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Abstract

In this thesis, the boundary integral equation methods (BIEMS) in
conjunction with Fourier series and degenerate kernels are proposed to
solve the Green's function of Laplace or biharmonic equations with circular
boundaries. The degenerate kernels in the direct BIEM are expanded by
separating the field point and source point in the fundamental solution. The
singular boundary integrals are avoided since the appropriate interior and
exterior expansion of degenerate kernels are used. All the unknown
boundary densities are expressed in terms of Fourier series. After
determining the unknown Fourier coefficients, the Green's function can be
obtained by using the boundary integral equations. The present method can
be regarded as an analytical approach in the circular and annular domain
since error only occurs in truncating the Fourier terms. Finally, the
analytical solutions are compared with the finite element method software
(ABAQUS) data and Adewale's and Melnikov’s results to demonstrate the
validity of the present method.

Keyword: Laplace and biharmonic equation, degenerate kernel, null-field
integral equation, boundary integral equation, Fourier series



Chapter 1 Introduction

1.1 Overview of BEM and motivation

The boundary element method (BEM) by discretizing the boundary integral equation
(BIE) has been applied extensively for certain engineering problems [8, 11, 15, 46, 62]
with general geometries as shown in Fig. 1-1, more than domain type methods, e.g.
finite element method (FEM) or finite difference method (FDM). The finite element
method had been, for many years, the most widely used numerical technique for the
solution of general problems as shown in Table 1-1. However, afew problems are not so
easy tasks for FEM that another numerical method, thus BEM is born. The boundary
element method, sometimes referred to as the boundary integral equation method, is
now establishing a position as a natural aternative to FEM in many fields of mechanics.
BEM is suited for many engineering problems, in general, for al types of external fields
and infinite or semi-infinite domains which FEM can not do it well. Domain type
methods, FEM and FDM, have been deeply investigated in the engineering. Boundary
type method, BEM, MFS, boundary collocation method and Trefftz method, have
received attention in the recent decades. In analogy of clinical medicine, FEM behaves
like operation. BEM is similar to Chinese medicine. Boundary collocation method
resembles acupuncture and moxibustion. In other words, BEM and meshless methods
can be seen as a supplement of FEM. BEM utilizes the discretization concept of FEM as
well as the limitation. Whether the supplement is needed or not depends on its
absolutely superior area than FEM. Two areas in crack and large scale problems can be
well solved by BEM. For the crack problems, dual BEM with the hypersingularity is the
key to solve. Degenerate kernel plays the role for modeling large scale problems using
fast multipole method. Although BEM has been involved as an alternative numerical
method for solving engineering problems, five critical issues are of concern:

(1) Treatment of singularity and hypersingularity. Most of the efforts have been
focused on the singular boundary integral equation for problems with ordinary
boundaries. In some situations, the singular boundary integral equation is not
sufficient, e.g. degenerate boundary, fictitious frequency and spurious eigenvalue.
Therefore, the hypersingular equation is required. The role of hypersingularity in
computational mechanics has been examined in the review article of Chen and
Hong [17]. In the past, several regularizations for hypersingularity were offered to



handle it in direct and indirect ways. Hong and Chen [62] have developed the
theory of dual BIEM and dual BEM with hypersingular kernels. Recently, Chen
and Chiu [19] had derived the separable expression of fundamental solution and
can avoid calculating the improper integrals along the boundary. The singularity
and hypersingularity disappear in boundary integral equation after describing the
potential into two parts. Singularity can be transformed to summability of Fourier
series.

(2) Boundary-layer effect. Boundary-layer effect in BEM has received attention in the
recent years. In rea applications, data near boundary can be smoothened since
maximum principle always exists for potential problems. Nevertheless, it also
deserves study to know how to manipulate the nearly singular integralsin applied
mathematics. How to eliminate the boundary-layer effect in BEM is vita for
researchers. In this thesis, boundary layer effect is eliminated by using the
null-field equation. A demonstration is shown in Fig. 1-2 which was done by Wu
[59].

(3) Convergence rate. BEM is very popular for boundary value problems with general
geometries since it requires discretization on the boundary only. Regarding to
constant, linear and quadratic elements, the discretization scheme does not take
the special geometry into consideration. It leads to the slow convergence rate.
Exponential convergence rate using null-field integral equation was achieved as
demonstrated in Fig. 1-3 which was done by Hsiao [27]. Moreover, the present
method can be directly applied to problems with general boundaries without any
difficulty once the fundamental solution can be separated in the other coordinate,
e.g. Cartesian coordinate or elliptic coordinate.

(4) 1ll-posed model. To avoid directly calculating the singular and hypersingular
integrals by using null-field approach or fictitious BEM yields an ill-conditioned
system. The influence matrix is not diagonally dominated and needs
preconditioning. We may wonder is it possible to push the null-field point on the
real boundary but free of facing the singular or hypersingular integrals. The
answer is yes and the key idea is to describe the jump behavior of potential
distribution in the separate region by using degenerate (separate) kernels for
fundamental solutions. The resulted algebraic system is well-posed.



(5) Mesh domain. Mesh is not required since we collocate on the boundary only, and
introduce the generalized Fourier coefficients for circular boundary.

Based on the null-field integral equations, Shen, Chen and Hsiao in 2005 had
successfully solved the Laplace, Helmholtz and biharmonic of boundary value
problems with circular holes, respectively. Following the success of their experiences,
Chen and Wu in 2006 have extended to inclusion problems. A dozen of papers were
published as shown in Fig 1-4. The purpose of this thesis is to study the Green's
function of Laplace and biharmonic equations with circular boundaries by using the
null-field integral equation approach in conjunction with degenerate kernels and
Fourier series. The displacement, slope, normal moment and effective shear force of
the plate with circular boundaries can be obtained by using the boundary integral

equations for the domain point.

1.2 Literaturereview

Boundary integral equations (BIES) for the plate problems were acquired from the
Rayleigh-Green identity [20] and the null-field integral equations were derived by
moving the field points outside the domain. A null-field integral equation in conjunction
with degenerate kernel is proposed to solve the biharmonic equations with circular
boundaries. The circular boundary density is expressed in terms of Fourier series to
fully capture geometric shape. It is well known that Fourier series is aways
incorporated to formulate the solution for problems with circular boundaries. For the
regular straight boundary, the unknown boundary density in the BIEs can be expanded
by Legendre polynomials. In the past, Shen [49] applied the null-field integra
formulation, Fourier series and degenerate kernels to solve Laplace problems with
circular boundaries. Based on this idea, the applications to the plate problems with
multiple holes were proposed by Hsiao [27]. Here, we will extend to solve the Green's
function of circular plates. In this thesis, the annular plate subject to a concentrated |oad

IS the main concern.
Annular plate problems occur in engineering applications, for example in the design
of structures where a load is supported by a circular overhang. Some of the early



attempts to solve the annular plate problems included the work of Conway [23] who
considered an annular plate with linearly varying thickness subject to a uniformly
distributed load and a line load uniformly distributed along the edge of the hole. Bird
and Steele [9, 10] presented a Fourier series procedure to solve circular plate problems
containing multiple circular holes in a similar way of Trefftz method by adopting the
interior and exterior T-complete sets. Recently, Sharafutdinov [48] had considered the
problems of an annular plate subject to a concentrated load along its edges using the
theory of functions of a complex variable. Lately, the problem of an isotropic annular
plate clamped along one edge and free at the other and subject to a concentrated force
was solved by Adewale [1]. The same case will be revisited by using the present method,
and the details will be addressed in chapter 3.

Green’s function is another concern in this thesis. Green's function was widely
applicable to the qualitative analysis of initial and boundary value problems for
equations of all the standard (elliptic, parabolic and hyperbolic) types in mathematical
physics. Wang and Sudak [56] derived two-dimensional antiplane time-harmonic
Green's functions for a circular inhomogeneity with an imperfect interface.
Time-harmonic Green’'s functions can be applied to formulate the boundary element
method for the time-harmonic problems, and can also be employed to investigate the
dynamic Echelby problem and scattering problems in elastodynamics. A semi-analytical
technique had earlier been developed and can successfully be utilized for computing
Green’s functions for a certain class of multiply connected regions. In Melnikov’ s paper
[38], a semi-analytical approach is applied to the construction of Green’s functions and
matrices of Green's type for Laplace and Klein-Gordon equation in two dimensions.
Mixed boundary value problems posed in multiply connected regions were also
concerned by Melnikov [39]. Melnikov [41] also investigated the Green's function of
the plate problems. The Green’s function of a boundary value problem for a partial
differentia equation that models bending of a thin plate is usually referred to as its
influence function. According to this, the work in [41] was devoted to the construction
of representations of influence functions for a circular Poisson-Kirchhoff plate that are
suitable for immediate computational applications.

The purpose of this thesis is to study the Green's function of the annular plate by
using the null-field integral equation approach in conjunction with degenerate kernels
and Fourier series. The unknown boundary densities of the displacement, slope, normal



moment and effective shear force are expressed in terms of Fourier series. It is noticed
that all the improper integrals are avoided when the degenerate kernels are used. After
determining the unknown Fourier coefficients, the displacement, slope, norma moment
and effective shear force of the plate with circular boundaries can be obtained by using
the boundary integral equations for the domain point. Finally, FEM program will play
an important role in verifying the validity of the present method.

1.3 Organization of thethesis

The main concern in this thesis is that an analytical approach is proposed to solve the
plate problems with circular boundaries under a concentrated load. In chapter 2, the
derivation to the Green’s function of Robin problem for Laplace equation with acircular
domain is considered. Although the present formulation is suitable for the Laplacian,
Helmholtz, biharmonic and biHelmholtz operators in one, two and three dimensional
problems, only two-dimensional Laplace problems are adopted here. The Green's
function of Robin Laplace equation is presented to demonstrate the validity of the
present method and is compared with the Melnikov’s solution [37]. The mathematical
equivalence for the analytical solution of Melnikov’s results and present method is
proved.

In chapter 3, the analytical solution for the Green’s function of biharmonic equations
is derived using null-field integral equation in conjunction with Fourier expansion. The
displacement, slope, normal moment and effective shear force of the plate with circular
boundaries can be obtained by using the boundary integral equations for the domain
point. A closed-form solution is obtained for the concentrated load on the center of the
circular plate and is verified by the Szilard’s solution [51]. For the eccentric loading, the
analytical solution is derived and is compared with the Melnikov's solution [42].
Regarding the annular case, Adewal€e's results [1] are reexamined. FEM program,
ABAQUS, and the present method are used to verify the validity of Adewal€’s results.
Three annular examples solved by using the present method are compared with
ABAQUS results. Finally, some conclusions are made and the further researches are
indicated in chapter 4.



Table 1-1 Number of Papers of FEM, BEM and FDM

Numerical method Search phrase in topic field No. of entries Rank Ratio
FEM “Finite element” or “finite elements” 66237 1 66.77%
FDM “Finite difference” or “Finite differences” 19531 2 19.69%

“Boundary element” or “Boundary
BEM , 10126 3 10.21%
elements” or “boundary integral”
“Finite volume method” or “finite volume
FVM 1695 4 1.71%
methods”
“Collocation method” or “collocation
CM 1615 5 1.63%
methods”

Search data: May, 3, 2004
Data from: Prof. Cheng A. H. D.




Fig. 1-1 The Laplace or bihar monic problemswith arbitrary boundaries
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Chapter 2 Green’sfunction for Laplace equation

Summary

In this chapter, an analytical approach for the Green’s function of a circular domain is
presented. Null-field integral equation is employed to solve the Robin problem while
the kernel functions in the null-field integral equation are expanded to degenerate
kernels which can separate the field and source points in the fundamental solution. The
unknown boundary densities are expressed in terms of Fourier series. It is noticed that
al the improper integrals are avoided when the degenerate kernels are used. By
matching the boundary conditions at the collocation points, a linear algebraic system is
obtained. After determining the unknown Fourier coefficients in the algebraic system,
the potential can be obtained by using the boundary integral equations. The present
method can be regarded as an analytical approach since error only occurs in truncating
the Fourier terms. Finaly, the Green’s function for the Robin problem solved by
Melnikov [37] is revisited to demonstrate the validity of the present method. Also, the
mathematical equivalence between the Melnikov solution and ours is proved as shown
in Appendix 1. The convergence rates of the Melnikov’s result and the present solution

are aso our concern.

2.1 Dual boundary integral equations and dual null-field integral
equationsfor constructing the Green’sfunction

Supposing there are N randomly distributed circular holes bounded to the contours

B, (k=0,12,---,N)asshownin Fig. 2-1. We define
N
B=JB,. (2-1)
k=0

In mathematical physics, the Green’ s function satisfies the governing equation,

JG(X,{)=6(x—(), xeQ, (2-2)
subject to boundary conditions, where & may be the Laplacian, Helmholtz,
biharmonic or biHelmholtz operators, G(x,() isthe Green's function and can be seen
as the potential function, 6(x— () denotes the Dirac-delta function of sourceat ¢ and
) isthe domain of interest. In order to employ the Green’s third identity as follows

J 70 v T ux1a000 = [T 2 v Mm99

11



We need two systems, u(x) and v(x).Wechoose u(x) as G(x,{) andset v(x) as
the fundamental solution U (x,s). For the two-dimensional second-order operators of
Laplacian and Helmholtz, the boundary integral equation for the domain point can be
derived from Eg. (2-3) as shown below

27G(x,¢) = f T(s,X)G(s,¢)dB(S) — f U (s x) aG(S 9669 (g 0
+U((,x), xe
aG(x 9) 8G(s 9)
o M (s, X)G(s, ¢)dB L dB
= [ M(s206(s )dB(9) - [ L(s === o 0B 25
+L((,x), xe

where s and x are the source and field points, respectively, B is the boundary, n,
denotes the outward normal vector at the field and point x, ng isthe outward normal
vector at the source point s and the kernel function U(s,x) is the fundamental

solution which satisfies

U (s, X) = 216(x—9), (2-6)
The other kernel functions, T(s,x), L(s,x) and M(s,X), are defined by
_0U(sx) AU (s,x) _0U(sx) ]
T(S’X)_—ns , Lisx) = on. I\/I(S,X)——(9nsanx : (2-7)
By moving the field point to the boundary, Egs. (2-4) and (2-5) reduce to
7G(x,() = C.PV. f _T(5X)G(s,()dB()— RPV. f U(s) 8%(20 dB(s) 9
+U(,x), xeB
OG(x,() B 9G(s,Q)
T H.PV. fB M (s, X)G(s, ¢)dB(s) — C.PV. fB L(s,X) o, dB(s) 29

+L(,x), xeB

where C.PV., RPV. and H.PV. denote the Cauchy principal value, Riemann

principal value and Hadamard principal value, respectively. Once the field point X

locates outside the domain, the null-field integral equation of the direct method in Egs.
(2-4) and (2-5) yield

0= fBT(S,x)G(s,g’)dB(s)— fBU(s,x)

+U((,x), xeQf

9659 (g
ong (2-10)

12



ae(s ) ga(g

0= f M (s, X)G(s,¢)dB(Ss) - f LsX)— == (2-11)

+L(,x), xeQ°
where Q° isthe complementary domain. Note that the conventional null-field integral
equations are not singular since s and X never coincide. If the kernel function in Egs.
(2-4), (2-5), (2-10) and (2-11) can be described as degenerate (separate) forms for the

inside 2 oroutside 2° domain, we have

27G(x,¢) = f T(s,X)G(s,¢)dB(S) — f U (s x) 5]
+U((,x), xeQuB
f M (s, X)G(s, ¢)dB() — f L(s, x) >8]

+L((,x), xeQuB

GG(S ¢) dB(S) o1
aG(x () 8G(s ) dB(s) o1

2m

9G(s.0)
0= | T(s,X)G(s,¢)dB(s)— | U(s,x)——=dB
J{TE0G B9~ [ U205 22 dB(o 214

+U((,x), xeQ°uB

9G(5.)
0= | M(sx)G(s,¢)dB(s)— | L(s,;x)——=dB
JoME0G OB~ [ Ls 052> dB) 219

+L(x), xeQ°UB
For simplicity, Table 2-1 summarizes the main difference between the present
formulation and conventional BEM. It is noted that the boundary integral equation for
the domain point and the null-field integral equation for the null-field point can include
the collocation point on the real boundary since the appropriate kernel can be used as

elaborated on later in the following section.

2.2 Expansions of fundamental solution and boundary density

Now, we adopt the mathematical tools, degenerate kernels and Fourier series, for the
purpose of analytical study. The combination of degenerate kernels and Fourier series
plays the major role in handling problems with circular boundaries. Instead of directly
calculating the C.PV., RPV. and H.PV. in Egs. (2-8) and (2-9), we obtain the
linear algebraic system from the null-field integral equation of Egs. (2-14) and (2-15)
through the kernel expansion by “exactly” collocating the point on the real boundary.

13



Based on the separable property, the kernel function U (s,x) can be expanded into the
separable form by dividing the source and field points:

U'(s,x)= Z A (9)B;(x), |[9>]x|
U(s,x)= ‘ (2-16)

Ue(s X) = Z A (¥)B,(9), [x|>]d

where the bases of A() and B() can be found for the Laplacian, Helmholtz,
biharmonic and biHelmholtz operators and the superscripts “ i ” and “ e ” denote the
interior (|s|>|x|) and exterior (|x|>|g) cases, respectively. To classify the interior (left,
1-D) and exterior (right, 1-D) regions, Fig. 2-2 shows for one, two and three
dimensional cases. For the degenerate form of T, L and M kernels, they can be
derived according to their definitions in Eq. (2-7). Regarding the multiply-connected
domain problems, the interior “i” and exterior “ e” expansions for the kernel should be
taken with care. Although the mathematical tools of degenerate kernels, are suitable for
the Laplacian, Helmholtz, biharmonic and biHelmholtz operators in one, two and three
dimensional problems, we focus on the two-dimensional Laplace problems in this

chapter as explained below.

Degenerate kernels for fundamental solutions
Based on the separable property, the kernel function U(s,x)=Inr, (r =|x—9), is
expanded into the degenerate form by separating the source point and field point in the
polar coordinate [19]:
U'(Rbip.) =INR-3 = (£)" cosm(6—¢), R>p
U(sX)= mm R , (2-17)
US(RA:p,)=Inp =3 ()" cosmld ), >R

m-1
where the superscripts “i” and “ e” denote the interior (R> p) and exterior (p > R)
cases, respectively. The origin of the observer system to describe x and s for the
degenerate kernel is (0,0). Figure 2-3 shows the graph of the separate expression of
fundamental solutions where source point s located a8t R=10.0 and 6 ==/3. By

setting the origin for the observer system, acircle with radius R from the origin to the

14



source point s isplotted. If thefield point X is situated inside the circular region, the
degenerate kernel belongs to the interior expression of U'; otherwise, it is the exterior
case. It is noted that the leading term and numerator term in Eq. (2-17) involve the
larger argument to ensure the log singularity and series convergence, respectively. After
taking the normal derivative 0/0R with respect to Eq. (2-17), the T(s,x) kernel
yields

T(sx)= N Rmem : (2-18)
T*(R0;p,0) =—> ( o ycosm(f —¢), p>R

TURE:p6) ==+ (L) oosmio—g), R>

and the higher-order kernel functions, L(s,x) and M(s,X), are shown below

L(RH:p.0) =Y () cosm(v—9), R>
L(s,X) = 1”‘:1 - : (2-19)
Le(Rﬁ;/),éb):;‘FZ(W)COS”‘(@—(?), p>R

M (R6:0.6)= 3 (o) cosm(o—3), R= p
M (s,X) = m : (2-20)

MER0:p.0) =S ( ) costlt ), >R

Since the potentials resulted from T(s,x) and L(s,x) kernels are discontinuous
across the boundary, the potentials of T(s,x) and L(s,x) for R—p" and R—p~
are different as shown in [59]. This is the reason why R=p is not included for

degenerate kernelsof T(s,x) and L(s,x) inEgs. (2-18) and (2-19).

Fourier series expansions for unknown boundary densities
For problems with circular boundaries, we apply the Fourier series expansions to

approximate the potential and its normal derivative on the boundary B, as

M
G(s.¢)=a5 + > (al cosnd, +hsinng,), s,eB, k=0,12--,N,  (2-20)
n=1
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oG(s,, i .

%: s+ (pycosnd, +ossinng,), s, €B, k=0,12--,N, (2-21)
s n=1

where a¢, b, p and g (n=0,12,---,M ) are the Fourier coefficientsand 6, is

the polar angle. In the real computation, only 2M +1 finite terms are considered

where M indicates the truncated terms of Fourier series.

2.3 Derivation of analytical solution for Green’s function of Laplace

problem with the impedance boundary condition
For the Robin problem subject to a concentrated load as shown in Fig. 2-4, the unknown
Fourier series can be analytically derived. By collocating x on (a*,¢), the null-field
equations yields

o-,
_fB Ina—mf:l%cosm(e—qb)]
x 1 R( m

+lna—) —|—

m1 M{ a

adog

—iécosm(@—gb)” P, +ZOO: p, cosnd + g, sinnd
m=1 n=1

add  (2-22)

—6[p0 +Z p, cosnd +q, sinnd
n=1

cosm(f, —¢), x—(a",¢)

where a and (3 are the radius and impedance coefficient. For the Robin case, the
explicit form for the unknown Fourier series can be obtained as

AN

n

1
_ZWaﬁ P __w(n+aﬁ)

sinnd (2-23)

Po = m(n+ag) ¢

cosnd,, q,=-—

where p,, p, and ¢, are the Fourier coefficients and the boundary densities as

shown below
G(s,¢)=>_ p,cosnd-+q,sinng, se boundary (2-24)
n=0
0G(s, e )
6(ns S, =—BY _ p,cosnd+q,sinnd, se boundary (2-25)
S n=0

By substituting all the boundary densitiesinto the integral representation for the domain
point, we have the series-form Green’s function as shown below:
G(x¢)=(1+aglna)p, +i'g—:w
—a  2n
Also, two limiting cases are our concern. One is the free boundary condition case of (3
to zero and the other is the fixed boundary condition case for 3 to infinity. Here, we

In|x—|
2

(p,cosng +q,sinng)+ (2-26)
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present a Green’'s function for the Robin problem with a circular boundary. This
problem was aso analytically solved by Melnikov, and the analysis of the convergence
Is compared between the present method and the Melnikov’s result. The present method
IS shows consistency with the Melnikov’s approach in the convergence rate as shown in
Fig. 2-5. Another matter is, equivalence is also derived. It will be equivalence after
rearranging between the present solution and the Melnikov’'s result as shown in
Appendix 1. Finaly, two potential contours are plotted by using the present solution and
the Melnikov’s result as shown in Figs 2-6 and 2-7. Good agreement is obtained.

2.4 Concluding remarks

For the Robin problem of Laplace equation, we have proposed an analytical approach to
construct the Green's function by using degenerate kernels and Fourier series. Our result
is also compared with the Melnikov’s series form solution. The convergence rates of the
present method and Melnokov’'s result is also addressed. The present solution and
Melnikov’s result will converge at the same value. It is found that our series solution
converges shows consistency with that of Melnikov’s. In addition. The mathematical
equivalence for the two series solutions, ours and Melnikov's were aso proved.
Following the success of Laplace case, we will extend to biharmonic equation in the

next chapter.
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Table 2-1 Comparison of formulation between the present approach and conventional BEM

Conventional BEM

Present formulation

C

(@]

% 27G(x,{) =U (¢, x)+f T(s,X)G(s,¢)dB(s) — fU(s )8G(s ) dB(s), x

E b 27G(x, () =U (¢, X) + fBT‘(s, X)G(s, ¢)dB(s) — fBUi(s,x)%dB(s), X €QUB
5 7G(x,¢) =U (g,x)+c.P.v.fBT(s, X)G(s,()dB(s) — R.P.v.fBu s x)%dB(s), xcB )

T 2650 ° 0:U((,x)+fBTe(sx)G(s,§)dB(s)—fBUe(s,x)%dB(s), XxeQUB

= e e s1<: S

§ O:U(g,x)+fBT (sx)G(s,g)dB(s)—fBU (S'X)a—nsdB(S)' X €N

(7))

|

C

-% on ‘9(2(: 9 e+ [ M(sX96(s,)dB(9) - [ L(sx )‘96(S 9 4B(s), xeQ

g 2070 _ (¢4 [ M (506(5 089 - [ (50 25C a9, xeaup
E | ,o00 = LX)+ HPV. [ M(s)G(5.)dB(S) ~CPV. [ L(sx )8G(S 9 g4B(s), xeB on, A

2 on, N, 9G(s, ()

T 0= L(C,x)+fBM‘E(S,x)G(s,g)dB(s)—fB Le(s,x)a—n’dB(s), XxeQUB

E 0= L(C,x)+fBMe(sx)G(s,g)dB(s)—fBLe(s,x)%ns;OdB(s), xXeN °

where CPV, RPV and HPV are the Cauchy principal value, Riemann principal value and Hadamard principal value, respectively. It is noted that
the kernel in the present method should be properly expanded in terms of interior and exterior expressions of degenerate kernels.
Mathematically speaking, our domainisaclosed set (2uUB) instead of the open set (Q only) of conventional method.
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Fig. 2-1 Randomly distributed circular inclusionsor holes bounded to the
contour B,
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Fig. 2-2 Degenerate kernelsfor one, two and three dimensional problems
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Figure 2-3 Graph of the degenerate kernel for the fundamental solution
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VG (X,()=6(x—=C¢), x€Q

aG(X'%nX+ﬁG(x,():O, xcB

Fig. 2-4 Green’sfunction for the L aplace problem subjected to the Robin
boundary condition
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Fig. 2-5 Conver gence study between the M elnikov’s approach and the present
method
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Fig. 2-6 Potential contour of the Green’sfunction for the L aplace problem subjected
to the Robin boundary condition using the Melnikov’ approach
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Fig. 2-7 Potential contour of the Green’sfunction for the L aplace problem subjected
to the Robin boundary condition using the present method
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Chapter 3 Green’sfunction for bihar monic equation

Summary

In this chapter, an analytical approach for deriving the Green's function of circular and
annular plates is presented. Null-field integral equations are employed to solve the plate
problems while kernel functions are expanded to degenerate kernels. The unknown boundary
data of the displacement, slope, normal moment and effective shear force are expressed in
terms of Fourier series. It is noticed that all the improper integrals are avoided when the
degenerate kernels are used. By matching the boundary conditions, a linear algebraic system
is obtained. After determining the unknown Fourier coefficients in the algebraic system, the
displacement, slope, normal moment and effective shear force of the plate can be obtained by
using the boundary integral equations. The present approach is seen as an “analytical”
approach since error only ascribes to the truncated Fourier terms. Finally, several numerical
examples are utilized to demonstrate the validity of the present method. We also examine the
Adewal€e's results [1] by using our approach and FEM (ABAQUS). Other results are
compared well between the present method and FEM using ABAQUS.

3.1 Problem statement for a plate
Considering a Kirchhoff plate for the two-dimensional domain under the concentrated |oad,
the governing equation is written as follows:

Six—
V4G(x,g):¥, xeq, (3-1)
where G(x,() is the Green's function and can be seen as the displacement, 6(x—§“)
denotes the Dirac-delta function of sourceat ¢, Q isthe domain of the thin plate and D

isthe flexural rigidity of the plate which is expressed as

Eh®
T 32

in which E is the Young's modulus, v denotes the Poisson ratio, and h is the plate
thickness. In order to employ the Rayleigh-Green identity [20], we need two systems, u(x)
and v(x).Wechoosefor G(x,{) as u(x) and U(sx) asthefundamental solution v(x).
The fundamental solution satisfies

V*U (s,x)=8m8(s—x), (3-3)

and we have
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U(s,x)=r?Inr, (3-4)

in which r is the distance between source point s and field point x (r =|x—s|). After
exchanging with the variables x and s, we have four boundary integral equations as shown

in the next section.

3.2 Boundary integral and null-field equations
The boundary integral equations for the domain point can be derived from the

Rayleigh-Green identity [20] as shown below:
87G(x,¢) =— [ U(s, 0K, [G(s. dB(S) + | O(s, 0K, [G(s,OIdB(S)

— f M(s, 9K, [G(s.)]dB(s) + f V(s %)G(s.()dB(9) (3-5)
+U((,x), xe
87K, [G(x Q)1 = — [ U, (50K, [G(5,OIdB(9) + | 6,(5, K, G(s.()]dB(S)
- f M, (5K, [G(s, O)]dB(S) + f V(5 0G(s,)dB(9) (3-6)

+U,(¢,x), xe2
87K 1, [G(X O = — [ U,n(5, 0K, [G(, OIB(S) + | ©,,(5 0K, [G(s,)]dB(S)

- f M, (59K, [G(s,O1dB(s) + f V(5 )G(s,()dB(S) (37)
+U . ((,x), xeQ
87K, (GO, Q)] = — [ U, (5, 0K, [G(S OIdB(S) + [ ©,(5, 0K, [G(s,()]dB(s)

— | M (89K, [G(s,)1dB(S) + [ V,(s,%)G(s,¢)dB(s) (3-8)

+U,((,x), xeQ
where B is the boundary of the domain Q, G(x,(), K, J[G(x ()], K,JG(x¢)] and
K, [G(x,¢)] are the displacement, slope, normal moment and effective shear force, K, [-],
K.x[1 and K, [-] arethe slope, moment and shear force operators with respect to the point
X, respectively. The kernel functions U, ®, M, Vv, U,, ,, M,, V,, U_, ©_, M_,
V,, U,, ©, M, and V, in Egs.(3-5)-(3-8) which are expanded to degenerate kernels by
using the separation of source point and field point will be elaborated on later. The K, [],
K.l ad K, [] aretheslope, moment and shear force operators and defined as follows:

_ 0
Koul]1= on, (3-9)
Kool = VW24 @-0) 5, (3-10)
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_OV? A A
Koxl1= anx+(1 ) thlanx[atxﬂ’ (3-11)

where 0/on, is the normal derivative with respect to the field point x, d/¢dt, is the
tangential derivative with respect to the field point x, V2 means the Laplacian operator. By
moving the field point to the boundary, Egs. (3-5) ~ (3-8) reduce to
47G(x,() = —RPV. [ U (5,0K, [G(s,OldB(s)+ RPV. [ O(s,0K,,[G(s,()]dB(S)
~RPV. f M (5K, [G(s,()]dB(S) +C.PV f V(s,)G(s,()dB(S) (3-12)
+U(¢,x), x€B
47K, [G(x, )] = —RPV. [ U, (s 0K, [G(s,)1dB(S) + RPV. | ©,(s,)K,,[G(s,O)IdB(s)
_C.PV. f M, (5.0K, [G(s,O1dB(s) + H.PV. f V(5 0G(s,¢)dB(9) (3-13)
+U,(¢,x), xeB
47K, [G(6 O] = —RPV. [ U, (s 0K, [G(s,OIdB(8)+ C.PV. [ (s XK, [G(s,OldB(S)
_H.PV. f M (50K, [G(s,O)IdB(S) +F P. f V(5 0G(s,)dB(9) (3-14)
+U,.(¢,x), xeB
47K, [G(x )] = —CPV. [ U (50K, [G(s,)1dB(S)+ H.PV. [ ©,(5, 0K, [G(s,)1dB(S)
_F.P. f M, (s,)K, [G(s,()]dB(S) + F.P. f V(5 0G(s,)dB(9) (3-15)
+U,(¢(,x), xeB

where C.PV., R.PV., H.RPV. and FP. denote the Cauchy principal value, Riemann principal
value, Hadamard principal value and finite part [60], respectively. The null-field integral
equations by moving the field point x outside the domain are shown follows:

0=- f JU (0K, [G(s,O)1dB(s) + f _O(s XK, [G(s.()]dB(s)

_ fBM(S, XK, [G(s,¢)1dB(s) + fBV(S’ G(5,C)dB(9) LU (%), X (3-16)
0= [ U,(5: 9K, [G(s OIB(S) + [ O, (s 0K, [G(s)]dB(9)
— | M, (s 9K, [G(s,O1dB(S) + [ V, (5, 0G(s,O)dB(9) +U, (¢, ), xe (3-17)
0= [ Up(8 9K, JG(5,OIB(S) + [ O(, 00K 1, [G(5,C)]B(S)
~ J Ma(8: 0K, (s O1dB(S) + [ V(s 0G(5.)B(S) +U, (¢, ¥, X0 (3-18)
0= [ U,(5: 9K, [G(s OIB(S) + [ O,( XK, [G(s.O)IdB(S) -

~ fBMV(s, XK, [G(s,O)]dB(S) + vav(s, X)G(s,()dB(S) +U, (C,X), xeQ°
where Q° isthe complementary domain of Q. If the kernel functions in Egs. (3-5) ~ (3-8)
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and (3-16) ~ (3-19) can be expressed by degenerate (separate) forms for 2 or Q° domain,

we have
8rG(x,() = —fBU(s, XK, [G(s, g“)]dB(s)+fB@(s, X)K.,.{[G(s,¢)]dB(s)
- fB M (s, %K, [G(s,¢)]dB(s) + f V(s,)G(s,()dB(s)
+U((,x), xeQuB
87K, (GO =~ [ U, (80K, [6(s )dB(S) + [ ©,(5,0K,,[G(s.O)IdB(S)
- f M, (8.)K, [G(s,()]dB(s) + fB V, (s, X)G(s,¢)dB(s)
+U,((,x), xeQuB
87K 1[G O == [ U,(8 0K, [G(S, OIAB(S) + | ©,,(5, 0K, [G(s,()]dB(S)
— [ M (50K, JG(s,O1dB(S) + [ V(5 )G(s,C)dB(s)
+U.((,X), xeQUB
87K, [G(x ()] = — [ U, (s, 9K, [G(s, )1dB(S) + [ O, (5K, [G(s,()]dB(S)
— [ My(s: 0K, JG(s,O1dB(8) + [V, (5, X)G(s,()dB(S)
+U,(¢,x), xeQuB
0=— [ U(s 9K, [G(s,)1dB(S) + [ O(s, 0K, [G(s,O)IdB(s)
- f _M(s.K, [G(s.()]dB() + f V(s,G(s,()dB(9)
+U(,x), xeQ‘uB
0=— [ U, (s 0K, [G(s OldB(8) + [ ©,(5, 0K, [G(s,OIdB(s)
- f M, (5K, [G(s,()]dB(S) + f 1V, (8,)G(s,¢)dB(s)
+U,((,x), xeQ°uUB
0=~ U,,(5: 0K, [G(s,OldB(8) + | ©,,(s,K,,[G(s,OIdB(s)
- f M, (8,39K, JG(s,O)]dB(S) + vam(s, X)G(s,()dB(S)
+U, (¢, x), xeQ°UB
0=~ U, (50K, [G(s )1dB(S) + [ ©,(5,0K,,[G(s,OldB(s)
- f M, (8,0K, [G(s,O)]dB(S) + f V,(8,)G(s,)dB(s)
+U,((,x), xeQ°UB

(3-20)

(3-21)

(3-22)

(3-23)

(3-24)

(3-25)

(3-26)

(3-27)

Although the four equations of Egs. (3-24) ~ (3-27) in the plate formulation are provided,

only the first two equations are employed to solve boundary unknowns for simplicity. In the

real implementation, the collocation point in the null-field integral equation can be exactly

located on the real boundary from QF once the kernel functions is expressed in terms of
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interior and exterior appropriate forms of degenerate kernels. In other words, Egs.
(3-24)-(3-27) can be implemented for xeQ°UB if kernels of degenerate forms are used.
Novelly, al the improper integrals disappear in the BIES since the potential across the
boundary can be determined in both sides by using degenerate kernels. For ssimplicity, Table
3-1 summarizes the main difference between the present method and conventional BEM.

3.3 Expansion of fundamental solution and boundary densities

The displacement G(s,(), slope K, [G(s,()], normal moment K [G(s,()] and effective
shear force K, [G(s,¢)] aong the circular boundariesin the null-field integral equations are
expanded in terms of Fourier series respectively, which are expressed as follows:

G(s,():co+zM;(cn cosnd+d sinnd), seB, (3-28)
K, JG(5.0)] = g, +2§(gn cosrd+h sinrg), seB, (3-29
Kns G(S, Ol =8, +Z“: (a,cosnd+b,sinnd), seB, (3-30)
K, {G(s:O1= Py +> (P, cosd +,8innv), € B, (3-31)

n=1
where a,, a,, b, ¢, ¢, d,., 9. 9, h, p, p, ad q, ae the Fourier
coefficientsand M isthe number of Fourier seriesterms.

3.3.1 Expansion of kernels
For the kernel function U (s, X), it can be expanded in terms of degenerate kernelsin a series
form as shown below:

U'(s,X) = p°(1+InR)+ R? INR-[Rp(1+2In R)+1p—3] cos(0 — @)
(3-32,)

0 m+2 1

mz (m+1) Rrn m(m 1) R”‘2

]cos[m(H 9. Rzp
U(s Xx)= 1R
US(s,X) = R?(1+Inp)+ p°In p—[ pR(1L+ 2Inp)+——]cos(6?—¢)

. g (3-32,0)

mz (m+l) ol m(m 1 p mZ]COS[m(H #l, p>R

where the superscripts“ |1 “ and “ E “ denote the interior and exterior cases of U (s, x) kernel
depending on the geometry as shown in Fig. 3-1. The other kernels in the boundary integral
equations can be obtained by utilizing the operators of Egs.(3-9) ~ (3-11) with respect to the
U(s,x) kernel. The degenerate kernels U, ®, M, V, U,, ©,, M,, V,, U_, ©

m?
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M, V,, U, 0, M, and V, in Egs. (3-20) ~ (3-23) are listed in the Appendix 3. It is
noted that the interior and exterior casesof U, ®, M, U,, ®, and U _ are the same
when they both approach to the boundary (p=R), since the degenerate kernels are
continuous functions across the boundary as shown in Table 3-2. Then, the kernel function
with the superscript “ | ” is chosen while the field point isinside the circular region; otherwise,

the kernels with the superscript “ E” are chosen.

3.3.2 Seriesrepresentation for the Green’sfunction of the clamped-free annular plate

For the annular case as shown in Fig. 3-2 subject to the fixed-free boundary condition, the
unknown Fourier series can be analytically derived. By collocatingxon (b*,¢) and (a™,¢),
the null-field equations yield

2 0 bZ b2
2 2 2 e & 4
b* (1+Inb) + b*Inb— b 1+ 2Inb) + = cos(0 — ¢) - ;m(mﬂ) = cosm(6 —¢)
o
= a0+2ancosn0+bnsinn0 bd6
2b(1+4Inb)— 1b(l+2|nb)+2bcos mz mr:fl 7ﬁbcosm(9 )
1
& lay+ Y a,cosnd + b, sinng bdg
n=1
2(14v)(1+Inb)— (v +3) cosé' i V+l) +(1-v) s - —|cosm(6 —¢)
v v G) — 14
" (3-33)

B Po+z p, cosné + ¢, sinnd|adf

n=1

cosm(0 — ¢)

(-3— u)%cos(@ —¢)+ il(m(l— v)—4) abm —m-v) o

)

E+Zﬁncosn9 +q,sinnd|ad

n=1

R(m+2 1 R(m

R’ ‘ 1
COS(H" 7@)72 m(m+1) b" - m(m—1) p™2

bR, (L+2Inb)+ 2~

oosm(ag 7(;5)

+R?(1+Inb)+b?Inb—

0
m=2

. x=(b",¢),
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m-—2

f b-+b(1+ 2Inb)—[b(3+ 2Inb)—fb cos(0— ¢ +Z m—H - m(mfl)b cosm(f —¢)
B ao+2ancosn9+bnsmn9 bdo
{(3+2Inb)—fcosa ) +Elm+2 m-—2 cosm(6 — ¢)
m+1 m-1
+f
B %-&Z%cosnﬁ-&-asinné) bdo
n=1
2(1+1/) a o0 am am2
f 5 +(I/+3)¥COS(97¢)7; (m(v—1)- 2(z/+1))bm+1 +(m-2)(1- u)b cosm(d — ¢) (3-39)
%P+ Y Py COSN + g, sinnd | add
n=1
am—l amf3
(3+V)b—cos (6—¢) Z m(m(1-v)—4)—— i —m(m-2)(1-v) T cosm(f — ¢)
+f
B E—kzgncosnﬁ—&-qinsinnﬁ adf
n=1
+R‘—2+b(1+ 2Inb)—|R (3+2Inb)—= RC cos(6, — )+Z L R™ __m-2 R” cosm(6, —¢)
b b m+1 bm+1 m(m—l) bm—l ¢
. x=(b",9),
a*(1+Inb) +b?Inb — |ba(1+ 2Inb)+1a—3 cos(Hfa)fi 1 a™ 1 a" cosm(f — ¢)
2b Yofgim(m+1) pb™ m(m—1) ™2
o:ff -
%3+ a,cosnd + b, sinnd|bdo
n=1
a—2+b(1+2|nb) a(3+ 2|nb)ffa— cos(0 — ¢ +Z 1 a™ m-2 a" cosm(f — )
b 2p? m+1p™1 m(mfl) pmt ‘
+f
& %+chosn9+asinn9 bdé
n=1
(u71)+(u+3)+2(1/+l)|naf[2(z/+1)7(y71)}cos(07¢)+i (ufl)er oosm(9¢>)]
y 2 m (3-35)
B p0+2pncosn9+qnsinn6' adé
n=1
§+ 2(3—V)—%(1— v) oos(e—¢)—;{m(l— V)é_(4+m(1_,,))§ cosm(0—¢)‘
o
B2 %+Zﬁcosn9+asinn9 add
n=1
am+2 1 m

5 cosm(GC ,Q)

Ra(l+ 2|nQ) mmi] R™ mm- ) R™

+a2(1+InR()+ RZINR. —

2R cos(9< —¢)- mi

» x=(@",9),
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B

m+2 a™ 1 a™

m(m+1) b™ m-1p™?

2a(1+Inb)—

oosm(H ¢)}

cos(f — ¢) — i

m=2

3a?
b(1+ 2Inb) +—-——
(1+ n)+2b

0
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Po+ > Py COSNY + q, inndadd

n=1
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where a and b are the inner and outer radii, respectively. For the fixed-free case, the
explicit form for the unknown Fourier series can be obtained. The Fourier expansions of the
boundary densities for the radial slope, normal moment and shear force are shown below:

KVYS[G(S,C)]:ao+alcos¢9+b151in9—|-i(an cosnf+h sinnfd), seB (3-37)
n=2

KmYS[G(s,C)]:50—|—§10059—|—Elsin9—|-ZM:(5h cosnd+b_ sinng), seB (3-38)
n=2

Ky [G(S: )] = p, + plcosé)-l—qlsine-i—i(pn cosnd+q,sinnd), seB, (3-39)

G(S,C):T)O—l—Ecos@-i—ﬁlsine-l—ZM:(Toncosn0+o_|nsinn9), seB, (3-40)

where the unknown coefficients can be obtained according to Egs. (3-37) ~ (3-40) and are
shown below:
1

=5 (3-41)
8, =—(b*(v -1 +2a°(v +1)(Inb+InR)
2 (3-42)
—(u—l)R()/(47r(—b (v -1 +a’(v+1))
= (a(b®(— Inb— 21 2
p, = (a(b*(—=1+2Inb—2InR )+ RY)) (3.43)

/(4 (—b*(=1+v) +a’(L+v)))
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_2a’(1+v)((a*—b*)+20°(Inb—Ina)(1+InR)
Po = o (C1tr)+al(tr)
. ((b° —a*)(~1+v) + 28’ (L+v)(Ina— Inb))(b*(L+ 2Inb) + R?)
—b?(—1+v)+a*(1+v)
+2(b’Inb+ (1+Inb)R*) — 2a’(1+InR ) + R InR.) /167

a, =—((a'’(3+v) + (—30*(-1+v) +a*(3+v))R* + b*(— 1+ v)R?)) cosf,
I(2b’r(b*(—1+v)—a*(B+ )R )

a = ((b* — RA)(—a*(3+v) +b*(—1+v)R?)) cosl,
I(20m (b (—1+ v) — a* (3+ V)R

P, = —((—a20?(—b*(— 3+ v) + 823+ 1)) + (—2a°b*(—3+ 1)
+b*(— 1+ 1) +a° B+ 1)+ 2(—b* (— 1+ 1) + a* B+ 1))(Inb—INR ) R?
+(82(=3+v) — b2 (— 1+ v))RY) cosl, /(8r(—b*(—1+v) +a*(B+1)R)

p. = (a(@b*(—b*(1+v) +a*(3+v)) + (—(a—b)(a+b)(—b*(—1+ 1)
+a2(3+ 1))+ 2(—b*(—1+ 1) +a* B+ ) (- Inb+InR))R?
— (b2 (—14v) + @21+ ) RY)) cosh, /(8r(—b*(—1+v) +a*'(3+1)R)

b, = —((@'0’(3+v) + (- 30" (—1+v) +a* (3+v))R’ +b*(—1+v)R"))sing,
120 (b* (—1+v) —a*(3+ ))R)

b = (b* — R¥)(—a*(3+v) + b*(— 1+ )R?)sing,
I(2br (0" (—1+v)—a* B3+ 1)R)

q, = —((—a’*(—b?(—=3+v) +a*(3+v)) + (—2a’*(—3+v) + b* (—1+v)
+a*(3+v) +2(-b*(~1+v) +a'(3+1))(Inb—INR))R? + (a%(—3+ )
— b2 (~1+ )R SN0, (Br(—b*(—1+v)+a*B+)R)

q, = (a(@’b®(—b*(1+v) +a*(3+v)) + (—(a—b)(a+ b)(—b*(—1+v)
+a2(3+1))+2(—b*(—1+v) +a*(3+v))(—Inb+INR )R’
— (b2 (—14v) + A+ )RY)sinG, /(Br(—b*(—1+v) +a* 3+ 1)R)

(3-44)

(3-45)

(3-46)

(3-47)

(3-48)

(3-49)

(3-50)

(3-51)

(3-52)



a, = (b "R (@ (@2"0%(— 24 n)(— 1+ v)(3+ 1) + b*"(—b*(—2+ n+n?)(~1
+v)? +a% (N (—1+v)* +8(L+v)))) + a*"'n(—1+v) (0" (—a’ (L+n) + b*(2
+N))(—1+v) —a* ™ (3+ V)R + R (—a%?" (— 1+ v)(3+ 1) (0% (2
+n)—nR?) + a*"(a’(—b*(—2+ N)(A+ n)(— 1+ v)? + a(n*(- 1+ v)? (3-53)
+8(1+1))) — (—b*(—2+ n) +a*(—1+ n))n(—1+r)*R?)))) cosnv,
I(2r(—a% "% (— 14 v)(3+ 1) — a2b?*" (= 1+ 1)(3+ v) + a*"b?" (b*n?(— 1
+v)? — 28’ (— 1+ n?)(—1+v)? + a* (N (— 1+ v)? + 8(1+1)))))
a, = —(b"R "(@**" (@"b?n(~ 1+ )3+ v) + b (0° (— 1+ Mn(~1+v)?
—a’(n*(—1+v)* +8(1+1)))) +a*"n(—1+v)(b™ (—b’n+a’*(1+n))
(—1+v)—a**"(3+1)) R’ 4+ R"(a’h*'n(—1+v)(3+v)(b* — R?) +a™(a’
(—b°n(1+ n)(—1+v)? + a%(N*(—1+v)? +8(1+v))) — n(a*(—1+n) (3-54)
—b’n)(—1+1)?R?)))) cosnd, /(2nm(—a**"b*(—1+v)(3+v)
—a’*"*" (—1+1v)(B+v) +a”b*" (b*n’ (- 14 v)* — 2a’h*(— 1+ n?)
(—1+v)* +a*(n*(—1+v)? +8(1+1)))))

p, = @ "R " (0" (—~ 1+ n)(—a?b* (—4+n(~ 1+ 1))
+a®(@2(1+ )4+ n(— 1+ v)) — b*n? (= 1+ 1)) + b?"n(L+ n) (b**"
(—1+v)+a*(b* (14 n)(—1+v) +a’(—4+n—mw))R?
+ R (b*(1+ )@ (4+ n(—1+ 1)) +b* (@2 (— 1+ n)(—4+ n(~ 1+ 1))
—b’n?(—1+1))) + (- 1+ n)n(-a*"b* (= 1+ v) + b* (b* (1+ n)(— 1+ )
+a*(4+n—m)))R?))) cosnd, /(2(—1+ n)n(d+ n)m(—a***"b?(—1+v)
(3+v) — a2 (—1+1)(3+v) + a2 b?" (b'n?(— 1+ v)? — 2a%0?(—1+n?)
(—14 )2 +a* (NP (=14 v)? +8(1+1)))))

(3-55)

P, = (@ "R (6™ (~14 n)(@™ (2—n+ (2+n)v)
+ a2 (—b*n?(—1+v) 4+ a’ A+ n)(n(—1+v) — 21+ 1))))
+b2"n(@+ N)(—b** "V (14 1) + a® (P*(— 1+ n)(— 1+ v)
+at(2+n+2v — )R+ R (b? (1+n) @ (n(~1+v)
— 21+ v)) + b (b?n*(—1+v) — @%(— 1+ n)(2— N+ (24 n)v))) (3-56)
+ (—1+n)n(=a’"*(— 1+ v) + b*" (=b* A+ n)(=1+v) +a*(2—n
+ (24 n)w))R?))) cosnd, /(2(L— n)n* L+ n)r(—a” “"o* (— 1+ v)(3+v)
—a’*"*" (= 1+v)(3+v) +a”b* (b*n’ (- 14 v)* — 2a’h*(— 1+ n?)
(—1+0v)? +a* (NP (—1+ 1) +8(1+1)))))
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b, = (b*"R"(@™" (@b (—2+ n)(~ 14 )(3+ ) +b*" (—b*(—2+n+n?)(-1
+v)? +a% (N (—1+v)* +8(L+v)))) + a*"'n(—1+v)(b°" (—a’ (L+ n) + b*(2
+N)(—1+v) —a* ™ B+ V)R + R (—a%® (— 1+ v)(3+ ) (0% (2
+n)—nR?) +a*(a’(—b*(—2+ N)(A+ n)(—1+v)? + a%(n*(— 1+ v)? (3-57)
+8(1+ 1)) — (—b* (=24 n) + % (— 1+ n)n(—1+v)?RE)))) sin nd,
I(2r(—a% "% (— 14 v)(3+ 1) — @202 " (= 1+ 1) (34 v) + a*"b?" (b*n?(— 1
+v)? — 28’ (— 1+ n?)(—1+v)? + a* (N (—1+v)? + 8(1+1)))))
b, = —(0"R "(@**"" (@®"0’n(— 1+ v)(3+ 1) + b*" (0> (— 1+ N)n(— 1+ v/)?
—a’(n*(—1+v)> + 81+ 1)) +a’"n(—1+v)(b™ (—b’n+a’*(1+n))
(—1+v)—a**"(3+1)) R’ 4+ R"(a’h*'n(—1+v)(3+v)(b* — R?) +a*(a’
(—b°n(1+ n)(—1+4v)? + a%(N°(— 1+ v)? +8(1+v))) — n(a*(—1+n) (3-58)
—bPn)(~1+v)?RY))) sinnd, /(2nm(—a?**"b? (— 1+ v)(3+v)
—a®*"*" (—1+1v)(B+v) +a”b*" (b*n’ (- 14 v)* — 2a’h*(— 1+ n?)
(—1+v)? 4+ a* (N’ (—1+v)2 +8(1+1)))))

g, = (@ "R "6 (—~ 1+ n)(—a*b* (—4+n(~ 1+ 1))
+a®(a2(1+ )4+ n(—1+v)) — b*n? (= 1+ 1)) + b?"n(L+ n) (b**"
(—1+v)+a*(b* (=14 n)(—1+v) +a’(—4+n—mw))R?
+ R (B?(1+ )@ (44 n(—1+ 1)) +b* (@ (— 1+ n)(—4+ n(— 1+ 1))
—b’n?(—1+1))) + (- 1+ n)n(-a*"b* (= 1+ v) + b* (b* (1+ n)(— 1+ )
+a*(4+n—m)))R?))sinnd, /(2(—1+ n)n(L+ n)mr(—a*"*"b* (—1+v)
(3+v) — a2 " (— 1+ 1)(3+v) + a2 b?" (b'n?(— 1+ v)? — 2a%0?(—1+n?)
(—14 )2 +a' (NP (=14 v)? +8(1+1)))))

(3-59)

g, = (@ "R "(b™ " (14 n)(@b™ (2—n+ (2+n)v)
+a™ (—b’n*(—1+v) + a*@+n)(n(—1+v) — 21+ 1))))
+ 2"+ n)(—b** Y (— 14 1) + a® (P* (= 1+ n)(—1+v)
+at(2+n+ 20— )R+ R (b (14 n) (@ (n(~1+v)
— 21+ 1)) + b (b?n*(—1+v) — @ (— 1+ n)(2— N+ (24 n)))) , (3-60)
+ (= 1+ n)n(=a*"*(—1+v) + b*"(=b*(L+ n)(~1+v) +a°(2—n
+(2+n)v)))R?))) sinnd, /(2(1— n)n* (14 n)mr(—a* *"b?* (— 1+ v)(3+v)
—a’*"*" (—1+v)(3+v) +a”b*" (b*n’ (- 1+v)* — 2a°b*(— 1+ n?)
(—1+v)*+a*(n’(—1+v)* +8(1L+1)))))
where n= 2,3 4---. By substituting all the boundary densities into the integral representation
for the domain point, we have the series-form Green’s function as shown below:
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If we expand the U (¢,x) function, we have
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(3-41)~(3-60).

where a , b, a, b, p,, g, p, axd @, (n=012-) ae shown in Egs.

3.4 Discussions on Adewale' sresults

In the Adewale's paper [1], the Green's function of clamped-free annular plate was also
solved. The problem domain was divided into two parts by the cylindrical section where a
concentrated load was applied [1]. The author used the Trefftz method to construct the
homogeneous solution

u:iRn(r)cosme, (3-64)

in each part. By substituting Eqg. (3-64) into the governing equation, the author could
determineR (r) . Mathematically speaking, the series in Eq. (3-64) can be seen as the
summation of Trefftz bases. Chen et a. have found that the base of the Trefftz method is
imbedded in the degenerate kernel [22]. To simulate the concentrated force, a ring-distributed
force using the Fourier series was used. Then, the author utilized two B.C.s in each part, two
continuity and two equilibrium conditions on the interface to determine the eight unknown
coefficients. Variation of deflection coefficients, radial moment coefficients and shear
coefficients along radial positions and angles were presented. However, some results are
misleading. To investigate these inconsistencies, both null-field integral formulation and FEM
using the ABAQUS are adopted to revisit this problem. In addition, two unclear issuesin [1]
are discussed. Oneis the simulation of concentrated load and the other is the operator of shear
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force.

3.4.1 Concentrated L oad
In Adewal€'s paper [1], the author expanded the concentrated load to the Fourier series,

i (2k—1)7r
1,2 2k —1)0],0<o<”
P~P|= -2 ~1)0[,0<0< > :
2t L k), A 0=0=5 (3-65)

By summing the series of Eq. (3-65), the result converges to one as shown in Fig. 3-3, which
does not show the behavior of the Dirac-Delta function. The author seems to improperly
transform the concentrated load to a ring-distributed one. Is it reasonable ? If this load is
distributed along angle from 0 to 7 /2, the results of deflection coefficient in Fig. 5 of [1]
would be untrue. In addition, the Dirac-Delta function 6(x) should satisfy the identity as
follows

[ s(x)ax=1 (3-66)

Equation (3-65) can not satisfy the Eq. (3-66) such that the strength of the concentrated
loading is one.

3.4.2 Definition of shear force

For the clamped-free annular plate problem as shown in Fig. 3-2, the moment and the shear
force on the inner circle are zero for the free boundary on the inner circle. Therefore the
author obtained the moment and shear force

0? 10 mt o
S —— IR, (r =0, moment free, -
[6r2 +V[r or r? 8r]] ( >ra (3-67)
8_3_i£+l8_2_ﬂ22 R,(r)| =0, shear forcefree 3-68
or® r?2or ror® r?or ~ - ’ (3-68)

respectively, where v is the Poisson ratio. Equation (3-68) is unreasonable since it dose not

involve the Poisson ratio. According to the displacement of Eq. (3-64) and the definition of

moment and shear force in the Szilard’s book [51], the moment and shear can be derived as

0? 0 ?
Rn(r>+y[1 Ro(r) _m

¥ o —r—sz(r)] for moment (3-69)
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°R.(r) 10R,(r) 19°Ry, on?
ar® 1% or +? or? * re Ro(r)

n? OR, (1) oy OR, (1)

r2  or Jr<1_V)r_3R“<r) r2  or

for shear force (3-70)

In the literature, many articles had reported the definitions of the moment and shear force, e.g.
Szilard [51], Leissa [31], Adewale [1] and Chen et a. [21]. We summarize the moment and
shear force in Table 3-3. After careful comparisons, Adewal€e's shear force of Eq. (3-68)
differs from the others and consequently this difference may cause inconsistent results. All the
definitions are found to be the same except the shear forcein [1].

3.4.3 Results and discussions

In order to verify the accuracy of the Adewal€e's results, two alternatives, null-field approach
and FEM using ABAQUS, are employed to revisit the annular problem. For the clamped-free
boundary condition, Figs. 3-4 and 3-5 show the potential contours of Green’s function by
using FEM (ABAQUS) and the present method, respectively. Good agreement is obtained
between our analytical solution and FEM result although Adewale [1] did not provide the
displacement contour of his analytical solution. To compare with the available results of [1],
Figs. 3-6~3-8 show the variation of deflection coefficients, moment coefficients and shear
force coefficients along radial positions for different values of inner radius. It is also found
that FEM results match well with our solutions but deviates from the analytical solution of [1].
The larger the inner radiusis, the less the deflection coefficient of free edgeis as shownin Fig.
3-6. Figure 3-8(a) shows the smooth discontinuity of shear force coefficients due to the
Dirac-Delta function. The jump of shear force in Fig. 3-8(a) is not obvious, while Figs. 3-8(b)
and (c) have a discontinuity at the position of the concentrated loading. According to the
equilibrium of force, the shear force can be considered as the reaction force on the outer edge
which direction should be inverse of the applied load. But in [1], the direction of shear force
on the outer edge is the same as the applied concentrated load as shown in Fig. 3-8(a), which
is unreasonable. Furthermore, the shear force in [1] is always positive, which implies that the
moment will always increase according to the relation of shear force and moment. But the
tendency of moment in [1] is not the case, which may be wrong. The above misleading
phenomena do not happen in our results and FEM data. Variation of deflection coefficients
versus the radial angle for different values of inner radius is shown in Fig. 3-9. Also, FEM
data agree well with our analytica formula but deviates from the Adewal€e's solution. To
verify the accuracy of the Adewale's results and examine the response of the clamped-free
annular plate subjected to a concentrated load, the null-field integral formulation was
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employed to solve this problem. The transverse displacement, moment and shear force along
the radial positions and angles for different inner radii were determined by using the present
method in comparison with the FEM results using the ABAQUS. Good agreements between
our analytical results and those of ABAQUS are made but deviating the Adewale's data. The
outcome of the Adewal€' s results remains uncertain.

3.5 lustrative examples

Case 1. Green's function of the biharmonic equation for the circular plate problem

A circular plate subjected to a concentrated load as shown in Fig. 3-10 has been solved by
Szilard [51] and Melnikov [42]. The load is at the center of the plate in the Szilard's solution.
Here, we resolve the same problem to obtain an analytical solution, and then verify the
validity of our approach after comparing with Szilard and Melnikov solutions. Appendix 2
shows the equivalence among the Szilard, Melnikov and present solutions. The displacement
contours of a circular plate subjected to a concentrated load which is located on the center of
the plate are plotted in Fig. 3-11. Good agreement is obtained. Also, two displacement
contours with the source at different directions and radial positions are plotted by using the
Melnikov’s solution and the present analytical solution as shown in Figs 3-12~3-15. Good
agreement is made.

Case 2: Green’s function of the biharmonic equation for the clamped-free annular plate
problem

The radial slope, normal moment and shear force contours as shown in Figs 3-16~3-18. For
the clamped-free annular plate problem, the moment and the shear force on the inner circle
are zero for the free boundary, and the displacement and the slope on the outer circle are zero
for the clamped boundary. Good results are obtained. But we do not show the validity with
any figures and just offer an indication. Next, we present different cases.

Case 3: Green's function of the biharmonic equation for the clamped-clamped annular plate
problem

For the clamped-clamped annular plate problem, the displacement and the slope on the outer
and inner circles are both zero for the clamped boundary. Figures 3-19 and 3-20 are the
displacement contours by using the present method and the ABAQUS program. Good

agreement is obtained.

Case 4: Green's function of the biharmonic equation for the free-simply supported annular

plate problem with circular
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For the free-simply supported annular plate problem, the moment and the shear force on the
inner circle are zero for the free boundary and the displacement and the moment on the outer
circle are zero for the simply supported boundary. Figures 3-21 and 3-22 are the displacement
contours using the present method and the ABAQUS program. Good agreement is obtained.

3.6 Concluding remarks

For plate problems with circular boundaries, an analytical approach by using degenerate
kernels, null-field integral equation and Fourier series was obtained. The main advantage of
the present method over BEM s that all the improper integrals are avoided when degenerate
kernels are used. The potential on the boundary can be determined from both sides (interior
and exterior). Also, discretzation of boundaries are not required. Once the Fourier coefficients
of the unknown boundary densities were determined, the displacement, slope, norma moment
and effective shear force of the circular plate can be easily determined by substituting the
boundary densities into the boundary integral equations for the domain point. Not only the
circular plate but also the annular problems have been solved easily and effectively by using
the present method in comparison with available exact solution and FEM results. The present
method can be applied to plate containing any number of circular holes.
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Table 3-1 Comparisons of the conventional BIEM and the present method

Conventional BIEM

87G(x,) = — [ U (50K, [G(s, OIdB(S) + [ O(s,)K,,.[G(s,)]dB(S)
- fBM(s, K, [G(s,0)]dB(s) + fBV(s, X)G(s,)dB(s) +U (¢, %), XeQ

O | 8K, [G(.O1 = [ U,(s:9K, G(s OIdB(S) + [ O, (50K, [G(s O)ldB()
3, - f M, (8, 9K, [G(s,O)ldB(s) + f Vi (s 0G(s,QdB(s) +U, ((, %), x€Q
S
T [ 87KLG( 1=~ [ Un(8 0K, [G(.0)1dB(8) + [ ©,,(5, 0K, [G(s.C)]dB(S)
= — [ Ma(s XK, [G(s:OYIAB(S) + [ Viu(5,0G(S.O)dB(S) +U,,(¢.3),  x€Q

87K, LG Q) = — [ U, (50K, [G(s, OIdB(S) + [ O, (50K, [G(s OIdB(S)

— [ ML (50K, [G(s O1dB(S) + [V, (s, )G(5,0)dB(8) +U,, (¢, ), xeQ
47G(x,() = —RPV. f U (5,0K, [G(s,O1dB(s) + RPV. f 05K, [G(s,)1dB(S)
—RPV. f M (s, K, [G(s,O)ldB(s) + C.PV f V(s 0G(s,)dB(9) +U (), xeB

S | 4K, [G(xO)]=-RPV. f U, (s, %K, [G(s,()]dB(S) + RPV. f 0, (s, %K, [G(s,)]dB(s)
c B B
§ - C.P.\/.fB M, (s, 9K, [G(s,()]dB(S) + H .P.V.fBVG(s, X)G(s,C)dB(s) +U,(C,X), xeB
5 47K, [G(6 Ol = —RPV. [ U, (80K, [G(s,)dB(S) + C.PV. [ ©,,(5,X)K,,[G(s, O)]dB(S)
% —H.PV. [ M5, 0K, [G(s, OIIB(S) + F.P. [ V, (s X)G(5,O)dB(9) +U,,(¢,X), x€B

47K, [G(x,()] = —CPV. [ U, (50K, [G(5,O1dB(s) + H.PV. 1l 0,(8,9K,,.[G(s,()]dB(s)

—FP. fB M, (s, %K, .[G(s,()]dB(s) + F.P. vav(s, XG(s,O)dB(s)+U, (¢, x), xeB
0=— [ U(s.0K,[G(s,OldB(8) + [ (5K, [G(s O)IdB(s)
— [ M(,0K, [G(s. O1dB(8) + [ V(5,0G(s, B9 +U((,X), xe @

£ | 0=—/ U,(s 0K, [G(s.OIB(S) + [ 0, (59K, [G(s)]dB(s)
= — [ M, (89K, [G(s,IdB(S) + [V, (5, )G(s,)dBS) +U, (.9, xe
o | 0=— [ Un(s 0K, [G(s 1S + [ 0,(s K, [6(s.)1dB(S)
o
S — [ Mou(8. 0K, [G(S OIAB(S) + [V, (s,)G(5,0)dB(8) +U,,(C,¥),  xe 0

0= [ U,(s 0K, [G(s.O1dB(S) + [ O, (s, XK, [G(s OldB(S)
— [ M, (50K, [G(s.OldB(9) + [ V, (s )5(s,)dB(8) +U,((,x), xe*

Continue
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Present method
87G(x,() = — [ U(s, 9K, [G(s, OIdB(S) + [ O(s 0K, [G(s,)dB(s)

s - f _M(8, XK, J[G(s,)1dB(s) + f V(5. G(s,()dB(s) +U(¢,X), xeQUB

3

D [ 87K, [G(x.()] = [ U, (s 0K, [G(s.OldB(S) + [ 6, (s, 0)K,[G(s O)ldB(s)
O
23 - fBMQ(SIX)Ke,s[G(SvO]dB(S)‘|‘ vae(s, X)G(s,0)dB(s) +U,((,X), X€QUB
S o
&% g 87K, [G(X, ()] =— fBUm(S,X)KV,S[G(s,C)]dB(s)+ fB@m(s,x)Km,S[G(s,g)]dB(s)
Cz — [ Mo (80K, [G(S Q1B + [ V(5 XG(S.OdB(9) +U,,((.X), x€QUB

o

5[ 87K, 601 = [ U, (50K, [G(s. OIIB(S) + [ 0, (5K, [G(5.0)]dB(S)

- fBMV(s, XK, [G(s,()]dB(s) + vav(s, X)G(s,0)dB(s) +U _(¢,X), XeQUB
0=— [ U(s9K, [G(s.O1dB(S) + [ O, %K, [G(s ()IdB(S)

§ - f _M(s,)K, J[G(s,()]dB(s) + fBV(s, ¥)G(s,0)dB(s) +U(C,X), X€QUB

E 0=- fBUe(S' XK, [G(s,O)]dB(s) + fB@a (s, X)K,,[G(s,¢)]dB(3)
O o
2 3 - fBMa(s, XK, [[G(s,)1dB(s) + vae(s, X)G(s,¢)dB(s) +U,((,x), x€Q°UB
= =
5 ?’ 0=- fBUm(S, XK, s[G(s,()]dB(s) + fBem(s, XK, [G(s,¢)]dB(s)
- é — [ M (80K, JG(S,OI0B(S) + [ Vi, (5, 0G(s,)dB(8) +U,,(¢, ), xeQUB

g' 0=- fBUv(S’ XK, [G(s,¢)]dB(s) + fBGV(s, XK, [G(s,{)]1dB(s)

— [ M,(8, 0K, [G(5.O1AB(9) + [ V,(5,0G(s, )dB(9) +U,,((, %), X0 UB

where CPV, RPV, HPV, FP, K, [], K, [] ad K, [] arethe Cauchy principa value, Riemann

principal value, Hadamard principal value, finite part, slope operator, normal moment operator and
effective shear operator, respectively. It is noted that the kernels in the present method should be
properly expanded in terms of interior and exterior expressions of degenerate kernels.
Mathematically speaking, our domain is a closed set (DuB) instead of the open set (D only) of
conventional method.



Table 3-2 Influence coefficients for the singularity distribution on the circular boundary

U (s,x)

Interior Exterior
O .
] U'(R,ﬁ;p,¢):p2(l+|nR)+ R’InR UE(R,Q;p,cﬁ):R2(1+|np)+p2|np
()
> 1,° 1R
o ~Rp(1+2InR) + =2 cos(0 — ) —[pR(1+ 2Inp) + = ——|cos(6 — ¢)
5 2R 2 p
(0]
=~ 0 m+2 m 0 m+2 m
w - 1 » — — 1 /:H cosm(f —¢), R>p - 1 Rm 1 ijz cosm(6 —¢), p >R
= fsmm+1) R™ m(m-1)R =3 m(m+1) p" m(m-1)p
o . 27 e
foz [U'][4Rd6 = 27R(p? (1+InR) + REInR), R> p fo [U°I[RdY = 27R(R*(1+1Inp)+p*Inp), p > R
9 . 3 CLI 1R
5 j;z [U'][cosf]Rd6 = —wR(Rp(1+ 2|nR)+1’L)cos¢,R>p fo v ][cosH]RdH=wa(pR(1+2lnp)+5?)c08</>,p>R
S L I 1R
= f v ][sm@]RdH=—7rR(Rp(1+2InR)+f—)sm</> R>p j; [u ][an]RdH:—wR(pR(l+2Inp)+§7)sm¢,p> R
© n+2
= 1 2r 1 R"+2 1 R"
o U'][cosnd]Rdf = —7R F___ coshg, R> e - —7R(— =
: f [U'][cosng] G +1) i R 7" Y cosnp, R> p 10 oo R R 7 g, > R
n n+2 1 o 1 Rn+2 1
[U'][sinng]RdY = —7R( L "5)sinng, R> p U°][sinng]RdY = —7R nng, p> R
I <+1>R n(n— 1>R2 Jo W NsnIRID = mRCE o= - 1>nz> .o
—  lim27R(p’(1+InR)+ RInR) = 2rR*(1+ 2InR) lim27R(R* (14 Inp) + p*Inp) = 2rR°(1+2InR)
=
=
5—*§ flﬂimeer(Rp(lJr2|nR)+f—)cos¢>—f7rR3( + 2InR)cos¢ —/['L“WR(PR(“‘2'”:0)‘*‘**)005(25— 7rR3( +2InR)cosg
()
o .
82  —limrR(Rp(1+2In R)+fp—)sin¢>:77rR3(f+2ln R)sing Continuous —limmR(pR(1+ 2Inp)+f—)sin¢:—7rR3(f+2ln R)sing
< 2 p—R 2R (r~ —Reph) p—R 2p 2
§§' —limmR( pn;z_ L nnz)cosnawaQ’ 22 cosng —lim7R( R 1 R ycosng = 7R’ 2 cosng
< »—~R"n(n+1) R n(n-1) R n(n” —1) p~Rn(n+1) p"  n(n—1)p"? n(n* —1)
o o2 1 s 2 . ) R+? 1 R .. 2 .
n —lim7R — sinng =7R Rsin _ . — — =R
o i ( n(n+1) R n(h—-1)R" 2) o= n(n®*—1) w /l)mWR(n(n+1) p" n(n—l)p”*z)smnqb R n(n® -1 Rsinng
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O(s,x)

Interior Exterior
o . 2
3 @'(R,e;p,¢):p—+ R(1+2InR) ©°(R.0;p,6) = 2R(1+Inp)
()
=} SRZ
5 —|p(3+ 2InR)—}p—2 cos(0 — ¢) lp(1+ 2'”/”)*57 cos(f —¢)
= 2R
~ o0 2 Rm+1 1 Rm—l
) > p™? m—2 p" Z m+ - cosm(d—¢), p>R
5 cosm(f —¢), R> m w2 P
a mz: m+l Rm+1 m m*l) R™! ( ¢) P — m+1 P m 1/)
o 2 27 e
foz [©'][]Rdg = 2WR(%+ R(1+2InR)), R>p . 16°1[URd0 = 27R@R(L+Inp)), p > R
o . 1, . 3R’
S _— S 3R, .
= fo [(—)][S|n9]Rd0:—7rR(p(3+2InR)—f—)S|n¢ R>p fo [@][Sm9]Rd9:—wR(p(1+2lnp)+57)sn¢,p>R
©
= 2 n+2 n—-2 o n+2 R 1 R™!
= ©'[cosnd]Rdb = R—’O cosng, R> ©°][cosnf]RdA = —R - cosng, p > R
: /. 16'Ticosnd] R s )Rn o )cosng, R> . 16°lcosn] e
’ f [©'][sinnd]Rdd = WR( P N2 0 R> fZW[@e][sinné)]RdHf—ﬂR( nt2 R 1 R =R
- TR n(n—1) = : 0 TNy o a2 P
_ 2
- ||m27rR(” +R(1+2InR)) = 47R¥(1+ InR) lim27R(2R(1+Inp)) = 4xR*(L+InR)
3 " ) 3R? ,,5
r-:_-g fE)IIIWWR(p<3+ 2In R)*Ef)COS¢—77TR2( + 2InR)cos¢ 7,|y'ﬂ17rR(p(l+ 2|np)+57)005¢=*7rR (§+2InR)005</>
)]
o2 : . 3R?, . 5 .
e % —Iime(P(3+2InR)fff)sm¢—77TR2(7+2|nR)sm¢ CO““”UOUi f{lygn;TrR(p(H2lnp>+§7)sn¢=f7rR2(5+2lnR)sn¢
S 2 R (7 = Rep7)
o = n+2 n+1 n-1
T 2t n- 2 ClimrRE2 R L R osng = rRE—2—cosn
<g im (n+1R” " n(n— 1) R 1) oS = (nz—l)cosm r=R (n(n+1) " nflp"’z) " n(n® 1) i
3 n+2 n n+1 n—1
o p n—2 5 2 . . n+2 R 1 R . e 2 .
li — 7R —lim7R —————)sinng =7R sin
o ﬂm” (I’H-J-Rn 1 n(n—1)R"- 1)S|rm¢5 ™ (nz_l)s‘nrki’ PR (n(n_|_1) o n—lpnfz) b n(nZ —1) o
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M (s,x)

Interior Exterior
é Mi(R,e;p,qﬁ):(V—l)”—22+(u+3)+2(u+1)|nR M°(R,0; p, ¢):2(l+y)(1+|np)
D <uf1>’;";ii ”‘(1’”);2(””) oo 6), R Z o 61> R
o fz”[M "[RO = ZWR((Vfl)%ZZwL(V+3)+2(1/+1)|n R),R>p ff[Me][l]RdH =2rR(2(1+v)(1+Inp)), p> R
§ f (M ][cosH]RdG_ﬂrR((u+1)2F§ (Vfl)%z)cos@ R> p fOZR[Me][cose]Rdazwa((u+3)§)cos¢,p> R
: [ sna = R 12 1)%2)Sin¢,R>p j:ﬁ[Me][SinH]RdG:—7rR((1/+3)§)Sin¢,p>R
é f [M'][cosnf]Rd6 = —mR((v — 1>R:z+wg:)wmﬁ>p LZW[ME][COSHH]RdQ:WR(w&:—&-(l—u) n72)0osn¢,p>R
’ 7M1 1sinnIRde = ~rR( - 1)!@}%—)%% R>p LZW[MS][sinnﬂRd@:wR(w%Hl—V) s, p> R
= ey 1) (434 20+ 1INR) = 4RA+ )L+ INR) lim27R(2(L+v)(1+Inp)) = 4R+ v)(L+InR)
o % ‘/')'L“WR(<1/+1)2 (”—1>%33)00s¢>:—7rR(u+3)cos¢ _!L"F]*”R((”H);)Cm:_WR(H?’)OM
gg —lim7R((v —1) n+2erp—:)coanb: RMcoanﬁ *'ﬂﬁﬂﬂwin +(1- V)S:::)coans: R2Y n+1)cosn¢>
(2] =R R" n R n
2 ~limrR((v 1) :+22+—n(17”);2(1+”)%)9nn¢: R@sinnaﬁ *L‘ﬂ”R(—n(V_l)nz(V+l) Sﬂ (1-v )S::zz)sinn¢= R@S‘n%
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V(s,x)

p—R

Interior Exterior
5 VIR G:p6) = V(R :0,6) =
5 2p P (7371/)&005(9—@
: H2 -0 Lefa)os(0 -0 , -
R L e e G,
o S VIR = 20RE), R> J; volRso—o,p> R
g 71V lcoseRds = WR(%(sfv)*%i(lfu))cow, R>p J, W teostjrt — ”R«*S*V%)COS@ PR
_§_> j:ﬁ[vi][sinH]RdH:wR(%(S—u)fp—A( v)sing, R>p f:wwe][gne]Rdg:”R((_3—V)%)5i”¢v p>R
g ‘/;ZW[\/i][coan]Rdez —7R(n(1—v) /I;”*Z (4+n(1-v)) n+1)coanﬁ R>p LZW[Ve][COS"‘@]RW=7TR((n(1* v)—4) an: - n(lfy)%j)cosmz;, p>R
’ [V 1IsinnIRd6 = ~R(n(1-v) ﬁez ~ (44 n(1-v)) Rnﬂ)sinndm R>p [ IVIIsnmgIRd0 = nR(n(1-v) - 4) anf*”(l*”)%j)g””d”f” R
g. LmZWR(%):Sn im0=0 X
%% limR(Z2(3 )~ 2 (1)) a0s6 = (5 1) cosg RS eoso = —nl +9cass
S5 IRy Z -y Dsns s vns e ITR(3 ) Jana = e 9
§ g — u)‘F){M (-4 n(1-1) pnnﬂ !Lm”R(( (1-v)—4) i;lfn(l—y)%)coswzfmrcosn@
2 flﬂimer(n(lfu)f;:z —(4+n(1-v)) n+1)sunn<z> 4rsinng limrR((n(1-v)-4) an:*”@*V) /an:z)sinnqb:—mrsinn@
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Uy(sx)

Interior Exterior
U : . R?
& U, (R0;p,¢)=2p(1+InR) U, (R192P,(/’):7+/)(1+ 2Inp)
()
S 3p2 3
@ —|R(1+ 2InR) +—==|cos(6 — 1R
A ' (L+2inR) 422 1cos(6 ) {R(3+ 2Inp) 5= |cos(t o)
[ p
=~ m+2 pm+l 1 p 2
o —Z - cosm(@ ¢),R>p x| 1 R™ m-2 R"
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3 mm+1) R" m-1R mZme e (0—¢).p
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= e 2 1R
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p
«Q
o ar . 3
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7] o n+2 p™ 1 p"to . ni2
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2
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Op(s,X)

Interior Exterior
o . . 2R
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3 n+2p n-2p"* . nt2R™ n- ZR"1
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My(s,X)
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5 7'M, Tfcos]Ra6 = —WR(%(V +1)-3(v —1)%2) coss, R> p 7'M, Mcosf1Rde = R(v + 3)[%) cosé, p> R
K;Ej fZW[M i][sine]Role:—7rR(£(z/+1)—3(u—1)”—2)sin¢, R>p j;ZW[M,,e][SiHH]RdG:wR((y-&-S)pLi)sin@lp> R
?_, f [M, ][cosnd]Rd6 = 7R((M+ 2)(v — 1) gw I “IM,J[cosng]Rd6 = —=R((m(v — 1) — 2(v + 1)
§ +(m-v)-2(1+ ”)) p; +(m—2)(1-v) I;:j)coanb, p>R
7

m

foz”[M;][sinna]Rdo =-mR(m(v —1) - 2(v +1)) r‘;“

m—2

+(m— 2)(1— u)%)sinngb, p>R
P

Arepunoq
a1 ssoJoe Joineyaq buniwig

|Im27TR(—(V 1)) =4dn(v -1

p—R

_|Ln;ﬂR(E(y +1)—3(v —1)%)cos¢ = —1(5—v)cosp

. 2 2 .
_I|m7rR(—(1/+1)—3(1/ —1)%)sm¢ = —1(5—v)sing Discontinuous

(0" —=Rep")

I|m7rR((n+2)(l/ 1) pn+2 (n(l—’/)_z(l‘*‘l’))p;l

= —47 cosho
m+1

, p
Iplme((n +2)(v-1) RE +

(1)~ 2a+0)) 5
=—4rsinng

lim2rr ALY
P

p—R

)=4r(l+v)
limmR((v + 3)52) cos¢p = (v + 3)cos¢
p—R P

limrR(v +3)- ) sing = (v + Ysing
p—R P

m n—2

limaR((n( 1) 2 1) (12 ) 5 cosns
= 4 cosng
limaR(ny 1)~ 20+ + (022 0) Fyanng
=4rsinng
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Vy(s,X)

Interior Exterior
) .
% V, (R6;p,0) = V,2(R.0;p,0) =
S 2 1
g \RZ(SV)S(l y)ﬂl]cos(e ?) (3+u)?cos(07¢)
(; 0 m+1 m-1 e Rm—l Rm*3
g —Z‘ m(m+2)(1—v) gm+3 —m(4+m(1-v)) gml cosm(0—g¢),R>p  —p_|m(m(l- V)*4)Tm+1 —m(m-2)(1-v) i cosm(0 —¢), p > R
m=2
@
2 "IV, Rdo
[ v mrae=o0.R> p J, W IRd0 =0,p > R
2 e _ 1
N N,i][COSH]RdH:ﬂR(é(S—y)—S(l—z/)%)cosgﬁ, R> p Jy ™ lcosf]Rd6 =nR(3+v) )08, p > R
) 2 1
= _ 2 °|[s = s
5 I N,'][sin@]Rdé):wR(%(S—u)—S(l— v)e0)snG,R> p Jo M Nsiné]Rd6 — mR(3+v))sing.p> R
«Q
o n+1 o R
2 f [V, 1[cosmd]Rd6 = —R(n(n + 2)(1— 1) 2 e j; [V,*1[cosnd] Rdf = —wR(n(n(1— u)74)W
-E n-1 Rn—:i
§ —n(4+n(1-v)) pM)coanj R>p —n(n—2)(1-v) pnil)cosm), p>R
g n+1 o Rn—l
f [V, 1[sinnf]Rd6 = —R(n(n+2)(1—v) £ E [ v, lsinn¥]Rd0 = —rR(n(n(1—v) - 4) p
n-1 n-3
*”(4+”(1*V))pn+1)9””¢ R>p “n(n-2)1- )R ysnng, p> R
p
!,ijrg{0=0 L@o:o
— . 1 . (w43
5 Iime(%(Sf )—3(1— z/)p )cos¢_7r(34F;V) CoS¢ !,'DQWR((?"FV)?)COS@*W cos¢
5 . 1. w+3) .
e |,me(f(3f v)—3(1- V)%)sinqs:w%siw LmﬂR((3+V)F)Sn¢=WT9n¢
g g ntt n1 Pseudo- ) R RS
52 f||m7rR(n(n+2)(1 z/)gn+3 n(4+n(1-v)) gm)coans continuous fllme(n(n(lf V)f4)an(n72)(l—u)F)cosn¢
2 = (p” = R—ph)
< p _2nm(v+1) cosng _ 2mm(1+v) cosnp
§ I pn+1 pn—l . . Rn—l Rn—3 .
@ - |rrF17rR(n(n+2)(1—u)Rn+3 —n(4+n(1-v)) RM)smnqﬁ —{ImyrR(n(n(l— v)—4)———n(n-2)(1-v)—)snnp
= " - p P
(0]
:2m(l/+1)sinn¢ :2n7r(1—&-1/)smm5
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U (s x)

Interior Exterior
W) . e . R?
& U, (RO;p,0) =2(1+v)(1+InR) U, (R,F),p,qﬁ)=(3+l/)+(l/fl)?+2|np(l/+l)
@
> p 3
g *(V+3)ECOS(‘9*¢) + (u—l)%—z(z/ +1)§ cos( —¢)
(¢}
=~ e m(V—l)—Z(u +l) p" pm?
P e A S A s 17 r ‘97 , R 00 _ _ m m+2
3 +mZ:2 m R" +-v) R™2 cosm(f=¢). R>p +>° w&m, m(1-v) RM cosm(6 —¢), p>R
(R m=2 m P P
2m o RZ

fzﬂ[um‘][l]Rdez 2R L)L+ INRY, R> 5 fo [U, FI[1]Rdg = 27rR((3+1/)—|—(1/—1)F+ZInp(V+1)), p>R
@] 0 3
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o 2 2m 3
= . U, sing1Rde = —wR((V+3)%)sin¢>, R>p [ AMisnoIrdo = R )R 20+ D)sng, p>R

0 p p

k= 2 12w +1) p" " " e
S [ U, eosnjRas = wR(%% HAV) e R> 0 [y foosryRdd = WR(w&n =) Xy cosns, p > R
o 0 p p
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nfyr—-1)—-2 1) " n-2 . .
”me(w%m_ 2 Y cosng Discontinuous
p—R n R R ()~ —Re—p")
_aRwed

n
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LmWR(waL(lfu)F)snw
BRI,

e
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3
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R p p

s

3
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imeR(UE 2Ry R oens
P

p—R n P
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n
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p—R n P
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Interior Exterior
o] o 2(v-1)R
8 0 (R f:p.0) =211 0,5 (R ip,0) = 21
=
_ 2
5 Ha+v)freos(0—0) 2 IR g cns(o )
@ p p
~ 0 m m-2
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% %’s j,LngﬂR((3+V)§)Sm¢:7r(3+v)sn¢ (- R ) limr R(M—&—?(z/—l))sind):ﬁ(v—@sindﬁ
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© . [)n pn72 . . n—1 n+1
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M (s,%)

Interior Exterior
_ 21?1 co 2=
g M,/ (R 0:p,6) = (”RZ ) ML (ROp0) ==
3 +2(-1)(v+3)-Zooos{o —0) +2(ufl)(1/+3)p53cos(07¢)
g m-2 m—2
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(7] n-2

LM, Tisinn6]Rd6 = xR((n(L— )~ 2(1+))(n-1)(1-») pR

n—2

“IM “Ilsi =7 v— v))(n=1)(v— R
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c 2 . i N Ui
3 IRZWR(Z(VRZ l))=47r(” R*D e
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g’{ limrR2( 1) +3)L)sng = 2D g LLVT;WR(Z(V—1>(V+3)Bg)9”¢:%w9”¢
) R R F:,z Pseudo- r s
8 limaR(n(1—v)—2(1+v))(n-1)(1-r)2 continuous limmR(n(v —1)+ 21+ v))(n—-1)(v —)—
. . R (0 —=R—p" .
2 4@y 200)n+ e -1 +2)cosn¢> 200 cosn _(n+1)(u_1)(n<u_1)_z(1+y))pf{2)cosn¢:wcosn¢
1) 5 2
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§ oo a2 D )2 ) oo - DD g,
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Interior Exterior
9 Vi (R:p,¢) = V' (Rb:p,0) =
20v-1)(v+3
(‘3 2(u—1)(z/+3)§cos(9—¢) MCOS(Q—@
@
= m m-3
: L [m(m+1)(v —1)(m(1-v)+2(1+ 1/))# _Im(m-1)(v —1)(m(1—v)—2(1+ V))Rm
‘:5_ +> o cosm(f —¢), R> p o cosm(f —¢), p>R
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p
fzw[Vm'][l]Rdezo,R>p f“ N JEHRAO =0, R D43
° e 2(v—1)(v+3
Ji v HoostRA0 = 7RE2(y ~1) (v +3) L) coss, R> J, M lcostIRd6 — =R o oser>R
Q - _— 20D +3) .
5 j; [\/m'][sinH]RdQ:wR(Z(u—l)(u+3)§)sin¢, R>p fo [V l[sin6]Rd6 = 7R( e )sing, p>R
«Q
s 7 v, leosnAIRd6 = xR(n(n +1)(v ~)(n(1-) + 2(1+ 1)) Rﬁis [ Vi licosmIRde = wR(n(n—1)(v ~1)(n(1-v) - 2(1+ »)) o
= n-2 n—1
§ +n(n—1)(1-v)(4+n(1-v)) /;M)cosn(ﬁ, R>p +n(n+1)(1-v)(n(1—v)—4)——=)cosng, p > R
o
" n n-3
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. lim0=0
lim0=0 p—R
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s e g Pseudo- . n-3
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& g n-2 _ (p~ = R« +) n-1
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o P
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Uy(s,x)

Interior Exterior

(g le(Rve‘p‘¢): Uve(R7€;p1¢)):7
3 (3+u)
@ A7 _ 3
5 R cos(6—9) l(s N2 1) R Jcos(0 - o)
(:— o pm—l pm73 P 14
44+m(1— —m(1— 9—¢),R o m 2
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o ’ 3 2R R
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Interior Exterior
O ) e .
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w
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C  limo=0 lim0=0
= 2 R (v +3)
5§' Im;nR( ;3) 0056 — w(uF:— 3 cosé l)mnR((S u)pz +3(1/71)?)COS(¢5— CoS¢
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o . p P _ 2n(14-v) ‘ _ _2nm
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Interior Exterior
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5 _mm+ D - (4 m1-v)) 2 . [Fm(m=1)(v ~1)(4+ m(1- )R
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Table 3-3 The definitions of the moment and shear force (a) Szilard, (b) Leissa, (¢) Chen et al. and (d) Adewale.

(a) Szilard (b) Leissa (c) Chen et al. (d) Adewale
Displacement u u u R, (r)cosmy
o’u 10 1du 0% 10 10u ) 0% O°R, 10R,
—D| | S5+ —D| 4| S+ V2U+(1— N et L
Moment or? V[r2 ol rar] oz U|v7 002 rar] PV V)c’)nf oz v or r R
2 2
Shear D ivfu+l_yi 109 _iz@ _Di(v2u>+ii _D(l_y)ﬁ[E@ M+(1_V)ii ou R, 10R, 10°R, m' 0R,
or r Oelrorde r° o0y or r oo orr o on, ot |on, | ot, o r2or roor* r* or
Derivation of the moment according 5 32(&1005”‘9)+l8(Rn005m9>+i32(Rn005m9> +<17V)82(Rﬂcosmﬁ) _ 'R, | LORs m
totheAdewale'sform or? r or r 00° or? or? ror r?
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Derivation of the shear according d|0°R, 10R, nY 100 m_ .
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X=(p,¢)
s=(R,0)

Fig. 3-1 Degenerate kernel for U (s, x)
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Fig. 3-2 Green’sfunction of the biharmonic equation for the annular plate problem

R isthe distance between the source and the center of thecircle.
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Fig. 3-3 Simulation of a concentrated force by Adewale[1] (M =101)
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Fig. 3-4 Displacement contour of the Green’sfunction of the biharmonic equation
for the fixed-free plate problem using the present method
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fixed-free plate problem using the ABAQUS program
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Fig. 3-10 Green’sfunction of the bihar monic equation for the plate problem

R, isthedistance between the source and the center of thecircle.
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Fig. 3-11 Displacement contour of the Green’sfunction of the biharmonic equation for the circular plate problem (a=3)
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Fig. 3-12 Displacement contour of the Green’sfunction of the biharmonic equation
for thecircular problem using the present method (a=3, R =15 and M =50)
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Melnikov’s approach (Source at different directions)

Fig. 3-13 Displacement contour of the Green’s function of the biharmonic equation

for thecircular plate problem using the Melnikov'sapproach (a=3 and R =1.5)
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Fig. 3-14 Potential contour of the Green’s function of the biharmonic equation for

thecircular plate problem using the present method (a= 3,6, =% and M =50)
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Fig. 3-15 Potential contour of the Green’s function of the biharmonic equation for

thecircular plate problem using the Melnikov’s approach (a=3 and 6, =%)
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Fig. 3-17 Normal moment contour of the Green’sfunction of the biharmonic

equation for the fixed-free annular plate using the present method
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Fig. 3-18 Shear force contour of the Green’sfunction of the biharmonic equation

for the fixed-free annular plate using the present method

79




10 e

4 L
2+ L
O—{ ¢ !
o
‘O
-2 L
-4— [
-6-| L
-8 L

\ \ 1 1 \ \ \
-10 -8 -6 -4 -2 0 2 4 6 8 10

R =07, §,=0, M =50

Fig. 3-19 Displacement contour of the Green’sfunction of the biharmonic equation
for the fixed-fixed annular plate using the present method




Fig. 3-20 Displacement contour of Green’s function of the bihar monic equation for
the fixed-fixed annular plate using the ABAQUS program
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Fig. 3-21 Displacement contour of the Green’sfunction of the biharmonic equation
for the free-simply supported annular plate using the present method
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Fig. 3-22 Displacement contour of Green’s function of the biharmonic equation for
the free-simply supported annular plate using the ABAQUS program
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Chapter 4 Conclusions and further research

4.1. Conclusions
The Green's function for Laplace and biharmonic equation of the circular and annular
plate problems is the main concern in this thesis. From the study, some conclusions are

made item by item as follows:

1. The Green’'s functions for the Laplace and biharmonic problems have been solved
analyticaly in this thesis by using the null-field BIEs in conjunction with Fourier
series and degenerate kernels. The singularity and hypersingularity were avoided
due to the introduction of degenerate kernels for interior and exterior regions
separated by the circular boundary. The limiting behaviors across the boundary for
potential were also examined as shown in Table 3-2. Instead of directly calculating
principal values, al the boundary integrals can be performed analytically by using
the degenerate kernels and Fourier expansion. Therefore, the present approach is
seen as an “analytical” approach in the circular or annular situation since error only
ascribes to the truncated Fourier terms.

2.  For the Robin problem of Laplace equation, we have proposed an analytical
approach to construct the Green's function by using degenerate kernels and Fourier
series. The mathematical equivalence between our result and Melnikov's [37]

analytical solution has been proved successfully as shown in Appendix 1.

3. The Green’s function not only the circular plate but also the annular problems have
been solved analytically by using the present method which are compared with
available exact solutions and FEM results. For the circular plate, Appendix 2 also
shows the mathematical equivalence between our result and Melnikov’'s [42]
closed form solution. For the annular case, the Adewale's [1] result was examined.
ABAQUS data are used to compare with Adewale’s [1] result and our result.
Annular plates subject to different boundary conditions (fixed-fixed, simply
supported-free and free-simply supported) are also verified with ABAQUS. Good

agreements are made.



4. Five goals of singularity free, boundary-layer effect free, exponential convergence,

well-posed model and mesh free are achieved.

4.2. Further research
Problems with circular boundaries were studied by using the direct BIEM. However,

several works needs further conduction as follows:

1. From the viewpoint of geometry, only circular boundary was considered in this
thesis. Degenerate kernels for ellipse or crack or square shape with BIEM need to be
developed.

2. In this thesis, Green’s function of the circular plate problems was solved by using
the present method. The image method with degenerate kernel seems more
convenient in constructing the Green’s function. It isworthy of further investigate.

3. Itiswell known that the BIEM is a better approach for solving multiply-connected
problems. Following the success of this thesis, extension to the Green's function of

circular plate with multiple holes or inclusions can be considered.

4. The BIEM for solving three dimensional problems can be constructed in the further
research.
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Appendix 1. Equivalence between the present solution and Melnikov’s solution

VZG(x,¢)=6(x—(), xeQ

aG<X’%nX+BG(x,C):O, xeB

Fig. A-1 Green’sfunction for the Laplace problem subject to the Robin boundary condition

For the Green's function of Laplace problem subject to the Robin boundary condition solved by
Melnikov [37], the closed-form and series-form solutions are shown bel ow:

— 11 ‘Xz_l‘ -8 wtﬁ*1
G(x,()= Z|_+In|x C|+2Rew j; 1_tdt} , Closed-form (Al1-1)
1)1 a’ = 233 (pRY
G(x, T — -0,
(x)= 2as " x—¢||x¢~2°) Qm (m+ag)| a* cosm(¢—6) (A1-2)

Series-form

where Re is the real part of a function of a complex variable, a is the radius, 3 is the

impedance coefficient, w=pR€e“™ inwhich x=pé’ and ¢(=Re" represent the field and

force points, respectively. Based on the null-field integral equation approach, we have
In|x—|

= p"m—a .
G(x,():(1+aﬁlna)po+zg—m Zmﬁ(pmcosm¢>+qm5|nrr¢)+ o (A1-3)
m=1
1 R R : :
h =— , Ppp=————>-cCOSN¥Y,, Q,=———————sinm, . Fird,
where p, el P 7r(m+aﬁ)amcos - O 7r(m+aﬂ)amsm . . First, we

rearrange Eq. (A1-2) to
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1.1 a x| & 2a3 pR.,
G(x()=—[—+In —Injl——{— co —my -
(%) Zw[aﬁ x—(] a’ mz:;m(m+aﬁ)(a2) S(my 2 (AL-4)
where In 1—2—5 is expanded by using the degenerate kernel as shown below
In —X—Ez—ii[pl? cosm(6,—¢), a*> pR,, (A1-5)
a ooml a

After substituting Eqg. (A1-5) into Eq. (A1-4), we can derive another series-form solution as shown
below:

00

_ 1.1 a m-as PRy _
G(X’C)_27r[a5+|n|x_g|+;m(m+aﬁ)(a2) cos(my —my, )] , (A1-6)

Second, we substitute the Fourier coefficientsinto Eg. (A1-3) to obtain

1.1 a_ - m-aj rR, _
G(x,¢) = 27r[a6+|n|x_g|+;m(m+aﬁ)(a2) cos(mp — v, )], (A1-7)

Egs. (A1-6) and (A1-7) only differ by a sign due to the opposite loading. The two solutions are
proved to be equivalence.
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Appendix 2. Equivalence between the present solution and the Melnikov’s result

G(x()=0

Ky [G(%.C)1 =
, XEB

Fig. A-2 Green’sfunction for the bihar monic equation
For the circular plate subject to a concentrated load solved by Melnikov [42], the closed-form
solution is shown below:

a’— ZZ‘

nm ; (A2-1)

where D is the flexural rigidity, a isthe radius, z=p€e’ and (=Re€" denote the field and

the force point, respectively. The problem is also solved by using the present method. Also, we have
a series-form solution as shown below:

3
8rG(x,¢) = —2rap® (1+Ina)a, — 2ra’Inaa, + ap(1+2lna)+%% ra(a, cos¢+b sing)
i Pt 1 P a(a, cosng -+ b, sinng)
- n‘l—l an n<n_1> an72 a‘ﬂ n
3
+2mp® py + 2ma* (1+ 2Ina) p, — p(3+2|na)—%% ma(p,cos¢+ g, sing) (A2-2)
i n+2_ n—2 pn Wa(p Cosn¢+q Sinn$)
— n+1a n(n—l) anfl n n
—¢fInjx—¢|, xeQ,
1 —cosHCRC(Rf—:%az) —sin@CRC(Rf—BaZ)
4 4
where{ao}: 227ra2 ’ {31}: 27Ta2 o {bl - 27ra2 2
By a —F} P congRC(a —R() G sn0<R€<a —R§>
47Ta 27Ta3 271'8,3
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a " cosn,R [(n+ 2)a’ — an] a"sinn R’ [(n+ 2)a’ — an]

{aﬂ — 27T bn _ 27T
P, a " ?cosnd R’ [az — Rf] " la, a " ?snng R’ [az _ Rf]
2T 2T

By rearranging Eg. (A2-1), we have

2 2 2 2 ZC
G(x,()=—[—a" — a — —|p"+ R —2pR cos(0. —¢)||Inl——|+Ina
(%) = =l (8 = p?) (@ — RE) [ o7+ RE ~20R cos(0, — o)) "2
+(x—<‘) In|x—(]]
where In 1—2—€ can be expanded by using the degenerate kernel as shown below:
_ ) 2
|n1—’;—€_—m2_;m[—'j< cosm(0, —¢), a* > pR (A2-4)

After substituting Eq. (A2-4) into Eg. (A2-3), we can have another series-form solution as shown

bel ow
1 (=)

a?_R2
G(xO)=5 = = i )—(02+R§>'”a
LSRR Y _
+2pR Inacos(6, ¢)+; - [a2 cosm(6, — @) (A2.5)
;pf p'? cos(erl)(QC—fé)—nzzp:\:4 p;] cos(m—1) (0, —¢)
+(x=¢) In[x—]
Eq. (A2-5) can be rearranged to
1 a’—p’)(a®—-R* 2 2
G(X’C):Sﬂ'D[< pggz ? )_('0 +R()Ina—pRC@
2pRCIna+<,0 JrRC)pRC pRC[pRC] cos( qﬁ)
(A2-6)
o HRRYT R (R R (R)™
+; ] T _m+1[ az] cosm<9<—¢)

+(x—§)zln\x—§\]

By substituting the Fourier coefficientsinto Eq. (A2-2), we have
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R al—
8rG(x,¢) = —p° (1+Ina)—a2Ina+p2TRc+(l+2Ina)TRc

R (3’ -R’)

1p°
+lap(l+2lna)+=—
g ) 2 a 2a®

3
— p(3+2lna)—%g—

2

o cos(0, —¢) (A2-7)

- 1 »p 1
+Z n( " n(n-1av?

n=2

_I_i 1 pn+2_ n_2 pr‘l
~|In+1a™ n(n-1)a

Although Egs. (A2-6) and (A2-7) look different, we use Mathematica symbolic software to
mathematical prove the equivalence between the two solutions in three aspects, constant term,

cos(f, —¢) and cosm(f, —¢) asshownin TableA2-1.

95



Table A2-1 Comparison of the Melnikov solution and our solution in three aspects.

Melnikov term Present term

constant G _/)22)5;12_RCZ)—(,OZJrRf)lna—,O‘Rg[;—T4 = —p®(1+Ina)-a’lna+p’ Z_RC (1+2Ina>a _2R4

[ap(1+2Ina)+

3 332 — R?
%%]MCOS(QC _¢)

COS(9<_¢) [ZpRélna—F(p _|_R§) RC IOR([ aR( ]COS(Q _¢) — (2 3 >
—[p(3+2Ina)— 22 Rg o R cos(ec—qﬁ)
00 p2+R<2 pRC m ,OR< pRc m-1 o n+2 1 n ”ZRg[n-l—Za—nR(]
;[ o 2 | T me1l = B Z; n+1 a” TS P 5 cosn(6, —¢)
cosm(f, —¢) - — MR;[ 2 R(z]
PR PR B o p"? n-2 p a a’— -
_m—_l_l[ az ] ]Cosm<0C ¢) +nZ;[I’H—l an+1 (n 1) ] 2 COSH(QC QS)
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Appendix 3. Degenerate kernels

Degeneratekernelsfor U, ®, M, V inthefirst boundary integral equation

U'(s,x)=p*(1+InR)+R*InR- R,o(1+2InR)+%’O—R3 cos(6—-¢) i{ (rr11+1)pRn?“2_m(n11—1) ;nmz}cosm(e—(/ﬁ), R>p
U (s,X)= i
0 U®(s,x)=R*(1+Inp)+p*Inp- pR(l+2|np)+1&3 cos(6—¢) i L R 1 K cosm(6-¢), p>R
2 p = m(m+1) p" m(m-1) p™? ’
| _p_z ~ _lp_S ~ 0 1 pm+2_ m-2 pm ~
oo ©'(s,x)= R+R(1+2InR) |:p(3+2|I’IR) ZRZ}COS(H ¢)+mz_2{m+1Rm” (1) le}cosm(e ¢), R=p
$,X) = _
®E(s,x):2R(1+Inp)—{p(l+2lnp)+g%_cos9 ) mz{ mrr:+21)Rp ml—l,lj }cosm(e 4), p>R
M (%)= (v=1) 2ot (v+3)+ 2(v +1)InR=| (v +1) 22— (v—1) 2. }cos(e 4)- i{(v—l)p:z+m(l_v)_2(1+V)p—:}cosm(9—¢), R> p
M (5.1) = R I R R & R m R
ME (s,%) = 2(1+v)(1+In p) - (v+3)pcos(0 ¢)+i{m(v_1)r;2(v+1);z v) m_z}cosm(e—gé), o
V' (s.%) =%+{%(3_v)_§_j(1_v)}cos(e_¢)_i{m(l_v)/F’e:iz ~(4+m(1-v)) ;mril}cosm(ﬁ—gﬁ), R> p
v (S’ X) - o n.Iizm—l m-3
VE(s,x)z(—3—v),L1)cosH 9) Z{(m )zm —m(l—v)/ljmz}cosm(ﬁ—qﬁ), p>R
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Degeneratekernelsfor U,, ®,, M,, V, inthesecond boundary integral equation

2 0 m-1
U, (s,x)=2p(1+InR)- [ (1+2InR)+g%}cose ) mzz{ mn:+21 ,oRm ml_l/émz}cosm(a—gé), R>p
U, (s,x)=

2

R 1R’ 5 1 R™ m-2 R
UHE(S,x)=7+p(1+2|np)—{R(3+2|np)—§?}cos(9—¢)+2{m+lpm+1—m(m_l)pml}cosm(9—¢), p>R

m=2

2p 3p° m+2p™ m-2pm™*
G)'g(s,x)z = {(3+2InR) 2R}cos(é? ¢)+ Z{erlgmd—m_l’;m_l}cosm(e—gé), R>p

0

VE (s,%) = (3+ v)%COS(H—qﬁ)— > [m(m(l—v)—4) El ~m(m- 2)(1_V)/Fj7"f} cosm(6—4), p>R

e @5(s,x)_§{(3+2|np)—g;‘_1cos(e 9)+ zmﬁs rrnn__iE:j}cosm(ﬁ—m, p>R

M) (5:) =28 (-1 -| 2(v+2)-3(0 D5 eos(0-6) 3 (1 20D+ (md-v)-2(14)) 2 foosm(0-), Rz p
e M:<s,x>=@+<v+s>p—Ficos<e—¢>—mii<m<v—l>—z<v+1>)p§1+<m—2><1—v)fjﬂcosmw—«s), p>R
e VI ()| 2 31)-3(0) 2 eos0-0)- 3 e 2 (1) o - i it ) o cosm(o-9), R p

where U,, ©,, M,, V, areequal to oU (s x)/on,, 0O(s x)/on,, oM (s,x)/on, and oV (s,x)/on, , respectively.
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Degeneratekernelsfor U, ©,., M, V, inthethird boundary integral equation

U (5:X)=2(1+v) 1+ InR)~(v+3) 2 cos(0- )+ . m(v_l)r;z(wrl)g—:+(1—v)§:_z}cosm(9—¢), R> p
Un(sx)= 2 " 3 o ™2 m(l-v)-2(1+v) R"
Unf(s,X)=(V—1)%+(V+3)+2(1/+1)|np—{(v+1)§—(v—1)53}005(49—¢)—mzz{(v—l)jmz+ L) 2l )%}cosm(e—qﬁ), p>R
®:n(s,x)=2(1;‘/)+(v+3)§cos(0—¢)—zw:{(m(v—l)—2(v+l)) Ffmril+(m—2)(l—v)/F){:j}cosm(e—qﬁ), R>p
0, (S’ X) = "2‘:2 w m+1 m-1
®E(s,x)=§(v—l)— %(v+l)—3(v—l)is}cos(9—¢)+mz_i(an2)(v—l)%+(m(l—v)—2(l+v)) F;m }cosm(9—¢), p>R
Mr'n(s,x)zZ(VRz_l)+2(v—1)(v+3)%cos(«9—¢)+i{(m—l)(v—l)[m(v—lﬁ2(1+v)}pl_:mz+(m+1)(v—1)[m(1—v)+2(l+v)] Lo |oosm(0-9). R2p
M, (s,x)= - mj -2 m
Mnf(s,x)f(vpz 1)+2(v_1)(v+3)p_F§cos(a_¢)+mz_i(m_l)(v_l)[m(v_mz(1+v)] F;m +(m+l)(v—1)(m(v—l)+2(1+v))%}cosm(9—¢), p>R

0 m-2

Vn'](s,x)z2(v—1)(v+3)§cos(6’—¢)+Z{m(m+l)(v—1)(m(1—v)+2(l+v)) r@n:s+m(m—l)(l—v)(4+ m(l—v))gml}cosm(e—gzﬁ), R>p
V., (s,x)= " 3 m-1

VmE(S,x)=wcos(0—¢)+i[m(m—l)(v—1)(m(1—v)—2(l+v)) F;m +m(m+l)(1—v)(m(l—v)—4)%}cosm(9—¢), p>R

P

2 2 2
M
where U, ©,, M, V, aeeaud o wiU (s:)+(1-) o) e (s (1) TUE vam (5,04 (1) TN o
2\/
WV (s, x)+(l—v)%nsz’x) , respectively.
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Degeneratekernelsfor U,, ©,, M,, V, inthefourth boundary integral equation

" 0} (8)(-3-v) Eeos(0-)+ 3 (ma-v)-4) 2~ mia- v)fﬂcosm(e §). Rzp
02 (5= 4+| 22(a-)- B 1) fos(-0)- 3 mis ) B osm(0-0), >R
i )= (143 3 05(0-9) 3 m(m(1-v)-4) 2 -m(m- 2)<M )fz“}osmwc»:,l R> p
OF (5,%) = { (3-v)-3(1-v) }056? 9 Z{m m+2)(1- V);S (4+m(l—v))?mﬂ}cosm(ﬁ—m, p>R
| 2(v-1)(v+3 2 ms m
B
9 cos(0- )3 m(me - 1) -2(10) -1 1) o)) S o). >
v Vi () =2 o0 ) 3 (m2)a-v) e v) ) (- -1 4 i) 2 [csmio-9), R
VE(5)- 2<” DS cos(0- ) 3 (0 ) (1) -4) s (- -2 (1)) emsm(-9), >R
VNS LR JRETFEPS 18
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L aplacian of the degenerate kernelswith respectto U, ®, M, V

Ul.(sx)=4(1+InR)- 4‘;20059 ) i——cosme 4), Rzp
UVZ (S’X): m;
US (s,x)=4(1+Inp)- 4/ch0$9 ) Z——cosmé? 4), p>R
4
@'Vz(s,x)zR -4), R2p
0..(sx)= A oo
G)@(s,x):—;cos (0-9) Z cosm(6-¢), p>R
M., (s,X)= 4(v ~1)+8(v -1)L-cos(6-¢)+ i 4(m+1)( pm cosm(6-¢), R=
v? ! R R - R m+2 ! _p
M. (s,X)= ) o 2
= 4(m-1)(v-1)——cosm(6-¢), p>R
m=2 ,D
VV'Z(s,x)=8(v—1)§cos(¢9—¢)+i4m(m+1)(v 1) s cosm(0-9), Rz p
V., (s,x)= m=2
v m-3

VE (s,%) = m§24m(m_1)(v_1)

R —cosm(6-¢), p>R
P
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Binormal derivative with respect to the field point

3 © m+2pm pm—z
U'(s x)=2(1+I R—— 9 —_—— 0—-¢), R=
U (sx) (s,x)=2(1+InR) Rcos ) mZ{ p— Rmz}cosm( #) D
o R? 2R R® = [R™2 m-2R"
* Uf(s,X)=——+(3+2Inp {—+—}cos 0—¢)- { — ———}cosmé? #), p>R
(5=~ + 3+ 2np)~| B B laos(o-g)- 37| B -2 8 leoum( )
2.3 [ (m+2)p"  (m-2)p™*
0 (sx)=<+2P 0— — 0-¢), R=>
on; 2R [2 3R o [(m+2)R™  (m-2)R™
X OF (s, x :——{ }cose ¢ { - - - }cosm 0-¢), p>R
(59--28-| 2.3 DI L (0-9)

m-2

M'(s,x)zz(v_l) +6(v—-1)L-cos(6-¢) +i[ m1)(m+ 20 -1 L2 (m(l—v)—2(1+v))(m—1)pRm }cosm(0—¢), R> p

2 m+2

9°M (s,X) R R® —’

anf E S, X _—2(1+V) V+ BCOS 3 V+ m+ R—m+ m-— m-— -V Rm72 cosm(& — >
(5= 2002003 B oos0-0)2 3 (mle-1 -2 4 0) o) K (m-2) -2 00) T Joosm0-4). >
A(sx) V' (s x)=-6(1- v)—cos(H @) - mzi m(m-+1)( m+2)(1—v)£%1—m(m—1)(4+m(l—v))/;:jcosm(ﬁ—qﬁ), R p
6nf . E S, X _—2(3+ )COS 3 m+ 14 Rmfl—m m- m-— -V Rmf?’ cosm( & — >
ve(8) =2 Deos(0-g)1 3 mime{ma-v)-4) - mm-(m-2) 1) B cosm(o-), o>
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Normal derivative of Laplacian of the degenerate kernels

8

U, (8,%) = 2, -4), Rzp
UVZ,n(S’ X)_ 4 R 0
Uszyn(s,x)—;+4p—cos Z m+lcosm (0-¢), p>R
! 4 N ,Dan1
0., (s x)=¥cos(9 ¢)+ ZZ m -cosm(6-¢), Rxp
®V2,n (S’ X) - 4 - m—1
0:. . (s, x)—p—cos (0-9) Z o cosm(@-¢), p>R
M! _8(r-) am(m+2)(v -1 2 R>
vn(8X) === = cos(6—¢) mz_z m(m+1)(v -1) 2 cosm(9—¢), >p
M. (s,x)= -
MS (s, x)=—24m(m—1)(v—l) ——cosm(0-¢), p>R
' m=2 ,0
[ 8(V_1) N 2 ,OW1
V0. (s,X)=——>cos(6—-¢)+ D 4m*(m+1)(v-1)=—cosm(6—¢), Rxp
Vo, (s,X)= | R m=2 R
V2, ! - m-3

ANESY Z4m (m-1)(v- 1)Rm+1cosm(¢9—¢), p>R
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Tangential derivative with respect to thefield point

{R (1+2InR) +——}S|n(6 e i{milpRm mll’é:z}sinm(e—qﬁ), R>p
U , _ m=2 -
(5 o[ 1 R™ 1 R
-| R(1+2Inp)+ sin(6-¢) Z g snm(6-¢), p>R
[3+2InR———J n(0-¢) i{m+1Rm*i Tq:ig:i}sinm(e—m, R> p
0,(sx)= "
(s:%) 4 [me2R™ m R™
+2Inp+—— n(6-¢) Z R — e -lsinm(6-¢), p>R
Mtl(s,x)={2(”1)_(V-l)%z}sm(e—qmi{ )2 (m(1-v)-2(1+v)) 2 _l}sinm(e—qﬁ), R p
M, (s, x)= " . L
ME (s,%) = (v +3)—~-sin(0—¢) Z{( ~2(v+1)) Rm+1+m(1—v)Rm_1}sinm(¢9—¢), p>R
p =
v, (s,x){%_g_j(l_v)}gn(e—;ﬁ)— > {mz(l—v)';::—m(4+m(1—v))§:}sinm(9—¢), R>p
\/t(s’ X): i m-1 m-3
VtE(s,X):_(3;2V)sin(¢9—¢)+Z{m(m(l—v)—4)w (l V)i }smm(a ¢) p>R
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Tangential-normal-tangential derivative with respect to thefield point

o m-1 m-3
U/, (s x):%cos(é’ $)+ > (p _P Jcosm(@ ¢), R=p
Utxt(s X): " Rm+2 m

UG, (sX)= (i?—i—jjcos(&—qﬁ)—im[w—mjcosm(e—qﬁ), p>R

O, (s )=—Ricos 0-¢) miz[ lel—m (m- 2)’; : }cosm(e—qﬁ), R>p
®t Xt (S X) = 2 3R2 © Rm+1 Rm—l

®tExt ) T 2 0- 2 m+3 ? m+l 0-9), R

" (8X) = [P p ]cos ?) mZ[ m+ ,o m ; }cosm( 4), p>

M/, (s,X)= 2(; )cos 0-¢) i[ (m+1)(v-1) 'OM +(m(1-v)-2(1+v))m(m-1) p;:}cosm(e—gb), R>p
Mo (5X) = . s

ME, (5,X) = 2(v+3) ~cos(6—¢) + z[( ~2(v+1))m(me 1) (m-1)(1-v) N }cosm(@ 4). p>R

P - p p

0 m-1 m-3

V.. (s, x)=2(:; )cosé’ $)+ { m-+1)( )%—mz(m—l)(4+m(l—v))/;mﬂ}cosm(e—gﬁ), R>p
\/txt(s X)= "

V5. (s ):_2(3: )cose 9) i{ (m+1)(m(1-v)- 4)%—m3(m—l)(l—v)E::}cosm(e—;/ﬁ), p>R
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