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ON THE TRUE AND SPURIOUS
EIGENSOLUTIONS USING CIRCULANTS
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Abstract It has been found recently that the multiple reciprocity method (MRM),
the real-part BEM and the imaginary-part BEM result in spurious eigen-
values for eigenproblems. In this paper, a circular domain is considered
as a demonstrative example. Based on the dual framework of real-
part BEM, the true and spurious eigenvalues can be separated by using
the singular value decomposition technique {(SVD). To understand why
the spurious eigenvalues occur, analytical derivation by discretizing the
circular boundary into a discrete system is employed and results in a
circulants. By using the SVD updating terms, the true eigensolutions
can be extracted by merging the two influence matrices in dual BEM.
The spurious eigensolutions can be filtered out by using the SVD up-
dating documents where the other two influence matrices are combined.
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1. INTRODUCTION

It is well known that fictitious frequency occurs when the singular in-
tegral equation or hypersingular integral equation is used alone to solve
the exterior acoustic problems (radiation or scattering cases}. The rea-
son has been clearly understood that the nonunique solution results from
the zero in the denominator {1]. Although some researchers called this
irregular value “ spurious frequency ” [2, 3], we will distinguish the dif-
ferences between fictitious and spurious solutions in this paper.

For interior eigenproblems, complex-valued boundary integral formu-
lation {4] has been used to determine the eigensolutions. To avoid the
complex-valued computation, multiple reciprocity method [5], real-part
6], and imaginary-part [7] formulations have been tried to solve the
same problem. However, spurious eigensolutions are embedded in the
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ahove three methods. To overcome this difficulty. the dual formulation
in conjunction with the SVD technique [5, 6, 8] is a novel method to ex-
tract the true solutions. This technique has been successfully applied to
rod [9], beam [10} and cavity problems using dual MRM [5] or real-part
dual BEM [6]. A unified method to filter out the spurious solutions is
not trivial.

In this paper, we employ the real-part dual BEM to solve the acoustic
problem of a circular cavity. After assembling the dual equations, the
singular value decomposition (SVD) technique is employed to extract
the true and spurious eigenvalues for two-dimensional cavities. The spu-
rious eigensolutions are analytically predicted in the discrete system of
circulants and are compared with those obtained by using the real-part
dual BEM program, DUALREAL. Finally, the true eigenvalues for a cir-
cular cavity are derived analytically by approaching the discrete system
to continuous system using the analytical properties of circulants {11].
Two approaches, SVD updating terms and updating documents, are
employed to extract the true and spurious solutions respectively. Three
results, analytical solution, discrete system solution using circulants and
numerical solution using BEM, are compared with each other.

2. DUAL INTEGRAL FORMULATION FOR
A TWO-DIMENSIONAL INTERIOR
ACOUSTIC PROBLEMS

The governing equation for an interior acoustic problem is the Helmholt:
equation as follows:

(V2 + k) u(z), z2) = 0, (21,72} € D,

where V2 is the Laplacian operator, I is the domain of the cavity and &
is the wave number, which is angular frequency over the speed of sound.
The boundary conditions can be either the Neumann or Dirichlet type.

Based on the dual formulation [12], the dual equations for the bound-
ary points are

ru(z) = C.P.V. /BT(S,;c}u(s)dB(.s)—

R.P.V../ Uls, 2)t(s)dB(s), £ € B (1)
b
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wt(x) = H.P.V./ M (s, x)u{s)dB(s)~
B
C.P.V./ L(s,z)t(s)dB(s), z € B (2)
B

where R.PV., C.P.V. and H.P.V. denote the Riemann principal value,
the Cauchy principal value, and the Hadamard principal value, i(s) =
—3“(—31 B denotes the boundary enclosing D and the explicit forms of the
four kernels, U, T, L and M, can be found in {12].

3. CIRCULANT MATRICES FOR INTERIOR
PROBLEMS USING THE REAL-PART
DUAL BEM

By using the two sets of bases, J, (kz) and Y (kz), we can decompose
the two-dimensional real-part kernel functions into

[ UB,0) = T2 _ TYlkR)Jm(kp)cos(k8), R>p
Uls.2) _{ Ue(8,0) = m__oo%;y (kp)Jm(kR)cos(kG), R<p ®

TH8,0) = Zm-_m Y (kR)Im (kp R>p

_ os(k8
T2 _{TE(B 0) = Y (ko) (kR)cos( 5 r<p®
p)eos(

m==cc 2
_f LH8,0) = % BYu(kR)Jy, (kp)cos(k8), R>p
L(s, ) _{ Le(9,0) = 0 ZEY] (kp)Jm(kR)cos(k8), R <p ()

Mi(0,0) = 2%°___ ™Y (kR)J), (ko)cos(k), R > p
M(s,2) { ME(B.0) = 355 E2Y! (ko) J" (kR)cos(kB), R < ,

m==-o0a 2

where the superscripts “" and “e” denotes interior and exterior domain,
Jm and Y;, are the m-th order Bessel functions of the first and second
kinds, respectively, £ = (p,0) and s = (R,f) in polar coordinate. By
discretizing 2N constant elements on a circular boundary, we have the
influence matrix in a form of the circulants as shown belows.

- -

ke « ki ka - kav_2 kon-:
kay-1 ko ki - kon-3 Kan-2
(K] = kiy-2 kay—1 ko - kan-a Kon-s (7)
L kl kg k;} T kg;\l'—l ko i

where

{m+3)Ad .
K = / Fe(0,0)pd6 =~ F¢(6,,,00p &8, m=0,1,2,--- 2N =1 (8)
(
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in which [K] can be the influence matrices of U, T,Lor M, Ffcan
be U¢, T¢, L® or M* kernels as shown in Egs.(3)-(6), Om = mAad and
A8 = . It is interesting to find that all the matrices in Eq.(7)
are symmetric circulants. By using the properties of circulants for the
matrices, we have the determinants,

detilU] = Ag(ArAz- - f\N-l)z)\N (9)

det(L) = polpipz - puv-1)*un (10)

det[T] = U{)(UU/Q e UN_l)QUN (ll)

det[M] = no(nlmg---mN_l)an (12)

where

A = wip Yylkp) Jolkp), £=0,%1,-- ,£(N = 1), N. (13)

pe = w2kp Y (kp) Jy(kp), €=0,%1,-- ,£(N ~1),N. (14)

ve = nkpYy(kp)Jy(kp), £=0,£1,--- , (N - 1), NV. (15)

ke = 72k p Y] (kp)Jy(kp), £=0,£1,--- &N =1}, N. (16)

4. METHODS TO EXTRACT THE TRUE
EIGENSOLUTIONS — SVD UPDATING
TERMS

Since real-part BEM loses imaginary information, we can reconstruct
the independent equation by differentiation. This results in dual formu-
lation in order to extract the true eigensolutions. To obtain an overde-
termined system, we can combine [U] and [L] matrices by using updating
terms,

, [C]:[g

for the Dirichlet problem. Since the eigensolution is nontrival, the
rank of [C] must be smaller than 2N. Therefore, the 2N singular val-
ues for [C] matrix must have at least one zero value. Based on the
equivalence between the SVD technique and the least-squares method
in mathematical essence, we have

]4Nx2N (17)

[UT LT] [ v ]_.t (02 + 1] (18)
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since /] and {L] are symmetric. For a circular cavity, we have

wi=(e]| A (27) (19)

(L] = (@] o [¢7] (20)

where [®] is a modal matrix. By substituting Eq.(19) and (20) into
Eq.(18), we can obtain

ool =(e |  F+ud | [97) (2)

Therefore, we have the singular values of /A3 + p2, £=0,+1,%2,

+(N —1}, N. By plotting the minimum singular value for C versus k,
only true eigenvalues have dips. The results will be elaborated on later.

5. METHODS TO FILTER OUT THE
SPURIOUS EIGENSOLUTIONS — SVD
UPDATING DOCUMENTS

Based on the dual formulation, the [U/] and [T] matrices have the same
spurious eigenvalues. This results in spurious eigensolutions. In order
to extract the spurious eigenvalues, we can combine the [U T] and [T'T]
matrices by using updating documents,

uT J
D|= 22
o= 5] (22
Similarly, we have
(U :r][?i]:[uufrﬂ] (23)

since (U] and (P] are symmetric. According to Eqgs.(13)-(16), the
spurious eigenvalues are embedded in the transposes of (U] and [T ma-
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trices. The singular values for [D] must have at least one zero value. To
determine the singular values for [D}, we have

(D7) (D) =(8]| 2+ (27 (24)

By plotting the minimum singular values of 1/)3 + u?, £=10,+1,42,
+ (N = 1), N versus k , we can extract the spurious eigenvalues where
dips occur.

6. NUMERICAL RESULTS AND
DISCUSSIONS

A circular cavity with a radius {(p = 1m) subjected to the Dirichlet
boundary condition (= = 0,p = 1) is considered. In this case, an ana-
lytical solution is available as follows:
eigenequation: Jyn(kmn) =0, m,n=20,1,2,3---;
eigenmode : u(a,8) = J,(kmna)ei™, 0 < a < 0,0 <8 < 27,

Twenty constant elements with N=10 are adopted in the discrete sys-
tem. Since two alternatives, the UT or LM equation, can be used to
collocate on the circular boundary, two results from the UT and LM
methods can be obtained. Fig.1 shows the minimum singular value ver-
sus & using the UT method. The true eigenvalues contaminated by the
spurious eigenvalues can be obtained as shown in Fig.1l by considering
the near’zero minimum singular values if only the UT equation is chosen.
The true eigenvalues occur at the positions of zeros for Jm (kmnp} while
the spurious eigenvalues occur at the positions of zeros for Y, (kmnp).
Fig.2 shows the minimum singular value versus k only using the LM
equation. In a similar way, the true eigenvalues contaminated by spu-
rious eigenvalues ¢an be obtained as shown in Fig.2 by considering the
near zero minimuin singular values if the LM equation is chosen alone.
The true eigenvalugs occur at the positions of zeros for Jm(kmnp) while
the spurious eigenvalues occur at the positions of zeros for Y}, (kmnp).
It is interesting tu find that no spurious eigenvalues occur as shown in
Fig.3 when the U and L matrices are combined as shown in Eq.(18). To
extract the spurious eigensolutions, we combine the U7 and 77 matri-
ces as shown in Eq.(23). The minimum singular value versus k is shown
in Fig.4, it is found that dips occur only at the positions of spurious
eigenvalues.
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7. CONCLUSIONS

The real-part dual BEM in conjunction with the 3VD technique using
circulants has been applied to determine the true and spurious eigenso-
lutions of a circular cavity, The spurious eigenvalues have been success-
fully extracted for discrete system. The true eigenvalues obtained by
the real-part dual BEM also match very well the exact solutions. Two
approaches, SVD updating terms and updating documents, were pro-
posed to extract the true eigensolutions and to filter out the spurious
eigensolutions by using the dual formulation. Three solutions, analytical
solution, discrete system solution using circulants and numerical sofution
using real-part BEM program, are found to be in good agreement.
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