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Abstract

In this study, a boundary formulation for calculating moments of an arbitrary closed planar region is proposed instead of calculating
moments using the domain integral. The Gauss’ divergence theorem is used to transform moments of area into boundary integrals. Three
examples are demonstrated to show the validity of the proposed method. Results obtained from the boundary formulation are compared with
analytical solutions, and good accuracy is obtain@d999 Elsevier Science Ltd. All rights reserved.
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1. Introduction distribution is a constant body force, centrifugal force or
thermal loading [6]. However, general transformation
Evaluation of the domain integral of an arbitrary closed from a domain integral with an arbitrary body force function
planar region is a fundamental problem in various fields of into a boundary integral has not been proposed to the best of
engineering and applied science. The area of an arbitraryauthors’ knowledge.
closed region is important in surveying [1]. The geometric  To evaluate the domain integral of an arbitrary closed
center of an arbitrary closed region is of great importance planar region, finite discretization of the domain is tradition-
for two-dimensional dynamics [2] as the planar motion of a ally used. To avoid the complexity of domain discretization,
rigid body can be decomposed into two parts: the linear it is quite promising to employ an easier discretization
motion of the mass center and the rotational motion about process if the domain integral can be transformed into a
the mass center. The second moment of an arbitrary two-boundary integral formulation. This is quite similar to the
dimensional closed region is also meaningful in dynamics original idea of BEM, which tries to solve the boundary
[2] and in the mechanics of materials [3]. The polar moment value problem by discretizing boundary alone, developed
of the area is useful in 2-D planar rigid body dynamics when by Kinoshita and Mura [7] in their pioneer works. Of course,
the angular acceleration is related to the resultant momentnot all the domain integrals of arbitrary functions can be
about the center [2]. The second moment of a cross-transformed into boundary integrals. However, some func-
sectional area about its neutral axis appears in the formula-tions (for example, the moments of area presented in this
tion of the bending problem of an Euler—Bernoulli beam. article) can be transformed. This concept, which transforms
The shear stress acting on the cross-section of a beam is alsa domain integral into a boundary integral, has been
related to the moment of area [3]. The torsional rigidity is employed in the multiple reciprocal method (MRM) [8—
calculated using a domain integral in the Prandtl formula- 12] in boundary element analysis for acoustic problems
tion for the Saint—Venant torsion problem, and the bound- and many other related problems.
ary formulation of the torsional rigidity has been proposed  Consider a closed planar regiDrbounded by the boundary
[4,5]. When the Poisson’s equation is solved using the I' as shown in Fig. 1; the moments of area defined as follows:
boundary element method, a domain integral exists in the
formulation. Several kinds of domain integrals can be trans- M} = J y" dD, (1a)
formed into a boundary integral, e.g. when the body force D
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calculated from Eqgs. (1a) or (1b) by lettimgbe zero. In
surveying, the so-called area integrator can be used to calcu-
late the area of a closed region by means of the coordinates
of boundary points. However, the method employed is
different from which we propose here, which will be elabo-
rated on later. The coordinates of the geometric center,
(%, V), for a closed planar region are known to be

. JpxdD
o nydD

Itis clearly seen in Egs. (2a) and (2b) that the coordinates
of the geometric center are obtained by dividing the first
moment of area by the zeroth moment of area.

In dynamics, the moments of inertia for a homogeneous
planar region are defined as

Lo = pJDy2 dD, Iy = lyx = pJD xydD and I,

= pJ x2 dD, (©)]
D

wherep is the mass density function. It can be easily found
that Egs.(1a), (1b) and (1c) are required in order to calculate
the terms in Eq. (3).

In mechanics of materials, the bending stress in an Euler—
Bernoulli beam as shown in Fig. 2 is formulated as
_ My

Fig. 1. A closed planar region. Oy =

o 4
7z
- . where the neutral plane of the beam is tkez plane
My = JD x"y"™ dD, (10 (i.e.y = 0), oy is the bending stres| is the moment acting
on the cross-section arlg, is the second moment of area
with respect to the-axis.

Mp = J r" dD, (1d) To calculate the shear stress in an Euler—Bernoulli beam
b with a rectangular cross-section as shown in Fig. 2, the
wheren and m are non-negative integerdly is the n-th following is used:
moment of area with respect to tixeaxis, My is the n-th VQ
moment of area with respect tpaxis, My is the cross 7= 7> ()
n: ZZb
moment of area anilp is the n-th polar moment of area
with r defined as the distance from the origin. whereV is the resultant shear force acting on the cross-

Applications of moments of area have appeared in many section,Q is the first moment of the shaded areg, in
engineering fields. Several commonly used applications areFig. 2 (i.e.Q = [,y dA) with respect to thez-axis, 7 is
described below. The area of a closed planar region can bethe shear stress arfal is the width of rectangular cross-
section.

The applications mentioned earlier all require the calcu-
LI lation of moments of area. To transform a planar domain
integral into a boundary integral, two theorems, the Gauss’
divergence theorem and the Stokes’ theorem [13], may be
useful. In this study, the Gauss’ divergence theorem is used
to transform the moments of area from a domain integral
into a boundary integral, and the discretization formulation,
Fig. 2. A beam problem. which uses the line element scheme is also derived. Finally,
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three examples are illustrated to show the validity of this Therefore, we have
proposed formulation. -

1 -
Xy"dD = ——— | XYy VMAad 11
| eymap = —m | e Fem ap
2. Boundary integral formulation of moments of area If n# 0, the cross moment of area can be also represented as
Consider a planar closed regi@non thex—y plane with | X"y" dD = J XZym V(X" hdl (12)
boundaryl’, where the outnormal vector on the boundary is JD ”(” nin+1)
denoted a# (shown in Fig. 1); the domain integrals of the For then-th polar moment, we have
moments of area can be transformed into boundary integrals
as follows. MdD = J vr-vr"™l dD
First considen = 0in Eqg. (1a) (on= 0 in Eq. (1b)); the Jb n+1lJo
zeroth moment of area is simply the area. We have _ 1 U R J P dD}
1 1 L n+1(Jr D
dDz—J' V2 dDz—J V(Vy?) dD .
JDyO 2Jo Y 2)o (V) -1 U rVr”“-ndF—nJ r”dD}.
n+1(Jr D
_1 J Tyl ©) (13
2)r

Finally, we have
in which Gauss’ divergence theorem is used.
Now consider thah is a non-zero positive integer in Eq. J r"dD =
(1a) or (1b)); we have D

TN+l
1 JFrVr ndr. 1%

dD = — V vy dD . L . .
Joyn yz y 3. Discretization formula using the line element scheme
= i{] yzﬁyn.ﬁ dr_J yZVZy” dD} The moment of area can be expressed in terms of the
anlr D boundary integration as shown in the preceding section. In

1 S the numerical implementation, the boundary integral, which
= %{LYZVYH'H dI'=n(n—-1) JDYH dD}- (7) can be viewed ag -f(x,y) dI’, is obtained by an approxi-
mated summation after the discretization process. In

Therefore, the following equation can be derived: general, the so-called shape function is used to approximate
the unknown kernel functiorfi(x,y) in which method the
J y'dD = J VY A dr (8) value of the unknown kernel function at any poimtyj
D n(n + 1) . . . .
inside the element is approximated by the summation of
Similarly, we can derive the products of shape function values and nodal values of
1 . the unknown kernel function. In the case we study here, the
J x"dD = N+ D VX AdI 9 kernel itself is always a known function; therefore, it is not
D

necessary to approximate the kernel. However, the bound-
For the cross moment of area defined in Eq. (1c), the ary we encountered may be approximated by the shape

following equation can be obtained whans= 0: function. Consider themth order elementrf = 1) to
1 approximate the boundary, in order to describe mih
J X"y"dD = Z_J ﬁ(xnyz).ﬁ(y“) dD order polynomial 2-D curve in the-y plane, it requires
D m )b

m(m + 3)/2 nodes in one element. The shape functions
1 B can be set up asm + 3)/2 — 1 order polynomials of the

2—{ J Y2V (y™-A dIlm — J' oY) (Y™ dD} local coordinates by requiring that the component of shape
mgJr D function corresponding to the noéteof the element should
1 B become 1 when the local coordinasematches the very

= _{J’ YA Vy™-A dl — m(m — 1) value of nodek and become zero when the local coordinate
2m(Jr s matches values of other nodes except nkadehis means

that the coordinate of points on the element can be

X J X"y )ym 2 dD} expressed as:
D
X(S) = > Ni(9)Xc; (15)
K

1
2m

U (CY?) Ty dl" — m(m 1)[ ”ymdD}

(9 = > Nk(9yk., (16
10 y % K (S)Yk
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y where §; can be calculated from
' 3 L a%ri T
0, = cos Y (20
j
in which x; is thex component for thg-th node.
) From the definition of shape function, we have
( no‘-‘l)e j+1 x={(1 - 9% + %) (21
X+ 1¥j+1 s=1
T % and
0 y={1— 9y, + sy} (22
. Thereforey = /% + y? can also be expressed as a function
element ] of the local coordinate.
After discretization on the boundary withelements, Eq.
(x.5) s=0 (6) can be written as
node j J y’ dD = Z B s + WL, 23
Similarly, we have
COSB [L ]n+2 [L ]n+2
e gty 3l
X (n & Y j+1 — YN+ 2)
Fig. 3. Notations related to the integration of an element. @24
and
1 sing, [Ljx+11""2 — [Lx1™"2
- - X" dD = ) ) 25
where the summation ové& means to have the summation JD n+ 1) Z L]“+1 (21— )N+ 2) (25

for all the nodes inside this elemehli(s) is the component
of the shape function corresponding to tkeh node and from Egs. (8) and (9).

(X Y) is the coordinate of thK-th node. According to this Further, the cross moment of area can be found as

algorithm, the integral then can be written as
J Xy dD = -1 i cos6, i mil
D - m+ 1 5 Ln+m+1 -

k+1+1 k+1+1
e )ajc,b” (gt | (OBL) T — (—0.5L) " }

I RECARERNATS an

wherea is the element label antj, is the Jacobian value of
the mapping from the global coordinate §) to the local

k+1+1

. (26)

coordinate values.

For simplicity, only the line element (first order element) Where
is given here. Now consider the element shown in Fig. 3; the , nt
angle between the positiveaxis and the circulation vector, ( ) = W = (%41~ X)),
which is the position vector from thjeth node to thej(+ 1)- k '(h =k
th node, isf;. If we set the local coordinate= 0 atj-th node b — 05L (X .. + X T
ands=1 at { + 1)-th node, the shape function then canbe & — = 1041+ %), G = e = W)
written as and

N;(s) 1-s di = 0.5L(Y+1 + ¥))-
- [ Ni; 1(9) ] - [ S ] (18 Similarly, Eq. (12) can be rewritten as
1 & sing Gt n+l

In addition, the value ofl, = L; wherel,; is the element JD x"y"dD = ] Z{ |_n+m+l >y
length forj-th element. =1 k=0 1=0

The outnormal vector on this elemeny, can be denoted
as ] d bn+1 kdm | (. 5L )k+l+1 _ (—O.5Lj)k+|+1

a’ ) k+1+1 '

f, = (sin 6, —cos6), 19 20
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Fig. 4. A semicircular region for Example 1.

To evaluate the polar moment of area, we define

§ =1

= —20¢ + ¥} ~ %%~ Yi¥j+1),
g =X+,
w = 2gs+ i,
v = 4gg — f?
and

R
A e
Then, the following integral forms can be used in the calcu-
lation:

w/(6 + fis+g)"
J\/(‘%SZ s+ g ds= — 2n+ i)% ]
2nA;

J"/(%SZ +fis+g)"2ds
Jw/(qs2 +fis+g)ds= %ﬁ(qsz +fis+g)
A.
+ \/é_%ln‘wj +2,/8,/(g5 + fis+ gj)‘ for g > 0;
J (e +fis+g)ds= 1 \/( &+ fis+ g)"*t?
Sy(§ i j n+2e § i j
(2 + nf: .
- Tj J\/(QSZ + ij+ gJ) dS]

For the boundary formulation of the polar moment of

615
Table 1
I« for a semicircular region with radius= 1
Elements on the semicircular arc 10 20 50 100 500
A6 (degrees) 18 9 3.6 1.8 0.36

I« = /8(0.393): analytical 0.380 0.389 0.392 0.393 0.393

area, the integral in each element involves

J V(g +fis+g)"

X {[(1— 9% + s¥:1](¥j+1 — V)

_ n+1
K = n+1
(28

— [ = 9)y; + sy+1l(X+1 — %)} ds,

in which the integral can be performed using the formulae
listed above. Finally, we have

N
MmddD = K.
Jormao=2x

(29

4. Demonstrated examples

Three examples will be given to show the validity of the
proposed method.

Example 1. A semicircular region with radiugis shown
in Fig. 4 is considered. To calculatg = [p y? dD we can
use Eq. (8) to get

I = EU y2-2y(—1) dx+J ry22ysin0d0]
6l)c S

I

= r [ 1COS@SII’1 0— 3cos(95|n0+ 30]7
- 3] 4 8 8 o

0dx+ r4J sin’ edo]
0

whereC is the integration path along the bottom edge of the
semicircular region an& is the integration path along the
circular arc of the semicircular region. The value obtained
using the proposed method is exactly the same as the
analytical solution. Numerical results for different element
numbers orS are tabulated in Table 1. It is not surprising
that the numerical values converge to the exact solution as
the number of element increases.

Example 2. A parabolic spandrel is considered as shown
in Fig. 5. In order to calculate the geometric center, we first
calculate the area of this region as

A:J y° dD
D
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Fig. 5. A parabolic spandrel for Example 2.

=J y(—l)dx+J y-Ody+J y-n, dCs
c C, Cs

0
= J — ko dx
a

ka®

3
ah

3
Then the first moment with respect to thexis andy-axis
can be calculated as

ijdD = %UQ y2(—1) dx + ch y2-0 dy + Jca y'n, dC3]

1 0 2.4
—EL kX" dx

K

10
_arf

10
and

J xdD = EU x2-0dx+J' x2-1dy+J xznde3]
D 2 C1 Cz C3

Table 2
Coordinates of the geometric center for a parabolic spandrebwiti, k=
landh=1

Elements on the parabolic arc 10 20 40 100 500
AX 0.1 0.05 0.025 0.01 0.002
x=0.75 0.744 0.748 0.750 0.750 0.750
y=0.3 0.300 0.300 0.300 0.300 0.300

y

A

A
(Y

:’ A 4 » X
Fig. 6. A square region for Example 3.
2
ah 1Oy
=—+=-| =d
2 72 J nk @
_ah _&h
2 4
_ @
4

Therefore, the coordinate of the geometric center can be
found as

A 4

JoydD _ 3h

A 10

and y=

The numerical results for different element numbers on the
parabolic arc are tabulated in Table 2. Good convergence is
obtained as the number of element increases.

Example 3. A square region is considered as shown in
Fig. 6. To calculaté,, = [ xydD, we can evaluate it using
Eqg. (11) and get

1 =
J xydD = = J xy? V(y)ndl’
D 2)c+c+c+c,

1 1 2
=—— x0dx+ = X-19(—dx
2JC1 chs ( )

Table 3
I,y for a square region

Elements 4 8 16 20 32
Element length 1.0 0.5 0.25 0.2 0.125
Iy =0.25 0.25 0.25 0.25 0.25 0.25
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0 Gauss’ divergence theorem. Formulae for the finite discre-

) Lx(—dx) tization using the line elements have also been derived.
Three examples involving analytical derivation and numer-

1 ical implementation have been given to show the validity of
T4 the proposed method. The area integral for an analytical

function can be evaluated using the boundary integral
formulation while employing the Taylor’'s series expansion
of the analytical function.

Numerical results obtained using the equal-length element
mesh are tabulated in Table 3. It is found that the results
match the analytical value very well even when only four

elements are used. As the formula listed in Eq. (26) and
other discretized formulae are based on the line element,
the result will be exact when a polygon is considered. References

[1] Wolf PR, Brinker RC. Elementary surveying. 9th ed.. New York:
Harper Collins College Publishers, 1994.
[2] Beer FP, Johnston Jr. ER. Vector mechanics for engineers: dynamics.

5. Integration of an analytical function in a planar region

It is weII_known that an aqalytig functiom(x,y),_ can be 5th ed.. New York: McGraw-Hill, 1988.
expanded into a Taylor’s series with the expansion center at [3] Gere JM, Timoshenko SP. Mechanics of materials. 4th ed. Boston:
the origin, which has the following form: PWS Publishing Company, 1990.
o o [4] Chen JT, Chen KH, Yeih W, Shieh NC. Dual boundary element
o m analysis for cracked bars under torsion. Engineering Computations
hoxy) = > > hnX"y". (30 1998;15:732—749.

m=0 n=0 [5] Petrov EP. Analysis of torsion and shear characteristics of beam

Then the area integral df(x,y) can be evaluated numeri- cross-sections by the boundary element method. The International
caIIy using Journal of BEM Communications 1997;8:239-245.
[6] Banerjee PK. The boundary element methods in engineering. 2. New
N N York: McGraw-Hill, 1994.
J h(x,y) dD = Z Z hmnj X™" dD, (31 [7] Kinoshita N, Mura T. On boundary value problem of elasticity.
D m=0 n=0 D Research Reports of the Faculty of Engineering, Meiji University,
. . Vol. 8. 1956:56—82.
provided that the higher order terms could be neglected. [g] Nowak AJ, Brebbia CA. Solving Helmholtz equation by boundary

Depending on the values ofandm, the domain integrals elements using multiple reciprocity method. In: Calomagno GM,
in Eq. (31) can be transformed into boundary integrals easily Brebbia CA, editors. Cqmputers and Experiments Fluid Flow, Berlin:
by using Egs.(6), (8), (9), (11) and (12). Therefore, the Comp. Mech. Pub /Springer, 1989. pp. 265-270.

d hod i ful i | . h . | [9] Kamiya N, Andoh E. Eigenvalue analysis by boundary element
proposed method Is useful in evaluating the area integra method. Journal of Sound and Vibration 1993;160:279—-287.

for an analytical function and especially for an irregular [10] Kamiya N, Andoh E, Nogae K. Eigenvalue analysis by boundary
shape domain. Further, the proposed method is valid for element method: new developments. Engineering Analysis with
1-D, 2-D and 3-D cases. In 1-D cases, the Gauss divergence  Boundary. Elements 1993;16:203-207.

heorem simplv r intearation rts. [11] Chen JT, Wong FC. Analytical derivation for one-dimensional eigen-
theorem simply educes to tegratio by parts problems using dual BEM and MRM. Engineering Analysis with

Boundary. Elements 1997;20:25-33.
[12] Yeih W, Chen JT, Wong FC, Chen KH. A study on the multiple
reciprocity method and complex-valued formulation for the Helmhotz
. . equation. Advances in Engineering Software 1998;29(1):1-6.
In this study, the general boundary integral formulae for |13} kreyszig E. Advanced engineering mathematics. 7th ed.. New York:
the moments of area have been derived analytically using Wiley, 1993.

6. Conclusions



