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MotivationMotivation

Numerical methods for engineering problemsNumerical methods for engineering problems

FDM / FEM / BEM / BIEM / FDM / FEM / BEM / BIEM / MeshlessMeshless methodmethod

BEM / BIEM  (mesh required)BEM / BIEM  (mesh required)

Treatment of Treatment of 
singularity and singularity and 

hypersingularityhypersingularity
BoundaryBoundary--layer layer 

effecteffect
IllIll--posed modelposed modelConvergence Convergence 

raterate

Mesh free for circular boundaries ?Mesh free for circular boundaries ?
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Motivation and literature reviewMotivation and literature review

Fictitious  BEMFictitious  BEM

BEM/BIEMBEM/BIEM

NullNull--field approachfield approach

Bump contourBump contour Limit processLimit process

Singular and hypersingularSingular and hypersingular RegularRegular

Improper integralImproper integral

CPV and HPVCPV and HPV

IllIll--posedposed

Fictitious Fictitious 
boundaryboundary

Collocation Collocation 
pointpoint
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Present approachPresent approach

1.1. No principal valueNo principal value
2. Well2. Well--posedposed

3. No boundary3. No boundary--layer effectlayer effect

4. 4. ExponetialExponetial convergenceconvergence

(s, x)eK

(s, x)iK

Advantages of degenerate kernelAdvantages of degenerate kernel

(x) (s, x) (s) (s)
B

K dBϕ φ= ∫

Degenerate kernelDegenerate kernel Fundamental solutionFundamental solution

CPV and HPVCPV and HPVNo principal valueNo principal value

(x) (s)(x) (s) (s)
B

db Baϕ φ= ∫ 2
1 1( ), ( )

x s x s
O O

− −

(x) (s)a b
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Engineering problem with arbitrary Engineering problem with arbitrary 
geometriesgeometries

Degenerate boundaryDegenerate boundary

Circular boundaryCircular boundary

Straight boundaryStraight boundary

Elliptic boundaryElliptic boundary

a
(Fourier series)(Fourier series)

((LegendreLegendre polynomial)polynomial) ((ChebyshevChebyshev polynomial)polynomial)

(Mathieu function)(Mathieu function)
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Motivation and literature reviewMotivation and literature review

Analytical methods for solving Laplace 
problems with circular holes

Conformal mappingConformal mapping Bipolar coordinateBipolar coordinate Special solutionSpecial solution

Limited to doubly connected domainLimited to doubly connected domain

Lebedev, Skalskaya and 
Uyand, 1979, “Work 
problem in applied 
mathematics”, Dover 
Publications

Chen and Weng, 2001, 
“Torsion of a circular 
compound bar with 
imperfect interface”, 
ASME Journal of 
Applied Mechanics

Honein, Honein and 
Hermann, 1992, “On 
two circular inclusions 
in harmonic problem”, 
Quarterly of Applied 
Mathematics
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Fourier series approximationFourier series approximation

Ling (1943) Ling (1943) -- torsiontorsion of a circular tubeof a circular tube
Caulk et al. (1983) Caulk et al. (1983) -- steady heat conductionsteady heat conduction with with 
circular holescircular holes
Bird and Steele (1992) Bird and Steele (1992) -- harmonic and harmonic and biharmonicbiharmonic
problems with circular holesproblems with circular holes
MogilevskayaMogilevskaya et al. (2002) et al. (2002) -- elasticityelasticity problems problems 
with circular boundarieswith circular boundaries
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Contribution and goalContribution and goal

However, they didnHowever, they didn’’t employ the t employ the nullnull--field field 
integral equationintegral equation and and degenerate kernelsdegenerate kernels to to 
fully capture the circular boundary, fully capture the circular boundary, 
although they all employed although they all employed Fourier series Fourier series 
expansionexpansion..
To develop a To develop a systematic approachsystematic approach for for 
solving Laplace problems with solving Laplace problems with multiple multiple 
holesholes is our goal.is our goal.
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Boundary integral equation Boundary integral equation 
and nulland null--field integral equationfield integral equation

Interior case Exterior case

cD

D D

x

x
x

xcD

s

s

(s, x) ln x s ln
(s, x)(s, x)
n

(s)(s)
n

U r
UT

ϕ
ψ

= − =

∂
=

∂

∂
=

∂

0 (s, x) (s) (s) (s, x) (s) (s), x c

B B
T dB U dB Dϕ ψ= − ∈∫ ∫

(x) . . . (s, x) (s) (s) . . . (s, x) (s) (s), x
B B

C PV T dB R PV U dB Bπϕ ϕ ψ= − ∈∫ ∫

2 (x) (s, x) (s) (s) (s, x) (s) (s), x
B B
T dB U dB Dπϕ ϕ ψ= − ∈∫ ∫

x x

2 (x) (s, x) (s) (s) (s, x) (s) (s), x
B B
T dB U dB D Bπϕ ϕ ψ= − ∈ ∪∫ ∫

0 (s, x) (s) (s) (s, x) (s) (s), x c

B B
T dB U d D BBϕ ψ= − ∈ ∪∫ ∫

Degenerate (separate) formDegenerate (separate) form
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• R.P.V. (Riemann principal value)

• C.P.V.(Cauchy principal value)

• H.P.V.(Hadamard principal value)

Definitions of R.P.V., C.P.V. and H.P.V.
using bump approach

Ó

NTUCE

R P V x dx x x x. . . ln ( ln )
−z =

1

1

 -  = -2  x=-1
x=1

C P V
x

dx
x

dx. . . lim
− −

−z zz= +
1

1 1

1

1 1  = 0 
ε

ε

H P V
x

dx
x

dx. . . lim
− −

−z zz= + −
1

1

2

1

1
2

1 1 2  = -2  
ε

ε

ε

ε → 0

ε → 0

 x

 ln x

 x

 x

 1 / x

 1 / x 2
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Principal value in whoPrincipal value in who’’s senses sense

Riemann sense (Common sense)Riemann sense (Common sense)
LebesgueLebesgue sensesense
Cauchy senseCauchy sense
HadamardHadamard sense (elasticity)sense (elasticity)
ManglerMangler sense (aerodynamics)sense (aerodynamics)
LiggettLiggett and Liuand Liu’’s senses sense
The singularity that occur when the The singularity that occur when the 
base point and field point coincide are base point and field point coincide are 
not not integrableintegrable. (1983). (1983)
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Two approaches to understand HPVTwo approaches to understand HPV

1

2 2-10

1lim   = -2   
y

d x
x y→ +∫

H P V
x

dx
x

dx. . . lim
− −

−

= + −
1

1

2

1

1
2

1 1 2  = -2  
ε

ε

ε

(Limit and integral operator can not be commuted)

(Leibnitz rule should be considered)

1

01

1{ } 2
t

d CPV dx
dt x t =−

−
= −

−∫

Differential first and then trace operator

Trace first and then differential operator
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Bump contribution (2Bump contribution (2--D)D)

( )u xπ−

( )u xπ
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Bump contribution (3Bump contribution (3--D)D)
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Gain of introducing the degenerate kernelGain of introducing the degenerate kernel

(x) (s, x) (s) (s)
B

K dBϕ φ= ∫

Degenerate kernel Fundamental solution

CPV and HPV

No principal value?

0

(x) (s)(x) (s) (s)jB j
ja dBbϕ φ
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0

0
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How to separate the regionHow to separate the region
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Expansions of fundamental solution and Expansions of fundamental solution and 
boundary densityboundary density

Degenerate kernel Degenerate kernel -- fundamental solutionfundamental solution

Fourier series expansions Fourier series expansions -- boundary densityboundary density

1

1

1( , ; , ) ln ( ) cos ( ),
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Separable form of fundamental solution Separable form of fundamental solution 
(1D)(1D)
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Separable form of fundamental solution Separable form of fundamental solution 
(2D)(2D)
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Boundary density Boundary density discretizationdiscretization

Fourier seriesFourier series Ex . constant elementEx . constant element

Present methodPresent method Conventional BEMConventional BEM
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Adaptive observer systemAdaptive observer system

( , )ρ φ

collocation pointcollocation point
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Vector decomposition technique for Vector decomposition technique for 
potential gradientpotential gradient

ζξ

ζ ξ−

(s, x) 1 (s, x)(s, x) cos( ) cos( )
2

U ULρ
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ζ ξ ζ ξ

ρ ρ φ
∂ ∂
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∂ ∂

(s, x) 1 (s, x)(s, x) cos( ) cos( )
2

T TM ρ

π
ζ ξ ζ ξ

ρ ρ φ
∂ ∂

= − + − +
∂ ∂
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Physical meaning of influence coefficientPhysical meaning of influence coefficient

kth circular
boundary

xmmth collocation point
on the jth circular boundary

jth circular boundary

Physical meaning of the influence coefficient )( m
nc
jkU φ

cosnθ, sinnθ
boundary distributions
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Flowchart of present methodFlowchart of present method

0 [ (s, x) (s) (s, x) (s)] (s)
B

T u U t dB= −∫

Potential of Potential of 
domain pointdomain point

AnalyticalAnalytical

NumericalNumerical

Adaptive Adaptive 
observer systemobserver system

Degenerate kernelDegenerate kernel Fourier seriesFourier series

Linear algebraic equation Linear algebraic equation 

Collocation point and matching B.C.Collocation point and matching B.C.

Fourier coefficientsFourier coefficients

Vector Vector 
decompositiondecomposition

Potential gradientPotential gradient
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Comparisons of conventional BEM and present methodComparisons of conventional BEM and present method

EliminateEliminateExponentialExponentialDisappearDisappear
AdaptiveAdaptive
observerobserver
systemsystem

NullNull--fieldfield
integralintegral

equationequation

DegenerateDegenerate
kernelkernel

FourierFourier
seriesseries

expansionexpansion

PresentPresent
methodmethod

AppearAppearLinearLinearCPV, RPVCPV, RPV
and HPVand HPV

FixedFixed
observerobserver
systemsystem

BoundaryBoundary
integralintegral

equationequation

FundamentalFundamental
solutionsolution

Constant,Constant,
linear,linear,

quadraticquadratic……
elementselements

ConventionalConventional
BEMBEM

BoundaryBoundary
layerlayer
effecteffect

ConvergenceConvergenceSingularitySingularityObserverObserver
systemsystemFormulationFormulationAuxiliaryAuxiliary

systemsystem

BoundaryBoundary
densitydensity

discretizationdiscretization
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Numerical examplesNumerical examples

Laplace equation Laplace equation (EABE 2005, EABE 2007) (EABE 2005, EABE 2007) 
(CMES 2005, ASME 2007, JoM2007)(CMES 2005, ASME 2007, JoM2007)
(MRC 2007, NUMPDE revision)(MRC 2007, NUMPDE revision)

EigenEigen problem problem (JCA revision)(JCA revision)
Exterior  acoustics Exterior  acoustics (CMAME, SDEE revision(CMAME, SDEE revision))
BiharmonicBiharmonic equation equation (JAM, ASME 2006(JAM, ASME 2006))
Plate vibration Plate vibration (JSV revision)(JSV revision)
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Laplace equationLaplace equation

Steady state heat conduction problemsSteady state heat conduction problems
Electrostatic potential of wiresElectrostatic potential of wires
Flow of an ideal fluid pass cylindersFlow of an ideal fluid pass cylinders
A circular bar under torqueA circular bar under torque
An infinite medium under antiplane shearAn infinite medium under antiplane shear
HalfHalf--plane problemsplane problems
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Steady state heat conduction problemsSteady state heat conduction problems

Case 1Case 1 Case 2Case 2

1u =

0u =

1 2.5a =2 1.0a =

1u =

1u =

0u =

0 2.0R =

a

a
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Case 1: Isothermal lineCase 1: Isothermal line

Exact solutionExact solution
(Carrier and Pearson)(Carrier and Pearson)

BEMBEM--BEPO2DBEPO2D
(N=21)(N=21)

FEMFEM--ABAQUSABAQUS
(1854 elements)(1854 elements)

Present methodPresent method
(M=10)(M=10)
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Convergence test Convergence test -- ParsevalParseval’’ss sum for sum for 
Fourier coefficientsFourier coefficients
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Laplace equationLaplace equation

Steady state heat conduction problemsSteady state heat conduction problems
Electrostatic potential of wiresElectrostatic potential of wires
Flow of an ideal fluid pass cylindersFlow of an ideal fluid pass cylinders
A circular bar under torqueA circular bar under torque
An infinite medium under antiplane shearAn infinite medium under antiplane shear
HalfHalf--plane problemsplane problems
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Electrostatic potential of wiresElectrostatic potential of wires

Hexagonal electrostatic potentialHexagonal electrostatic potential

Two parallel cylinders held positive Two parallel cylinders held positive 
and negative potentialsand negative potentials

1u =− 1u =

2l

aa
1u =

1u =−1u =

1u =−

1u = 1u =−
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Contour plot of potentialContour plot of potential

Exact solution (Exact solution (LebedevLebedev et al.)et al.) Present method (M=10)Present method (M=10)
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Contour plot of potentialContour plot of potential

-10 -8 -6 -4 -2 0 2 4 6 8 10
-10

-8

-6

-4

-2

0

2

4

6

8

10

OnishiOnishi’’ss data (1991)data (1991) Present method (M=10)Present method (M=10)



47

Laplace equationLaplace equation

Steady state heat conduction problemsSteady state heat conduction problems
Electrostatic potential of wiresElectrostatic potential of wires
Flow of an ideal fluid pass cylindersFlow of an ideal fluid pass cylinders
A circular bar under torqueA circular bar under torque
An infinite medium under antiplane shearAn infinite medium under antiplane shear
HalfHalf--plane problemsplane problems
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Flow of an ideal fluid pass two parallel Flow of an ideal fluid pass two parallel 
cylinderscylinders

is the velocity of flow far from the cylindersis the velocity of flow far from the cylinders
is the incident angleis the incident angle

v∞

γ

v∞

γ

2l

a a
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Velocity field in different  incident angleVelocity field in different  incident angle
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Laplace equationLaplace equation

Steady state heat conduction problemsSteady state heat conduction problems
Electrostatic potential of wiresElectrostatic potential of wires
Flow of an ideal fluid pass cylindersFlow of an ideal fluid pass cylinders
A circular bar under torqueA circular bar under torque
An infinite medium under antiplane shearAn infinite medium under antiplane shear
HalfHalf--plane problemsplane problems
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Torsion bar with circular holes removedTorsion bar with circular holes removed

The warping functionThe warping function

Boundary conditionBoundary condition

wherewhere
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Axial displacement with two circular holesAxial displacement with two circular holes

Present method (M=10)Present method (M=10)

CaulkCaulk’’ss data (1983)data (1983)
ASME Journal of Applied MechanicsASME Journal of Applied Mechanics
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Dashed line: exact solutionDashed line: exact solution
Solid line: firstSolid line: first--order solutionorder solution
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TorsionalTorsional rigidityrigidity

?
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Laplace equationLaplace equation

Steady state heat conduction problemsSteady state heat conduction problems
Electrostatic potential of wiresElectrostatic potential of wires
Flow of an ideal fluid pass cylindersFlow of an ideal fluid pass cylinders
A circular bar under torqueA circular bar under torque
An infinite medium under antiplane shearAn infinite medium under antiplane shear
HalfHalf--plane problemsplane problems
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Infinite medium under antiplane shearInfinite medium under antiplane shear

The displacementThe displacement

Boundary conditionBoundary condition

Total displacementTotal displacement
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Shear stress Shear stress σzq around the hole of around the hole of 
radius aradius a11 (x axis)(x axis)
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Shear stress Shear stress σzq around the hole of around the hole of 
radius aradius a11
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Extension to inclusionExtension to inclusion

AntiAnti--plane piezoelectricity plane piezoelectricity 
problemsproblems
InIn--plane electrostatics problemsplane electrostatics problems
AntiAnti--plane elasticity problemsplane elasticity problems
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Two circular inclusions with centers Two circular inclusions with centers 
on the on the yy axisaxis
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Convergence test and Convergence test and boundaryboundary--layer effectlayer effect analysisanalysis
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Patterns of the electric field for Patterns of the electric field for ee00=2=2, , 
ee11=9=9 and and ee22=5=5
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Three identical inclusions forming an Three identical inclusions forming an 
equilateral triangleequilateral triangle
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Tangential stress distribution around the Tangential stress distribution around the 
inclusion located at the origininclusion located at the origin

Present method (L=20),Present method (L=20),
agrees well with Gongagrees well with Gong’’s data (1995)s data (1995)

0 0.2 0.4 0.6 0.8 1
q /p

-2

-1

0

1

2
s

 M zq
 /t

¶
m1/m0=m2/m0=m3/m0=0.0
m1/m0=m2/m0=m3/m0=0.5
m1/m0=m2/m0=m3/m0=2.0
m1/m0=m2/m0=m3/m0=5.0
m1/m0=m2/m0=m3/m0=¶



64

Laplace equationLaplace equation

Steady state heat conduction problemsSteady state heat conduction problems
Electrostatic potential of wiresElectrostatic potential of wires
Flow of an ideal fluid pass cylindersFlow of an ideal fluid pass cylinders
A circular bar under torqueA circular bar under torque
An infinite medium under antiplane shearAn infinite medium under antiplane shear
HalfHalf--plane problemsplane problems
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HalfHalf--plane problemsplane problems

DirichletDirichlet boundary conditionboundary condition
((LebedevLebedev et al.)et al.)

MixedMixed--type boundary conditiontype boundary condition
((LebedevLebedev et al.)et al.)
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1u =
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DirichletDirichlet problemproblem

Exact solution (Exact solution (LebedevLebedev et al.)et al.) Present method (M=10)Present method (M=10)

Isothermal lineIsothermal line
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MixedMixed--type problemtype problem

Exact solution (Exact solution (LebedevLebedev et al.)et al.) Present method (M=10)Present method (M=10)
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Numerical examplesNumerical examples

Laplace equationLaplace equation
EigenEigen problemproblem
Exterior  acousticsExterior  acoustics
BiharmonicBiharmonic equationequation
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Problem statementProblem statement

Doubly-connected domain Multiply-connected domain

Simply-connected domain
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Example 1Example 1

2 2( ) ( ) 0,k u x x D∇ + = ∈

2 2.0r =

1B
0u =

2B

0u =

1 0.5r =
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3.803.803.213.212.662.662.232.232.052.05Analytical Analytical 
solution[19]solution[19]

3.803.803.213.212.662.662.222.222.052.05Present methodPresent method

3.803.803.213.212.662.662.212.212.042.04BEMBEM
(fictitious)(fictitious)

3.803.803.213.212.652.652.202.202.042.04BEMBEM
(null(null--field)field)

3.813.813.223.222.672.672.232.232.052.05BEMBEM
(CHIEF)(CHIEF)

3.813.813.223.222.672.672.232.232.062.06BEMBEM
(Burton & Miller)(Burton & Miller)

3.713.713.153.152.622.622.202.202.032.03FEMFEM
(ABAQUS)(ABAQUS)

kk55kk44kk33kk22kk11

The former five true The former five true eigenvalueseigenvalues by using by using 
different approachesdifferent approaches
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The former five The former five eigenmodeseigenmodes by using by using 
present method, FEM and BEMpresent method, FEM and BEM
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Numerical examplesNumerical examples

Laplace equationLaplace equation
EigenEigen problemproblem
Exterior  acousticsExterior  acoustics
BiharmonicBiharmonic equationequation
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Sketch of the scattering problem (Sketch of the scattering problem (DirichletDirichlet
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k π=
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The contour plot of the realThe contour plot of the real--part solutions part solutions 
of total field forof total field for 8k π=

(a) Present method (M=20) (b) Multiple DtN method (N=50) 
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Fictitious frequenciesFictitious frequencies
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Present methodPresent method

SoftSoft--basin effect basin effect 
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Numerical examplesNumerical examples

Laplace equationLaplace equation
EigenEigen problemproblem
Exterior  acousticsExterior  acoustics
BiharmonicBiharmonic equationequation
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Plate problemsPlate problems

1B

4B

3B

2B
1O

4O

3O

2O

Geometric data:
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Essential boundary conditions:

(Bird & Steele, 1991)
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Contour plot of displacementContour plot of displacement

Present method (N=101) Bird and Steele (1991)

FEM (ABAQUS)FEM mesh

(No. of nodes=3,462, 
No. of elements=6,606)
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Stokes flow problemStokes flow problem

1ω

e
1B

Governing equation:

Boundary conditions:

and on 1B

and on 2B

Eccentricity:

Angular velocity:

2B

(Stationary)
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Comparison forComparison for

DOF of BIE (Kelmanson)

DOF of present method

BIE (Kelmanson)
Present method
Analytical solution

(160)

(320)
(640)

u1

(28)

(36)

(44)
(∞)

Algebraic convergence

Exponential convergence



84

Contour plot of Streamline forContour plot of Streamline for

Present method (N=81) 

Kelmanson (Q=0.0740, n=160)

Kamal (Q=0.0738)
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Numerical examplesNumerical examples

Laplace equationLaplace equation
EigenEigen problemproblem
Exterior  acousticsExterior  acoustics
BiharmonicBiharmonic equationequation
Plate vibrationPlate vibration
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Free vibration of plateFree vibration of plate
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Comparisons with FEMComparisons with FEM
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BEM trap ?BEM trap ?
Why engineers should learn Why engineers should learn 

mathematics ?mathematics ?
WellWell--posed ?posed ?
Existence ?Existence ?
Unique ?Unique ?

Mathematics  versus Mathematics  versus 
Computation  Computation  

Some examplesSome examples
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Numerical phenomenaNumerical phenomena
(Degenerate scale)(Degenerate scale)
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Numerical and physical resonanceNumerical and physical resonance
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Numerical phenomenaNumerical phenomena
(Fictitious frequency)(Fictitious frequency)

t(a,0)

A story of NTU Ph.D. students
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Numerical phenomenaNumerical phenomena
(Spurious (Spurious eigensolutioneigensolution))

ma 1=

mb 5.0=
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OutlinesOutlines

Motivation and literature reviewMotivation and literature review
Mathematical formulationMathematical formulation

Expansions of fundamental solutionExpansions of fundamental solution
and boundary densityand boundary density
Adaptive observer systemAdaptive observer system
Vector decomposition techniqueVector decomposition technique
Linear algebraic equationLinear algebraic equation

Numerical examplesNumerical examples
ConclusionsConclusions
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ConclusionsConclusions

A systematic approach using A systematic approach using degenerate kernelsdegenerate kernels, , 
Fourier seriesFourier series and and nullnull--field integral equationfield integral equation has has 
been successfully proposed to  solve Laplace been successfully proposed to  solve Laplace 
Helmholtz and Helmholtz and BiharminicBiharminic problems with circular problems with circular 
boundaries.boundaries.
Numerical results Numerical results agree wellagree well with available exact with available exact 
solutions, solutions, CaulkCaulk’’ss data, data, OnishiOnishi’’ss data and FEM data and FEM 
(ABAQUS) for (ABAQUS) for only few terms of Fourier seriesonly few terms of Fourier series..
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ConclusionsConclusions

Free of boundaryFree of boundary--layer effectlayer effect
Free of singular integralsFree of singular integrals
Well posedWell posed
ExponetialExponetial convergenceconvergence
MeshMesh--free approachfree approach
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The EndThe End

Thanks for your kind attentions.Thanks for your kind attentions.
Your comments will be highly appreciated.Your comments will be highly appreciated.

URL: URL: http://http://msvlab.hre.ntou.edu.twmsvlab.hre.ntou.edu.tw//
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