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Numerical phenomena
(Degener ate scale)
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Numerical phenomena
(Fictitious freqguency)
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Numerical phenomena
(Spurious eigensolution)
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Numerical phenomena
(Degenerate boundary)

TITteres TITteres

degenerate
boundary EE— — — “%9
boundary

R R

ingular integral equation === Hypersingular integral equation

Cauchy principal value —)p Hadamard principal value

Boundary element method =) Dual boundary element method



Numerical phenomena
(Corner)

au(x)=C.PV .jBT(s, x)u(s)dB(s) - R.P.v.jBU(s, x)t(s)dB(s), xeB

at™ (X)+sin(e)tt (x)=H .P.v.jB M (s, x)u(s)dB(s) - C.PV .jB L(s, X)t(s)dB(s), xeB

Boundary




M otlvation

Numerical instability occursin BEM ?
(1) degenerate scale

(2) degenerate boundary

(3) fictitious frequency

(4) corner

Spurious eigenvalues appear ?

(5) true and spurious eigenvalues
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Dual integral equationsfor a boundary point

Singular integral eguation

7U(X) = C.P.V.[T(s,X)u(s) dB()-R P.V. [U(s )t(9) dB(9), xB
Hypersingular integral equation

7t(X) =H.P.V.[M(sX)u(s) dB(s)-C. P.V. [ L(s, ) t(s) dB(s), X B

where U(s,X) iIsthe fundamental solution.

oU oU oU
L(S,X)=— M (s, X) =
on, (5. on, (5:%) on.on,

T(s,X) =
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Degenerate kernel (stepl)

Step 1

U (s,x) =In(R) = In|s— x|

s. fixed

X: variable
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Degenerate kernel (step2, step3)

)" cos(m(0 - ¢)), R>p
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M athematical tools

Hypersingu
Degener ate

Circulants

ar BIE

Kerngl

SVD updating term

SVD updating document

Fredholm alter native theorem

18



SVD A=dzy"

Diagonal matrix oo 0 © 0
O o, 0 O
0 0 B @
z]=
0 0 ® o,
& &0 &
0 0 ® 0
Unitary matrix [CD]mxm [\P]nxn

19



SVD updating terms

Direct method for

Singular equation [TE] u = [UE1 £ =xQ,
(UT method) '

Hypersingular equation
(LM method)
N—

t={w.
[ﬂIE] u = [L_E' t= 0. - {WJ}
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SVD updating documents

For double-layer potential approach:
b ﬂ :x

| A{g}=0 o {TA=0)

U

( J
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Fredholm alter native theorem

For solving an algebraic system: AX=D

N\

A* . the transpose conjugate matrix of A
A =A" if Aisred
where f satisfiesA'{g} =0
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1.Degenerate scale for torsion bar
problems

2.Degenerate boundary problems

3.True and spurious eigensolution for
Interior eigenproblem

4.Fictitious frequency for exterior
acoustics

5. Corner
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The degenerate scale for torsion bar using BEM
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Deter mination of the degenerate scale by trial
and error
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0.50 1.00 a . . .a . .
o ) - .
g g lue o, of [U] ax Fig.2-19 The minimum singular value ¢ ; of [U] versus radius a Fig.2-20 The minimum Sl”QU@ value o Of_[U] Versus parameter a
p problem with ptic d i oblem with a semicircular domain ial problem with a sector domain

Direct searching for the degenerate scale
Trial and error---detecting zero singular value by using SVD
[Lin (2000) and L ee (2001)]




Determination of the degenerate scale for the two-dimensional L aplace problem:

A

A A
V7 N ‘ a - |22
Cross R\ | > - . 7
seion () s
> —>
Normal scale R=20 a=30, =10 h=3.0 a=10
Torsional o’
T
rigidity G§R4 G 5 2Ga’k, G4£§h4 Ga'k,
Reference
_ U =
equation u() = [ U(s,)p,()dB(s) , where, xonB, . [UH{y}={%
= j (S)dB(s) 1.4480 () 1.4509 () 1.5539 (N.A.) 26972 (N.A) 6.1530 (6.1538)
- B Wl . In(2) . In(2) . . . . . . . .
Expansion ratio
o 0.5020 (0.5) 0.5019 (0.5) 0.5254 (N.A.) 0.6902 (N.A.) 0.8499 (0.85)
d=e’
Deg;’;iate R:(ll'%())“o a+f =20058(20)  a=10508 (N.A) h=2.0700 (N.A.) a=0.8499 (0.85)

Note: Data in parentheses are exact solutions.
Data marked in the shadow area are derived by using the polar coordinate.
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Threeregularization techniquesto
deal with egenerBaéﬁ/lscale problemsin

Hypersingular formulation (LM eguation)
Adding arigid body term (U*(s,x)=U(s,x)+c)
CHEEF concept

X

29



Degenerate scale for torsion bar problemswith
arbitrary cross sections

Ellipcal cross section
— — — — — - Conventional BEM (UT formulation)

Adding a rigid body term (c=1.0)

Regularized
c=1.0
U (s X)=In{)+c

@

Unregularized
- U(sX)=In{)

UsX=Inf)|d=e T

Original degenerate scale

(4 () L

U*(s,x)—ln(r)+cl d=e°

| !:G,W Eegenerie SCEG
| |
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Degenerate scale for torsion bar problemswith
arbitrary cross sections

0.5
Square cross section
| mmm———- Conventional BEM (UT formulation)
Adding a rigid body term (c=1.0)
0.4 — .
( ): exact solution of the degenerate scale
0.3 |

Regularized
U (s X) =Inf)+c

> IZa

Unregularized

U(s X =Inf)
g | T | |
0 0.4 0.8 1.2 1.6

a

UsX=Inf) |d=e T

U(s¥=Inf)+c| d =€

| !:G,W EegenerEe SCEG

31



Note: datain parenthesesdenoteerror.

Numerical results
Cr O$ A A
section CB \ > |2a
Torsion o _
rigidity Ellipse s Square
Normal scale | Degeneratescale | Normal scale | Degenerate scale
method (@ =30, f=1.0) | (@ =15, f=05) (a=1.0) (a=0.85)
Analytical s s
solution G% G% 16k,Ga’ 16k,Ga’
8.4823 0.5301 2.249 1.174
UT
Conventional BEM 8.7623 (3.30%) | -0.8911 (268.10%) | 2.266 (0.76%) 2.0570 (75.21%)
L M
. Regularization Regularization
Add a r|g|d c=1.0 techniques are 0.5181 (2.26%) techniquesare 1.1721(0.19%)
body term | .5 | notnecessary. | 57603605 | NOLNECESSAry. 1.1723 (0.17%)
0.5647 (6.53%) 1.1722 (0.18%)
(2.0, 2.0) (5.0, 5.0)
32



Numerical results

Cross 1 ”
section N X@
Torsion ] >
rigidity - Triangle Keyway
Normal scale | Degeneratescale | Normal scale | Degenerate scale
— — =2. =1.

method h=3.0 h=2.07 (a=2.0) (a=1.05)

Analytical 3.1177 0.7067 12.6488 0.9609

solution Gﬁ h Gﬁ h 2Ga’k, 2Ga’k,

45 45
UT
Conventional BEM 3.1829 (2.09%) | 1.1101(57.08%) | 125440 (0.83%) | 1.8712 (94.73%)
L M
oot e 0.6837 (3.25%) 0.9530 (0.82%)
Add a rigid c=1.0 Regularization 0.7035 (0.45%) Regularization 0.9876 (2.78%)
techniquesare techniquesare
body term | c=2.0 | \ornecessary, | ©0-7024(061%) | 1ot necessary. 0.9879 (2.84%)
0.7453 (5.46%) 0.9272 (3.51%)
(15.0, 15.0) (20.0, 20.0)
33
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Error using three methods

Error(%)
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Multiply-connected problem
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1.Degenerate scale for torsion bar
problems

2.Degenerate boundary problems

3.True and spurious eigensolution for
Interior eigenproblem

4.Fictitious frequency for exterior
acoustics

5. Corner
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Engineering problems

Seepage with Thin-airfoill obligue incident
sheetpiles Aerodynamics water wave
z \ A Top
= y view
% E 7 E % Free water surface y S %4’
ke o ] 7
| 3 ek P
P bouindary c C? boundary
— d; 1l vz
O K O {2} 0) S X
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Degener acy of the Degenerate Boundary
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Theory of dual integral equations

f(X) =(x=a)"Q(x) + px+q
f(a)=pa+qg, whenx=a

The constraint equation isnot enough to determinethe
coefficient pand q,
Another constraint equation isrequired

F'(%) =2x-a)QX)+(x-a)" Q)+ p

f'(@=p, when x=a

39
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X-ray detection
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FEM simulation
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Stress analysis
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BEM simulation
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V-band structure (Tien-Gen missile)
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FEM simulation
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Application to V-band structure:

E = 19950 kgf/mm” , v=0.27, Pari's law: %= C(AK)"
a=0.125 o= 3.63kef / mm’ C=4.64%10" ,m=33,R=2
/— —y 1
L
3 )
:; r
» RO.3 RO.3 ri
\ = 2. ]E? ‘ Il
L 1;—\ - 8.0 ko el T | 1326
4 3T b 1267
ar 12003
R23 ¢ I22.5
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Shong-Fon Il missile
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Flow field
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FEM MESH

M eshes of FEM and BEM
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Screen 1n acoustics
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Water wave problem

Vau(x) - Au(x) =0

y

A

Free water surface
\V, S

""""""""" breakwater
(04

o
K
o
o
o
.
.
ot
K
K
K
K
X
o
X
X
o

breakwater

oblique incident
water wave

Top

view
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Reflection and Transmission

1.20

0.80

IRl and IT]

0.40

0.00 —

kh=5
Deep water theory (Ursell, 1946)

o Multi-domain BEM (Liu et al., 1982)
o UT method of DBEM (Combined LM, 320 elements)
A LM method of DBEM (Combined UT, 320 elements)
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Cracked torsion bar

* DBEM AREA INTEGRAL (90 ELEMENTS, 361 INPTS)
B @] Analytical solution
1.20 | ———O——— SDRC-IDEAS

— v+ DBEM LINEAR INTEGRAL (LM KERNEL)
e — & DBEM LINEAR INTEGRAL (UT KERNEL)

M_/(a6m/2)

0.00 I ——

0.00 0.40 0.80

crack length/d
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Fatigue life and residual strength calculations
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Degener ate boundary problems

Multi-domain BEM .
S Subdomain 1
s N z
et c' —
et oh :
: Subdomain 2 1A [TTUETTE T
\ Subdomain 2
Dual BEM
TI{u} =[UI{H
—— -
il
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Conventional BEM in conjunction with SVD

Singular Value D

[U]I\/IxP :[CI)]MXM

mposmon
x P [\IJ] PxP

Rank deficiency originates from two sources:
(1). Degenerate boundary
(2). Nontrivial eigensolution

(&

S

O
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UT BEM + SVD
(Present method)

On,+1 VErsus Kk

Multi-domain BEM

Determinant versus k

Dual BEM
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1.Degenerate scale for torsion bar
problems

2.Degenerate boundary problems

3.True and spurious eigensolution for
Interior eigenproblem

4.Fictitious frequency for exterior
acoustics

5. Corner
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Spurious eigenvalue of membrane
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Treatments

SVD updating term

Burton & Miller
method

CHIEF method

[C]

J(4N+N,)x4N
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SVD updating term for true eigenvalue

[U:_{t}:{O} — Y {t}={0} ==> Trueeigenvalues
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Burton & Miller method
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Two CHIEF pointsfor spuriouseigenvalues
of multiplicity two
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det|SM|

Spurious elgenvalue of plate

; T: True eigenvalues T !
— S: Spurious eigenvalues <9.499>
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Treatments

M
SVD updating term [C] = M=
2 16 Nx8N
Burton & Miller «l | ; o
= [SM 7] +i[sm ]

‘U1l U12 ell @12
CHIEF method U2l U2 @21 022
| Yt U1z, 11, ©12,

U21, U22, 021, 022,
UCL UC2 ©Cl 6C2
lUC1, UC2, ©Cl, ©c2,

12(4N+N;)x8N
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det|/C™C]

SVD updating term
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TheBurton & Miller concept
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The CHIEF concept
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1.Degenerate scale for torsion bar
problems

2.Degenerate boundary problems

3.True and spurious eigensolution for
Interior eigenproblem

4.Fictitious frequency for exterior
acoustics

5. Corner
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On the M echanism of Fictitious Eigenvalues
In Direct and Indirect BE

Physical resonance Numerical resonance
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CHIEF and Burton & Miller method
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~ Analytical solution

120 —] —==" CHIEF method

t 0.80

0.40

0.00

'040 T l T l T l

0.00 2.00 4.00 ka 6.00 8.00



1.Degenerate scale for torsion bar
problems

2.Degenerate boundary problems

3.True and spurious eigensolution for
Interior eigenproblem

4.Fictitious frequency for exterior
acoustics

5. Corner
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Theory of Dual Integral Equationsfor a Corner

au(x)=C.PV .jBT(s, x)u(s)dB(s) - R.P.\/.J'BU(S, x)t(s)dB(s), xeB

at™ (X)+sin(e)tt (x) = H .P.v.jB M (s, X)u(s)dB(s) - C.PV .jB L(s, X)t(s)dB(s), xeB

Boundary
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The related symbols around the corner

_ ou ou . _ Ju _Ju
t(s)__é’x COS(H)JF@y sin(6) u(s)—u(x)+§x £cos( b)) dy esin(0)
(1) U(s.x) X, 4 X, 4 (2) T(s,X)
> | n(s)=(n.n,)=(-cos(6),sn(e) S
X X X X

Boundary Boundary

3oundary 9 t(s)
Domain
, 4 X, A (4) M(s,X
(3) L) S S
n(x) n(x)
\ X %, \ X X,

Boundary Boundary
9'[(5)
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Freeterms

>
Kernel L aplace equation Helmholtz equation
U(S’X) gln(g) EI:—% H(()l)(kg)(t+ +t_):|
TEX) | i + et +17) _au(X) + e(t” +1)

>

L(SX) | (-sin(2a)+2a)
4

00+ (cos(24a) -) | (s n(ZZ) +20) (cos(24a) -)

>

(%) _ (—sin(ZZ)+ 2x) (%)

M(S,X) 4
! 1y L (cos(2a)-1)
_feos2a) =) v o SR

4

_(sna)+2a)

+ B(¢)
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Conclusions

Thenonuniguenessin BIEM and BEM werereviewed
and itstreatment was addr essed.

Theroleof hypersingular Bl E was examined.
Thenumerical problemsin the engineering applications
using BEM were demonstrated.

Several mathematical tools, SVD, degenerate kernd, ...,

wer e employed to deal with the problems.
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The End

Thanksfor your kind attention



http://ind.ntou.edu.tw/~msviab/

E-mail: jtchen@mail.ntou.edu.tw
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