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Torsional rigidity (Ling’s 
problem)

Caulk (First-order 
Approximate) [14] 0.8739 0.8741 0.7261 

Caulk (BIE 
formulation) [14] 0.8713 0.8732 0.7261 

Ling’s results 0.8809 0.8093 0.7305 

Present method 
(L=10) 0.8712 0.8732 0.7244 

Because there is no apparent reason for the unusually large difference in the 
second example, Ling’s rather lengthy calculations are probably in error here.                    
--ASME JAM
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� Overview of BIE and BEM
� Mathematical tools

Hypersingular BIE
Degenerate kernel
Circulants
SVD updating term
SVD updating document
Fredholm alternative theorem

� Nonuniqueness and its treatments
Degenerate scale 
Degenerate boundary 
True and spurious eigensolution (interior  prob.)
Fictitious frequency (exterior acoustics)
Corner 

� Conclusions and further research

Outlines
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Overview of numerical methods

Finite Difference Method Finite Element Method Boundary Element Method

Mesh Methods Meshless Methods

Numerical Methods

5

PDE-
variational

IEDE

Domain

Boundary
MFS

Trefftz method
MLS
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Numeber of Papers of FEM, BEM and FDM

(Data form Prof. Cheng A. H. D.)

1
2
6
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Growth of BEM/BIEM papers

(data from Prof. Cheng A.H.D.)
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Advantages of BEM
� Discretization dimension reduction
� Infinite domain (half plane)
� Interaction problem
� Local concentration

Disadvantages of BEM
� Integral equations with singularity
� Full matrix (nonsymmetric)

北京清華
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Original data from Prof. Liu Y J

(1984)

crack

BEM
Cauchy 
kernel

singular

DBEM
Hadamard

kernel
hypersingular

FMM
Large scale

Degenerate kernel
Desktop computer fauilure

(2000)
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Why engineers should learn 
mathematics ?

� Well-posed ?
� Existence ?
� Unique ?

� Mathematics  versus Computation  

� Some examples
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Numerical phenomena
(Degenerate scale)

Error (%)
of

torsional
rigidity

a
0

5

125

da

Previous approach :  Try and error on a
Present approach : Only one trial 

T

da

∞

Commercial ode output ?
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Numerical phenomena
(Fictitious frequency)

0 2 4 6 8
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-1
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UT method

LM method

Burton & Miller method
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A story of NTU Ph.D. students
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Numerical phenomena
(Spurious eigensolution)

0 1 2 3 4 5 6 7 8 9 10 11 12
frequency parameter  z
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1E-040

1E-020

de
t|S

M
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C-C annular plate
u, �  complex-vauled formulation

T
<9.447>

T: True eigenvalues
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T
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T
<9.499>

T
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T
<9.945>

S
<9.222>

S
<6.392>

S
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S: Spurious eigenvalues
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Numerical phenomena
(Degenerate boundary)

Singular integral equation Hypersingular integral equation

Cauchy principal value Hadamard principal value

Boundary element method Dual boundary element method

degenerate
boundary

normal
boundary

1967-1984-2006
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Numerical phenomena
(Corner)

∫ ∫
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Motivation

� Numerical instability occurs in BEM ?
(1) degenerate scale
(2) degenerate boundary
(3) fictitious frequency
(4) corner

� Spurious eigenvalues appear ?
(5) true and spurious eigenvalues

Five pitfalls in BEM

Mathematical essence—rank deficiency ?
(How to deal with ?)      nonuniqueness ?
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Mathematical tools

Hypersingular BIE

Degenerate kernel

Circulants

SVD updating term

SVD updating document

Fredholm alternative theorem
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Mathematical tools

Hypersingular BIE 

(potential theory)

Degenerate kernel

Circulants

SVD updating term

SVD updating document

Fredholm alternative theorem
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Two systems  u and U

u(x)
source

s

U(x,s)

Infinite domain

Domain(D)

Boundary (B)
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Dual integral equations for a domain point
(Green’s third identity for two systems, u and U)

Primary field

Secondary field

where U(s,x)=ln(r) is the fundamental solution.
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Dual integral equations for a boundary point
(x push to boundary)

Singular integral equation

Hypersingular integral equation

where U(s,x) is the fundamental solution.
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Potential theory

� Single layer potential (U)
� Double layer potential (T)
� Normal derivative of single layer 

potential (L)
� Normal derivative of double layer 

potential (M)
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Physical examples for potentials
P

M

U:moment diagram

M:moment diagram

T:moment diagram

L:shear diagram

Force Moment
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Order of pseudo-differential operator
� Single layer potential 

(U)   --- (-1)
� Double layer 

potential (T)  --- (0)

� Normal derivative of 
single layer potential 
(L) --- (0)

� Normal derivative of 
double layer potential 
(M) --- (1)

( )
2 2

0 0
( , ) ( ) -  ( , ) ( )L t d t CPV L t d

π π
φ θ θ θ π φ φ θ θ θ= +∫ ∫
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( ( )) ''
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M u d u
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π
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=
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Calderon projector
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How engineers avoid singularityHow engineers avoid singularity
BEM / BIEMBEM / BIEM

Improper integralImproper integral

Singularity & Singularity & hypersingularityhypersingularity RegularityRegularity

Bump contourBump contour Limit processLimit process Fictitious Fictitious 
boundaryboundary

Collocation Collocation 
pointpoint

Fictitious BEMFictitious BEM

NullNull--field approachfield approach

CPV and HPVCPV and HPV
IllIll--posedposed

GuiggianiGuiggiani (1995)(1995) Gray and Gray and ManneManne (1993)(1993)

Waterman (1965)Waterman (1965)

Achenbach Achenbach et al.et al. (1988)(1988)
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• R.P.V. (Riemann principal value)

• C.P.V.(Cauchy principal value)

• H.P.V.(Hadamard principal value)

Definitions of R.P.V., C.P.V. and H.P.V.
using bump approach

Ó

NTUCE

R P V x dx x x x. . . ln ( ln )
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1

1

 -  = -2  x=-1
x=1

C P V
x

dx
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−z zz= +
1

1 1
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ε
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Principal value in who’s sense

� Common sense
� Riemann sense
� Lebesgue sense
� Cauchy sense
� Hadamard sense (elasticity)
� Mangler sense (aerodynamics)
� Liggett and Liu’s sense

The singularity that occur when the base 
point and field point coincide are not 
integrable. (1983)
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Two approaches to understand HPV

1

2 2-10
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(Limit and integral operator can not be commuted)

(Leibnitz rule should be considered)
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Bump contribution (2-D)
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Bump contribution (3-D)
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Hypersingular BIE

Degenerate kernel

Circulants

SVD updating term

SVD updating document

Fredholm alternative theorem
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Fundamental solution

� Field response due to source 
(space)

� Green’s function
� Casual effect (time)

K(x,s;t,τ)
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Separable form of fundamental 
solution (1D)
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Degenerate kernel (step1)

Step 1
xsRxsU −== ln)ln(),(

S

x

R
x: variable

s: fixed
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Mathematical tools

Hypersingular BIE

Degenerate kernel

Circulants

SVD updating term

SVD updating document

Fredholm alternative theorem
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Circulant
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Mathematical tools

Hypersingular BIE

Degenerate kernel

Circulants

SVD updating term

SVD updating document

Fredholm alternative theorem
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SVD
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Direct method for Dirichlet B. C. :

SVD updating terms

SVD 
updating terms

Singular equation
(UT method)

Hypersingular equation
(LM method)
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~ jt ψ=
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⎦

⎤
⎢
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jE

E

L
U

ψ
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Mathematical tools

Hypersingular BIE

Degenerate kernel

Circulants

SVD updating term

SVD updating document

Fredholm alternative theorem
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For double-layer potential approach:
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Mathematical tools

Hypersingular BIE

Degenerate kernel

Circulants

SVD updating term

SVD updating document

Fredholm alternative theorem
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Fredholm’s alternative theorem:

For solving an algebraic system:  bAx =

Fredholm alternative theorem

bAx=

Alternative 
theorem

0 det =A
Infinite solution

bAx 1−= Solutionx =

0}{ * =φb

No solution{ } 0* ≠φb

: the transpose conjugate matrix of A*A
real is   if   * AAA T=

where M satisfies { } 0* =φA
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1.Degenerate scale for torsion bar 
problems

2.Degenerate boundary problems
3.True and spurious eigensolution for 

interior eigenproblem
4.Fictitious frequency for exterior 

acoustics
5. Corner

Five pitfalls in BEM
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The degenerate scale for torsion bar using BEM

Error (%)
of

torsional
rigidity

a
0

5

125

da

Previous approach :  Try and error on a
Present approach : Only one trial 

T

da

∞
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Mathematical terminology
� Critical value
� Logarithmatic capacity
� Transfinite radius
� Transfinite boundary 
� Degenerate scale
� Contour Γ
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0.50 1.00
α

0.00

0.40

0.80

1.20

σ 1

Fig.2-13 The minimum singular value σ1 of [U] versus semiaxes α 
           for the interior potential problem with an elliptic domain.

Direct searching for the degenerate scale 
Trial and error---detecting zero singular value by using SVD

[Lin (2000) and Lee (2001)]

Determination of the degenerate scale by trial 
and error

0.60 0.80 1.00 1.20 1.40
a

0.00

0.04

0.08

0.12

σ 1

1.31

Fig.2-19 The minimum singular value σ 1 of [U] versus radius a 
             for the interior potential problem with a semicircular domain.

2.10 2.20 2.30 2.40 2.50
a

0.00

0.05

0.10

0.15

σ 1

2.35

Fig.2-20 The minimum singular value σ 1 of [U] versus parameter a
             for the interior potential problem with a sector domain.
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Cross
Section

Normal scale

Torsional
rigidity

Reference 
equation , where , x on B, .

1.4480 1.4509 1.5539 (N.A.) 2.6972 (N.A.) 6.1530 (6.1538)

Expansion ratio 
0.5020 (0.5) 0.5019 (0.5) 0.5254 (N.A.) 0.6902 (N.A.) 0.8499 (0.85)

Degenerate 
scale

R=1.0040 
(1.0) = 2.0058 (2.0) a=1.0508 (N.A.) h=2.0700 (N.A.) a=0.8499 (0.85)

h
R

ab

2a

2a

Determination of the degenerate scale for the two-dimensional Laplace problems

α
β

3
2h

0.2=R 1.0   ,0.3 == βα aba
3
2,0.2 == 0.3=h 0.1=a

4

2
RG π

22

33

βα
βπα

+
G

1
4kGa4

45
3 hG

∫=
B

sdBsxsUxu )()(),()( 1ψ }1{}]{[ =ψU

∫=Γ
B

sdBs )()(1ψ )
)2ln(

1()
)2ln(

1(

Γ
−

=
1

ed

βα +

Note: Data in parentheses are exact solutions. 
Data marked in the shadow area are derived by using the polar coordinate.

2
42 kGa
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Three regularization techniques to 
deal with degenerate scale problems in 

BEM

� Hypersingular formulation (LM equation)
� Adding a rigid body term  (U*(s,x)=U(s,x)+c)

� CHEEF concept
×

D
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0 0.4 0.8 1.2 1.6 2

β

0

0.1

0.2

0.3

0.4

0.5

σ 1

Ellipcal cross section
Conventional BEM (UT formulation)
Adding a rigid body term (c=1.0)

Degenerate scale for torsion bar problems with 
arbitrary cross sections

0.184 0.50

Unregularized

Regularized 
c=1.0

Shifting

α

β

Normal scale

Γ
−

=
1

ed

Original degenerate  scale

ced −=*

New degenerate  scale

)ln(),( rxsU =

crxsU += )ln(),(*

)ln(),( rxsU =

crxsU += )ln(),(* 0.5  ,5.1 == βα

)3(  1.0  ,0.3 βαβα ===

0.184  ,552.0 == βα
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Degenerate scale for torsion bar problems with 
arbitrary cross sections

σ

Unregularized

Regularized

Shifting

0.850.31

(  ): exact solution of the degenerate scale

2a

2a

0 0.4 0.8 1.2 1.6 2
a

0

0.1

0.2

0.3

0.4

0.5

1

Square cross section
Conventional BEM (UT formulation) 
Adding a rigid body term (c=1.0)

Normal scale

Γ
−

=
1

ed

Original degenerate  scale

ced −=*

New degenerate  scale

)ln(),( rxsU =

crxsU += )ln(),(*

)ln(),( rxsU =

crxsU += )ln(),(*

0.1=a

85.0=a

31.0=a
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Normal scale
(    =3.0,     =1.0)

Degenerate scale
(    =1.5,     =0.5)

Normal scale Degenerate scale

0.5301 1.174

U  T
Conventional BEM 8.7623 (3.30%) -0.8911 (268.10%) 2.266 (0.76%) 2.0570 (75.21%)

L M
formulation

c=1.0 0.5181 (2.26%) 1.1721(0.19%)

c=2.0 0.5176 (2.36%) 1.1723 (0.17%)

CHEEF concept
0.5647 (6.53%)
CHEEF POINT 

(2.0, 2.0)

1.1722 (0.18%)
CHEEF POINT 

(5.0, 5.0)

Add a rigid
body term

1.1472 (2.31%)0.4812 (9.22%)

Analytical
solution

8.4823 2.249

Ellipse
2a

2a
Square

cross
section

Torsion
rigidity

method

α
β

22

33

βα
βπα

+
G 22

33

βα
βπα

+
G 4

116 Gak 4
116 Gak

Regularization 
techniques are 
not necessary.

Regularization 
techniques are 
not necessary.

βα α β (a=1.0) (a=0.85)

Numerical results

Note: data in parentheses denote error.
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Normal scale
h=3.0

Degenerate scale
h=2.07 

Normal scale Degenerate scale

0.7067 0.9609

U  T
Conventional BEM 3.1829 (2.09%) 1.1101 (57.08%) 12.5440 (0.83%) 1.8712 (94.73%)

L M
formulation

c=1.0 0.7035 (0.45%) 0.9876 (2.78%)

c=2.0 0.7024 (0.61%) 0.9879 (2.84%)

CHEEF concept
0.7453 (5.46%)
CHEEF POINT 

(15.0, 15.0)

0.9272 (3.51%)
CHEEF POINT 

(20.0, 20.0)

Add a rigid
body term

0.9530 (0.82%)0.6837 (3.25%)

Analytical
solution

3.1177 12.6488

Triangle Keyway

cross
section

Torsion
rigidity

method

Regularization 
techniques are 
not necessary.

Regularization 
techniques are 
not necessary.

(a=2.0) (a=1.05)

Numerical results

Note: data in parentheses denote error.

h 3
2h ab

4

45
3 hG 4

45
3 hG 2

42 kGa 2
42 kGa
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Multiply-connected problem
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1.Degenerate scale for torsion bar 
problems 

2.Degenerate boundary problems
3.True and spurious eigensolution for 

interior eigenproblem
4.Fictitious frequency for exterior 

acoustics
5. Corner

Five pitfalls in BEM
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Engineering problems

Thin-airfoill
Aerodynamics

Seepage with 
sheetpiles

1 2

3

4

56

7

8

oblique incident 
water wave 

Free water surface

I II III
Pseudo                                
boundary

O

S

Pseudo 
boundary

x
S

y

d
+C −C z

θ
x

Top      
view

O
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Degeneracy of the Degenerate Boundary
geometry node

the Nth constant
or linear element

  ∂
∂
u
n

= 0

  ∂
∂
u
n

= 0  ∂
∂
u
n

= 0

 u = −1 u = 1
(0,0)

(-1,0.5)

(-1,-0.5)

(1,0.5)

(1,-0.5)
1 2

3

4

56

7

8
 [ ]{ } [ ]{ }U t T u=

 [ ]{ } [ ]{ }L t M u=

N

 

1.693-0.335-019.0019.0445.0703.0445.0335.0
0.334-1.693-281.0281.0045.0471.0347.0039.0
0.0630.638-193.1193.1638.0063.0081.0081.0
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The constraint equation is not enough to determine the 
coefficient p and  q,

Another constraint equation is required
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Theory of dual integral equations
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Successful experiences
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X-ray detection
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FEM simulation
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Stress analysis
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BEM simulation
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V-band structure (Tien-Gen missile)
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FEM simulation
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Shong-Fon II missile
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IDF



72

Flow field
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Seepage flow
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Meshes of FEM and BEM
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Screen in acoustics
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Water wave problemWater wave problem
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Reflection and Transmission
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Cracked torsion bar

T

da
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� Dual BEM

Degenerate boundary problems
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Conventional BEM in conjunction with SVD

Singular Value Decomposition
H

PPPMMMPMU ×××× ΨΣΦ= ][][][][
Rank deficiency originates from two sources:

(1). Degenerate boundary
(2). Nontrivial eigensolution

Nd=5 Nd=5Nd=4
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Two sources of rank deficiency  (k=3.09)

Nd=5
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1.Degenerate scale for torsion bar 
problems 

2.Degenerate boundary problems
3.True and spurious eigensolution for 

interior eigenproblem
4.Fictitious frequency for exterior 

acoustics
5. Corner

Five pitfalls in BEM

r2

r1
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Treatments

SVD updating term

Burton & Miller 
method

CHIEF method
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Burton & Miller method
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Two CHIEF points for spurious eigenvalues 
of multiplicity two
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Spurious eigenvalue of plate
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Treatments

SVD updating term

Burton & Miller 
method

CHIEF method
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SVD updating term
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The Burton & Miller concept
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The CHIEF concept
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1.Degenerate scale for torsion bar 
problems 

2.Degenerate boundary problems
3.True and spurious eigensolution for 

interior eigenproblem
4.Fictitious frequency for exterior 

acoustics
5. Corner

Five pitfalls in BEM
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On the Mechanism of Fictitious Eigenvalues
in Direct and Indirect BEM
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CHIEF and Burton & Miller method
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1.Degenerate scale for torsion bar 
problems 

2.Degenerate boundary problems
3.True and spurious eigensolution for 

interior eigenproblem
4.Fictitious frequency for exterior 

acoustics
5. Corner

Five pitfalls in BEM
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kernel Laplace equation Helmholtz equation
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Conclusions

• Introduction of BEM and BIEM

• The nonuniqueness in BIEM and BEM were reviewed 

and its treatment was addressed.

• The role of hypersingular BIE was examined. 

• The numerical problems in the engineering applications 

using BEM were demonstrated.

• Several mathematical tools, SVD, degenerate kernel, …,  

were employed to deal with the problems.
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The End

Thanks for your kind attention
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