Therank-deficiency problem in BEM
( )

2002/ 11/ 07



Outlines

= Motivation

= FEM and BEM

= Rank-deficiency in BEM

= [reatment of rank-deficiency
= Singular value decomposition
= Fredholm alternative theorem
= Conclusions



M otivation

= What problemsin BEM
= How to overcome the rank-deficiency problem
= Mathematical tools



FEM and BEM

O o o 0 0 O 5l O (4l 0
Al 2]
( O O
o O O o) & 3
( ) N
O O O O i O (1l O 2] e
O geometry node N the Nth constant
or linear element
American doctor ! Chinese doctor !
Commercial software Commercial software
NASTRAN SY SNOISE

ANSY S BEASY




The mesh of the BEM and FEM




Thematrices of the FEM and BEM

FEM BEM

m=>n

FEM : banded matrix BEM : full matrix



What isthe boundary element method

The wave eguation

(V2 +k*u(x)=0, xeD




Helmholtz equation

Vu(x) +k?u(x) =0, xe D

u . acoustic potential
k - wave number, Membrane vibration

. angular frequency

Cc . sound speed

D : domain of interest

Radiation or scattering problems



Boundary integral equation
Original system Auxiliary system

(V2+k2)u(x)=0, xeD (V2 +k2)U (s, x) = 5(s—X)

U(s x) = 2 Hg” (kr)

‘ Kernel function

au(x) = [ T(s,u(s)dB(S) - [ U (s, x)t(s)dB(s) EMURREENTIETTey
at(X) = [ M(s,)u(s)dB(s) - | L(s,))t(s)dB(s) MEVCIUEEIC]

2r, XeD
for 2D, a=< 7, XeB

0, xeD°



Discrete the boundary integral equation
[T]{u} =[U{t}

3 @ 2

® @

Ay Gy, A3 Ay

Ay Qy 8y Ay
[U]= a, a, a, a, | nfluence matrix

a'41 a42 a'43 a'44




Four pitfalls in rank-deficiency problems using BEM

Table 1-1 The rank-deficiency problems nang BEM,

Physical Exrenor aconstcs [ntermcr aconstics Dregenerate boundary Comer problam
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Mathematical | Complex-valued BEM BEM Complex-valued BEM BEM
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Methodsin exterior problemsusing BEM

Singular integral equation (UT)
hypersingular integral equation (LM)
(occurrencethefictitious frequency)

Combined Helmholtz integral equation formulation
(CHIEF) (1968) (takerisk for CHIEF points)

Burton Miller method (1971) (UT+i/k LM)
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Dimension for interior eigenproblemsusing BEM

« Complex-value BEM (2NaN)
 Real-part BEM and Imaginary-part BEM, (N & N) (De Mey 1977)
« MRM in conjunction with SVD technique (2N & N) (Kamiya,1999)
* Real-part in conjunction with SVD technique, (2N 4 N) (Yeh et al. 1999)

« Combined Helmholtz exterior integral equation formulation (CHEEF) in
conjunction with SVD technique, ((N+2) aN) (Chen et al. 2001)

N : the number of boundary elements

The explicit forms of the fundamental solution

Direct BEM | Complex- Real-part |lmag.-part MRM
valued BEM | BEM BEM
U(s,x i . _
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M athematical tools

1 . Degenerate kernels

2 . Circulants

3 . Fredholm alter native theorem
4

. SVD updating term and updating document



Degenerate kernels

U(s,) = —iﬂHzé”(kr) (closed-form)

U'(RO:p.)= S 2113, (R) + Y, (R)13, (ko) costn(6 - 4)), R> p
U (s, X) =+ n="o

US(RGp.f)= > %[—un(kp)wn(kp)pn(kR) cos(N(6 - ¢)), R< p

N=—00

T

H®kr) :Thefirst kind Hankel

function with order O.
r=$—A

s=(R,0) : source point
x=(p.9) . field point

(0,0)
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Choice of U' and U¢ for interior problems

S
R
D 0 :
B
Direct method | ndir ect method



17

Choice of U' or U¢ for exterior problems

Direct method | ndirect method
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Circulants and properties of circulant

Discretizing 2N constant elementsfor a circular
boundary
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Eigenvalue and egenvector of circulants

The eigenvalue for thecirculantsistheroot for ol




Deter minants of the influence matrices
dEt[Ui] — AOZN (21 . °ﬂ’N—1)(ﬂ’—1° ) ’/1—(N—1)
det[U®] = Aoy (- Ane) (A A

det[T"] = ot (Apee - gy ) (- "H_(Nn-y
det[L ] = poey (At~ pan_q) (g 1

et[Ti] = DOy (U Oy ) (V- "U_(N-)

det[L"] = vouy (U1 On (V-1 O (-

det[M i] — kOkN (kl”'kN—l)(k—l'“k—(N—l))
det[M e] — kOkN (kl'“kN—l)(k_l'“k—(N—l )

240)
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Eigenvalue of the influence matrices

1.2, = 72 p(=id, (kp) + Y, (kp))J, (kp), [U']and [U°]

2. 14, = 7°kp(=i, (ko) + Y, (kp)) I/ (kp), [T°]and[L']
3.0, = wKp(-i3] (kp) + Y, (kp))J, (ko), [T']and [L°]

4.k = 7°k?p(-iJ; (kp) +Y, (kp))J/ (ko). [M']and [M°]
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Fictitious freguency (exterior problem)




Radiation problem with Neumann B. C.
1.Singular equation (UT)
{u}=[T'T{p}

v, =7Kp(-1J, (kp) + Y, (kp))J; (kp) uE;,O)
(=13, (ko) +Y, (ko)) 3, (ko) = O
w—id, (ko) +Y; (ko) # 0

7777777777777777

Burton & Miller methc

______
____________
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Radiation problem with Neumann B. C.

7777777777777777

2.Hypersingular equation (LM) [ curon & s mernos

[M'H{u} =[LNT} ={p.},
{u} =[M']{p,},

k =72k?p(-iJ, (ko) +Y, (ko)) J! (ko) -

(-3, (ko) + Y, (ko)) 3, (kp) = O

=13, (ko) +Y, (kp) % 0
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Radiation problem with Dirichlet B. C.

1.Singular equation (UT)
(Ut} =[T" N} ={a},
{t} =[U'T{a},

_1
(=13, (ko) +Y, (ko)) J, (ko) =0

=i, (ko) +Y (ko) = 0
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Radiation problem with Dirichlet B. C.

2.Hypersingular equation (LM)
[L{t =[M'}{T} ={q,},
{t} =[L]1{q,},

—13;(ko) +Y/(kp) = O
Ji (ko) =0

26



Occurrence of fictitious frequency

| ndirect
method

UL ™

Dirichlet
BL. J.(ke) Ji(kp) J,(kp) J;(kp)

Neumann
= J,(kp) Ji(kp) J.(kp) I (kp)
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Suppression of thefictitious freguency

UT method
LM method
Burton & Miller method

Analytical solution
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1. The CHIEF method
Combinethe boundary and null field integral equation




2. The Burton and Miller method

Combine the singular equation (UT) and hypersingular
equation (LM) through an imaginary constant

U +iE L]{t} =[T +'E|v|]{u}

UT method
LM method
Burton & Miller method

Analytical solution

V2 4K)U(r,0) =0, (r,0) €D,

\
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Spurious eigenvalue (interior problem)

-1.00 =
-1.00 080 060 040 020 000 020 040 060 0.80 1.00

True mode Spurious mode
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Interior problem with Dirichlet B.C.

a. Complex-valued BEM UT equation
(Ut} =[T"{u} =0,

The eigenequation isderived

(=13, (ko) + Y, (kp))J, (ko) = O

~iJ, (kp) +Y; (kp) # 0

Thetrueeagenvaluesaretheroots of &
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Interior problem with Dirichlet B.C.

b. Complex-valued BEM LM eguation

[L]{t} =[M"{u} =0,

The eigenequation isderived

~ (Fi3 (ko) + Y, (ko))J, (kp) =0
-3, (ko) +Y', (kp) %0

Thetrueelgenvalues

S Igeectol J, (ko) =0
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|nterior problem with Dirichlet B.C.

Real-part BEM
a. TheUT eguation

[UgI{t} =[Tg]{u} =0
R denotesthereal part.

Thetrueand spurious
eigenvalues are theroots of

Y (kp)J, (ko) =0

MG | trueeigenvalue
Y (ko) =0 spurious eigenvalue




|nterior problem with Dirichlet B.C.

Real-part BEM
b. The LM equation

[Le]{ =[M]{u} =0

Thetrue and spurious eigenvalues &

aretheroots of

Y', (ko)J; (ko) =0
J, (ko) = ORI GV

Y' (ko) =0F spurious eigenvalue
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Direct
method
UT formulation LM formulation
Comp. Real- | mag.- Comp. Real- | mag.-
valued part part valued part part
BEM BEM BEM BEM BEM BEM
Dirichlet ~ True J, J, J, J, J, J,
B.C.
* / /
Spurious Y, J, Y. J,
True Jr J! J! J! J! J!
Neumann n n n n n n
B.C. Spurious *
Y, J Y! J!

* Denotethe spurious multiplicity
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Suppression of the spurious eigenvalue
(CHEEF)

-0.60

1.00



38

The CHEEF method

Combined Helmholtz exterior integral equation
formulation (CHEEF) in conjunction with SVD technique




Fredholm alter native theorem

For solving an algebraic system:

[Al{ ¢ ={b} = {0} {x} hasa unigue solution,
1
—

Alternatively

_, {X} hasat least one solution,

[ Al {4} ={0} : Nontrivial solutio

{b} ' {¢} =0

“+” denotes transpose conjugate
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Flter out the Spurious eigenvalue

UT formulation :  [[VKSESIRINETE

K, : spurious eigenvalue

Neumann prob|em (t :f) Dirichlet problem (u — U)
—[Te]{u} = {o! (D = [URlit} = {a}

b Hp.)=0 Al 97 Hp.} =0

Alternative

[TT1{p. )= {0 therrem [UT1{s,} = {0}

"Hed ={T'}HUE (¢} =0 [q"Ha) ={u"HT" {{g.}=0

> |97 6. 03

{¢.}: spurious mode




SVD updating termsfor the spurious egensolutions




SVD updating termsfor thetrue eigensolutions

[L]
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Conclusions

By using the degener ate kernels and cir culants properties,
the rank-deficiency mechanism wer e studied for interior
and exterior problems.

By using the Fredholm alter native theorem in conjunction
with the SVD updating technique, the spurious and true
boundary modes can be extracted out from the left and
right unitary vectors, respectively.

The CHIEF method adopted to overcomethefictitious
frequency and thecriterion for choosing the better
CHIEF pointswas suggested.

To overcomethe spurious eigenvalue, the CHEEF method
was proposed. The optimum numbers and proper
positions for the CHEEF pointswere analytically studied



