 2.74 4.34

equation (MRM)

274 (Sh1) 444 (S|D)

S, denotes the eigenvalues which satisfy the spurious eigenequation:
(7/2)Y,,(Kynp) — (l/n(kmnlz) + Wulkp) =0, m=0,1,2,..., n=1,2,...
by MRM (UT). S,/ denotes the eigenvalues which satisfy the spurious
eigenequation:  (/2)Y},(kynp) — (n(kyu/2) + P okpup) =0,  m=
0,1,2,...,n=1,2,... by MRM (LM).

(a) 0.20
k=181
—  1sttrue mode
2 0.00—
=
-0.20 i i I
0 40 80
Boundary element ID
(c) 0.20
k=3.85(s4") 3rd true mode
w
S 0.00—

0 40 80
Boundary element ID

the equations from M matrix and the results are shown in
Fig. 2(e) and (f). Good agreement can be made in
comparison with Fig. 2(c) and (d). In Fig. 2, there are
sharp changes in the slopes of curve. This is a natural result
instead of artificial plot. Since the function of o (k), is the
minimum of all the singular values of function &,
(o (k), 0»(k), 03(k), ...,), the abrupt change of slopes can
be understood as an envelope curve. The first four true
boundary and interior modes are shown in Figs. 3 and 4,
respectively. The first two spurious boundary and interior
modes are shown in Figs. 5 and 6, respectively. Some
contamination near the boundary can be found in the interior
modes. The analytical and numerical results match very
well. As expected, the spurious modes in Figs. 5 and 6 for
Egs. (56) and (57) are found to have the same nodal lines
that the true modes have although they have different
eigenvalues. Table 3 summarizes the results for the
Neumann problem. Also, the true and spurious eigensolu-
tions for the Dirichlet problem can be derived analytically as

®) 920
k=3.06(/4" ~ 2nd true mode
w
= 0.00—
-0.20 | I I
0 40 80
Boundary element ID
(d) 0.20 m
k=4.15(73) 4thtrue mode
2 0.00
3
-0.20 | | |
0 40 80

Boundary element ID

Fig. 3. (a) The first true boundary modes. (b) The second true boundary modes. (c) The third true boundary modes. (d). The fourth true boundary modes.
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k= 1.84(Jil ), 1st true interior mode

0.804

0.60

0.40-

0.20+

-0.20+

-0.604

-0.80+

k =3.06(J4"), 2nd true interior mode

0.80+

0.60+

0.404

0.204

0.00+

-0.20+

-0.40+

-0.60+

-0.80+

T LA
080 060 -040 -020 000 020 040 060 080

k= 3.85(]5l ) , 3rd true interior mode

T
-0.‘80 -080 -0.40

k = 4.15(J4), 4th true interior mode

0.80+

0.60+

0.40+

0.204

0.00+

-0.20+

-0.404

-0.60+

-0.804

Fig. 4. (a) The first true interior modes. (b) The second true interior modes. (c) The third true interior modes. (d) The fourth true interior modes.

shown in Table 4. Although the spurious eigen solution of a
noncircular case cannot be analytically predicted, the
numerical results are shown in Fig. 7(a)—(e). The results
agree well with the exact solution of true eigensolution.
Since the CPU time of the MRM depends on the number of
adopted terms, the comparison with the other methods is not
provided.

7. Conclusions

The dual MRM in conjunction with the SVD technique
has been applied to determine the eigensolutions of a
circular cavity. Analytical solutions for the true and
spurious eigensystems occuring in the UT or LM equation
only have been derived. A more efficient method has been
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(b) 0.20
(a) 0.20 ¢ 273051, 1oLSpurious mode k=4.11(5) 2nd Spurious mode
—_ »
2 0.00 5 0.00—
'0.20 I I | "0-20 I I I

0 40 80
Boundary element ID

Fig. 5. (a) The first spurious boundary mod

k =2.75(S}), 1st spurious interior mode

0.80+

0.60+

0.40+

0.20+

-0.20

-0.404

-0.604

-0.80+

T T T T 1 T T T T
-080 -060 -040 -020 0.00 0.20 0.40 0.60 0.80

0 40 80
Boundary element ID

es. (b) The second spurious boundary modes.

k= 4.11(85 ), 2nd spurious interior mode

0.60+

0.40+

-0.80+

T T T T )
-080 -060 -040 -020 0.00

Fig. 6. (a) The first spurious interior modes. (b) The second spurious interior modes.

Table 3
The true and spurious systems for the Neumann problem using UT MRM and LM MRM
Eigenequation Eigenmode Eigenmode (interior): u,(a, ¢) : (unnormalized);
(boundary) Eigenmode (interior): i, (a, ¢) : (normalized)
UT method True Jh(kp) =0 enf u,(a, p) = szJn(ka)[gYn(kp) - (lng + ), (kp)|cos(ng)*
. i,(a. ) = J,(ka)cos(n)”
. T . ™ k B
Spurious 5 Yalkp) = (In5 + ), (kp) = 0 e (@, ) = wRJ, (ka)[ 3 Y, (kp) = (In5 + )J,(kp)]cos(ne)
i, (a. ) = J,(ka)cos(nh)”
. k .
LM method True JL(kp) =0 enf u,(a, ) = frrzRJ,,(ka)[;Yf,(kp) - (1n5 + Y, (kp)]cos(ng)*
i, (a, ) = J,(ka)cos(ngh)®
k ) k .
Spurious EY’n(kp) = (In3 +9Jukp) =0 e u,(a, ) = szJn<ka)[§Y¢l<kp> = (In3 + yukp)cos(nd)®

i, (a, §) = J,(ka)cos(ne)”

# Denotes a nontrivial solution.
® Denotes a nontrivial solution after normalization.
¢ Denotes a trivial solution without normalization.
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Table 4
The true and spurious systems for the Dirichlet problem using UT MRM and LM MRM
Eigenequation Eigenmode Eigenmode (interior): u,(a, ¢) : (unnormalized);
(boundary) eigenmode (interior): it,(a, ¢) (normalized)
) k
UT method True J,(kp) =0 ef u,(a, d) = TrzRJ”(ka)[; Y, (kp) — (1nE + Y, (kp)]cos(ngh)®*
iy (a, ¢) = J,(ka)cos(n)®
. ™ k : ™ k c
Spurious 5 Yalkp) = (In + )], (kp) = 0 e’ ty(a, $) = W RI, (k) 3 Y, kp) = (in + Y, (kp)]eos(nt)
iy (a, ¢) = J,(ka)cos(n)®
. k
LM method True J,(kp) =0 ef u,(a, d) = frrzRJ,,(ka)[g Y (kp) — (1nE + Y)W, (kp)]cos(ng)*
i,(a, $) = J,(ka)cos(n)’
. m k ; ™ k c
Spurious 5 Y (kp) — (lni + Y)ukp) =0 en? u,(a, ) = 'rrzRJ,,(ka)[E Y, (kp) — (lni + ), (kp)]cos(ne)

i,(a, §) = J,(ka)cos(nd)®

% Denotes a nontrivial solution.
® Denotes a nontrivial solution after normalization.
¢ Denotes a trivial solution without normalization.
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Fig. 7. (a) The minimum singular value o versus k results obtained using the UT and LM equations only. (b) The second minimum singular value o versus k
results obtained using the UT and LM equations. (¢) The minimum singular value o versus k results obtained combining two equations from 7" matrix and all
equations from M matrix. (d) The second minimum singular value o, versus k results obtained combining two equations from 7" matrix and all equations from
M matrix.

proposed by selecting sufficient number of equations from DUALMRM, has been developed, the spurious solutions
dual MRM instead of all of them. Numerical experiments have been successfully predicted analytically and filtered
have been performed to filter out the spurious solutions by out numerically, and the multiplicities and boundary modes

using the dual formulation. A general purpose program, of the true solutions for the circular cavities have been
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determined by using the SVD technique. The possible
application of MRM to large scale problem will be
conducted in the future work.
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Appendix A

Using the property of a geometric series, we have

N | — ol@N+D)d,
D e = — o (A1)
n=0 —em
2N ) 1 — eim2"n'
D et = T =0 mFO0), (A2)
n=0 -
where
2mr

=mAd= ——.
= m N+ 1
Also, we have
2n 0, (m # 0),
Z cos ne,, = (A3)
=0 2N +1, (m=0),

2n
D sinng, =0  (m=0,1,2,...,2N), (A4)
n=0

2N 2N

Z cos wao, sin A, = Z cos nu¢, sin nA¢,

n=0 n=0

(¢, =n A0 =nd) (A5)

2N
1D [sin n(A + w¢y + sin n(A — w1 = 0,

n=0
2N
Z sin o, sin A¢,
n=0
N
=1 z [cos n(A — w)dy — cos n(A + wé]
n=0
0, AFEu,
i ’ (A6)
E(2N+ D, A=p,

2N
Z sin w, cos A,
n=0

=3 D [cos n(A — Wy + cos n(A + ;]

n=0
0, AF W,
= %(2N+ 1, A=up#0, (A7)
2N +1, A=p=0,
where
A=0,1,2,....,N

w=0,1,2,...,N.
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