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integral equation method (BIEM) are analytically derived and numerically implemented in this paper. To analyti-
cally study the degenerate scale of the BIE, the closed-form fundamental solution of the two-dimensional Laplace
equation, Inr, is expanded by a degenerate (separate) kernel in terms of the bipolar coordinates. It is proved

that unit radius of the outer circle dominates the degenerate scale of eccentric annulus. An analytical formula of
degenerate scale for the infinite plane with two identical circular boundaries was also derived at the first time. In
addition, null fields of the domain and complementary domain for the ordinary and degenerate scales are both
shown, respectively. Finally, comparison with available results and the BEM data are well done.
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1. Introduction

Boundary integral equation method (BIEM)/boundary element
method (BEM) is efficient and accurate for solving two-dimensional
problems governed by the Laplace equation, the Navier equation or the
biharmonic equation. However, the Dirichlet type problem of a special
domain may yield a nonunique solution once the single-layer kernel is
used. This special size is called the degenerate scale. The degenerate
scale is related to Gamma contour [1], logarithmic capacity [2], crit-
ical value [3] and transfinite boundary [4] but the concepts are the
same. Therefore, how to predict the degenerate scale appearing in the
BIEM/BEM is very important and is not trivial in the development of
the BEM. For this reason, many researchers paid attention to this issue
in recent years [5-7].

When the real size is at a degenerate scale in the BIEM/BEM im-
plementation, it results in a singular influence matrix due to a weakly
singular kernel (U). In other words, the occurrence of the degenerate
scale is inherent in the integral equation. Hence, the degenerate scale is
not physically realizable but is mathematically interpretable. From the
viewpoint of mathematics, there are two ways to understand the degen-
erate scale. One is the non-uniqueness solution in the BIEM/BEM. The
other is the unit logarithmic capacity corresponding to the conformal
radius in the complex analysis [8]. When the logarithmic capacity is

equal to 1, the corresponding scale is a degenerate one. There were an-
alytical formulae of the logarithmic capacity for the fourteen geometry
shapes presented by Landkof [9]. Dijkstra [10] numerically examined
the value of the degenerate scale for some geometry shapes [6] by us-
ing the BEM. However, the derivation of the analytical formulae was not
given in Landkof’s book [9]. Later, Rumely [2] employed the conformal
mapping to analytically derive the logarithmic capacity for many shapes
such as the circle, the ellipse and the disjoint circles. However, the re-
lation between the logarithmic capacity and the degenerate scale was
not addressed in their books [2,9]. Until 2013, Kuo et al. [11] employed
the Riemann conformal mapping to link the unit logarithmic capacity
and the degenerate scale. One way to understand the degenerate scale
which results in the non-uniqueness solution in the BIEM/BEM is the
range deficiency of the integral operator of a weakly singular kernel,
Inr.

Chen et al. [12] employed the degenerate kernel and the circulant
to analytically study the degenerate scale of circular and annular ge-
ometries in the continuous and discrete systems, respectively. Later, the
numerical demonstration was achieved in an eccentric annulus case by
Chen and Shen [13]. But the analytical expressions were not provided.
An annular region has also been considered for the harmonic equa-
tion by He et al. [14], Liu and Lean [15]. Possible degenerate scales
were studied in both continuous and discrete systems. However, the
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Fig. 1. Degenerate scale of several shapes of domain.

circulant property fails in the non-circular or non-annular case. There-
fore, Chen et al. [16] used the BEM to numerically investigate the degen-
erate scale of an ellipse and found that there exist two degenerate scales
in the plane elasticity. Related works were done by Chen and his cowork-
ers [17-19]. Besides, Chen et al. [20] also extended the BIEM/BEM to
study the degenerate scale for a circular thin plate (biharmonic equa-
tion). Regarding the multiply-connected domain, it is found that the
degenerate scale depends on the outer boundary contour [21,22]. Chen
and Shen [13] also numerically demonstrated that the degenerate scale
of an eccentric annulus depends on the unit radius of the outer circle.
However, no analytical proof was done to the best of authors’ knowl-
edge. Here, we would present it by using the bipolar coordinates for an
eccentric annulus.

Corfdir and Bonnet [23] studied the Laplace problem of degenerate
scale for a half-plane domain. In their paper, they claimed that the de-
generate scale depends on the type of the boundary condition on the
line bounding the half-plane. The degenerate scale only occurs for the
Neumann boundary condition. On the contrary, it does not appear for
the Dirichlet type. The half-plane problem can be transformed into an
infinite-plane problem with the symmetric or the anti-symmetric Dirich-
let boundary condition. Later, Chen [24] employed a null-field BIEM to
study the same problem. Numerical results [24] also support the finding
in [23]. However, from the viewpoint of using the indirect BIEM/BEM,
the influence matrices constructed by the weakly singular kernel (Inr)
for those two infinite-plane problems are the same. For two holes in
the infinite plane, they may have the same degenerate scale no mat-
ter that it is symmetric or anti-symmetric Dirichlet boundary conditions
since the influence matrices are the same. In those two papers [23, 24],
both of them employed the image method to construct the correspond-

ing Green’s function. The boundary condition on the line bounding the
half-plane can be satisfied in advance by using the Green’s function in
their BEM formulations. In this way, the degenerate scale is free for the
Dirichlet condition on the line bounding the half-plane. In this paper,
we adopted the usual kernel (Inr) in our BEM formulation for all kinds of
boundary conditions. This is the reason why we will examine the present
result and those of the two papers. This finding also verifies again that
the degenerate scale depends on the kernel function in the BEM/BIEM.

In addition, the null and nonzero fields for ordinary and degenerate
scales are also the main focus of the present study. Chen et al. [25] an-
alytically studied the field of both interior and exterior domains for an
elliptical case. They found that the trivial boundary potential may re-
sult in a nontrivial boundary flux when the geometric size is at a de-
generate scale. It means that the fields inside and outside the domain
are null and nonzero for a domain at the degenerate scale, respectively.
This phenomenon is not physically realizable and is opposite to the phe-
nomenon of ordinary scale. In 2012, Chen et al. [26] employed the null-
field BIEM in conjunction with the degenerate kernel to revisit the same
problem. The same result was obtained. Later, Kuo et al. [6] used the
BEM to numerically examine the null and nonzero fields for regular N-
gon domains including right triangle, square, regular 5-gon and regular
6-gon. All numerical phenomena about degenerate scales obtained by
the BEM agreed with the analytical prediction. Furthermore, true and
spurious eigensolutions also have similar behavior of null and nonzero
modes. Chen et al. [27] employed both BEM and the null-field BIEM to
numerically demonstrate and analytically examine the null and nonzero
modes for circular, elliptical, annular and confocal elliptical membranes.
Not only true eigenmodes but also spurious eigenmodes were addressed.
However, all the studies of degenerate scale and spurious eigenmodes
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were focused on simply-connected domains. In this paper, we will ex-
tend to multiply-connected and infinite domains.

For the nine familiar shapes in Fig. 1, we had analytically studied
the former six shapes (Circle [12], ellipse [25,26], eccentric annulus
[13], regular N-gons [6]). In this paper, the degenerate scale of an infi-
nite plane containing two identical circular holes is analytically derived
by using the null-field BIEM. In our approach, we employ the bipolar
coordinates to naturally describe the geometry of the mentioned prob-
lem. The closed-form kernel functions and boundary densities are ex-
panded in terms of degenerate kernels and the eigenfunction expansion,
respectively. In this way, all boundary contour integrals are exactly ob-
tained. Therefore, the analytical derivation of the degenerate scale can
be achieved. In addition, a special case of a circular domain and an
eccentric annulus are also revisited by using the bipolar coordinates.
Regarding the above three cases, it is found that influence matrices of
the BEM may be singular for a certain scale as shown in the numerical
evidence of Fig. 2. Finally, we also analytically derive and numerically
verify the nonzero field in the domain and the null field in the comple-
mentary domain for the ordinary scale of these cases. It is found that
analytical solutions match well numerical results obtained by using the
BEM. For the special geometry, the infinite plane containing two rect-
angles or two ellipses, the BEM is also implemented to compare with
available results in order to numerically demonstrate the existence of
degenerate scale for an infinite plane with two arbitrary cavities.

2. Analytical derivation of the degenerate scale by using the
bipolar coordinates

A degenerate scale is a well-known phenomenon for researchers and
engineers using the BEM/BIEM. It is a certain size of the domain which
results in non-uniqueness solutions in the boundary integral equation
(BIE) for solving interior two-dimensional Laplace problems subject to
the specified Dirichlet boundary condition. The Laplace equation subject
to the Dirichlet boundary condition is given below:

V2u(x) =0, x € D, Y]

u(x) = i(x), X € B, )

where D is the domain bounded by the boundary B and u(x) is the
specified Dirichlet condition. The boundary integral formulation for the
Laplace equation can be derived from Green’s third identity,

27u(x) = / T(s, x)u(s)d B(s)— / U(s,x)!(s)d B(s), x € D, 3)
B B

for the domain point, where s and x are the source and field points,

respectively, #(s) = ? in which ng denotes the unit outward normal
S

vector at the source point s, and U(s, x) is the fundamental solution

which satisfies
V2U(s,x) = 278(X — S), )

where §(x —s) denotes the Dirac-delta function. The fundamental solu-
tion can be obtained as follows:

U(s,x)=In|s—x| =1Inr, 5)

where r is the distance between s and x, and the T(s, x) kernel function
is defined by

U (s, x)

T(s,x) = n

Q)

S

Eq. (3) is also called the direct BIE. If the two kernel functions were
expressed in terms of proper degenerate kernels, then the null-field
boundary integral equation would be

0= / T(s, x)u(s)dB(s)—/ U(s,x)t(s)d B(s), x € D°U B, 7
B B

where D¢ is the complementary domain. Using the degenerate kernel to
represent the closed-form fundamental solution, the discontinuous be-
havior of potential due to T(s, x) across the boundary can be expressed
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Fig. 2. Numerical evidences for the degenerate scale of three cases in BEM. (a) A circle
(degenerate scale, a=1). (b) An eccentric annulus (degenerate scale, a=1). (c) An infinite
plane with two identical circular holes (degenerate scale, a=0.48513, y=2).
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(a) A circle

(b) An eccentric annulus
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(d) An infinite plane with two identical elliptical holes

(e) An infinite plane with two identical rectangular holes

(c) An infinite plane with two identical circular holes

Fig. 3. Sketch of three analytical cases and two numerical cases.

clearly by each side. Therefore, the Cauchy principal value and bump
contour [28] are not used and no free term is required in Eq. (7). The
influence matrices for boundary points obtained by using both the do-
main point BIE and null-field BIE are the same [29]. Here, three cases, a
circular domain, an eccentric annulus and an infinite domain with two

identical circular holes are considered as shown in Fig. 3(a)-(c). In order
to analytically derive the degenerate scale of a problem containing two
circular boundaries, we employ the kernel function in the bipolar coor-
dinates (7, £). The closed-form fundamental solution, In r, is expanded
into the degenerate form by separating the source point and the field
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point as shown below:

020 = 1, = 3 e cos [ne, — &)
n=1

—e Mx cos(né,) — e Mls cos(n&s)], ne>ng >0,
[so]

InQe)—n, — Y, % [e="s=1) cos [n(E, — &)] — e~ cos(né,)
n=1

—e s cos(nés)], ng >n, >0,

In(2c) — % L[emms=m0) cos [n(&, — &)] — €™ cos(né,)
n=1

—e s cos(mfs)], ng > 0>,

Us,x) = ®)

where 7, > 0, x= (1, &), = (1, &), ¢ is the half distance between the
two foci of the bipolar coordinates and the relationship between Carte-
sian coordinates (x;, x,) and the bipolar coordinates (1,, &,) are

sinh#,
=c—M =, 9
" Ccoshnx —cos&, ©
sin&,
=c—. 10
27 “Cosh 7 — cosé, (19
If ny < 0, the kernel function is similarly expanded as:
o1
InQe) + 1, = 3~ [e7"07) cos [n(g, — &)
n=1
—e"ix cos(né,) — s cos(néy)|, n, <ny <0,
o]
L[ (. —
U x) = 4 InQ2¢) + 1, — El = e=®x=19) cos [n(&, - &,)] (n

—e"x cos(né,) — s cos(ngs)], 1y <1, <0,
In(2e) — Z %[e—n(ﬂx—ﬂs) cos [ﬂ(éx - és)]
n=1
—e Mx cos(né,) — els cos(mf,s)], ny <0 <n,.

To verify the validity of Egs. (8) and (11), the contour plots of the
closed-form fundamental solution and the degenerate kernel are shown
in Table 1. To fully employ the degenerate kernel in the bipolar coor-
dinates, a circular case, an eccentric annulus and an infinite plane with
two identical circular holes are considered. In the following three sub-
sections, we individually investigate the degenerate scale of these three
cases.

2.1. Revisit of the degenerate scale of a circular domain by using the
bipolar coordinates

First, we revisit the degenerate scale of a circular domain by us-
ing the degenerate kernel in terms of the bipolar coordinates instead
of the polar coordinates [12]. The specified Dirichlet boundary condi-
tion along the boundary (5, =7,) can be expanded by using the Fourier
series,

i(s) = po+ Y, p,cos(né) + Y g, sin(ng,),

n=1 n=1

s€ Band 0 <& <2n, ng =ny = const., (12)

where s=(n,,&), coefficients of Fourier series, py, p, and q,, are given
from the Dirichlet B.C. The unknown boundary flux density of normal
derivative, t(s), is expressed by

coshrg —cos & — —
_coshi ZcosE |y 3 4, cosng) + Y b, sin(ng,) |

n=1

1(s) =
¢ n=1
s€ Band 0 <& <2, (13)
since d(-)/dng = —Mlﬂmi—fmsé“ab)/ans. In Eq. (13), ay, a, and b, are the
unknown coefficients of Fourier series to be determined. For the bound-
ary contour, we have

C

4B = cosh(n;) — cos(&;) d

&5 (14)

74
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Based on Egs. (6) and (14), substitution of #, =, Egs. (8), (12) and
(13) into Eq. (7) yields

0 <)

27 (In(2¢) — ng)ag — Y, % cos(né)a, = Y % sin(né, )b,

n=1 n=1

[oo] 2 [o]
T o_ T o_
+ Z =70 cos(né,)ag + z —e"og,
n=1 n n=1 n

[Se] [so]
= 27:<p0 + Z e_""opn> +x Z P, cos(né,)
n=1

n=1

(o]
+7 Y g,sin(ng,), X € Band0 <&, <27 (15)

n=1

By comparing with the coefficient of the Fourier sine base in Eq. (15),
we have
b, = —nq,. (16)

However, the coefficients, a; and a, of cosine terms are coupled as
shown below:

[e+]
2(In2e) = mp)ag + 3 %e—nmn

n=1

(s
= 2<p0 + Z e "o p,,), for the constant term, 17

n=1
Ze"”mao - la,, = p,, for the cos(né,)term (18)
n n

After decoupling a, and a, in Egs. (17) and (18), we have
,2 _ _2 —_
<ln(2c) — 1o+ Z ;le "’70>a0 =Py > Z e "Mop,. 19)
n=1 n=1
If the coefficient of a, in Eq. (19) is equal to zero, i.e.
-] 1 N

In(2c) — g+ Y —e~2M0 =0, 20
n(2¢) = 1 ; e (20)

then ay cannot be determined. The value of 7, satisfying Eq. (20) de-
noted by 5,4 yields the degenerate scale. Based on the addition theorem
of In function [30], we have

n(a—b)=lna— i %(g)

n=1

b

a

<1 @n

By setting a = e”d and b = e~ in Eq. (21), Eq. (20) is simplified to

In(2c) — In(e™@ — ™) =0, (22)
i.e.

2c
elld —e=Md L (23)

The radius of the circle, g, in the bipolar coordinates is expressed by

» g > 0. @4

c

sinh 7
Eq. (23) in conjunction with Eq. (24) proves that the degenerate
scale of a circular domain is a=a;=c/sinh n3=1 as shown in Fig. 1.
This result matches well that of a circle by using the degenerate kernel
of the polar coordinates [12]. In the BEM implementation, the influence
matrix constructed by using the U(s, x) kernel may be singular when the
radius is one (degenerate scale) as shown in Fig. 2(a).
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Table 1
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Sketch of contour plots of the closed-form fundamental solution and the degenerate kernel.

Closed-form fundamental solution

Degenerate kernel

17,>0

7, <0

2.2. Analytical derivation of the degenerate scale of an eccentric annulus
by using the bipolar coordinates

Similarly, the given and unknown boundary data of an eccentric an-
nulus are expressed by

[se) [se]
ug(s) = pg)) + prlo) cos(né) + Z qflo) sin(né,), s € By and 0 < &, <2,
n=1 n=1

(25)

o0 [se]
u(s)=p"+ Y pcosng) + Y ¢V sin(n,), s € By and 0 < &, < 27,

n=1 n=1

(26)
and
coshny —cosé bl el
to(s) = —% [ag)) + Z aff» cos(ng) + Z bE:O) sin(ncfs)] ,
n=1 n=1
s€ Byand 0 <& <2, 27)
coshn; —cosé - el
t(s) = _% [af)l) + Z a;') cos(né,) + Z bEll) sin(néjs)] ,
n=1 n=1
s€ By and 0 <& <2z, (28)

where the subscript ‘0’ and ‘1’ of u, t and B and the superscript ‘(0)’
and ‘(1) of the unknown coefficients of Fourier series, stand for the
outer (0) and inner (1) circular boundaries of the domain, respectively.

75

According to Egs. (6) and (14), substitution of Egs. (8), (25)-(28) into
Eq. (7) yields

) 0

27 (In(2c) — g )a’ = 3 %cos(ngx)afj” -y % sin(n&, )b

n=1 n=1

[o] s
27 ©) T gy O
+ Y e cos(ng)a)) + Y =eM0g®

[se]
1) T —n(n— 1
+27r(1n(2c) - r,o)ao - Z ;e 1 —1o) cos(n!,‘x)afq)

n=1

(o] o0 [so]

N T o) o M 27—y ) Z g1 gD
21 ne sin(ng, )b, + Z} P e cos(ncfx)aO + Z ne a,
n= n=

n=1

0 o o
= 2,,<Z mop® 4y e—nmp;l)> —zy (Pff)) + e—n(no—m)pin) cos(nE,)

n=1 n=1 n=1

(o]
=1 ) () + =g sin(ne, ), x € By, 29)

n=1

(o]
0 T i —
27z (In(2c) — no)af) ) _ Z e "n =) cos(n, )a®

n=1
o] o 2 (oo
_ Y Z nlni—ng) (0) T o= () Z o=110 4(0)
n; ~e sin(né, )b +,§1 ¢ cos(né, )y +.§1 el

©

+27(In(2c) - nl)a(()l) - Z % cos(né’x)afll)

n=1

o0 o0 (o]
Y T 0 27 -y ) T gt (1)
; P sin(né, )b, +r; ” e cos(nfx)a0 + ,,Zl ne a,



J.-T. Chen et al.

n=1 n=1

[so] o0
= 277:(1)(()0) + Z e‘””opfqo) + z e_"'“pﬁl”>

+r

Ms

(e_”(rll—'lo)pﬁo) _ p£’1)> cos(né,)

n

Ms

w1 ) (7 nmm)g® — g0) sin(n,), x € By, (30)

n

by collocating on the outer and inner boundary points, respectively. Af-
ter comparing with the coefficients in Eqs. (29) and (30), it is found
that coefficients of sine, bf,o) and bf,l) are uncoupled with the coefficients
of cosine, ag)), a9, agl) and a(V. The coefficients of sine could be deter-
mined in advance. After adding or subtracting the related equations of
constant or cosine term, the coefficients satisfy

1) (0)

(m —mo)ay’ =py - 31
< 1
0 - 1
2(1n(20) - no)af) )+ z ;e "'Ioaﬁlo) + (21n(20) -y — nl)ag)
n=1
[se] 1 (o] o0
+ 2 —emgl) = pf)o) + 2<Z e p© 4 Z e_'"“p;l)>, (32)
n=1 n n=1 n=1
O _ g 2 _ g ( © (1>)
a, a,’ = Ppp—— [n(e e ") ay” +a,
+(1 + e*n(’n*ﬂo))p(no) _ (1 _ e*"(’?l*ﬂo))p(nl)]’ (33)
© 4 (1) _ n 2. g 4 -nm < ©) (1)>
a,’ +a,’ = 1+e—"(’11—'10)[n(e +e ) a,” +a,
+(1 _ e*"('ll*’?o))p(no) + (1 + e*n(’h*ﬂo))p;l)]. (34)
Egs. (33) and (34) yield
o _ n 2/ —mny =ntn =)\ { ;@ o (D)
4 = (T [ e (6 + o)
+(1 + e—2n(’1|—'70))p£,0)] , (35)
(D — n —n(ny—1p) ,(0) =2n(n;—19) (1)
a,’ = (m> [F2e P 4 (14 7M7) D] (36)
After substituting Eq. (35) into Eq. (32), Eq. (32) yields
o 12 o 1 e=2M0 — o=+l e=n(m=10) \ ()
n@e)=nm+ 2, 1 = o=2ntm—n0) %
n=1
) = ~nrp (0) - —nny (1) < —nmy 1+ e720m=mo) )
=p, +2 Ze P, +Ze D, —Ze —1—9—2"('11—'10)‘0”
n=1 n=1 n=1
(s
2 e=2m — g=nm+np)g=nm—o) \ (1
—{ 21n@2¢) = o — z
( n(2c) —ny —m + P pp=Tr=— a,
o 1
=Y semall), 37
n
n=1

Based on Eq. (37) in conjunction with Eq. (31) for agl) and Eq. (36) for
aﬁ,”, we find that if the coefficient of ag)) is equal to zero, i.e.

[}
—2nny _ p=n(ny+mg) p—n(m —no)
In(2¢) — 5y + Le ¢ °
n

n=1

1 — e—2n(m—ng)

2| 2o (1 = e2n0n=n0))
=1n2c) — 1y + =
n

n=1

=0, (38)

1 — e—2n(m—ng)

76
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then aéo) cannot be determined. The parameter ny=#, satisfying
Eq. (38) yields the degenerate scale. After the simplification, Eq. (38) is
also reduced to the same as Eq. (20). Hence, the degenerate scale of the
eccentric annulus depends on the radius of the outer circular boundary.
The outer unit radius yields the degenerate scale. In the BEM implemen-
tation, a singular influence matrix occurs in the same size (degenerate
scale) as shown in Fig. 2(b). These results agree with the finding [13].

2.3. Analytical derivation of the degenerate scale for the infinite plane with
two identical circular holes

The degenerate scale of an infinite plane containing two identical
circular holes is the main concern in this paper. The given and unknown
boundary data of the two circular holes are expressed by

[se] (s
u,.(s) = pg) + Z pﬁq’) cos(néy) + Z q}(qr) sin(né,), s € B, and 0 < & < 2x,

n=1 n=1

(39
[s+] [se]
u(s) = pg) + Zpﬁl” cos(né) + Z qL’) sin(né;), s € B;and 0 < &; < 2,
n=1 n=1
(40)
and
coshny —cosé - el
1,(s) = _% |:a(0r) + Y aD cos(ng) + Y b sin(nis)] ,
n=1 n=1
s€ B, and 0 < ¢, < 2r, (41
cosh (—#y) — cos &, had had
1,(s) = _L [ag) + Z a;” cos(né) + Z bﬁl’) sin(né,) |,
c
n=1 n=1
s € B;and 0 <& <2x, (42)

where the subscript ‘" and ‘I’ of u, t and B and the superscript ‘(r)’ and
‘(I of the unknown coefficients of Fourier series, stand for the right hole
and left one in the infinite plane, respectively. According to Egs. (6) and
(14), substitution of Egs. (8,11,39-42) into Eq. (7) yields

[so]
z -
27 (InQ2c) — no)af)r) - Z - cos(mfx)(af[) —2e "WOag)>

n=1

[se] o0
o (r) r - (r)
- Z o sin(ng, )b, + Z ;e 0 g
n=1 n=1
[s+]
! /4 = _ |
22 Ine)a) = Y % costng) (e ~2¢™0al))
n=1
[se] [s+]
T o_ . T o
- Z ;e 2ty sm(nfx)bfl” + 2 ;e "”Ua;’)
n=1 n=1
(s (o)
= ,,<2pg> + Z e p 4 Z ) p;o)
n=1 n=1

+ (pE,’) - e‘z"”‘)py)) cos(né,)

Mg

3
Il

43)

+
3

Mg

(qf,’) — e_z"”‘)q,(,’)) sin(né,), x € B,,

3
Il

[s+]
27 1n(2c)ag) - 2 z cos(n’g‘x)(e_z"”oay) - 29_"’70ag))
n

n=1

;S ©
T _o, . T o_
-3 et st + 3 Zewa
n=1 n=1
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0

+2a(In2e) = ng)ay) = ¥ = cos(nz)(af) ~2e™0a())

n=1

[Se] o0
T 1 T g ()
- = sin(né, )b + —e Mg
,,Z? - sin(ng )b ; . ¢

(s S
! - -
= ,T<2,,§)> + Z e~ p) 4 Z e Wlopy)>
n=1 n=1
o
+r 2 (—e’z"”’opfq’) + py)) cos(ng,)

n=1

o
+r Z(

n=1

by collocating points on the right and left boundaries, respectively. After
comparing with the coefficients of Fourier base in Eqs. (43) and (44), it
is found that coefficients of sine are uncoupled and they could be deter-
mined. After adding or subtracting the related equations of constant or
cosine term, the coefficients satisfy

e 4 ¢0) sin(né,), x € By, (44)

[so]
1
(21n(2¢) - no)( " 4 a(”) + ~e™"0 (af O 4 a®) = (pf)” +1Jé”)
n=1
[se]
+ Z e (pi) + p)y, (45)
n=1
(<o) (" = o) = iy = 5}, (46)

Lo (o 4+ al) = L(14-¢72m0) (a0 4 40) = (1= ) (40 + 40,

n
47)
L1 emm) (6~ ) = (14 m0) (50 = ). @
Eq. (47) can be rewritten as
") 4 g0y = 4 (> (D) 1=e™ 4y, 0
(a +an)_1+e_2m’0<0 +a nl+e‘2”’70(p +p0). (49)
After substituting Eq. (49) into Eq. (45), Eq. (45) yields
e~2mmo
_ », O
<2ln(2c) o + z PR >(a0 +ag )
OO\, N 26Ty
(po +p, ) Z PR (PO +pP), (50)
Based on Egs. (46) and (50), " and a<l> are expressed as
21n(2 4_em ) o
n(2e) — 1y + Z T )%
(GIN0) T 2o
(1’0 + ) Z 1+ e-2m0 (P + )
e~ 21y
(r) (/)
<21n<2c) no+Z nm>(po ) /=10), 51

e~2nmo
21n(2 e " ()
( n(2c) - no+2n 1+e_2"”0>a0
(CINNO) — (0 + 50
(PO *Py ) z 1+ e—2m10 )

—2n
<2 In(2¢) —ng + z p w__z;ﬂ()) (pér) (/))/( fo)- (52)
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(r) (0}

If the coefficients of a;” and a, are equal to zero, i.e.
2In(2 g A N 53
— + -_— =0,
nQ2e) - ; A\ (53)

then the unknown Fourier coefficients, a” and o cannot be deter-

mined. This parameter, ny =y satisfying Eq. (53) yields a degenerate
scale.

2.4. Analytical derivation of the degenerate scale for the half-plane with a
circular hole

For the half-plane problem subject to the special boundary condi-
tion, it would be transformed to an infinite plane problem by using the
image method. In this subsection, we discuss the degenerate scale of
the half-plane subject to the Dirichlet or the Neumann boundary condi-
tion. If the boundary condition at the boundary line for the half-plane is
i#(x) = Olyep.» then the anti-symmetric boundary conditions at the two
circular boundaries satisfy

ﬁ,(x,) =

Based on the boundary condition in Eq. (54), Corfdir and Bonnet
[23] and Chen [24] employed the Green’s function as shown below:

—ﬁl(x,), X, = (xl,xz) € B, and x; = (—x],xz) € B,. (54)

Up(s,x) =In|s—x|—1In

(55)

where s = (s, $5) and s* =(—s;, s,). Based on Egs. (8) and (11), the cor-
responding kernel function of Eq. (55) in terms of bipolar coordinates is
expanded as:

Up(s,x) = U(s,x) — U(s*,x)

s
—— i [(e7n0x=n9) — =101t cos [n(&, — &))]],
n=1
_ Ny 21520,
- 0
—— i [(e7"ns=m) — =111 cos [n(&, — &,)]],
n=1
Ny > 1y >0,

(56)
where s = (1, &) and s* = (-, &). According to Egs. (6) and (14) and

the Dirichlet boundary condition of Eq. (54), substitution of Egs. (56),
(39) and (41) into Eq. (7) yields

2m10a + Z

= —27rp(r) Z T 1 + e_z""”) cos(né, )p(r) Z T 1 + e_z’"’o) sin(né, )q(’)

n=1 n=1

2”’70 cos(n§ )a(’) + Z e’z"”“) sin(nfx)bﬁl’)

(57

after collocating on the boundary points. By comparing with the coeffi-
cients of Fourier base in Eq. (57), the coefficients are obtained as shown
below:

»__1 »
G =P (58)
a” = e (59)

1 —e2mmo ">

p e o

(N — _
b= 1—e2mo " "

(60)

Egs. (58) and (60) indicate that a unique solution is obtained. The
analytical solution corresponding to the homogeneous Dirichlet condi-
tion on the boundary line is expressed by
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Fig. 4. Boundary flux for the case of an ordinary scale of an eccentric annulus.
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Fig. 5. Boundary flux for the case of a degenerate scale of an eccentric annulus.

E)” 0 o= It is found that the space of solution does not have the constant term

u(x) = n—ﬂx - z (mﬂf{) sinh ("'Ix) cos ("5x) even though the constant term of boundary density, af)”, is not equal to
0 n=1 zero. The reason is that the kernel function in Eq. (56) does not contain

" e—"’l;) qf,” sinh () sin (n é:x)>7 xeD. (61) a constant term for the domain point. It is why Chen [24] explained

1 —e=="o that no degenerate scale occurs since the scaling factor disappears in

the kernel function of Eq. (55) after scaling transformation. In other
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Fig. 7. Minimum singular value versus the radius for the case of the infinite plane with
two identical circular holes.

words, there is no the degenerate scale for the Dirichlet condition on
the boundary line of the half-plane if the employed kernel function is
the Green’s function of Eq. (55).

For the case of the boundary condition at the boundary line is
1(x) = Olyep,» the symmetric boundary conditions at the two circular
boundaries satisfy
i.(x.) =a/(x), x, = (x;.x,) € B, and x; = (—x,,x,) € By. (62)

Based on the boundary condition in Eq. (62), the Green’s function
employed by Corfdir and Bonnet [23] and Chen [24] is

Uy(s,x) =1In|s —x| +In|s* —x|. (63)
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Fig. 8. Boundary flux for the case of a degenerate scale of the infinite plane with two
identical circular holes.

Based on Egs. (8) and (11), the corresponding kernel function of Eq.
(63) is expanded as:

Uy (s,x) = U(s,x) + U(s*,x)

2InQ2e) -5, — Y, %[(e-"%-'m + e cos [n(E, — &,)]
=1
“2eM cos(nE,) — 2eM cos(né)], 71, > 11, 0,
2In2¢) —n, — X, % [(e"’(”v"’\) + e~ 1)) cos [n(ix - 55)]
n=1

—2e ™M cos(n%x) — 2" cos(nfs)], ny > n, > 0.

(64)
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Fig. 9. Minimum singular value versus the length of the semi-major axis for « =1.2.

According to Egs. (6) and (14) and the Neumann boundary condition
of Eq. (62), substitution of Eqgs. (64), (39) and (41) into Eq. (7) yields

[

r]o)ag) - Z %(1 + e cos(néx)af")

n=1

27(21n(2c) -

T

Ma

(1 + 720 sin(n,)b®

(s} (s}
A7 oy o @ 27 —nny )
+z p cos(mfx)ao + 2 7e a,

n=1 n=1

3

o0
= ang) + Z 7r(1 - e_z"”o) cos(nﬁx)ps)
n=1
(8] (o)
+ 2 x(1- e_z"’m) sin(n.fx)qfl’) - Z 27re_”’70p51’),

n=1

(65)
n=1
after collocating on the boundary points. By comparing with the coeffi-

cients of Fourier base in Eq. (65), the coefficients could be obtained as
shown below:

2nng > 28*2”'70
5 In(2e) — e N _ » 27 ) 66
< n(2c) n0+2n1+e_2mm)ao Py +;1+3_2""0 n (66)
a” = 4e7™o  y 1 —e 20 », (67)
1+ e 2m 0 14e2m ™"
1 —e 2o

) — _,L—€
bu = Txe2mdn “

If the variable, 5y =n4 satisfies Eq. (53), then Eq. (66) could be sim-
plified to

%) 2¢720

=pyt i "

0- a(") L.
0 S 12"

(69)
According to the Fredholm alternative theorem, the degenerate
scale of the half-plane problem may result in no solutlon (p(')

oo 2e~"d (") (r) e "d (r)
pI T bn 7 0) or infinite solutions (p,” + X7, ™ 72%1 Py =0)
correspondmg to the Neumann condition on the boundary line.

Based on the above analytical derivation, the results agree with those

in [23, 24]. However, some users of the BEM/BIEM may directly employ
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the fundamental solution for Laplace equation in Eq. (5) to deal with the

half-plane problem even if they use the image method. According to the
boundary condition of Eq. (54), Egs. (51) and (52) are simplified to

e~2mmo
<21n(2c) — o+ Z - 1+e——2mm>“g)

2nng
<21“(2‘° 0t 3 H—Zn,m)f’é”ﬂ—nox a0
21n(2 4_e o
n( c)—110+2 e pp— a,
2m10 (r)
2In(2e) - 1y + Z T )P /- an
If the parameter, 5, =4 satisfies Eq. (53), then
0-a =0 (72)
and
0-4) =0. (73)

According to the Fredholm alternative theorem, it would result in
infinite solutions corresponding to the Dirichlet condition on the bound-
ary line. For the Neumann boundary condition in Eq. (62), Egs. (51) and
(52) are simplified to

2m10 2e~"Mo
_ ") = 0 4 e” o0
<21n(2c> o + Z " T 62%> =p, Z P (74)
2m10 —n
_ 0 .
<21n(2c) o+ Z . 8_2%) =p Z - e_z,% (75)
If the parameter, 5, =4 satisfies Eq. (53), then
O_ 0,20
0-a) =pl +§1 i (76)
and
o = S ),
Oy’ =0+ T %

According to the Fredholm alternative theorem,
scale of the half-plane problem may result in no
pI lie:;:d pf,') +0) or infinite solutions (pg) + X ]ie:;l:d ) = 0)
corresponding to the Neumann condition on the boundary line.

To the best of authors’ knowledge, the degenerate scale parasitizes
the kernel function. When the size of the domain is at the degenerate
scale, the constant term cannot be represented by using the BEM/BIEM.
In other words, the phenomenon of the degenerate scale depends upon
the employed kernel function. The Green’s function in Eq. (55) only
presents the anti-symmetric response, since the weights of these two
sources are opposite. Similarly, the Green’s function of Eq. (63) for the
Neumann boundary condition only presents the symmetric response. For
the infinite plane with two identical circular holes subject to the anti-
symmetric Dirichlet boundary conditions, the space of solution does not
have the constant term. Therefore, the unique solution for the half-plane
problem subject to the homogeneous Dirichlet boundary condition on
the boundary line can be obtained by using Eq. (55). On the contrary, the
space of solution may have a constant term for the symmetric Dirichlet
boundary condition. When a degenerate scale occurs in the infinite plane
with two identical circular holes, the coefficients of constant term could
not be determined. In other words, the range of the response is deficient
by a constant term when the real size is at a degenerate scale. This
reason can explain why a degenerate scale may occur in a half-plane
problem subject to the homogeneous Neumann boundary condition on
the boundary line. When one employs the fundamental solution of the

the degenerate
solution (p(r)
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Table 2
Relations between the kernel functions and the degenerate scale in half-plane problems.
Kernel function B.C.
Dirichlet B.C. Neumann B.C.
Fundamental solution U(s, x)=1In |[s —x| U(s, x)=1In |s—x|
Infinite solutions (Degenerate scale) No solution or infinite solutions (Degenerate scale)
Green’s function Up(s,x)=In|s—x| —1In |s* - x| Uy(s,x)=In [s—x|+In |s* —x]|

Unique solution (No degenerate scale) No solution or infinite solutions (Degenerate scale)

Table 3
Modal participation factor for the infinite plane with two identical circular holes (a = 0.48557090999991, y = 2).
Boundary condition on Minimum singular value Modal participation Generalized force term
the boundary line G100 factor y ¢ for the minimum

singular value g,

Dirichlet (u(x) =0) 6.84077 x 1010 4.36168x10~° 0
Neumann (¢(x)=0) 1.38381 x101° 9.46634
Table 4

Contour plots of the null field for the ordinary and degenerate scale of the eccentric annulus.

Ordinary scale (a=1.5,b=04) Degenerate scale (a=1,6=0.4)

=
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Laplace equation, lnr, the degenerate scale may exist in both the above where [X] is a diagonal matrix corresponding to singular values of [U],
two kinds of boundary conditions. The comparison is given in Table 2. [@] and [¥] are left and right singular matrices. The unknown boundary

In addition, we can use the concept of modal participation factor to data can be expressed by
lain the out f Corfdir and B t [23] and Chen [24]. In th
e).(p ain the outcome of Corfdir and Bonnet [23] an en [24]. In the {1} = [¥]{y). (80)
discrete system, we have
The right-hand side of Eq. (78) is rewritten as
t}=[T 7
[OHz} = [T, T 1) = () = [@1(5). @®1)
where [U] and [T] are the influence matrices by using the fundamental where {#} means the generalized forcing term. Substituting Egs. (79)-
solution of the Laplace equation, lnr, {u} and {t} are the boundary den- (81) into Eq. (78), we obtain
ities. By using the singul lue d ition, b d
]S)lyles y using the singular value decomposition, [U] can be expresse =1y} = (6}, 82)
wheres;y;=p;, i=1, 2, ..., N, and y; is the ith modal participation factor

(U] = [@)1=1¥]", 79) corresponding to the ith singular value ¢;. For the homogeneous Dirich-

81
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Table 5
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3-D plots of the null field for the ordinary and degenerate scale of the eccentric annulus.

Ordinary scale

Degenerate scale

Analytical solution

Numerical solution (BEM)

let and Neumann boundary condition on the boundary line, the modal
participation factors are both addressed in Table 3. This explained why
the solution for the infinite plane problem subject to the homogeneous
Dirichlet boundary condition on the boundary line obtained by the BEM
is acceptable, but one of the Neumann condition is not.

3. Numerical examples and discussions

In this section, we employ the BEM to numerically verify the degen-
erate scale of two cases. One is an eccentric annulus and the other is
an infinite plane containing two holes. First, the null field and solution
space of the ordinary and degenerate scales for the eccentric annulus
were addressed, respectively. In addition, degenerate scales of the infi-
nite plane containing circular, elliptical and rectangular holes are con-
sidered. The distance between the two centers of the holes is denoted
as d, for the case of infinite domain. The analytical derivation and the
BEM implementations are addressed as follows.

3.1. Null field and nongzero field of an eccentric annulus

The degenerate scale occurs due to the kernel function of the math-
ematical model rather than the real physical behavior. In the discrete
system, the degenerate scale results in the numerical instability. The null
field and nonzero field of the solution representation for the degener-
ate scale are studied. First, the solution representation for an ordinary
scale of the eccentric annulus is addressed. The radii of the outer and
inner circles are 1.5 and 0.4, respectively. The distance between the two
centers is 0.4. The given boundary conditions are uy(x) =1, x € By and
u; (x)=0, x € B;. Based on the above given boundary conditions and
comparing with the coefficients in Eqs. (29) and (30), we obtain the
boundary data of an eccentric annulus

h —
zo(s)=(°°S o °°S§S>< ! ),seBOandog.fSSZn,
¢ m —"Mo

(83)

82

f(s) = < cosh 7y — cos & @4)

>< 1 >,seB1 and 0 < & < 2,
c M — Mo

as shown in Fig. 4(a) and (b), respectively. The nonzero interior field and
the null exterior field for the ordinary scale are, respectively, expressed
by

ux)=1- T~ "o , X € D, interior field (85)
m —"o
u(x) =0, x € D, null field. (86)

The contour plot and 3-D plot of the solution representation are
shown in Tables 4 and 5.

For the degenerate scale, the radii of the outer and inner circles are 1
and 0.4, respectively. The distance between the two centers is 0.4. The
Dirichlet boundary conditions are specified to be trivial to introduce
nontrivial boundary flux. Then, the corresponding nontrivial boundary
data are obtained

cosh #y — cos kel
to(s) = _<"‘)f§‘) [1 + Z 2¢7"0 cos(né,) af)o),

n=1

s€ Byand 0 < &, < 2r, 87

t1(s) =0, s€ By and 0 < ¢, < 2, (88)
where the size of By, is the degenerate scale. Boundary flux of inner and
outer boundaries, are respectively, shown in Fig. 5(a) and (b). Based on
the generating function related to hyperbolic and trigonometric func-
tions, we have
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Table 6
Degenerate scales for the infinite plane with two identical circular holes.
Method Y
2 4 6 8 10 oo
Present (Analytical data) 0.48513 0.35082 0.28768 0.24951 0.22332 e /2 0
BEM (Numerical data) (N=50) 0.4856 0.3511 0.2879 0.2497 0.2235 0.02238 (y =2000)
Chen [24] (Null field BIE) 0.4852 0.3509 0.2877 0.2496 0.2234 NA
Corfder and Bonnet [23] (Asymptotic result) 0.5000 0.3536 0.2887 0.2500 0.2236 e /2 0
Note: N is the number of elements for each boundary.
Table 7 by
Geometry parameter of degenerate scale in terms of bipolar coordinates for the infi-
nite plane with two identical circular holes. © 1, ™
u(x) = | InQQe) — 5, + —e Md g’ =0,
v 2 4 6 8 10 ® @) @e) =14 ; n 0
a; 048513  0.35082  0.28768  0.24951  0.22332  e7m/? x € D, for the interior field, 91)
ng 1.31696 2.06344 2.47789 2.76866 2.99322 cosh ~1(y)
c 0.84027 1.35874 1.70193 1.98045 2.22208 ea/?
0, ny 21y
u(x) = S 1 - 0 ,
had _ sinh 7, ('1,1 - '7x) - Z ;(e Zngtnny — o m’") cos(né,) aé), Ny < Mg
1+ ) 270 cos(ng,) = —————. (89) n=1
= cosh#ny —cosé; o
x € D¢, for the exterior field, 92)
Eq. (87) is rewritten as O . . . .
where a,” is an arbitrarily real-valued constant. Here, we can obtain
1 . . .
to(s) = ——ago) = —aE)O), S € Byand 0 < & < 2, (90) ag’) = 0.141421266 according to the numerical result of BEM implemen-
a4

after considering Eq. (24). Then, the nonzero exterior field and null inte-
rior field for the eccentric annulus with a degenerate scale are expressed

Table 8

tation. The contour plot and 3-D plot of the solution representation are
shown in Tables 4 and 5. If the size of the boundary shape is a degener-
ate scale, the given homogeneous Dirichlet boundary conditions result

Contour plots and 3D plots for the degenerate scale of the infinite plane with two identical circular holes.

Degenerate scale (Contour plot)

Degenerate scale (3D plot)

Analytical solution

Numerical solution (BEM)

83



J.-T. Chen et al.

Table 9
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Contour plots for the ordinary scale of the infinite plane with two identical circular holes.

Symmetric Dirichlet boundary condition

Anti-symmetric Dirichlet boundary condition

Analytical solution

Numerical solution (BEM)

in non-trivial boundary flux. Owing to the non-trivial boundary flux,
it is found that the field in the domain is null. In the complementary
domain outside the outer circular boundary, it is a nonzero field.

3.2. An infinite plane containing two identical holes

In this subsection, the BEM was employed to verify the degenerate
scale of the infinite plane containing holes. For the circular case, the
distance between centers of the two circles is defined by

cosh 77

2d, =2ya=2c (93)

sinh
where y is the geometric parameter. If the size of the circular hole is a
degenerate scale, then the influence matrix constructed by U(s, x) of the
BEM is singular. In other words, the minimum singular value is equal
to zero. While y =2, the numerical result converges to the analytical
result as shown in Fig. 6. According to the minimum singular value,
the degenerate scale versus the parameter, y, is obtained as shown in
Fig. 7 and Table 6. The corresponding analytical results are shown in
Table 7. Good agreement between analytical and numerical results is
made. For the limiting case, y =cosh 7y — o0, it means that e — co.
Eq. (53) can be rewritten as

21In(2¢) — ny ~ 0. 94
In other words, the degenerate scale a; can be expressed by
c 2c
= = —= _ meu/? 95
sinhy, el —e™d ¢ ©)

This agrees with the asymptotic solution [23] for the degenerate
scale as shown below,

Y R B
2y eld 4+ e~ "d

(96)
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These results are summarized in Tables 6 and 7.

For the degenerate scale, the radii of the right and left circular
holes are both equal to 0.485571 while y =2. Although the homoge-
neous Dirichlet boundary condition is given, the corresponding nontriv-
ial boundary fluxes are

cosh(—n,) — cosé; < de~Ma "
1) = - - 1+n§{ oy osng) |,
s€ B and 0 <&, <2r, ©7)
_ coshny —cos¢; o~  de~Ma ] »
l‘r(S) = —f 1+ r; 1+e—_2"7h1 COS(VI&S) (10 s
s€ B, and 0 <& <2r, (98)

as shown in Fig. 8. Then, the nonzero field in the domain and the null
field in the complementary domain are, respectively, expressed by

il o2 .
—((V[d - r]x) - % ((e"'ix + fmx)H.-T['IM - e—m;x) cos(mfx)> ag),
n=1 4
u(x) = 7 2 0. o 2 xX€eD,
—((11,1 + ﬂx) - Z f <(e’"’x + e~"Mx) li =i e"VX> Cos(n.fx)> llg),
n=1 ¢
<0,
99)
u(x) =0, x € D°, (100)

where ag) is an arbitrarily real-valued constant . Here, we obtain ag) =

0.046329 according to the numerical result of BEM implementation. The
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Fig. 10. Minimum singular value versus the length of the rectangle for a =1.2. (The values
inside the parentheses() and the square bracket [] denote the analytical value and Chen’s
results [24],-respectively.)

Table 10
Degenerate scales for the infinite plane with two identical elliptical holes
(@=1.2).
B
Method 0.1 0.2 0.3 0.4 0.5
BEM (N=50) 1.5544 1.3045 1.1306 1.0002  0.8980
Chen [24] 1.5526  1.3032  1.1295 0.9993  0.8972
Note: N is the number of boundary elements for each ellipse.
Table 11
Degenerate scales for the infinite plane with two identical rectangular holes
(a=1.2).
B
Method 0.1 0.2 0.3 0.4 0.5
BEM (N =60) 1.4591 1.1981 1.0270 0.9033 0.8086
Chen [24] 1.4587 1.1976  1.0265 0.9028  0.8081

Note: N is the number of boundary elements for each rectangle.

contour plot and 3-D plot for the case of degenerate scale are shown in
Table 8. If the size of the boundary shape is a degenerate scale, the given
homogeneous Dirichlet boundary conditions result in non-trivial bound-
ary flux. Owing to the non-trivial boundary flux, it is found that the field
in the domain is a nonzero field while a null field for a complementary
domain.

For the ordinary scale, the radii of the right and left circular holes
are both equal to 0.5 while y =2. The symmetric (u.(x)=1, x € B, and
y(x)=1, x € By and anti-symmetric (u,(x)=1, x € B, and y(x)=-1,
x € B)) Dirichlet boundary conditions are both considered. The contour
plots of the solution representation are shown in Table 9.

In addition, the elliptical and rectangular holes are also considered
in the BEM implementation. The geometric parameters are shown in
Fig. 3(d) and (e). According to the minimum singular value, the de-
generate scale versus the geometric parameter, f, is obtained as shown
in Figs. 9 and 10. The numerical results agree well with Chen’s results
[24] as shown in Tables 10 and 11. Since degenerate kernel is not avail-
able for bi-elliptical or bi-rectangular coordinates, no exact solution is
compared with. The main point to provide above two noncircular cases

85

Engineering Analysis with Boundary Elements 85 (2017) 70-86

is showing that two cavities of arbitrary shape in the infinite domain
also have degenerate scales.

4. Conclusions

In this paper, the degenerate kernel for expressing the closed-form
fundamental solution in terms of bipolar coordinates was employed to
analytically study the degenerate scale of a circular domain, eccentric
annulus and infinite plane with two identical circular cavities. The de-
generate scale of a circular case was revisited by using the degenerate
kernel in the bipolar coordinates. It was theoretically proved that the ra-
dius of the outer circle dominates the degenerate scale for the eccentric
annulus. An analytical formula of degenerate scale for the infinite plane
with two identical circular boundaries was also derived at the first time.
Numerical examples by using the boundary element method were also
demonstrated and compared well with the analytical solution. In addi-
tion, null fields for ordinary and degenerate scales were also addressed.
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